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LOI NOI AU

Gi4o trinh “Todn roi rac” dugc bién soan nham cung cap cho sinh vién nganh
Hé théng thong tin cia Truong Pai hoc Cong nghé GTVT nhiing kién thic cua mot
mon hoc dugc xem la co sd cua chuyén nganh.

Toan roi rac 1a mot linh vuc cua todn hoc nghién ciu cac van dé roi rac, duoc
ung dung lam co s todn hoc cho cac linh vuc nghién ctu caa cdng nghé thong tin.
Cubn gi4o trinh nay nham gigi thiéu nhiing kién thirc co ban trong ba linh vyuc c6
nhiéu ang dung 1a: Ly thuyét té hop, Iy thuyét do thi va dai sé logic.

Gi4o trinh gom 3 chwong:
CHUONG 1: LY THUYET TO HOQP

Ngi dung cua Chuong I trinh bay cdc vin dé lién quan dén tap hop, tinh chat
cua tdp hop, cdc nguyén 1y dwoc sir dung dé dém cdac doi twong. Chiong 1 ngodi
viéc trang bj cho sinh vién nhiing kién thizc toan, con hinh thanh tw duy gidi quyét
Cac van dé thuc té, rén luyén ki nang Idp trinh, danh gid va t6i wu cdc thudt toan.

CHUONG 2: LY THUYET PO THI

Chirong 2 trinh bay cdc van dé lién quan dén do thi, cac khai niém, dinh nghia
lién quan dén do thi nhw do thi vé hudmg, do thi cé huéng, don dé thi, da do thi, bdc
cua do thi, dwong di, chu trinh, do thi lién thdng, v.v. Péng thoi trong chirong nay,
con trinh bay c4c bai toan co rat nhiéu ing dung trong doi Séng nhw badi todn tim
dwong di ngan nhdt, xdc dinh cay bao trim, duyét do thi theo chiéu réng va chiéu
sdu, bai toan hanh trinh nguoi dwa thu, nguoi ban hang, v.v.

CHUONG 3: PAI SO LOGIC

Ngi dung cua Chuwong 3, trinh bay cdc vin dé lién quan dén dai sé logic, la co
¢ dé nam bdt cac van dé phic tap cua ky thudt may tinh. Churong nay sé trinh bay
Cac van dé lién quan dén logic ménh dé, cac phép toan véi logic, ludt logic, ludt suy
dién va dai sé Boole, v.v. Ngoai ra Chuwong 3 con gidi thiéu mét sé thudt todn dé toi
thiéu héa cac ham logic.

Cubi mdi chuong déu xay dung hé théng cau hoi va bai tap de sinh vién on
tap, ren luyén va cang co ly thuyét mén hoc. Gido trinh “Toan roi rac” duoc bién
soan c6ng phu, nghiém tdc dua trén kinh nghiém giang day mén Ton roi rac cho
sinh vién cac khoa 64, 65, 67, 68 tai Truong DPai hoc Cong nghé GTVT cua cac
giang vién bo mon Heé thong thong tin. Khi bién soan giao trinh nay, nhom tac gia co
tham khao mét so gido trinh Toan roi rac cua mot so truong Pai hoc ¢6 uy tin ¢ Viét
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Nam va mét‘sé tai liéu uy tin cta nudc ngoai, duoc su tham gia va dong gop y kién
cua nhieu thay c6 da va dang giang day mon Toan roi rac ¢ cac truong Dal hoc trén
dia ban Ha Noi. Nhém tac gia chan thanh cam on Th.S V& Thi Hai Yén, giang vién
Truong Pai hoc Kinh doanh va Cong nghé Ha Noi, Th.S Pham Thi Thuan, giang
vién Trudng Dai hoc Cong ngh¢ GTVT da gop nhiéu y kién quy bau, chia sé¢ nhiéu
kinh nghiém trong qué trinh nhém bién soan cudn gido trinh nay.

Trong qué trinh bién soan, nhom téc gia da rat ¢6 gang de c6 duoc mot tai
liéu tham khao cd chat lugng, tuy nhién khong thé tranh khoi nhiing thicu sot. Rat
mong duoc su dong gop y kién dé gido trinh dwoc cap nhat va hoan thién hon.

Ha Noi, thang 2 nam 2019
Nhom tac gia
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CHUONG 1
LY THUYET TAP HQP

Toan roi rac la mot linh vuc cua toan hoc nghién citu cdc doi twong roi rac.
Ching ta sé sir dung cong cu cia todn roi rac khi phdi dém cdc doi twong, khi
nghién cuu quan hé giita cdac tap roi rac, khi phan tich cac qua trinh hitu han.

76 hop la mot linh vuc cua toan hoc roi rac, xudt hién vao dau thé ky XVII.
Trong mét thoi gian dai, dwong nhw t6 hop ndm ngodi guong mdy phdt trién cia
todn hoc ciing nhw cdc iing dung ciia né. Tinh thé bat dau doi khdc khi xudt hién cdc
mdy tinh va ciing véi né la sw phat trién cia todn hitu han. Hién nay 1y thuyét té hop
dwoc dp dung trong nhiéu linh viee khdc nhau: Iy thuyét so, hinh hoc hitu han, biéu
dién nhém, dai sé khéng giao hodn V.V.

Ly thuyét té6 hop la mét phan quan trong ciia todn roi rac, doi twong chinh
ciia né la cac cau hinh té hop, cdc phwong phdp lea chon phan tir hodc b cdc phan
tir trong cdc tdp hitu han theo cdc cach khdc nhau. Cdc két qua ciia né la co so dé
xdy dung nhiéu thudt todan c6 hiéu qud dé trong cdc chwong trinh g dung nhw cdc
thudt toan vet can, cac thudt toan sinh phdn tr moi, cdac thudt toan lwa chon phuong
dan toi wu V.V..

Néi dung chinh cia Chwong 1, Iy thuyét tdp hop givip sinh vién tim hiéu cdc
khai niém vé tdp hop, cdc phép todn trén tdp hop, tng dung ciia tdp hop trong khoa
hoc may tinh. Bén canh do, Chuong 1 gioi thiéu cdac nguyén Iy cong, nguyén ly
nhdn, nguyén 1y bi trix, cach xdac dinh so lwong phan tir ciia tdp hop théng qua Iy
thuyét t6 hop. Phan cudi ciia chiwong nay, dé cdp dén cach chitng minh todn hoc
thdng qua nguyén Iy Dirichlet, hé quy hoi.

1.1. TAP HQP VA CAC PHEP TOAN TAP HQP

1.1.1. So lwge vé tap hop
prn e R D e -

i Georg Ferdinand Ludwig Philipp Cantor (03/3/1845
{ - 06/01/1918) la mot nha toan hoc ngudi Pirc, dugc biét
i den nhicu nhat voi tu cach cha dé cua ly thuyet tap hop, mot
i ly thuyét da tro thanh mot ly thuyét nén tang trong toan hoc.
i Cantor da cho thdy tdm quan trong cuaquan hé song
i anh giita cac phan tir caa hai tap hop, dinh nghia cac tap vo
ghan va chang minh ring céc s6 thuc la “ddng diic” hon
i CAC SO ty nhién. Trén thyc te, phuong phap chang minh
- dinh ly nay cta Cantor ngu y Su ton tai “vé han cac tdp vo

E_han ». Ong dinh nghia ban s6 va sé tha ty va phép tinh vé :




chung Su nghlep toan hoc vi dai cua ong nhan dugc su quan tam Ién Ve mat trlet
- hoc, nhd d6 khién 6ng cang duoc biét dén nhiéu hon.

Tap hop 13 mot trong nhitng khai niém quan trong nhit ciia toan hoc. C6 thé
noi rang “ly thuyét tdp hop” 1a cai gbe ciia cac nganh toan hoc. Chung ta c6 thé xem
viéc nghién ctru mdi nganh toan hoc 1 nghién ctru tap hop cia cac ddi tuong loai
nay hay loai khéc.

V2o ntra dau thé ky XIX, nha toan hoc ngudi Ptc Georg Cantor (1845-1918),
lan dau tién da nghién ciru cac tip hop va ung dung cia chung theo ¥ nghia 1a nén
tang cua cac nganh toan hoc (cac cdng trinh nghién ctru di dugc cong bd trong
khoang tir 1871-1883). Tir d6 1y thuyét tap hop da thong nhit duoc nhiéu quan niém
toan hoc tudng chung nhu khong c6 lién hé vdi1 nhau va da giup xay dung cac co s¢
logic cho nhiéu nganh toan hoc khac nhau.

1.1.1.1. Khai niém vé tip hop

Tap hop mot khai niém co ban trong toan hoc, dung dé mo ta mot “nhom doz
twong” khong sap thu ty, c6 ciing dic diém hay tinh chat nao do.

I
I
I
I
: Cac dbi tuong trong mdt tap hop duogc goi la cac phan tir cua tap hop. Mot
: tap hop duogc noi 1a chira cac phan tr cua no.

I

I

Ky hiéu tap hop bang céc chir cai viét hoa A, B, C, v.v.. CAC phan tir ciia tap
i hop ky hiéu bang cac chir cai viét thudng a, b, ¢, V.v..

Vidul.l

- C4c s0 tu nhién 1a mot tap hop, ki hiéu 1a N. Pac diém chung ctia cac phan
tir cua N 1a cac so nguyén duong.

- Céc sb nguyén trong khoang tir 1 dén 250 ma chia hét cho mot trong cac sd
nguyén té 2, 3, 5, 7 1a mot tap hop, ki hiéu 1a K. Pic diém chung cua cac phan tir
cua K 13 nguyén duwong khéng qud 250 va chia hét cho mét trong cdc sé 2, 3,5, 7.

- Céc sinh vién trong 16p 68DCHT23 1a mét tap hop, dac diém 14 sinh vién va
hoc lop 68DCHT23, hoc cung mot chuwong trinh mon hoc.

- Poi tuyén qudc gia Viét Nam thi ddu tai Asian Cup 2019 13 mét tap hop.
Pic diém chung ctia tip hop nay la cac cau thu dang thi dau cho céc cau lac bo trong
nuéc hodc thi ddu cho cac cau lac bo trén thé gidi, c6 québc tich Viét Nam. Sé lwong
phan tir toi da cua tap hop nay la 23 phan ti.
1.1.1.2. Pinh nghia todn hoc vé tap hop

Dinh nghia 1.1

Dinh nghia toan hoc cua tap hop:
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A={x €U |P(x)}

Tap hop A bao gom cac phan tir x thuoc khong gian U, théa man tinh chat
P(x) nao do.

Vidul.2
- A = {x € N}: tap hop cac sb tu nhién.
-B = {x € Z*|x < 10}: tap hop céc sd nguyén duong nho hon hoic bing 10.
-C= {§|p €EZ,qEZq* 0}: tap hop cac sb hitu ty.

- D = {X€ R| 2x% + 5x — 7 = 0}: tap céc sd thuc, 1a nghiém cia phuong
trinh bac hai 2x? + 5x — 7 = 0.

Dinh nghia 1.2

Cho tap hop A. Ta viét a € A néu phan ti a thudc tap hop A va viét a ¢ A
néu phan tir a khong thudc tap hop A.

Vidu 1.3
Cho tap hop A ={x € N|x : 2}. D& dang nhan thay 4 € A va5 ¢ A.
1.1.1.3. Xac dinh tap hop

Xac dinh tap hop

Tdp hop cé thé dwoc mé ta bang 3 cach:

- Cé4ch 1: Liét ké cac phan tir cua tap hop.

- Céch 2: Néu cac tinh chét ctia cac phan tir cia tip hop.
- Céch 3: Biéu dién hinh hoc (str dung biéu d6 Venn).

Céch 1: Biéu dién tap hop bang cach liét ké cac phan tir cia tap hop.

Véi cach xac dinh nay, tén tap hop 1a chit cai viét hoa, cac phan tir cua tap
hop duogc viét trong hai dau ngoac nhon “{ }”.

Mbi phén tir duge liét ké mot 1an theo thir tu tuy ¥, dugc ngan cach véi nhau
bang dau “,” hodc “;”. Trong truong hop né€u céc phan tur cua tap hop 1a so, nguoi ta
thuong stir dung dau ““;” d€ tranh nham lan gitra s6 ty nhién va so6 thap phan.
Viduli4

- Tap hop tat ca cic nguyén am trong bang chif cai tiéng Anh c6 thé viét nhur
sau: V={a, e, i, 0, U};

- Tap hop A ={1; 2; 3; 4; 5}.
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- Téap hop céc s6 tu nhién N = {0; 1; 2; 3,...}.

- Tap hop cac sd nguyén Z = {...; -2; -1; 0; 1; 2;...}.

- Tap hop céc sb nguyén duong Z* = {1; 2; 3; ...}.

- Tap hop B gbm céc sb tu nhién 16n hon hodc bang 9 va nhé hon hoic bang
16: B ={9; 10; 11; 12; 13; 14; 15; 16}.
Céch 2: Biéu dién bang cach chi ra tinh chat cta tap hop.

Vi cach xac dinh tap hop ndy, ngudi ta thudng chi ra cac dic diém chung
ctia cac phén tir trong tap hop théng qua biéu thirc toan hoc.
Vidu 1.5

- Tap hop A = {x € N|x < 100 va x : 2}: tap hop céac sb ty nhién nho hon
hoac béng 100 va chia hét cho 2. A 1a tap hop cac s6 tu nhién chin nho hon hodc
bang 100. Néu biéu dién A bang cach liét ké cac phan tir, thi A c6 thé duogc viét nhu
sau: A = {0, 2, 4, 6,..., 96, 98, 100}.

- Tap hop B = {x € R|x? — 3x + 2 = 0}: tap hop cac nghiém cua phuong
trinh x? — 3x + 2 = 0. Néu biéu di&n B bang cach liét ké c4c phan tt, thi B = {1, 2}.

- Tap hop C = {x € N|9 < x < 16}: tap hop céc sé ty nhién lén hon hoic
bang 9 va nho hon hoic bang 16.

-TaphopD={x €N|x = n.(n+1),n € N,1 < n < 5}. Néu biéu dién D
béng cach liét ké, thi D dugc xé&c dinh nhu sau: D = {2, 6, 12, 20, 30}.
Cach 3: Biéu dién hinh hoc, str dung biéu d6 Venn dé thé hién méi quan hé giira
phan tir va tap hop.

So d6 Venn (con duoc goi 1a biéu dd Venn hoic so d6 tap hop) 1a mot so d6
cho thay tat ca cac méi quan hé logic c6 thé cé giita mot sé luong hitu han céc tap
hop. So d6 Venn da dugc John Venn xay dung khoang nam 1880.

Trong céch biéu dién nay, sir dung cac hinh tron giao nhau dé mé ta cac dai
lugng va moi quan hé gitra chung.

Biéu d6 Venn cho ta cach nhin truc quan vé quan hé gitra cac dai luong, tir d6
dé dang xac dinh duoc cac yéu td chua biét.

o
Hinh 1.1: Biéu d6 Venn thé hién méi quan hé gitra phan tir va tap hop.
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1.1.1.4. Méi quan hé giira cac tap hop.

Dinh nghia 1.3

Tap con.

Cho hai tap hop A, B. Tap A la tap con cua tap B khi va chi khi moi phan tir cua
tap A déu la phan tir cua tap B. Ky hiéu A € B thé hién tap A I tap con cua tap B.

Dinh nghia vé& mit toan hoc:
ASCBoVx(x€e€A—->x€EB)

Thé hién méi quan hé tap hop A 1a tap con cua tap B bang biéu db Venn:

Hinh 1.2: Biéu do Venn thé hién tap A 1a tap con cua tap B.

Chikng minh tap A la tap con cuaa tap B

Pé ching minh tap A 1a tap con cua tap B (A € B), can chang to néu mot
phan tir bat ky x thudc tdp A thi phan tir x phai thuoc vao tap B:

ACBeVx(xeA—->x€EB)

Chi¥rng minh tap A khéng phai la tap con cuaa tap B

Pé chirng minh tap A khong phai 12 tap con cua tap B (A & B), chi can chi ra
mot gia tri X thugc tap A nhung x khong thudc tap B:

AZLB e Ax(x€EANX &B)

Vidu 1.6

Cho tap hop A = {x € N|x* —3x + 2 =0} va tap hop B = {1, 2, 3, 4, 5}.
Chung minh tap A la tap con cua tap B.

Huéng dan:

Vi phuong trinh x? — 3x + 2 = 0 ¢6 hai nghiém phan biét x; = 1, X, = 2 nén
tap hop A ={1, 2}.

Vi 1€ B va2e B, nén mdi phan tir ciia tap A déu I1a phan ti coa tap B. Do
do tap A la tap con cua tap B.
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Vidu 1.7

Cho tap hop A = {x e N|lx <10Ax :3} va tap hop B = {x € N|x : 2}.
Chuang to tap A khéng phai tap con cua tap B.

Huwéng dan:
Xdc dinh céc phan ti cia tdp hop A:

Tap A={x € N|x < 10 A x : 3} bao gébm céc phan ttr 1a cac s tu nhién, nho
hon 10 va chia hét cho 3. Do d6 A = {0, 3, 6, 9}.

Xdc dinh céc phan ti cia tdp hop B:

Tap B = {x € N|x : 2} bao gém céc phan tir 1a cac s6 ty nhién, chia hét cho
2. Do do, tap B gém cac ph?ln trcoddang 2nvéine N: B= {0, 2,4, 6, 8, 10,...};

Nhan thiy 3 € A nhung 3 & B, nén tap A khong phai 13 tap con cua tap B.
Luuy:

Néu tap A 1a tap con cia tap B va tap A khong bang tap B thi tap A duoc goi
la tap con thuc sy cua tap B, ki hiéu la A < B.

®)

B

Hinh 1.3: Biéu d6 Venn thé hién tap A 1a tap con thuc su cua tap B.

Dinh nghia 1.4

Tap con thuc sw

Cho hai tap hop A, B.
A la tap con thuc su cua B, Ac B khi va chi khi:
(1) A € B;
(2) C6 it nhat mot phan tir ciia B khong thude A.

Dinh nghia 1.5

Hai tap hop bing nhau

Cho hai tap hop A, B. Tap A va tap B bang nhau, ky hiéu A = B, khi va chi
khi, voi moi phan tir thudc tap A déu thudc tap B va moi phan tar thudc tap B déu
thudc tap A.
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Pinh nghia vé mit toan hoc:
A=Bo AcCBvaBcA

Vidu 1.8
Vidu 1.8a
Cho cac tap hop sau day:
Tap N: tap cac s6 tu nhién.
Tap Z: tap cac s6 nguyén.
Tap Q: tap céc sd hitu ti.
Tap R: tap cac sb thuc.
Tap C: tap cac sb phuc.
Xéc dinh méi quan hé giita cac tap hop trén?
Huéng dan:
M&bi quan hé giita cac tap hopla: Nc Zc Q c R c C.

Hinh 1.4: M&i quan hé giita cac tap hop sb trong toan hoc.

Vidu 1.8b
Chotap A={x € Z| X2 <6} vatap B ={-2, -1, 0, 1, 2}. Ching t6 A = B.
Huéng dan:

Xéttap A = {x € Z| x* < 6}. Vi x* < 6 va x € Z nén x* nhan mot trong cac gia
tri {4, 1,0}. Dodo, tap A={-2,-1,0, 1, 2}.

Vi tap B = {-2, -1, 0, 1, 2} nén moi phﬁn tr cua tap A déu thudc tap B va
nguoc lai. Do d6 A = B.

1.1.1.5. Lyc lvong cua tap hop

Nhu trén da trinh bay, ddc trung ctia mot tap hop 1a cac phan tir cia nd. Mot
van dé rat quan trong khi nghién ctru tdp hop la danh gia dinh lugng s lugng cac
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phan tir ciia chiing. Pé danh gia mot cach dinh luong sé luong cac phan tir caa mot
tap hop, nguoi ta sir dung khai niém goi la luc Iuwgng caa tap hop, ki hiéu la N(A)
hoac |A|.

Dinh nghia 1.6

Cho tap hop A, néu tap hop A cd n phan tir phan biét (n € Z*) thi ta néi rang
tap A la tdp hitu han va n 1a luc luong cua tap A. Luc lugng cua tap A duoc ky hiéu
la N(A), hoac |A|.

Luuy:

Tap hop khéng c6 phan tir nao goi 1a tap rong, ky hiéu @.
Vidul.9

“A={12 3,4 5= N(A)=5.

-B={x € Z%| x <10 vax [a sb [8}. D& dang nhan thdy B = {1, 3, 5, 7, 9}
= N(B) =5.

- C la tap hop cac ky tu cta bang chir cai Latinh. = N(C) = 26.
- D = tap nghiém thuc cia phuong trinh xX* +1 =0 = D = @ = N(D) = 0.

-E={x€N|x = n.(n+1),n € N,1 <n < 5}. Tap E dugc biéu dién bang
cach liét ké phan tir: E = {2, 6, 12, 20, 30}. Do d6, N(E) = 5.

- Tap 6 (rdng) khdng c6 phan tir ndo. Do d6 N(8) =0

Dinh nghia 1.7

Tap hiru han va vo han
Tap hop c6 luc lugng hitu han goi 1a tap hitu han.

Tap co6 luc lugng vo han goi la cac tap vo han.

Vidu1.10
-A={1,2,3,4,5}. Do N(A) =5 nén A la tap hitu han.

-B= {lx € N|x < 100 Ax i 3}:1atap céc sfi) t nhién, nho hon hoic bang
100 va chia hét cho 3. Dé dang x4c dinh dugc cac phan to cia B = {0, 3, 6, ..., 96,
991, s& lugng phan tir cia B dugc x4c dinh: N(B) = [12—‘)] = 33. B 12 tap hitu han.
- Cho céc tap hop sau day:

Tap N: tap cac s6 tu nhién.

Tap Z: tap cac sd nguyén.

Tap Q: tap cac sd hiru ti.
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Tap R: tap cac s6 thuc.
Tap C: tap céc sb phiic.
N,Z, Q, R, C la cac tap vo han.
Luuy:
Trong gi&o trinh nay chung ta chi dé cap dén nhimng tap hiru han.

Dinh nghia 1.8

Tap cac tap con

Cho A 1a mét tap hop, mot truong hop dac bi€t thuong dugec xem xét 1a tap
cac tap con cua tdp A bao gom ca tap rong cua A, ki hiéu la P(A), trong tdp ndy moi
phan tir la mdt tap con cua tap A.

Vidul.11
Xac dinh P(A) cua tap A ={0, 1, 2}.
Huwéng dan:
P({0, 1, 2}) la tap cac tap con cua tap A = {0, 1, 2}. Do do:
P(A) = {6, {0}, {1}, {2} {0, 1} {0, 2}, {1, 2}, {0, 1, 2}}.
1.1.2. Cac phép toan tap hop
1.1.2.1. Phép hop

Dinh nghia 1.9

Cho tap hop A va tap hop B. Hop cua tap A va tap B, ky hiéu A UB, la mot
tap hop bao gom tat ca cac phan tir thudc tap A hoac tap B.

Dbinh nghia toan hoc phép hop cua tap hop A va tap hop B:
AUB = {x|x € Ahoacx € B}.

Vidu 1.12
Vidu 1.12a.
Tap A={1,2, 3, 4,5} tapB={L 3,57 9} Xac dinh A U B?
Huéng dan:
AUB={1,2 3, 4 5, 7, 9}
Vi du 1.12b.

ChotapC={xeN|x<10vax:3}vatapD ={x € N|x < 10vax: 2}.
Xac dinh cac phan tu cua tap € U D?
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Huéng dan:
Xac dinh cac phan ti cua C = {0, 3, 6, 9}.
Xac dinh cac phan tir caa D = {0, 2, 4, 6, 8, 10}.
Do do, CuD ={0,2,3,4,6,8,9, 10}.

Hinh 1.5: Biéu d6 Venn biéu di&n hop cua 2 tap A va tap B.
1.1.2.2. Phép giao

Dinh nghia 1.10

Cho tap hop A va tap hop B. Giao cua tap A va tap B, ky hiéu A n B, la mét
tap hop bao gom tat ca cac phan tir vira thuoc tap A, vira thuoc tap B.

Dbinh nghia toan hoc phép giao cua hai tap hop A, B:
AnNnB={x|x€Avaxe€ B}

P
A § B

a‘ . AnB

\

Hinh 1.6: Biéu d6 Venn biéu dién phép giao cua tap A va tap B
Vi dy 1.13
Vidy 1.13a

Chotaphop A={1,2,3,4,5} tap hop B ={1, 3, 5, 7, 9}. Xac dinh A n B?
Huéng dan:

Theo dinh nghia cua phép giao: Giao cua tap A va tap B 12 tap hop gom céc
phan tir vira thudc tap A, vira thudc tap B, nén An B = {1, 3, 5}.

Vidu 1.13b
TaphopC={x e N|x <10vax:3}
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TaphopD={x e N|Jx <10vax: 2}.
Xac dinh cac phan tir caa tap € N D?
Huéng dan:
Xac dinh cac phan tir caa tap hop C = {0, 3, 6, 9}.
Xac dinh cac phan tu cua tap hop D = {0, 2, 4, 6, 8, 10}.

Do d6, theo dinh nghia cua phép giao: Giao cua tap C va tap D la tap hop
goém cac phan tir vira thugc tap C, vira thudc tap D, € n D = {0, 6}.

1.1.2.3. Phép hiéu

Dinh nghia 1.11

Cho tap hop A va tap hop B. Phép hiéu cua tap hop A vai tap hop B, ky hiéu
A\B, la mét tap hop bao gom tat ca cac phan tir thudc tap A nhung khéng thudc tap B.

DPinh nghia toan hoc phép hiéu cua tap hop A véi tap hop B:
A\B ={x|x € Avax ¢ B}.

A
Hinh 1.7: Biéu d6 Venn biéu dién phép hiéu cua tap A va tap B.

Vi du 1.14
Vi du 1.14a.

Chotap A={1,2,3,4,5}vatapB = {1, 3,5,7,9}. Xac dinh A\B va B\A?
Huéng dan:

Theo dinh nghia cua phép hiéu: Hiéu caa tap A va tap B 1a tap hop gom céc
phan tir thudc tap A, ma khéng thudc tap B, do dé: A\B = {2,4} va B\A = {7, 9}.

Nhan xét: A\B + B\A.
Vi du 1.14b.

ChotapC={xeN|x<10vax:3}vatap D ={x e N|x <10vax: 2}
Xéc dinh cac phan tir cua tap C\D va tap D\C?
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Huéng dan:
Xac dinh cac phan tu cua tap C = {0, 3, 6, 9}.
Xac dinh cac phan tir cua tap D = {0, 2, 4, 6, 8, 10}.
Do d6, C\D = {3, 9} va D\C = {2, 4, 6, 8}.

1.1.2.4. Phép lay phan bu

Dinh nghia 1.12

Cho tap hop A va tap hop B va tap A la tap con thuc su cua tap B (A < B).
Khi d6 phan bu cua tap A xét trong tap B, ki hiéu 1a B, chinh Ia hiéu cua tap B V6i
tap A (B\A).

Pinh nghia toan hoc ctia phép lay phan bl cua tap A xét trong tap B la:
B,=B\A={x|x€Bvax¢A}

Dinh nghia 1.13

Cho tap hop A xét trong tap khong gian U. Phan bl cua tap A xét trén khong
gian U, ky hiéu 1a 4 (hoic A®), 1a tap hop cac phan tir thudc U ma khdng thudc A.

Pinh nghia toan hoc phan bu cua tap A xét trong khdng gian U:
A¢ =U\A = {x|x euvax & A}

c
A A

——

Hinh 1.8: Phan bu caa A xét trong khéng gian U.

Vidu 1.15
Cho tap hop A = {1, 2, 3, 4, 5}.
Tap hop B ={1, 3, 5, 7, 9} va tap khong gian U = {x |x € N}.
Xac dinh B, va A,

Huéng dan:

Tap A la tap con thyuc su cua tap B. Theo dinh nghia phan bu cua tap hop A
xét trong tap B, ta cd: B, = B\A = {7,9}.

Phan bu cua tap A xét trong khong gian U: A°={x | xe NAx > 6 }.
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Bang 1.1: Tong hop cac phép toan tap hop

BANG TONG HQP CAC PHEP TOAN TREN TAP HOP

Cho A, B la cac tap hop xét trong khéng gian U.

a. Phép hop cua A va B, ky hiéu A U B, 1a tap hop bao gom cac phan ta thugc
tap A hoac tap B.

b. Phép giao cua A va B, ky hiéu 4 n B, 1a tap hop bao gom cé4c phan ta thuce
ca A vaB.

c. Phép hiéu cua hai tap hop A va B, ky hiéu 1a A\B, la tap hop bao gém cac
phan tir thuoc A ma khéng thuoc B.

d. Néu tap A I tap con thuc sy cua tap B, thi phan bl cua tap A xét trong tap B,
ky hiéu B, chinh la phép hiéu cua tap B véi tap A.

e. Phép lay phan bu cua tap A xét trén khong gian U, ky hiéu A, bao gom céc
phan tir thuoc U ma khéng thudc A.

Dinh nghia toan hoc:
AUB={x|x € Ahoidcx € B}
AnNnB={x|x€Avaxe€ B}
A\B={x|x€eAvax ¢ B}
B,=B\A={x|x€Bvax¢A}Vv6iAcB
A®={x|x€ Uvax ¢ A}

Vi du 1.16

Xét trén tap khong gian U = {a, c, d, e, f,g}. Chotap hop A={a, c, e g} va
tap hop B = {d, e, f, g}. Xac dinh céc phan tu cua tap hop sau day:

a.AUB

b.AnB

c. A\B, B\A

d. A°
Huéng dan:

a. Hop cua tap hop A va tap hop B 1a mét tap hop bao gdm céc phan tir thudc
tap AhoactapB,dod6 AUB ={a, ¢, d, e, f, g}.

b. Giao cua tap hop A va tap hop B 1a mot tap hop bao gédm cac phan tir vira
thuoc tap A, vira thuoc tap B, dod6 An B = {e, g}.

c. Hiéu cua tap hop A vai tap hop B 1a mot tap hop bao gom cac phan tir
thugc tap A ma khong thugc tap B, do do: A\B = {a, c}.
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Tuong tu, ta co: B\A = {d, f}.

d. Phan bu cua tap hop A xét trén tap khong gian U 1a tap hop bao gom céc
phan tir thudc tap U ma khong thudc tap A, do dé: A® = U\A = {d, f}.

1.1.2.5. Tinh chdt cua tap hop.

Trong phan 1.1.2.5, chding ta sé tim hiéu cac tinh chdt cua tap hop, thuc chdt
la céc ludt diroc ap dung trén cac tap hop dé bién doi va thu gon tdap hop.

Vi du 1.17
Chuang minh rang véi moi tap hop A, B, C ta ludn co:
AUBNC)=(AUB)N(AUC)
Huwéng dan:

Chitng minh hai tap hep bang nhau

Cho hai tap hop A, B. Pé ching minh A = B, ta can chtng to rang:
AC B:Vx € A—- x € B (tap A la tap con cua tap B).
B € A:Vx € B — x € A (tap B la tap con cua tap A).

Pé chimgminh AU (BN C) = (AU B) n (AU C) ta ching to rang:
+AUBNC) S ((AUB)N(AU))
+(AUB)N(AUC)<SAUu(BNOC)

a.Chungto AU(BNnC) < ((AUuB)Nn(AuUQQ))

Gia sir rang x € AU (BN C). Theo dinh nghia cua phép hop, ta c6 hoic
x €E Ahoacx e BNnC.

Truonghopl: x € A (1. )
VixeAnénxe AUB
VixeAnénxe AUC
Dodéx € ((AUB)N (AU Q). (1. b)
Truong hgp 2: x e BN C (2. )
Vix € BN (C, theo dinh nghia cta phép giao, nén x € Bvax € C.
VixeBnénxe AUB
VixeCnénxe AuC
Dodéx € ((AUB) N (AU Q). (2. b)
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Trong ca 2 trudng hop (1. a) va (2. a), néu x € AU (BN C) ta déu dua ra
duoc két luan x € ((AUB) n (AU ).

DodbAuU(BNC) < ((AUB)N(AuUQ)). (*)
b.Chingte AUB)N(AUC)S AU (BNC)

Gia st ring x € ((AU B) n (AU C)). Theo dinh nghia ctia phép giao cua hai
tap hop,tacox € (AUB) vax € (AU C).

Xét hai treong hop x € Avax € A.
Truonghop l: x € A

Vix € Anén x € (AU (B n (C)) (theo dinh nghia phép hop) (3. )
Truong hop 2: x ¢ A

Vixe(AUB)vaxZ Anénx € B (3. b)

Vixe(AuC)vaxgAnénx eC (3.¢)

Tu (3.b)va(3.c¢),suyrax € (Bn C).

Dodéox € (AU (BN (C)) (3.d)

Trong ca hai truong hop, néu x € (AU B) N (A U C) thi ta déu dua ra dugc
két luan x € (AU (BN C)).

Do db6, (AUB)N(AUC) S AU (BNO). (**)
Tir (*) va (**), takét luan AU (BN C) = (AUB) N (AU Q).
Vidu 1.18
Chuang minh rang véi moi tap A, B ta luén co:
(AnB)¢ = AU B¢
Huréng dan:
Pé chizng minh (A N B)¢ = A° U B¢, ta chiing t6:
+ (ANnB)‘ c A“ U B¢
+ AUB“ c (AnB)¢
a. Chizng minh (4 n B)¢ € A u B¢
Giastringx E(ANB) =>x¢ ANB
C6 3 trudng hop co thé xay ra:
Truonghopl: x ¢ Avax ¢ B
Vix & Anénx € A€
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Vix & Bnénx € B¢
Do dé x € A° U B,
Truong hop 2: x € A\B
Vix € A\Bnénx & B = x € B¢
Do dé x € A® U BC,
Truong hop 3: x € B\A
VixeB\Anénx ¢ A=>x € A°
Do dé x € A° U B¢
Tir (1. @), (2. @) va (3. @), néu x € (AN B)C thi x € A° U B¢
Hay (A n B)¢ € A u B¢
b. Chizng minh A¢ U B¢ € (A n B)¢
Gid sirx € A° UB¢ = x € A¢ hogc x € B;
Truonghopl: x €A > x ¢ A
Vix¢ A=x¢ANB=>x€(AnB)°
Truonghop2: x E B > x ¢ B
Vix¢ B=>x¢&ANB=>x€ (ANB)¢
Tir (1. b) va (2. b), néu x € A U B¢ thi x € (A n B)¢
Hay A U B¢ € (AN B)¢

Tur (*) va (**), tacd (AN B)¢ € A UBCvaA® u B¢ c (4nB)¢ nén:

(AnB)¢ = A°UB® (Ppcm)

(1.a)

(2. a)

(3. a)

*)

(1. b)

(2. b)

**)

Bang cach si dung cach ching minh giéng ¢ Vi dy 1.17 va Vi dy 1.18, ta ¢6

bang cac tinh chdt cua tap hop nhu sau:
Bang 1.2: Céc tinh chét cua tap hop

Tinh chat Cong thic

ANnB=BnNA

Luét giao hoan
AUB=BUA

(ANB)NC=ANn(BNC)

Luat két ho
) P (AUB)UC=AUBUO

AUBNC)=(AUB)N(AUC)

Luét phan phdi
AN(BUC)=(ANB)U(ANC)
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Tinh chat Cong thirc
s . Aug=A
Luat phan ti trung hoa
ANnU=A
. AuU=U
Luat nuot
Anp=09
AUAC =U
Luét phan tir bl ANAS=¢
A 1a phéan bu cua A xét trong khong gian U
s . . Ue =9
Luét phan ti bu cia U va @
¢ =U
Luat pha dinh kép (AHE =4
. AUA=A
Luat liy dang
ANA=A

Luat De Morgan

(AUB)¢ =A°n B¢
(ANB)¢ = A° U B

Luat hip thu

ANn(AUB)=A
AU(ANB)=A

Vi du 1.19

Str dung cac tinh chat cua tap hop & Bang 1.2, chizng minh rang:
(XU (Y NZ)° = (YCuZz®)nXE

Huéng dan:

Str dung cac tinh chat cua tap hop, bién d6i vé trai vé vé phai.

Str dung luat De Morgan:

Xu{nz))=Xn{ynz)
Su dung luat De Morgan cho (Y n Z)¢:
Xu¥nz)e=Xxnycuzo.

Str dung luat két hop:

Xunz)e=@xtuz9Hnxe* (Ppcm)
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Vidu 1.20
Chuang minh rang néu A, B 1a cac tap hop xét trong khong gian U, ta lubn co:
(AnB)U (ANnB° = A.
Huwéng dan:
Két hop céc tinh chat cua tdp hop dé chirng minh, bién doi vé trai vé vé phai.
Ap dung luat phan phéi:

(AnB)U(ANnB‘) =An (BUB") (1)
Ap dung luat phan te bl B U B¢ = U

AN(BUBY) =ANnU (2)
Ap dung luat phan ti trung hoa:

ANU = A 3)

T (1), (2),3)tacdé (ANB)uU (AnB¢) =A. (Dpcm)

Vidul.21

Chtng minh ring, néu X, Y, Z 1a cac tap hop, ta ludn co:

XnYnz)=x¢uvrcuze

Huéng dan:

Ap dung tinh chét két hop:

XNYN2):=XnYn2)°

Ap dung luat De Morgan:

Xn{¥nz)=Xu{rnz)c

Ap dung luat De Morgan cho biéu thuc (Y N 2)¢ = Y€ u Z€

Dodo (XnNnYNnZ)t = XCuyY®uZzC.
1.2. CAC NGUYEN LY BPEM

Mot trong nhitng vin dé dau tién cia viéc nghién civu t6 hop la dém xem c6
bao nhiéu cdu hinh t6 hop c6 thé dwoc tao ra véi nhitng quy tdc da néu? Nhitng bai
todn nhir vy dwoc goi la bai todn dém té hop. Théng thuong, 1oi gidi ciia bdi todn
dém phu thudc vao mét sé gid tri tham sé ban dau va nguoi ta cé gdng biéu dién s
phu thudc ndy bang nhitng cong thirc todn hoc. Noi chung, dé dém cdc cau hinh da
cho, nguoi ta tim cdch dwa vé cdc cau hinh quen thugc bang cdach thiét lgp mét twong
quan 1-7 gitta chung. Pa phan cac truong hop, mot bai toan dém dwoc phan thanh
tirng 16p dé dp dung nguyén Iy cong hodc phdn tich cau hinh can dém nhi la viée
ghép mét s6 cau hinh Khac dé ap dung nguyén Iy nhan.
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Chiing ta ciing trao doi vé Vi du sau ddy dé hiéu vé nhitng néi dung sé dwoc
trinh bay trong muc 1.2:

Vidu 1.22

a. An moi cac ban trong 16p dén du sinh nhat ctia minh, bao gém Binh,
Cuong, Dung, Nam, Thuy va Yén. (Ba ban nit 1a Dung, Thuy, Yén, ba ban nam la
Binh, Cuong, Nam)

Nhom ban hen tap trung tai truong Pai hoc cia minh dé dén nha An. Bé dén nha
An c6 thé goi taxi hodc di xe bus. Quanh khu vuc nay, nhom ban c6 thé goi taxi ctia
héng Mai Linh, Tha D6, Hoan Kiém, Huong Lta, Thanh Loi, Phi Gia, Thang Long,
Sun Vina, Taxi Group, Truong Tién. Néu nhom ban bat xe bus, dé dén nha An can
chuyén tram 3 lan. O mdi tram déu c6 thé bat 2 tuyén xe bus dé dén tram tiép theo;

C6 bao nhiéu cach dé nhom ban nay dén nha An?

Dé dén nha An, c6 2 tinh hudng xay ra:

Tinh huéng tht nhat: Nhom ban nay goi taxi, co thé goi mot hing trong sd
muoi hang taxi. Nhu vay c6 10 cach;

Tinh hudng thir hai: Nhom ban nay bat xe bus, ho phai trai qua 3 tram, mdi
tram c6 thé lya chon mot trong hai tuyén xe bus. Vay so cach dé nhom ban di xe bus
la 3.2 =6 cach;

R rang, s cac cach dé nhom ban nay tir trudng Pai hoc dé dén nha An 1a 10
+ 6 = 16 cach.

b. Khi dén noi, ho bat tay nhau. Yén da hoi tat ca cac ban trong nhom “Tong
cong chung ta da bat tay bao nhiéu cadi?”

Binh: “Téi da bat tay véi 6 nguoi va téi nghi moi nguwoi ciing viy”.

Cuong: “Vi chiing ta c6 7 nguoi, nén sé c¢é 7. 6 = 42 c¢di bt tay”.

Dung: “Téi nghi 42 cdi bdt tay la qud nhiéu! Cdch suy ludn trén ciia ban
sé dan den tinh huong co hai cadi bat tay neu hai nguwoi gap nhau, diéu nay ro
rang la sai”.

Nam: “Bdy la diém mdu chét ciia vian dé: méi cdi bdt tay dwoc tinh 2 lan.
Chung ta phai lay 42 chia cho 2, nén dap so dung phai la 21"

¢. Khi moi ngudi ngdi vao ban, An dua ra huéng dan “Cit sau 30 phiit, chiing
ta sé thay doi cho ngoi, cho dén khi moi nguoi déu ngoi qua moi vi tri”.

“Ban phdi ngéi & vi tri dau ban, vi hém nay la sinh nhat cua ban”, Yén noi.

Bita tiéc sinh nhdt nay sé kéo dai bao lau? C6 tdt cd bao nhiéu cach sdp xép
cho ngoi khac nhau cho cac thanh vién (Vi tri cua An la co dinh).
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Chung ta s& 1an lugt sap xép cac khach moi vao cac vi tri, bat dau tir bén tay
phai ciia An. Vi mbi vi tri, c6 thé sip xép mot khach moi bat ky.

Bay gio hdy nhin vao chiéc ghé thur hai, néu Binh da ngdi vao chiéc ghé dau
tién (trong nhirng chiéc ghé bén tay phai ciia An), ching ta c6 thé xép bat ky mot
trong sé nam khach mdi con lai vao chiéc ghé thir hai ndy. Tuong ty nhu vy, néu
Cudng ngdi vao chiéc ghé dau tién, thi c6 nim su lwa chon cho chiéc ghé thir hai,
v.v.. Nhu vay, s6 cach dé sap xép cho hai ghé dau tiénla:5+5+5+5+5+5 = 6.
5=30.

Véi 1ap luan tuong tu, s6 cach dé xép cac khach mdi vao ba chiéc ghé dau
tién 12 6. 5. 4 = 120 (c6 4 su Ira chon cho chiéc ghé thir ba).

D& dang thdy ring, dé sip xép cac khach moi vao cac ghé thi sb cach c6 thé
sap 1a 6. 5. 4. 3. 2. 1 = 720 (cach). (Vi chiéc ghé tha tu, gia sir cac vi tri ghé thi
mot, hai, ba da sap xép, con 3 su lya chon. Véi chiéc ghé thir ndm, con 2 su lya chon
va chiéc ghé cudi ciing con 1 s6 lya chon).

Theo 101 An néi, ¢t 30 phut thay ddi vi tri chd ngdi. Nhu vay, thoi gian dé
hoan thanh viéc sap xép 720 cach xép l1a 72—0 =360 h = % = 15 (ngay).

d. C6 bao nhiéu cach sip xép, néu nhu viéc sip xép ghé cho An ciing giéng
nhu cdc khach moi khac?

Lap ludn twong ty nhu trén, sd cach dé sap xép ghé ngdi cho bay nguoi 1a 7.
6. 5. 4. 3. 2. 1 =5040 (cach).

e. Khiéu vii duoc bat dau khi tiéc man két thac, mot ban nam sé& xép cung mot
ban nit? Hoi ¢6 bao nhiéu cdp co6 thé duge hinh thanh?

Vi 3 ¢d gai, mdi co gai nay co thé lva chon mot trong bon chang trai, do do,
sO cap (nam, nir) d¢ khiéu vii ¢6 thé dugc hinh thanh 1a 3. 4 = 12 (cap).

e. Nhom ban nay can mot s6 y tudng dé co tién cho budi tiéc tiép theo, 10
ngay sau d6. Nam dua ra y tuong “Chiing ta sé don tién mua vé sé cia Vietlott va
gianh ldy gidi thuéng! Tat ca nhitng gi ma chiing ta phdi lam 1 mua dit s6 vé c6 thé
duoc tao ra, nhw vdy nhat dinh ching ta sé c6 vé tring thiong. Chiing ta tinh xem
sé phdi mua bao nhiéu vé can thiét dé tring thuéng cao nhat?” (Vietlott chon 6 s6
tir 45 sd).

Yén noi: “Mua vé Vietlott giong nhw viéc xép vi tri ngoi vira réi. Gid sir
chung ta can mua 1 vé so, chon 6 56 tir 45 s6 tir 1 dén 45, tirc la can dién 6 s6 vio 6
Vi tri tréng, cdc s6 nay hodn toan phdi khdc nhau. An sé la nguoi chon sé dau tién,
sao d6 An chuyén cho Binh dé Binh chon 1 s6, dién va chuyén tiép cho Cuong.
Cuong chon 1 s6 khdc véi 2 s6 ma An va Binh da chon, dién va chuyén cho Dung.
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Dung phdi lwa chon 1 sé khdc véi cdc sé da chon, dién va chuyén cho Nam. Cong
viéc tiép ciia Nam la lya chon 1 sé va dién tiép vao V&, chuyén cho Thiy. Thity ld
ngueoi cudi cing chon ra 1 s6, nhw vy chiing ta sé c6 1 vé gom cé 6 sé dwoc chon tir
45 $6 dd cho. Véi An sé khong c0 van dé gi khi ban cfy chon, ¢6 45 su lwa chon 1 s6.
Binh sé con 44 sw lya chon 1 s6 V... Véi suy lugn nhw vay chung ta sé co 45. 44. 43.
42. 41. 40 sy lwa chon cé thé cho day gém 656"

“Thiee ra, t6i nghi viéc ndy giong nhw cdu héi vé sé bit tay vira ndy”, An noi:
“Néu chiing ta dién vao vé giong nhir cdch Yén vira dé xudt, chiing ta sé ¢é nhiéu hon
mét vé giong hét nhau. Vi du, sé c6 mét vé Khi téi dién sé 7, Binh dién s6 23 va mot vé
khdc khi t6i dién s6 23 con Binh dién s6 7, vé thuc chdt 2 vé nay chi la mot vé”.

Cuong ‘0 twong twong chung ta mua 1 vé, voi cac s0 7, 23, 31, 34, 40, 44.
C6 bao nhiéu cich dé ching ta nhan dwoc tam vé nay? An cé thé dién sé bat ky
trong 6 s6 nay, Binh c6 thé dién mét trong nam sé con lai (triv s6 An dé chon) V.V.
Bay gio chiing ta thdy van dé nay giong hét vdn dé xép ché ngoi vira ndy. Nhw vy,
chang ta c6 (6. 5. 4. 3. 2. 1) s6 duwoc tao ra, nhung chi dwoc tinh cho mét bg vé”.

Dung két luan: “Néu chiing ta dién vé theo cdich Yén da dé xudt, thi sé kha
nang ban ddu la (45. 44. 43. 42. 41. 40), tuy nhién thuc té véi 1 vé gém 6 sé6 ma
chiing ta da chon, c6 (6. 5. 4. 3. 2. 1) lan xudt hién va ciing chi dwoc tinh la 1 bo vé
duy nhdt!. Do d6 sé vé khdc nhau chi la:

45.44.43.42.41.40
6.5.4.3.2.1

Pé chdc chan tring thudng, chiing ta phdi mua sé heong vé nay!”

= 24,435,180

Nam n6i thém: “I vé dwoc bdn ra véi gia 10000 VND, nhw viy ching ta can
244, 351, 800, 000 VND. Mot con so that kinh khung, vieot quad xa so voi kha nang
tai chinh cua chung ta, bén canh do, néu trung, thi giai thuong dat duoc ciing thap
hon nhiéu lan so voi so tién bo ra”

Va ho quyét dinh tir bo ¥ dinh mua x6 sb Vietlott.

f. Nhom ban quyét dinh choi bai tién 1én. An, Binh, Cudng va Dung choi
cung nhau. Lac nhin thay quan bai trén tay minh, Cuong noi “Toi nghi rang nhitng
quan bai trén tay t6i giong hét bai van truée” .

“Biéu nay rdt khé xdy ra” Dung noi.

Tai sao diéu d6 kho xay ra? Noi cach khac, kha nang lip lai cac quan bai ctia
véan trude 1a rat kho, cau hoi dit ra 13, voi modi ngudi choi, trong mot van bai, nguoi
choi ¢6 tat ca bao nhiéu truong hop nhan dugc tap gom 13 quén bai khac nhau? (B
bai tién 1én ¢6 52 quan, mdi ngudi choi duogc chia 13 quan)
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Cau hoi dat ra twong ty véi cau hoi vé xo6 sb Vietlott. Hiy tudng tuong rang
Cuong nhit timg quan bai cua minh. Ciy bai dau tién c6 thé 1a 1 trong 52 cy bai,
khi nhédt cay bai thr hai, Cuong co thé nhat duoc 1 trong 51 cay bai con lai, V.v..
Nhu vay dé nhit du 13 cay bai, sb trudng hop xay ra c6 thé 1a 52. 51. 50.... 42. 41,
40.

Véi 13 cay bai trén tay, Cu(‘mg c6 thé c6 nhidu cach sip xép khac nhau. Néu
Yen dang ngdi xem bén canh, nhin liéc vao cac 14 bai cia Cudng, sau kh1 anh ta da
sap xE&p xong va to mo doan thtr ty cac quan bai ma Cuong di nhit ¢ mdi lan. Co co
thé phan van nghi ring “O lan nhdt dau tién, ¢ thé la 1 trong 13 cdy bai, & lan nhdt
thir hai, cdy bai dwoc rit & trong 12 cdy bai con lai, V.. Va nhw vdy, giong bai todn
xép cho ngoi: c¢o 13. 12. 11.... 3. 2. 1 truwong hop cho 13 quan bai dwoc rut, tat ca
cdc truong hop nay dwoc xem la 1 tdp duy nhat”.

Chinh vi thé, s6 trudng hop 1 ngudi choi duge chia 1 tip 13 quan bai 1a:

52.51.50...42.41.40
13.12.11...3.2.1

Do d6, kha niang nhat 1 tip 13 cdy ciia van bai nao d6 chi 13 1 trong s6
635,013,559, 600 trudng hop c6 thé xay ra, thuc sy kha ning xay ra van bai sau c6
cac quan bai gidng van bai trudce 1a rat kho xay ra;
Vidu 1.23

C6 bao nhiéu cach xép 5 ngudi ding thanh mot hang ngang sao cho A khong
ding canh B?

= 635,013,559,600

Hurdéng dan:

Pé dém sb cach xép nay, ta dém phan con lai: S6 cach xép ma A dung canh
B. Xem A va B nhu mot chd, ta co 4! = 24 cach xép 4 chd, s6 nay s& dugc nhan
v6i 2 vi A va B c6 thé doi chd cho nhau, nhu vay co tat ca 48 cach xép ma A dimg
canh B.

Céc cach xép 5 nguoi bat ky 1a 5! = 120 cach.

Tir d6 sb cach xép A dimg canh B 1a 120 — 48 = 72 céch.

1.2.1. Nguyén ly bu trwr

Dinh nghia 1.14

S6 cac phan tir cua tap hop thu duoc sau khi 1ay hop cua hai tap hop A va B
bang tong cac phan tir cia mdi tap trir di s6 phan tir giao hai tap hop, tac la:

N(AUB) =N(A) + N(B) — N(ANB)
Biéu do Venn biéu dién nguyén Iy bu trir v6i hai tip A, B.
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AULE

Vidu 1.24
Vidu 1.24a

Trong ky thi hoc sinh gioi cép tinh, mot truong THPT c6 20 hoc sinh dat giai
mon Toan, 11 hoc sinh dat giai mén Van, trong so d6 c6 7 em dat giai dong thoi ca
hai mén Van va Toan. Hoi truong c6 bao nhiéu hoc sinh dat giai hoc sinh gioi?

Huwéng dan:

Goi A 1a tap cé4c hoc sinh dat giai mén Toan. Theo dé bai c6 20 hoc sinh dat
giai mon Toan, do d6 N(A) = 20.

Goi B 1a tap cac hoc sinh dat giai mén Van. Theo dé bai c6 11 hoc sinh dat
giai moén Vian, do d6 N(B) = 11.

A N B 14 tap cac hoc sinh dat giai ca hai mon. Theo d& bai c6 7 hoc sinh dat
giai dong thoi ca hai moén Vin va Toan, do d6 N(A N B) = 7.

A U B la tap céc hoc sinh dat giai cua truong. N(A U B) 1a tong sb hoc sinh
dat giai cua truong. Theo nguyén 1y bu trir, ap dung véi tap hop A va tap hop B,
ta co:

N(AUB) =N(A)+N(B) — N(ANB)=20+11-7 =24,
Nhu vay téng sb hoc sinh dat giai 1a 24 (hoc sinh).
Vi du 1.24b

Xac dinh trong tap U ={x |[x € N A x < 1000} c6 bao nhiéu sé chia hét cho 3
hoac 5?

Huéng dan:
U={x|x € NAx < 1000}: tap cac s6 tu nhién tir 0 dén 1000.

Pat tap A = {x| x € U A x : 3}: la tap hop cac sb ty nhién, nho hon hodc bang
1000 va chia hét cho 3.

Pittap B = {X| x € U A x : 5}: 1a tap hop c4c s6 tu nhién, nhé hon hoic bang
1000 va chia hét cho 5.

Chung ta xac dinh luc lugng cua tap A va tap B:
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1000
3
1000
5

N(4) = [=7] =333

N(B) = |22 =200

Xac dinh luc lwong cua A N B : A N B 14 tap cac sb ty nhién trong U chia hét
cho ca 3 va 5 nén no phai chia hét cho 15.

N(ANnB) = |22 = 66.

Theo nguyén ly bu trir, &p dung véi hai tap A va B:

N(AUB) =N(A)+ N(B) — N(AnB) =333+ 200 - 66 = 467.

Nhu vay trong tap U, c6 467 sb chia hét cho 3 hodc chia hét cho 5.
Luuy:

Cho tap hop A 1a tap con cua tap B. Khi do:
N(B\A) = N(B) — N(A)

Ciing dé dang xac dinh duoc sé luong cac sé khong chia hét cho 3 va cho 5,
chinh 14 sé phan tur cua tap U trir di s6 luong céc sb chia hét cho 3 hoic chia hét cho
5. Do d6, sb luong céc s6 khong chia hét cho 3 va cho 5 1a:

N(U) — N(A U B) = 1000 — 467 = 533 (s6).
Vidu 1.25

Gia st mot truong Pai hoc ¢6 1503 sinh vién nam thu nhat. Trong s6 d6 co
453 sinh vién tham gia cau lac bd Tin hoc, 267 sinh vién tham gia cau lac by Toan
hoc va 99 sinh vién tham gia ca hai cau lac bd. Ho1 c6 bao nhiéu sinh vién khong
tham gia cau lac bd nao?

Huéng dan:

So sinh vién khong tham gia cau lac bo Todn hoc ciing nhu Tin hoc sé la tong
50 sinh vién true di so sinh vién tham gia mot trong hai cdu lac bo.

bat U = tap cac sinh vién cua truong Dai hoc.
bat A 1a tap cac sinh vién tham gia cau lac b Tin hoc.
bat B la tap cac sinh vién tham gia cau lac bo Toan hoc.

AN B la tap cac sinh vién tham gia ca cau lac bd Tin hoc va cau lac bo
Toan hoc.

AU B latap cac s6 sinh vién hodc tham gia cau lac bo Tin hoc hoac tham gia
cau lac bo Toan hoc.
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Khi @6 theo dit liéu dau bai, ta c6: N(U) = 503, N(A) = 453, N(B) = 267 va
N(AN B)=99.

Theo nguyén ly bu trir, sé sinh vién tham gia hozc cau lac bé Toan hoc hoic
cau lac bo Tin hoc la:

N(AUB) = N(4A) + N(B) — N(AN B) =453 + 267 — 99 = 621.

Trong tong s& 1503 sinh vién cia mot trudng Dai hoc, c6 621 sinh vién tham
gia it nhat mot trong hai cau lac bd Toan hoc hoic Tin hoc.

Do vay c6: N(U) - N(A U B) = 1503 — 621 = 882 sinh vién khong tham gia
cau lac bo nao.

Vidu 1.26

C6 bao nhiéu chudi bit c6 d6 dai 8 bat dau bang bit 1 hoac két thic bing 2 bit
00?

Huéng dan:
Pit A la tap hop cac chudi 8 bit bat dau bang bit 1.
Dit B 1a tap hop céc chudi 8 bit két thic véi 2 bit 00.
Luc lugng cua tap hop A 13 N(A) = 27 =128.
Luc lwong cua tap hop B 13 N(B) = 2°= 64.
A N B latap hop céac chudi bat dau bang bit 1 va két thic bang 2 bit 00.
Luc lugng cia A N B 1AN(A N B) = 2° = 32,

A U B la tap hop cac chudi bat dau bang bit 1 hoac két thic bang 2 bit 00. Ap
dung nguyén ly bu trir vai 2 tap A, B ta co:

N(AUB) =N(A) + N(B) — N(An B) =128 + 64 — 32 = 160 (chudi).
Vi du 1.27

Mot cong ty may tinh nhan 330 cac Gng vién cho mot du 4n phan mém dang
dugc trién khai. Gia st trong s6 cac ung vién co 220 mg vién tot nghiép chuyén
nganh Khoa hoc may tinh, 147 Gng vién t6t nghiép chuyén nganh Quan tri kinh
doanh va 51 g vién t6t nghiép ca 2 chuyén nganh Khoa hoc may tinh va Quan tri
kinh doanh. Hoi c6 bao nhiéu cac tng vién khong tot nghiép Khoa hoc may tinh va
khong t6t nghiép Quan tri kinh doanh?

Huéng dan:
Goi A 1a tap hop cac ng vién tot nghiép Khoa hoc may tinh.
Goi B la tap hop céc ung vién tot nghiép Quan tri kinh doanh.
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A N B 1a tap cac ung vién tot nghiép ca hai chuyén nganh Khoa hoc mdy tinh
va Quan tri kinh doanh.

Tir c4c dir lidu ctia d& bai, ta c6 N(A) = 220, N(B) =147, N(4 n B) = 51.

A U B 1a tap hop cac ung vién tét nghiép Khoa hoc may tinh hodc Quan tri
kinh doanh.

Theo c6ng thic caa nguyén ly bu trir 4p dung cho 2 tap hop A, B:
N(AUB) =N(A) + N(B) = N(An B) = 220 + 147 — 51 = 316 (ung vién)
330 1a tong sb cac tmg vién duoc nhan cho du an phan mém.

Do d6, sé céc tng vién khéng tét nghiép Khoa hoc may tinh va khéng tét
nghiép Quan tri kinh doanh la: 330 — 316 = 14 (&tng Vién).

Pinh nghia 1.15

Nguyén ly bu trir &p dung vai 3 tap hop A, B, C:
N(AuBUC(C)
=N(A) +N(B)+N({C)—NANB)—NANC)— N(BNC)
+N(ANBNC)

Vidu 1.28.

Mot khao sat ddi vai 200 sinh vién K67 chuyén nganh Hé thong thong tin,
Khoa Cong nghé thong tin, Truong Pai hoc Cong nghé Giao thong van tai, phat hién
ra rang 120 sinh vién thich 1ap trinh winform; 90 sinh vién thich lap trinh web; 70
sinh vién thich 1ap trinh android; 40 sinh vién thich ca 1ap trinh win form va 1ap trinh
web; 30 sinh vién thich 1ap trinh web va lap trinh android; 50 sinh vién thich lap
trinh winform va 1ap trinh android; 20 sinh vién khong thich mot trong ba ngén ngit
1ap trinh trén. Hoi sd sinh vién thich tat ca mon lap trinh trén?

Huémg dan:

120

winForm

50

Dit tap U 1a tap hop céc sinh vién K67 chuyén nganh Hé thong thong tin.
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bat tap A 1a tap hop cac sinh vién thich lap trinh winform.

bat tap B la tap hop cac sinh vién thich lap trinh web.

bat tap C la tap hop céc sinh vién thich lap trinh android.

A N B latap hop cac sinh vién thich Iap trinh winform va thich lap trinh web.

AN C la tap hop cac sinh vién thich 1ap trinh winform va thich Iap trinh
android.

B N C latap hop céc sinh vién thich lap trinh web va thich Iap trinh android.

AN BN C latap hop céc sinh vién thich ca 3 mén lap trinh,

(AU B UC)® 1a tap céc sinh vién khong thich mot trong ba ngdn ngit 1ap
trinh.

Tir cac dir kién caa dé bai, ta co N(U) = 200, N(A) = 120, N(B) = 90, N(C) =
70, N(ANnB)=40,N(BnC)=30,N(AnC)=50.

N((AuBUC)¢) =20

Tu cong thiue N((AU B U C0)¢) + N(AU B U €) =N(U) =200

=>N(AUBUC)=N(U)-N((AUBuUC)*) =200 - 20 =180.

Ap dung nguyén ly bl trir cho ba tap hop A, B, C:
N(AuBUC(C)

= N(A)+NB)+N({C)-NANB)—NANC)— N(BNC)
+N(ANBNC)

Thay s6 ta c6: 180 =120+ 90 + 70 —40 - 30 ~50 + N(AN B n ()
= N(ANBNC)=20.

Nhu vay, c¢6 20 sinh vién thich cd 3 moén 1ap trinh winform, web, 1ap trinh
Android.

Vi du 1.29

Khao sat vé nhu cau va so thich doc bao dién tir ciia ngudi dan. Két qua khao
sat trén 60 ngudi dan cho thay: 25 ngudi thich doc théng tin trén Dantri.com.vn; 26
nguoi thich doc trén Baomoi.com; 26 ngudi thich doc thong tin trén 24h.com.vn; 9
nguoi doc thong tin trén & trang Dantri.com.vn va 24h.com.vn; 11 nguoi doc thong
tin trén ca 2 trang Dantri.com.vn va Baomoi.com; 8 nguoi doc thong tin trén ca 2
trang Baomoi.com va 24h.com.vn; 3 ngudi thich doc trén ca 3 trang bao dién tir.
Cho biét s6 ngudi dan doc it nhat 1 loai bao dién tir trén?
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Huéng dan:
bat X 1a tap hop nguoi dan thich doc thong tin trén trang Dantri.com.vn.
bat Y 1a tap hop nguoi dan thich doc thong tin trén trang Baomoi.com.
bat Z la tap hop ngudi dan doc théng tin trén trang 24h.com.vn.

X NY latap hop nguoi dan thich doc théng tin trén trang Dantri.com.vn va
trang Baomoi.com.

X N Z la tap hop nguoi dan thich doc théng tin trén trang Dantri.com.vn va
trang 24h.com.vn.

Y NnZ la tap hop nguoi dan thich doc thong tin trén trang Baomoi.com va
trang 24h.com.vn.

X NnY N Zlatap hop nguoi dan thich doc ca ba trang bao néu trén;

XUYUZ la tap hop nguoi dan thich doc mot trong ba trang bdo
Dantri.com.vn, 24h.com.vn, Baomoi.com.

Theo dit liéu cua dé bai, ta co:

N(X) = 25, N(Y) = 26, N(Z) = 26.
NXNY)=11,NXnZ)=9,N(YnZ)=8.
NXNnYnZ)=3.

Theo c6ng thuc bu trir, ap dung cho 3 tap hop X, Y, Z:

NXuYu2z2)
=NX)+NY)+NZ)—-NXNY)—-NXnZ)— NY)+NX
nY N2z

Dodo, N(XUYUZ) =25+26+26—11—9—8 + 3 = 52 (nguoi).

Dinh nghia 1.16

Tong quét

Cho Ay, A, ..., A, la cac tap hitu han. Khi do:

N(UZ1A) = Ty N(A) = X7y N(Ai 0 A)) + X7 et N(Ai 0 45 0
A)+ (DMINA N AN L NAY)

1.2.2. Nguyén ly cong

Dinh nghia 1.17

Co s6 toan hgc cua nguyén ly cong
Néu A va B 12 hai tap hop roi nhau thi: N(A U B) = N(A) + N(B)
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Nguyén ly cong:

Gia str mot cdng viéc c6 thé duoc thuc hién theo phuong 4n A hoic phuong
an B. Co n cach thyc hién phuong an A va ¢6 m cach thyc hién phuong an B. Khi d6
cong viéc co thé duoc thuc hién bdi m + n cach.

Co s toan hoc ciia nguyén 1y cong mé rong cho nhiéu tip con roi nhau:
Néu {Ay, A, ..., Ay} 1a mot phan hoach cua tap X thi:
N(X) = N(A7) + N(Ay) + ...+ N(AY)

Nguyén 1y cdng tdng quat:
Gia st mdt cong viéc co thé duoc thue hién theo k phuong an khéac nhau:
Phuong an thtr nhat duogc thue hién bang ny céch.

Phuong an tht hai duoc thuc hién bang n, cich.

Phuong an tht k dugc thuc hién bang ny cach.
Céc cach thuc hién cta cac phuong an 13 khong gidng nhau.

Khi d6 dé thuc hién cong viéc, co thé thuc hién bﬁng n; + N, + ...+ ny cach.

Vidu 1.30

Mot doan van dong vién gobm 2 mon ban sing va boi dugc cu di thi dau ¢
nudc ngoai, nam c¢6 10 nguodi. SO van dong vién thi ban sung (ké ca nam va nir) 1a
14. S6 nir van dong vién thi boi bang s6 nam van dong vién thi ban sting. Hé1 toan
doan c6 bao nhi€u nguoi?

Hurdéng dan:
Goi A 1a tap hop cac van dong vién nir
Goi A; 1a tap hop cac van dong vién nir thi ban sung
Goi A, la tap hop cac van dong vién nir thi boi
Goi B 1a tap hop cac van dong vién nam
Goi By la tap hop cac van dong vién nam thi ban sung
Goi B, la tap hgp cac van dong vién nam thi boi

Vi céc tap hop Ay, Ay, By, B, 1a céc tap hop ro1 nhau nén ta co:

N(A) = N(Ay) + N(Ay) 1)
N(B) = N(By) + N(B,) = 10 (2)
S6 van dong vién thi ban sing 1a N(A;) + N(B,) = 14 (3)
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Theo dé bai, s6 van dong nir thi boi bﬁng sb van dong vién nam thi ban sung,
nén ta cd N(A,) = N(B,), hay N(B;) = N(A,). 4)

Thay (4) Vé\O (3) ta Cé: N(Al) + N(Bl) = N(Al) + N(Az) =14

Nhu vay s6 van dong vién nit tham gia dai hoi 1a 14.

Theo nguyén 1y cdng, toan doan c6 10 +14 = 24 nguoi.
Vidu 1.31

Trong mot dot phd bién dé tai tot nghiép, Ban cha nhiém Khoa cong bd danh
sach cac dé tai bao gdm 60 dé tai vé chu dé “Xdy duwng hé thong tin qudn 1y”, 5 dé
tai veé chu dé “Thiet ke website” va 5 d¢ tai veé chu dé “Kiém thir phan mém”. Hoi
mot sinh vién c6 bao nhiéu kha nang Iya chon dé tai?
Huéng dan:

Néu sinh vién chon theo chu dé thir nhat, 6 60 céch lua chon 1 dé tai.

Néu chon theo chit dé thir hai c6 5 cach lwa chon 1 dé tai.

Néu chon theo chu dé thit ba ¢6 5 cach lwa chon 1 dé tai.

Vay tat ca c6: 60 + 5 + 5 = 70 (cach) lua chon.

Danh muc cac dé tai

Xay dung hé théng tin quan ly Thiét ké Web Kiém thir phan mém

60 dé tai 5 dé tai 5 dé tai

Hinh 1.9: Danh muc céc dé tai caa Vi du 1.31.

Vidu 1.32

Dai hoi lién chi doan Thanh nién cia Khoa CNTT, Truong Dai hoc Cong
nghé GTVT c6 sy tham gia ctia 10 thay c0 va 50 ban sinh vién. Dai hoi can bau ra
mdt bi thu doan Thanh nién cta lién chi doan, biét rang tat ca cac thanh vién tham
du dai hoi déu co6 thé duoc bau. Hoi ¢6 bao nhiéu cach dé chon ra 1 bi thu lién chi
doan Thanh nién cua Khoa?
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Huéng dan:

Pit A 1a tap hop cac thay ¢d Khoa CNTT, Truong Pai hoc Cong nghé GTVT
du dai hoi.

bat B 1a tap hop cac sinh vién Khoa CNTT du dai hoi.
Theo dir kién cua dé bai, ta c6: N(A) = 10, N(B) = 50.
Néu chon ra bi thu tir cac théy c0, ¢6 10 su lua chon.

Néu chon ra bi thu tir cac sinh vién, c6 50 sy lua chon.

Theo nguyén 1y cong, sd cach dé bau ra mot bi thu lién chi doan 1a: 10 + 50 =
60 (cach).

Sinh vién

50 nguoi

Hinh 1.10: Minh hoa Vi du 1.32.
Vidu 1.33

Hoi rang gia tri cta k s& 1a bao nhiéu sau khi doan chuong trinh sau dugc
thuc hién:

n, = 10;
n, = 20;
n; = 30;
k=0;
For (iy=1; i1 < ny; ip++) k++; Q)
For (i;=1; i, < ny; ip++) k++; (2
For (i3=1; i3 < ng; ig++) K++; 3
Huédng dan:

Pau tién gia tri cia k dugc gan gia bang 0.
Cé 3 vong lap doc lap.

Khi thyc hién vong lp thir nhat, bién diéu khién i; duoc ting tir 1 dén 10, tirc
1a thyc hién 10 1an cau 1énh k++. Gid tri k duoc ghi nhan khi két thic vong lap 1 1a 10.

Tuong tu, sau vong ldp thar 2, gia tri k dugc tang so voi trude 1a 20.

Sau vong lap thir 3, gia tri k dugc tang thém 30.
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Theo nguyén 1y cong, 3 vong lap for thuc hién 1 cach doc lap, nén khi két
thac 3 vong lap for gia tri cua k s€ 1a: 10 + 20 + 30 = 60.

1.2.3. Nguyén ly nhan

Pinh nghia 1.18

Co sé toan hoc cia nguyén ly nhan

Néu A va B 13 hai tap hop roi nhau thi: N(AxB) = N(4) x N(B)
Nguyén ly nhan:

Gia str mot cdng viéc co thé dugc thyuc hién theo hai giai doan A va B. Co n
cach thuc hién giai doan A va c6 m cach thuc hién giai doan B. Khi d6 cong viéc c0
thé duoc thuc hién bdi n x m céch.

Co sé toan hoc cia nguyén ly nhan mé rong cho nhiéu tap con roi nhau:
Cho A, A,, ..., A, 1a c4c tap hitu han bat ky, khi do:

n
N(A; X Ay X .. X A,) = HN(Ai)
i=1

Nguyén ly nhan tong quat:
Gia st mot cong viéc co thé duoc thuc hién theo k giai doan khac nhau:
Giai doan tht nhat: duoc thuc hién bang n; cach.
Giai doan thtr hai: duoc thuc hién bang n, cch.

Giai doan thtr k: duoc thuc hién bang ny cach.
Céc cach thuc hién cta cac giai doan 1a khong giéng nhau.

Khi d6 dé thuc hién cong viéc, c¢6 thé thuc hién bang ny. n,. ... ni;. N cach.

Vi du 1.34.

Xuit phat

DPiém aén
Phwong tién

Phwong tién

Hinh 1.11: Minh hoa Vi du 1.34.
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Tir Ha Noi dén Hué ¢6 3 cach di: may bay, 6 t0, tau hoa. Tir Hué dén Sai Gon
cO 4 cach di: may bay, 6 t0, tau hoa, tau thuy. Hoi tr Ha No1 dén Sai Gon (qua Hué)
c6 bao nhiéu cach di?

Huéng dan:

M&i cach di tir Ha Noi dén Sai Gon (qua Hué) duoc xem gdm 2 ching: Ha
Noi — Hué va Hué — Sai Gon.

Tir d6 theo nguyén 1y nhan, sd cach di tir Ha Noi dén Sai gon 1a 3. 4 = 12
cach.

Vidu 1.35

C6 bao nhiéu xau nhj phan c6 do dai bang 8?
Huéng dan:

Mbi mdt bit ctia xau nhi phan cé thé chon bﬁng 2 cach hoac 0 hoac 1.

Do dé 8 bit cua xau nhi phan s€ cé s6 cach chon 1a 2% = 256 x4u nhi phan
khac nhau.

Vidu 1.36

Hoi rang gi4 tri cta k s& 1a bao nhiéu sau khi doan chuong trinh sau duoc
thuc hién:

n, = 10;
n, = 20;
n; = 30;
k=0;
For (ip=1; i3 < ng; ig++) Q)
For (i,=1; i, < ny; ix++) (2
For (i3=1; i3 < ng; ist+) 3
K++;
Huémg dan:

Pau tién gia tri ciia k duge gan bang 0.

C6 3 vong lap for 1ong nhau.

Sau mdi lan lap cua vong lap for, gia trj cia k ting 1én 1.
Vong for thtr nhat 1ap 10 1an.

Vong for thtr hai lap 20 lan.
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Vong for tht 3 1ap 30 lan.

Vay theo nguyén 1y nhan, két thuc 3 vong lap for 1ong nhau, gia tri cia k s& 1a
10. 20. 30 = 6000.
Vidu 1.37

Ky hiéu giang duong ctia mot truong Dai hoc bat dau bang mot trong cac chit
cdi A, B, C, D, E, F va mdt s6 nguyén duong khong vugt qua 50. Hoi nhiéu nhat c6
bao nhiéu giang duong duogc ky hi¢u khac nhau?
Huéng dan:

Thu tuc ghi ky hiéu mot giang dudng goém hai giai doan:

Giai doan 1: Gan mot trong 6 chit cai A, B, C, D, E, F. C6 6 lya chon dé chon
chir cai bat dau trong ky hiéu cua giang dudng.

Giai doan 2: Gan mét trong 50 s6 nguyén duong 1, 2, ..., 50. C6 50 lya chon
dé chon mot sé nguyén duong tiép theo trong ky hiéu cua giang duong

Theo nguyén 1y nhan, c6 6. 50 = 300 cach khac nhau dé ky hiéu cho mot
giang duong.
Vidu 1.38
Vidu 1.38a

Mot sinh vién ¢ 5 chiéc 4o so mi khac mau, 3 cai quan khac mau, 2 doi giay
khac kiéu. Néu mdi ngay sinh vién d6 mic mot kiéu khac nhau, thi sau bao nhiéu
ngay sinh vién d6 s€ phai 1dp lai cach an mac trén?
Huémg dan:

Mot b trang phuc bao gdm: Quén, 4o va gidy. Mdi cach chon mdt bo trang
phuc di hoc cua sinh vién thyc hién theo 3 giai doan sau day:

Giai doan 1: Chon va mic 4o. Vi ¢ 5 cai 40 so mi khac mau, nén cé 5 cach
dé chon 4o.

Giai doan 2: Chon va mic quan. C6 3 quan khac mau nén c6 3 cach chon quan.
Giai doan 3: Chon va di gidy. C6 2 d6i gidy khac kiéu, do d6 co 2 cach chon gidy.
Thfao nguyén ly nhan, c6 tit ca 5. 3. 2 = 30 cach chon mdt bd trang phuc,
nghia 1a t61 da 1a sau 30 ngay sinh vién do6 s phai lap lai trang phuc.
Xem xét mot vi dy twong ty nhw Vi du 1.38a nhu sau:
Vidu 1.38b

C6 bao nhiéu s tu nhién c6 ba chir sé ¢6 thé duoc hinh thanh tir cac chit 6 0,
1, 2,...,8,9? Quy tic nao duoc &p dung?
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Huéng dan:

Pé tao ra s6 ¢6 ba chix s6, can thuc hién qua 3 giai doan:

Giai doan 1: Chon mét chit sé cho vi tri ngoai cuing bén tréi (chit s6 a). Via la
chir s6 dau tién, a # 0, nén chon a tir cac chix s6 {1, 2, 3, ..., 8, 9}= C6 9 cach dé
chon a.

Giai doan 2: Chon mét chir s6 cho vi tri ¢ gitra (chir s6 b). Vi s6 ¢6 3 chix s6
duoc tao ra, khdng yéu cau céc chir s6 phai d6i mot khac nhau. Do d6 c6 thé chon b
tir tap cac chir 6 {0, 1, 2...., 8, 9}= C6 10 cach dé chon b.

Giai doan 3: Chon mét chit s6 cho vi tri ngoai ciing bén phai (chir sé c). Lap
luan twong tur khi chon b, c6 thé chon ¢ tir tap cac chir s6 {0, 1, 2,..., 8, 9}= C6 10
cach dé chon c.

Ap dung quy tic nhan, sé cac s6 ¢6 3 chir s6 ¢6 thé dugc tao ra la:

9. 10. 10 = 900 (sb).

Vidu 1.39

S6 dién thoai di dong cua Viettel tinh dén dau nam 2019 co dang A XXXX.XXX,
trong d6 A 12 nhom c6 3 con s, quy dinh dau s cia mang Viettel. Cac dau s cia
Viettel bao gom: 096, 097, 098, 086, 032, 033, 034, 035, 036, 037, 038, 039.
XXXX.XXX quy dinh s cia ting thué bao, trong d6 x c6 thé nhan cac gia tri tir 0 dén
9. Hoi ¢6 thé tao ra bao nhiéu s6 dién thoai vdi dau sb nhu vay?

Hurdéng dan:

Chon mot thué bao di dong Viettel co thé chia lam 2 giai doan:

Giai doan 1: Chon dau sb A. C6 thé chon 1 trong 12 dau s6 096, 097, 098,
086, 032, 033, 034, 035, 036, 037, 038, 039 cua Viettel. Co 12 cach dé chon mot dau
sd A.

Giai doan 2: Chon sd, gdm 7 con sd xXxx.Xxx, trong d6 x c6 thé nhan céc gia
tri tir 0 dén 9. Nhur vay c6 10 cach chon 1 con s6. Vai tro cua cac con sb nay la nhu
nhau, nén sé cach chon ra diy gdm 7 con sd nay la: 10°.

Theo nguyén Iy nhan, s6 thué bao c6 thé dugc tao ra 1a 12. 10 (thué bao).
Luuy:

Trong thuc té, cac bai toan dém khong chi st dung nguyén 1y cong hoic
nguyén 1y nhan, ma 14 su két hop cua cac nguyén 1y ndy. Chung ta cing xem xét mot
sd vi dy sau day:
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Vidu 1.40

Tén bién trong ngdn ngit C 1 1 chudi dugce tao thanh tir cac ky tir trong bo 26
chit cai Latinh viét thuong {a, b, c, d,..., z}, 26 chir cai Latinh viét hoa {A, B, C,
D,...,Z} va cac chir s6 {0, 1, 2,..., 9}, ddu gach duéi . Ngoai ra tén bién phai duoc
bat dau bang mot chir cai, khong dugc dat trung vai 32 tir khoa trong C, khong dugc
str dung ddu cach.

a. C6 thé tao duoc bao nhiéu bién gom 4 ky tu?

b. C6 thé tao ra bao nhiéu bién c6 4 hoic 5 ky tu?

Chang han, tén bién viét dung Delta, _Delta, Deltal, delTa, v.v.. Tén bién
viét sai: 1Delta, 1 Delta.
Huéng dan:
a. Gia sir bién duoc tao ra gom 4 ky tu c6 dang xyzt.

Qua trinh tao ra bién c6 4 ky tu gom 4 giai doan:

Giai doan 1: x ¢6 thé duoc tao ra tir 26 chit cai viét thuong {a, b, c,..., 2}, 26
chir cai viét hoa {A, B, C,..., Z} va dau gach dudi chan . Nhu vay c6 53 cach dé
tao ra x.

Giai doan 2, 3, 4 ¢6 thé tao ra y, Z, t trong b0 26 chir cai viét hoa {A, B, C,...,
Z}, 26 chir cai viét thuong {a, b, c,..., z}, 10 chit s6 {0, 1, 2, ..., 9}, dau gach dudi
chan . V&i mdi ky tu nhu vay c6 thé c6 63 cach dé tao ra.

Nhu vay, s6 bién c¢6 4 ky tu ¢6 thé duge tao ra theo nguyén 1y nhan la:

53. 63. 63. 63 =13,252,491 (bién).
b. C6 hai truong hop tao ra bién c¢6 4 hodc 5 ky tu:

Truong hop 1: Bién co 4 ky tu.

O céu a, ching ta da tinh duoc c6 13, 252, 491 bién.

Trudng hop 2: Bién ¢6 5 ky tu.

Gia str bién c6 5 ky tu c6 dang xyztu.

Lap luan tuong ty cau a, chia qua trinh tao ra bién c6 5 ky tu gém 5 giai doan:

’ Giai dpan 1: Tao ra x, c6 53 cach tao ra tir 26 chir cai viét thuong, 26 chir cai

viet hoa va dau gach dudi chan .

Giai doan 2, 3,4, 5: Tao ra y, z, t, u ¢6 63 cach tao véi mdi ky tu bao gdm 26
chir cai viét thuong, 26 chir cai viét hoa, 10 chit s6 va dau gach dudi chan .

Theo nguyén Iy nhan, sb bién c6 5 ky tu c6 thé dugc tao ra la:

53. 63. 63. 63. 63 = 834,906,933 (bién);
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Tur trudng hop 1 va truong hop 2, theo nguyén 1y cong, sb bién ’cc') thé duoc
tao ra c6 4 hoac 5 ky tu la: 13,252,491 + 834,906,933 = 848,159,424 (bicn).
Vidu 141
? Mobi ngu’(‘ri’ dung khi tao tai khoziln tré?n gmail.(fom déu phai cai dat r£1(f)t mat
khﬁu,q dugc khuyén 92’10 nén c6 do dai to1 thiél} tu ~6 dén 8 k}'/ tu, trong do méi’ ky tu
co thé la chir cai viét thu’c‘mg hoac rr}(f)t chit s6. Mo01 mat khau phai chira it nhat mot
chir s6. C6 bao nhiéu mat khau c6 thé duoc tao ra?
Huéng dan:
Pit P 1a tong s6 mat khau co thé tao ra co d6 dai toi thiéu tir 6 dén 8 ky tur.
Ps, P7, Pg 1a tong s6 mat khau 1an luot ¢6 6, 7 va 8 ky tu.
Theo nguyén 1y tong: P = Pg + P; + Pg
Pé tinh P6: Ta thyc hién tinh s6 luong cac mat khiu c6 6 ky tu thong qua
viéc tinh toan:
o S6 luong cac mét’khéu c6 6 ky tw ma mdi ky tu cua n6 cb thé 14 26 chir cAi
viét thuong hodc 10 chit s6. Cac ky tu trong mat khau cé thé giong nhau, do dé theo
nguyén 1y nhén, s6 mat khau c6 thé duoc tao ra 1a 36°.

+ S6 luong cac mat khau c6 6 ky tw, mdi ky tu dugc 1ay tir bo chir cai Latinh
gom 26 chir cai viét thuong. S6 mat khau nhu vay c6 thé dugc tao ra la 26°.

Theo nguyén 1y bu trur, ) lugng mat khau duoc tao ra tir 26 chix cai, 10 chit
sO va dam bao it nhat mot chir s6 dugc tinh bang s6 lwgng mat khau dugc tao ra tu
26 chir cai, 10 chir so trir di s6 lwgng mat khau ¢6 6 ky tu, chi bao gom cac chir cai.

Do d6 P = 36°— 26°,

Lap luan tuong tu, ta co:

P, =36"—-26".

Pg = 36°— 26°.

S6 mat khau cta ngudi dung gmail.com t6i thiéu ¢ 6 ky tu va dam bao co it
nhat mot chir so la:

P=Pg+P;+Py=236°-26°+36"— 26"+ 36°— 26° = 2,684,483,063,360 (mat
khau).

Vidu 1.42
C6 bao nhiéu sb tu nhién c¢6 3 chit sé dugc tao ra tir tap {0, 1,2, 3, 4, 5} néu:
a. Cac chir s khong can phai khac nhau d6i mét.

b. Cac chit s6 phai khac nhau d6i mot.
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c. Céc s6 d6i mot khac nhau va 1a s6 chin.
d. Cac sé d6i mot khac nhau va chia hét cho 5.
Huéng dan:
a. Goi s6 c6 3 chix sé 1a abc
Chon a c6 thé chon tir {1,2,3,4,5}. Co 5 cach chon a.
Chon b c6 thé chon tir {0, 1, 2, 3, 4, 5}. C6 6 cach chon b.
Chon ¢ ¢6 thé chon tir {0, 1,2, 3, 4, 5}. C6 6 céch chon c.
= Theo nguyén ly nhan, c6 5. 6. 6 = 180 sb thoa mén.
b. Goi sb ¢6 3 chit s6 1a abc (a, b, ¢ d6i mdt khac nhau)
Chon a c6 thé chon tir {1,2,3,4,5}. Co 5 cach chon a.
Chon b ¢6 thé chon tir {0, 1,2,3,4,5}—{a}. Co 5 cach chon b
Chon ¢ c6 thé chon tir {0, 1, 2, 3, 4, 5} — {a, b}. C6 4 cach chon c.
= Theo nguyén Iy nhan, ¢é 5. 5. 4 = 100 s thoa man.
c. Goi s6 ¢6 3 chix s6 1 abc (Véi a, b, ¢ d6i mot khac nhau)
Vi abc 1 sb chin nén ¢ chi dugc chon trong cac sb {0, 2, 4}.
C0 3 su lua chon ¢. C6 hai truong hop can xét:
Truong hop 1: ¢ =0
Chonatu {1,2,3,4,5}. CO 5 cach chon a.
Chonb tu {1,2,3,4,5} — {a}. Co 4 cach chon b.
Nhu vy, ¢6 5. 4. 1 =20 s ¢6 tan cung 1a 0.
Truong hop 2: c# 0
C6 thé lya chon ¢ trong 2 sb {2,4}.C06 2 cach chon c.
Chonatu {1,2,3,4,5} — {c}. C6 4 cach chon a.
Chonbtu {0,1,2,3,4,5} —{a, c}. C6 4 cach chon b.
Nhu vy, c6 4. 4. 2 =32 s6 chin c6 dudi khéc 0.
T truong hop 1 Vé} truN(‘)’ng hop 2, theo nguyén Iy cong, sb cac sb ¢6 3 chir sd
d6i mot khac nhau va la so chan la 20 + 32 = 52 s6.
d. Goi 56 6 3 chir s6 1a abc (v6i a, b, ¢ d6i mot khac nhau) chia hét cho 5.

S6 chia hét cho 5 1a s6 tan cung 1a 0 hodc 5.
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Truong hop 1: ¢ =0
Chonatu {1,2,3,4,5}. Co5 céch chon a.
Chonb tir {1, 2, 3, 4,5} — {a}. Cb6 4 cach chon b.
Nhu vay, ¢6 5. 4. 1 =20 sb tin cung bang 0.
Truong hop 2: ¢ =5
Chonatu {1, 2, 3,4}. C6 4 cach chon a.
Chonb tu {0, 1,2, 3,4} — {a}. C6 4 cach chon b.
Do d6, c6 4. 4.1 =16 s6.
Theo nguyén 1y cong, sd c6 3 chit sé d6i mot khac nhau va chia hét cho 5 1a:
20+ 16 =36 (sd).
1.3. CAC CAU HINH TO HQP
1.3.1. Hoan vi
1.3.1.1. Hoén vi khéng lap

Pinh nghia 1.19

Cho tip hop A gdm n phan tir. Mdi cach sip xép c6 thi tu n phan tir ciia A
dugc goi 1a mot hoan vi cia n phan tir. S6 cac hoan vi ciia n phan tu, ky hi¢u 1a P,.

Cong thirc tinh s6 hoan vi ctia n phan tir 13:
P,=n.(n-1). (n-2). ... 2.1 =n!

Luuy:

Quy uoc 0! = 1.
Vi du 1.43

Cho tip A = {1, 2, 3}. C6 thé tao ra bao nhiéu sb c6 3 chit s6 tir tip A?
Huémg dan:

Liét ké cac sb co thé duoc tao ra tir A: 123, 132, 213, 231, 312, 321. Mdi s6
l1a 1 hoan vi tur tap A.

Theo cong thurc tinh hoan vi, dé dang tinh duoc s6 hoan vi tir cac phén tr cua
Ala:P;=31=3.2.1=6(sd).

Vi du 1.44

CO6 4 nguoi ru nhau di chup anh la Anh, Bic, Cic, Duong. Hay tinh xem c6
bao nhiéu ki€u anh chup ma tat ca bon nguoi dirng thanh mot hang?
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Huéng dan:
[ )

Paae °
A B C D
Céach 1: Ap dung nguyén Iy nhan:

Dau tién ta c6 4 kha ning chon ngudi ding ngoai ciing bén trai (dtng & vi tri
A).

Sép xép ngudi vao vi tri B: ¢6 3 cach chon (sau khi dd xép mot nguoi ding &
vi tri A).

Sap x€p nguoi vao vi tri C: ¢ 2 cach chon (sau khi da x€ép hai ngudi diing &
vi tri A va vi tri B).

Sép xép ngudi vao vi tri D: ¢6 1 cach chon (sau khi dd xép ba ngudi dung o
vitri A, vi tri B va vi tri C).

Nhu vdy theo nguyén 1y nhan ta c6 s kiéu anh c6 thé chup khac nhau vé vi
tridungla: 4.3.2. 1 =41 =24,

Céch 2: Str dung cong thirc tinh hoan vi.
MB&i birc anh c6 day di 4 ngudi 1a mot hoan vi.
S6 buic anh c6 thé chup 1a P, = 4! = 24,

Vidu 1.45

Co6 5 phong bi thu va 5 birc anh giri cho 5 ngudi, ¢6 bao nhiéu phuong an lya
chon dé giri anh cho 5 nguoi trén?

Huéng dan:

M&i phuong an lya chon biic anh bé phong bi dé guri 14 mot hoan vi tir 5 phan
tir, vay s6 phwong an 1a 5! =5. 4. 3. 2. 1 = 120.
Vidu 1.46

Gia str mot ngudi ban hang rong dinh di ban hang tai tam phd phuong ¢ Ha
Noi. Chi ta bat dau cudc hanh trinh ctia minh tai mot ph6 nao do, nhung co thé dén
bay ph kia theo thir tu bat ky ndo ma chi ta muén. Hoi chi ta c6 thé di qua tat ca cac
phé nay theo bao nhiéu 16 trinh khac nhau?
Huéng dan:

Vi phé dau tién da duoc xac dinh, con bay phd con lai ¢6 thé di theo thir tyr
tuy y, nén so 19 trinh khac nhau chinh 1a s6 hoan vi cta tdp gom 7 phan tir.
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Do d6 ¢6 7! = 5040 cach dé nguoi ban hang chon hanh trinh ctia minh;

Néu mubn tim 16 trinh ngin nhét thi chi ta phai tinh tong quing dudng can
cho mdi 16 trinh ¢6 thé, tic 1a tong cong phai tinh cho 5040 1 trinh.

Vi du 1.47

Can sap xép 4 sinh vién nit va 6 sinh vién nam thanh mot hang doc. Hoi ¢o
bao nhiéu cach siap xép néu sinh vién dang dau hang 1a sinh vién nir va sinh vién
cuoi hang la sinh vién nam?

Huwéng dan:

Tong sé sinh vién can xép hang 1a 4 + 6 = 10 sinh vién.

Xép 10 sinh vién thanh mét hang doc, dam bao sinh vién ding dau tién 1a
mét sinh vién nit, ding cudi hang 1a mét sinh vién nam, chia qué trinh sip xép thanh
3 giai doan:

Giai doan 1: Xép mot sinh vién nit dang dau hang, chon tir 4 sinh vién nit.
Nhu vay c6 4 cach xép.

Giai doan 2: Xép 1 sinh vién nam dang & cudi hang, chon tir 6 sinh vién nam.
C6 6 cach dé xép.

Giai doan 3: Xép 8 ban con lai vao gita hang. Mdi cach sip xép 8 ban nay la
1 hoan vi cia 8 vj tri. Do d6, s6 cach xép 1a Pg = 8l.

Theo nguyén Iy nhan, sb cach xép 10 sinh vién, dam bao yéu cau cua dé bai
14 4. 6. 81 = 967,680 (cach).
1.3.1.2. Hoan v; lap

Dinh nghia 1.19

Cho n d6i tuong trong d6 c6 n; d6i twong loai i gidng hét nhau (i =1, 2,..., k
va ny+ ny +...+ ng=n). Moi cach sap xép co thtr tu n doi tuong da cho goi la mot
hoan vi lap cua n.

S6 hoan vi cta n phan tir trong d6 ¢6 n; phan tir nhu nhau thudc loai 1, ¢6 n,
phan tr nhu nhau thudc loai 2, v.v. va cé n, phan tar nhu nhau thudc loai k, dugc tinh

theo cong thuc P, = #:nl .
1--1t2:... k

Vi du 1.48

C6 thé nhan duoc bao nhiéu xau khac nhau bang cach sip xép lai cac ky tu
cua tr SUCCESS?

Huéng dan:
Tu SUCCESS chua 7 ky tu, trong do c6:
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3kytuS,1kyteU,2kytu C, Lky tu E
M3i sur sdp xép lai céc ky tu cua tir SUCCESS la 1 hoén vi lap cua 7 ky tu.
Do d6, s6 hoan vi (s6 xau khac nhau) 1a:
7!
311201!

= 420 (s6)

Vi dy 1.49

Cho tap hop A = {1, 2, 3, 4, 5}. Tur tap A c6 thé tao ra bao nhiéu s6 c6 9 chi
S0, trong do6 cac chir s6 1, 2 xuat hién dang 1 1an, chir s6 3, 4 xuat hién 2 lan va chir
sb 5 xuat hién 3 lan.
Huwéng dan:

MJi su sap xép cac chir s6 cua A dam bao cac chir s6 1, 2 xuat hién 1 lan va
chit s6 3, 4 xuat hién 2 1an, chit s6 5 xuat hién 3 1an 1a 1 hoan vi lap.

S6 cac s6 €O 9 chir s6 €0 thé tao ra theo yéu cau dé bai la:

— 2 =15,120 (sd).
111!21213!

1.3.2. Chinh hop
1.3.2.1. Chinh hop khong lap

Dinh nghia 1.20

Cho A la tap hop gom n phan tir. Mdi bo gdm k phan tir (1< k < n) sap thu tu
cua tap hop A duogc goi 1a mot chinh hop chap k cia n phan ti.
S6 cac chinh hop chap k cua n ky hiéu la AX

k _ n!
n (n—k)!’

Vi du 1.50

Chotap A={1, 2, 3, 4, 5}.

Cac bo (2, 3, 5) (2, 5, 3) 1a cac chinh hop khong 1ap chap 3 tir 5 phan tir.
Vidu 1.51

Cho tap hop A = {1, 3, 4, 5, 6, 7}. C6 bao nhiéu sé co6 4 chit s6 khic nhau
duogc tao ra tur tap A?

Huéng dan:
Cdach 1: Su dung nguyén ly nhan
Ky hiéu s c6 4 chit sé la abcd
Ta c6 6 kha ning chon sb a tir tap A = {1, 3, 4, 5, 6, 7}.
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Con 5 kha ning chon sd b tir tap A — {a}

Con 4 kha ning chon sb ¢ tir tap A — {a, b}

Con lai 3 kha ning chon s d tir tap A — {a, b, c}

Vay tat ca cac sd co 4 chit s6 khac nhau dugc tao ra tir tap A la:

6. 5. 4. 3 =360 (s).
Cach 2: Sur dung ngay céng thirc tinh chinh hop khong lap

MGi 56 ¢6 4 chir s6 khéc nhau dugc thiét 1ap tir tap A 1a mot chinh hop chép 4
ttr 6 chit soO.

S6 céc sb ¢6 4 chit s6 khac nhau duge tao ra la:

el
T (6-4)!

Al = 6.5.4.3 = 360 (sd).
Vidu 1.52

C6 4 ngudi thi ddu co vua 1a Binh, Cuong, Diing, Kién tranh hai vi tri nhat,
nhi. Hay tinh xac suat dé¢ Cuong duoc giai nhat?

Hudng dan
Goi tap ky thu la U = {Binh, Cuong, Diung, Kién}.

MB&i kha nang phan chia giai 1a mot chinh hop khong 1dp chap 2 tir 4 phan ti.
Vay theo cdng thic ta co:

Céc phuong 4n ma Cuodng doat giai ta co thé chon nhu sau: Ghép Cudng véi
mot trong 3 nguoi con lai, s6 phuwong an la 3.
Vay xdc suat dé Cudng doat giai nhat 1a P = = = 25%.

Vidu 1.53

Trong mdt chuong trinh vin nghé, can chon ra 7 bai hat trong s6 10 bai hat, 3
tiét muc mua trong sb6 5 tiét muc muaa roi xép tht tu biéu dién. Hoi c6 bao nhiéu
cach chon néu céc tiét muc hat duoc xép lién nhau va céc tiét muc mua cling duogc
xép lién nhau?

Huéng dan:
C6 2 trudng hop dé xép cac tiét muc biéu dién:
Trudng hop 1: Xép cac tiét muc hat trude rdi xép cac tiét muc mua.

Giai doan 1: Xép 7 tiét muc hat ttr 10 tiét muc hat.
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Qua trinh chon cac bai hat rdi xép thir ty. Do d6 s cach dé xép 1a sb cac
chinh hgp chap 7 cua 10: A7,.

Giai doan 2: Xép c6 thu ty 3 tiét muc moa tir 5 tiét muc mia.

S6 cach dé xép 1a s6 cac chinh hop chap 3 cua 5: A2,

Theo nguyén 1y nhén, s cach dé sip xép 7 tiét muyc hat, sau d6 1a 3 tiét muc
mUa c6 sap thi tu 12 A7,. A3.
Truong hop 2: Xép cac tiét muc mua trude roi xép céc tiét muc hét.

Giai doan 1: Xép 3 tiét muc mua tir 5 tiét muc ma.

S6 cach xép la A3.

Giai doan 2: Xép 7 tiét muyc hat tir 10 tiét muc hat.

S6 cach xép la: A7,.

Theo nguyén Iy nhan, cach xép dé cac tiét muc mua trudc, hat sau theo thir tu
1a A3. A7,

, Tu cac truong hg‘p 1‘ va truong hop 2, theo nguyén ly cong, ,sé c‘élch xép dé

cac tiét muc hat dugc xép lién nhau va cac tiét muc muaa cling dugc xép lién nhau la:

Al A2+ AR A,
Vi du 1.54

Cho tap hop A = {0, 1, 2, ..., 8, 9}. C6 bao nhiéu sb tu nhién c6 7 chir s6
khac nhau va Ién hon 685000.

Huéng dan:

Goi s6 can tim 14 a; @, ... aga, théa mdn a; € A,i = 1.7 va a; a, ... dga, >
685000.

Xét cac treong hop sau day:

Truong hop 1: S6 ¢6 dang 68as a, ...aga, (a; = 5,a; # 6,8).
as ¢0 thé nhan 3 gia tri 5, 7, 9 nén cd 3 cach chon.
au, as, 8, a7 1a Mot bo 4 sb ¢o thir tu 1ap tir A — {as, 6, 8}.

MJi bo {a, as, as, a7} 12 mot chinh hop chap 4 tir 7 phan tir. C6 A% céach chon
bo 4 56 ¢b ké thir ty.

Vay c6 3. A% s6 thoa mén trong truong hop 1.

Truong hop 2: S6 ¢6 dang 69a; ay, ... aga,.
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as, a4, 8s, g, 87 12 MOt bo 5 phan tir c6 thir tu tir A —{as, 6, 9}. Mdi cach lay ra
b 5 phan tir tir tap A 1 mét chinh hop chap 5 tir 7 phan tir. C6 A3 s6.

Truong hop 3: S6 ¢6 dang @; a, ... aga, VGi a; >6.
a; c6 3cachchonla?, 8, 9.
ay, a3, A4, 8s, 85, a7 14 MOt bo 6 phan tir tir A-{a;} va cd ké thu tu céc phan tu.
CH AS sb.
Ap dung nguyén ly cong, tong s6 cac s6 thoa man yéu cau dé bai Ia:
3. A% + A3 + 3. 45 = 69720 (s6).
1.3.2.2. Chinh hop lap

Dinh nghia 1.21

Mot cach sap xép co tht ty k phan tir c6 thé l1ap lai cia mot tap n phan tu
duoc goi la mot chinh hop lap chap k tir tap n phén tu.

Sé chinh hop Iap chap K tir tap n phan tir 13, ky hiéu A%, dwoc tinh theo cong
thirc: Ak=n,

Vi du 1.55
Tap A= {1, 2,3, 4, 5}.

Cac bo (1, 1, 2); (1, 2, 2); (2, 3, 5); (2, 3, 2); v.v. la cac chinh hop lap chap 3
phan tir tir tap 5 phan ti.

Vi du 1.56
Tir tap A = {a, b, c} c6 thé dit duoc bao nhiéu tén bién c6 do dai 4 ky tu?
Huéng dan:

MOi tén bién c6 4 ky tu duoc chon tir tip A ={a, b, ¢} 1a mot bd 4 phan tir sap
thir tu co6 thé duogc 1dp lai lay tur tap A, 1a mot chinh hop 1dp chap 4 cua 3.

Do d6 sb cac bién c6 d6 dai 4 c6 thé tao ra 1a 3* = 81 (bién).
Vidu 1.57

Cho tap B = {0, 1}. C0 thé tao ra bao nhiéu xau c¢6 d6 dai n?
Huéng dan:

Céc day nhi phan c6 d6 dai n 1a mot chinh hop lap chap n tir hai phan tir {0,
1}. S6 x4u c6 do6 dai n duoc tao ra tir tap B 1a 2",
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Vi du 1.58

C6 bao nhiéu sé tu nhién c6 6 chit s vai:

a. Chir s6 dau va chix sé cudi gibng nhau?

b. Chir s6 dau va cubi khac nhau?

c. Hai chir s6 dau gidng nhau va hai chit s6 cudi gibng nhau?
Huéng dan:

a. S6 ¢6 6 chir s6 trong d6 chir s6 du va chit sé cudi c6 dang abcdea
(anhdn cac gid tri 1...9; b, ¢, d, e nhin cac gia tri 0.... 9).

Chon a c6 9 cach chon.

Chon bcde: Mdi su lwa chon ra b 4 chit sé trong 10 s6 tir 0...9 1a mot hoan
vi l3p chap 4 tir 10. Sé cac s6 ¢6 4 chit sé c6 thé duoc tao ra 1a A%, = 10*%.

Theo nguyén ly nhan, s6 cac so c6 6 chir s, trong d6 chit s6 dau tién va chir
£ Lo 8 e \ 4
sO cudi cung giong nhau 1la 9. 10™.

b. S6 céc s6 co chit sé dau va chit s6 cudi khac nhau duoc tinh bang s cac sd
¢6 6 chit s6 trix di s6 cac s6 ¢ 6 chit s6 ¢o chit s6 dau va chir sé cudi gidng nhau.
Nhu vay cau hoi nay dugc thuc hién thong qua 2 budc:
+Pém sb cac s6 ¢o 6 chir so.
+Pém sb cac s6 ¢b 6 chir s6 ¢o chir s6 dau va chir s6 cudi giéng nhau.
Bud6c 1: Dém s6 cac s6 ¢6 6 chit so:

Goi s6 ¢6 6 chix sb ¢ dang abcdef trong d6 a nhan cac giatri 1...9; b, c, d,

e, fnhan cac giatri 0...9.

Chon a c6 9 cach chon.

Chon bedef: Mdi su lya chon bo 5 chit s6 tir 10 chir sé {0, 1, 2,..., 8, 9) 1a
mot hoan vi 1ap chap 5 cua 10. Do d6 sd cac s ¢ 5 chir s6 ¢d thé duoc tao ra la:
A3, = 105,

Ap dung nguyén 1y nhan, ta c6 sé cac sé ¢6 6 chit s6 duge taora1a 9. 10°.

Budére 2: Dém sb cac s6 ¢6 6 chir s, trong do6 chir s6 dau va cudi giéng nhau.

O cau a, chung ta d tinh dugc két qua 1a 9. 10,

Do d0, s6 cac s0 c6 6 chit so trong d6 co6 chit s6 dau va cudi khéac nhau la:
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9.10°- 9. 10*

c. S6 ¢ 6 chir s6 thoa man yéu cau dé bai c6 dang aabcdd, trong d6 a nhan
cacgiatril..9;b,c,dnhancacgiatri 0...9.

Chon a c6 9 su lya chon.

Chon bcdd thuc chét chi 1a viéc tao ra cac hoan vi l1ap chap 3 tir 10 chir )
(do 2 chit s6 cubi cung gidng nhau).

Theo nguyén 1y nhan, sb cac s6 théa min yéu cau dé bai la 9. 10°.
Vi du 1.59

C6 bao nhiéu s tu nhién ¢ 10 chir sé trong d6 3 chir s6 dau tién va 3 chir sd
cubi twong tmg gidng nhau?
Huéng dan:

Goi s6 tu nhién c6 10 chit sb, trong d6 3 chir s6 dau tién va 3 chir sé cudi
cling twong wng giong nhau c6 dang abcxyztabc.

Quié trinh 1ap s6 tu nhién c6 10 chir s6 theo yéu cau dé bai, dugc chia lam ba
giai doan sau day:

Giai doan 1: Chon bo 3 chir s6 dau tién abc.

Vi a chi ¢6 thé lya chon tir c&c chix s6 {1, 2, 3,..., 8, 9} dé dam bao sb duoc
chon ¢6 3 chir s6, nén ¢6 9 cach lra chon a.

Chon bc: vi céc chir s6 khéng yéu cau khac nhau déi mét, do d6 mdi bo be
duoc tao ra don gian 1a mot chinh hop 1ap 2 tir 10 phan tir. Nén cach chon be 1a 10%

Theo nguyén ly nhan, sb céc s c6 ba chit sb abc c6 thé tao ra 13 9. 102

Giai doan 2: Chon bo 3 chir s6 tiép theo xyzt

Céc chit s x, v, z, t ¢6 thé nhan gid tri tir {0, 1, 2,..., 8, 9} va khong c6 yéu
cau d6i mot phai khac nhau. Do d6, mdi s6 6 4 chit s6 duoc tao ra 12 mot chinh hop
lap chap 4 tir 10 phin tir. Do d6 sb c4c sb c6 4 chit sb xyzt 1a 10,

Giai doan 3: Chon 3 chit s6 cudi cung.

Vi 3 chir s6 cudi twong tu gidng 3 chir s6 dau tién. Nén véi mdi cach chon 3
chit & abc & vi tri dau tién cling chi c6 1 cach chon cho 3 chi s6 cubi dé ching
tuong tng gidng nhau. Do d6 cach chon 3 chit s cudi 1a 1 cach.

Theo nguyén 1y nhan, sb cac s6 ¢6 10 chit s6 c¢6 thé dugc tao ra, thoa man yéu
cau cua d& bai 1a: 9. 10% 10*. 1 = 9. 10° (sd).
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1.3.3. To hop
1.3.3.1 T6 hop khéng lap

Dinh nghia 1.22

T hop chap k tir n phan t 1a cach chon khéng phan biét thir t k phan tir l1dy
tir tAp n phan tr d cho, mdi phan tir khong Iy lap lai.
S6 t6 hop chap k tir n phan ti, ky hiéu 1a C¥ va duoc tinh theo cong thic:
n!

k — :
b = ok

Vidu 1.60

Véitap A= {1, 2,3, 4,5} thicacbd (1, 2, 3), (1, 2, 4), v.v. 1a cac t6 hop chap
3 tir 5 phan tir, theo dinh nghia thi hai bo (2, 3, 5) va (3, 5, 2) chi dugc tinh 12 mot to
hop chap 3 tir 5 phan tir ctia tap A.

Vidu 1.61

Co6 5 sinh vién K68 cua Khoa CNTT, Truong Pai hoc Cong nghé GTVT la
An, Binh, Cudng, Diing, Giang. Chii nhiém Khoa mudn chon dé thanh 1ap mot t6 3
nguoi dé thuc hién mot dé tai khoa hoc. Hoi ¢6 bao nhiéu phuong an dé thanh lap to
3 nguoi do?

Huéng dan:

Cach 1: Liét ké cac phuong 4n thanh 1ap t6 co thé 1a t6 hop chap 3 ctia 5 phan
tr d6. Cu thé 1a: (An, Binh, Cuodng); (An, Binh, Diing); (An, Binh, Giang); (An,
Cuong, Dung); (An, Cuong, Giang); (An, Ding, Giang); (Binh, Cuong, Diing);
(Binh, Cuong, Giang); (Binh, Diing, Giang); (Cuong, Diing, Giang).

Cach 2: Lay ra 3 sinh vién trong nhom 5 sinh vién { An, Binh, Cudng, Diing,
Giang} dé thanh lap t6 thuc hién mot dé tai khoa hoc. Thir ty 1ay cac sinh vién
khong quan trong, do d6 mdi cach dé thanh Iap to 1a mot té hop chap 3 cua 5 sinh
vién. Sé cac td hop duoc tao ra la:

5! 5. 4

C3 = o5 = 2 = 10 (phuong 4n). Nhu vay, c6 tat ca 10 phwong an lya
chon dé 1ap t6 3 nguoi.

Vi du 1.62

C6 12 doi bong tham dy giai chuyén nghiép qubc gia, cac doi thi ddu vong
tron mot luot. Ho1 ¢6 bao nhiéu tran dau duoc to6 chirc?
Huéng dan:

MGdi tran dau 1a mot cap 2 doi dugce chon tir 12 doi da cho, khong ké dén thir
tu va phai khac nhau, vay so0 tran dau 1a t6 hop chap 2 tir 12 phan tu:
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cz . 12! _121110! 1211
2710121 10121 2

Vidu 1.63
ChotapA={1,23,4,56, 7}

C6 thé lap duoc bao nhiéu sé tu nhién gdbm 5 chir s khac nhau va nhat thiét
phai c6 hai chir s6 1 va 5?

=66 (tran).

Huréng dan:
S6 ty nhién c6 5 chir s6 ¢6 dang abcde (a, b, ¢, d, e € 0 ...9, d6i mot khac).

Giai doan 1: Trong 5 chit s6 thi ¢6 2 chit s6 1a 1 va 5. C6 1 cach dé lay ra bo
(1, 5).

Giai doan 2: Chon ra ba s6 {x, y, z} thudc tap hop {2, 3, 4, 6, 7}.

MJi cach chon ra 3 sé tir tap {2, 3, 4, 6, 7} 1a mot t6 hop (vi chua quan tim
dén thu tu 13y ra).

r A A N 5!
Do d6 so cach chonrala C3 = o = 10.

Giai doan 3: Nhu vay 5 s6 duoc chon 14 (1, 5, X, Y, z}. Mdi s dugc tao ra bo
{1, 5, X, y, 2} la 1 hoan vi.

S6 cac s6 dugc taoralaPs =51 = 120.
Theo nguyén Iy nhan, sé cac sb c6 thé dugc tao ra 1a 1. C3. Py = 1200 (s).
Vidu 1.64

Mot bac nong dan dugc tang 12 Cay glong, trong d6 cd 6 cay xoai, 4 cay mit
va 2 cay 6i. B4c mudn chon ra 6 cay gidng dé trong ra vuon cia minh. Hoi ¢6 bao
nhiéu cach dé bac:

a. Chon ra mdi loai diing 2 cay.

b. Chon mdi loai c6 it nhat 1 cay.
Huéng dan:
a. Y@u cau cua dé bai 1a chon ra mdi loai 2 cay.

Béc ndng dan s& chon ra 2 ciy xoai giong, 2 cay mit giéng, 2 cay 6i giong tur
12 cay dugc tang.
Do thi ty lay ra khong quan trong, nén mdi cach chon 2 ciy xoai giéng tir 6
cay xoai giéng 1a to hop chap 2 cua 6.
6!

S6 cach chon 2 cy xodi giong la € = = = 15.
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Tuong tu, s cach chon ra 2 cay mit tir 4 cdy mit la CZ = 2 6
21.2!
S6 cach dé chon 2 cy 6i tir 2 cay 6i la ¢ = I
21.0!

Theo nguyén ly nhan, sé cach dé chon ra 6 cay gidng (2 xoai, 2 mit, 2 6i) 1a:
15. 6. 1 = 90 (c4ch).

b. Y&u cau cua dé bai 1a chon mdi loai it nhat 1 cay.
Céch 1: Suy luan truec tiép.

Trong 12 cay c6 6 cay xoai, 4 cAy mit va 2 cay 6i. Bac ndng dan can chon ra
6 cay giong tir 12 cay dugc tang.

Dédéngthéy6:4+1+1:3+2+1:3+1+2:2+3+1:2+2+2:1
+3+2=1+4+1.

Nhu vay ¢6 thé co cac cach sau dé chon ra 6 cay (xoai, mit, 6i) thoa man dé
bai: (4,1,1);(3,2,1);(3,1,2);(2,3,1); (2,2, 2); (1, 3,2); (1,4, 1);

Truong hop 1: 4 cay xo0ai, 1 cdy mit, 1 cay 6i.

Lap luan twong tu cau a.

Chon 4 cay xoai tir 6 cay xoai : CF = 4?—‘2' =15

4!

Chon 1 cay mit tir 4 cay mit: C} = =4

Chon 1 cay 6i tir 2 cay 6i : C} = 1.2_!1.=2

S6 céch chon cia truong hop 1 1a C4.CL.C} = 15.4.2 = 120.

Truong hop 2: 3 cay xoai, 2 cay mit, 1 cay oi.

Chon 3 cay xoai tir 6 cay xoai: CZ = 3?—; =20

Chon 2 cay mit tir 4 cy mit: CZ = —— =6

Chon 1 cay 6i tir 2 cly bi: €1 = — =2

111!
S6 cach chon cia truong hop 2 14 C2.CZ.C} = 20.6.2 = 240.
Truong hop 3: 3 cay xoai, 1 cay mit, 1 cay oi.

Chon 3 cay xoai tir 6 cay xoai: CZ = 3?—;[ =20

Chon 1 cly mit tir 4 cay mit: C} = — = 4

311!

Chon 2 cay di tir2 cay 6i: €7 = —— =1
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S6 cach chon cua truong hop 312 C2.C1.C2 = 20.4.1 = 80.

Truong hop 4: 2 cay xoai, 3 cay mit, 1 cay oi.

6!

Chon 2 cay xoai tir 6 cay xoai: C2 = 2y = 15
Chon 3 cay mit tir 4 cay mit: ¢} = —— = 4
Chon 1 cay 6i tir 2 cay 6i: C} = T =2

S6 cach chon cua truong hop 4 12 C2.C3 .C} = 15.4.2 = 120.

Truong hop 5: 2 cay xoai, 2 cay mit, 2 cay oi.

Chon 2 cay xoai tir 6 cay xoai: C2 = 2?—;' = 15.

Chon 2 cay mit tir 4 cay mit: C2 = z% = 6.

Chon 2 cay 6i tir 2 cay 6i: C? = 2.2_;. = 1.

S6 céch chon cua truong hop 514 C2.C2. €2 = 15.6.1 = 90.

Truong hop 6: 1 cay xoai, 3 cay mit, 2 cay oi.

Chon 1 cay xoai tir 6 cay xoai: C¢ = 1'6—; =6

Chon 3 cay mit tir 4 cay mit: C3 = —— = 4

Chon 2 cay 6i tir 2 cay 6i: C? = 2.2_:). =1

S6 cach chon cua truong hop 6 12 C2.C3.C3 = 6.4.1 = 24.

Truong hop 7: 1 cay xoai giong, 4 cay mit va 1 cay oi.

Chon 1 cay xoai tir 6 cay xoai: C = 16—' =6
Chon 4 cay mit tir 4 cay mit: C = :_;. =1

Chon 1 cay 6i tir 2 cay 6i: C3 = % =2

S6 cach chon cua truong hop 712 €L C.C} = 6.1.2 = 12.

Theo nguyén Iy cong, sé cach dé chon ra 6 cdy, trong ¢6 mdi loai c6 it nhat 1

cay la 120 + 240 + 80 + 120 + 90 + 24 + 12 = 686.
Céch 2: Suy luan gian tiép.

12

S6 cach dé chon 6 cay gidng tir 12 cay giéng la €&, = _', =924

6.6
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Chon ra 6 cay giéng la cay xoai. S6 cach chonla cé = 1

Chon ra 6 cay gidng chi gdm cdy xoai va cay mit: C&, — 1 = 61'—(2' —1 =209
(Truong hop dic biét chon 6 cay déu la cay xoai).

Chon ra 6 cay giéng chi gdm xoai va 6i: € — 1 = 6?—'2' —1 =27 (Truong
hop dic biét chon 6 cay déu l1a cay xoai)

Chon ra 6 cay giéng chi gdm mit va 6i: Do mit c6 4 cay, di c6 2 cay. Nén chi
c6 1 cach chon duy nhat dé chon.

S6 cach dé chon ra 6 cay ma khong du ca 3 loai cay 1a
CéE+CiHh—-1+CE—1+1=1+209+27+1= 238
Do d6, sb cach dé chon ra 6 cay giéng, mdi loai it nhat mot cay la:
924 — 238 = 686 (cach).

1.3.3.2. T6 hop lap

Dinh nghia 1.23

MJi cach chon ra k vt tir n loai vat khac nhau (trong d6 mdi loai vat c6 thé
duoc chon lai nhiéu lan) duoc goi 14 t6 hop lap chap k cua n.
S6 t6 hop lap chap k tir tap n phan tr, ky hiéu 13 KX, dugc tinh theo cong thuc

(n+k-1)!
Ky = Crvgn = (n-1)! k!

Vi du 1.65
Vi du 1.65a

C6 3 loai nén A, B, C, An chon mua 2 chiéc nén. Héi An c6 bao nhiéu cach
chon?
Huéng dan:
M3i mét cach chon 14 t6 hop chap 2 caa 3. Do d6 sé céch chon la:
K2=Cl=-—=6
Cu thé 6 cach @6 1a: AA, BB, CC, AB, AC, BC.
Vi du 1.65b

Mot cira hang banh bich quy cé 4 loai khac nhau. Cé bao nhiéu cach chon 6
hop banh? Gia s 1a ta chi quan tdm dén loai banh ma ta khong quan tam dén hop
banh cu thé nao va thi tu chon ching.
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Huéng dan:

S6 cach chon 6 hop béanh bang sé t6 hop lap chap 6 cua 4 phan tu;

S6 cach chon 1A K2 = €S, = CS = 3?_;' = 84 cach chon 6 hop banh bich
quy.
Vi du 1.66

An mua 15 lon nudc ngot tai mot cira hang dé to chic sinh nhat. Cira hang
nay ban 5 loai nudc ngot khac nhau.

a. An c6 bao nhiéu lya chon khac nhau dé mua 15 lon nudc ngot tir cira hang?
b. N&u bia la mét trong 5 loai nudc ngot cua cira hang. Hoi ¢6 bao nhiéu cach
khac nhau dé An mua 15 lon nudc ngot, trong do co it nhat 6 lon bia?

Huéng dan:

a. Ta xem 5 loai nudc giai khat khac nhau la n loai va 15 lon nudc giai khat
duoc chon 1am déi twong r (Vi vay n = 5 va r = 15). Mdi lya chon cua lon nuéc ngot
duoc thé hién bang mot chudi (5 — 1) = 4 thanh doc (dé tach loai nudc giai khat) va
15 dau x (dé dai dién cho lon dugc chon).

Vi du chudi sau ddy thé hién cho mét lva chon cia An bao gom 3 lon loai 1,
7 lon loai 2, khdng lon loai 3, 3 lon loai 4 va 2 lon loai 5.

XXX|XXXXXXX]| [ XXX]|XX

Do d6 mdi cach lay 15 lon nudc ngot tir 5 loai nudc ngot bang sé cach dé lay
ra 15 phan tu trong tap (15 + 5 — 1) phan tir (bao gom 15 ky hiéu x va 4 ky tu [). Sb
cach lva chon la:

19! ,
m = 3,876 (CaCh).

K3® = Cigis_q =

b. Trong 15 lon nuwdc ngot ma An mua, cé it nhat 6 lon bia. Nhu vay, dau tién
chon 6 lon bia, sau d6 chon thém 9 lon nudc ngot tir 5 loai nudc ngot cua cira hang.
Sy lra chon 9 lon nuéc ngot duoc biéu dién bang 9 dau x va 4 dau |. Chang han néu
bia 1a lon loai 1, thi chudi x X X | | X X | X x X x | biéu dién cho 1 sy lya chon cua 3
lon bia (ngoai 6 lon bia d chon ban dau), khdng lon loai 2, 2 lon loai 3, 4 lon loai 4
va khong lon loai 5. Do d6, tong sé lra chon 15 lon nuéc ngot tir 5 loai nuée ngot,
trong d6 c6 it nhat 6 lon bia, 1a s6 chudi gom 13 ky hiéu (4 ky hiéu | va 9 ky hiéu x).

S4 cach lya chon Ia:;

131

KS =C4s-1= Gopm

715 (cach).
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1.3.3.3. Céc tinh chadt cua cong thirc té hop

Céc tinh chat cia té hop
Cl=cr=1

Ck — Cn—k

Ch+ Ci7t = Cias

Vai moi X, y ta co:

n
(x+y)" = ZCﬁx" y"
i=0

Hé qua:

Néux=y=1taco:2" = ¥ C}

1.4. NGUYEN LY DIRICHLET

Johann Peter Gustav Lejeune Dirichlet
(13/2/1805 — 05/5/1859) la mot nha toan hoc nguoi
Duc, dugc cho 1a nguoi dua ra dinh nghia hién dai ctaa
ham sé.

do d6 ma ho cua 6ng 1a “Lejeune Dirichlet”, tiéng
Phap nghia 1a “chang trai tré tu Richelette” dugc dat
theo va do 1a noi 6ng ndi 6ng séNg.

Dirichlet dugc sinh ra ¢ Diiren, noi cha 6ng la
l mot nhan vién buu dién. Ong duoc glao duc ¢ btc va
sau do la Phap, noi ong hoc hoi tir hau hét cac nha i
! todn hoc noi tiéng nhat thoi d6. Ong cling hoc tir Georg Ohm. Bai bao dau tién cua i
: o6ng la vé dinh ly Fermat bao gom mot phan cia chirg minh cho truong hop n = 5. :
i Dirichlet cling hoan thién chirng minh cua 6ng trong cling mét thai gian, sau d6 6ng | ,
' da dua ra toan bd 161 giai cho truong hop n = 14.

I
I
I
I
I
I
I
I
: Gia dinh 6ng xuat than tur thi tran Richelette ¢ Bi,
I
I
I
I
I
I
I
I

i

I
I
Vao nam 1831, 6ng két hon voi Rebecca Henriette Mendelssohn Bartholdy, i '
mot cd géi thuoc gia dinh danh gia da chuyén ddi tir dao Do Thai sang Thién chua ; ]
glao cd la chau gai cua triét gia Msoses Mendelssohn va la em caa nha soan !

nhac Felix Mendelssohn Bartholdy va Fanny Mendelssohn. !
I

Ferdinand Eisenstein, Leopold Kronecker va Rudolf Llpschltz la hoc tro cua i
: ong. Sau khi éng qua doi, cac bai giang cua Dirichlet va cac két qua khac trong i
nganh s6 hoc duoc suu tap, bién khao va xuat ban bai dong nghiép va ciing 1a ban !
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; Cac dinh ly mang tén Dirichlet:

1
1
1
< . , o o :
DPinh ly Dirichlet vé cap so cong (so hoc, dac biét 1a so nguyén to) :
pinh Iy Dirichlet vé xap xi diophantine (sé hoc va xap xi) E

1

1

binh Iy Dirichlet vé phan tiz don vi (56 hoc dai sé va vanh)

Trong ndi dung truéc ta da tdp trung chii y vdo viéc dém so lwong cdc phan
tir cia tdp hop, s6 cdc cdu hinh t6 hop (sé phan tir ciia cde doi twong t6 hop) théa
MAn nhitng tinh chdt ndo dé. Trong nhitng bai todn dé sw ton tai ciia cdc cdu hinh la
hién nhién va céng viéc chinh la dém sé phan t théa man tinh chdt dat ra. Tuy
nhién trong rat nhiéu bai todn t6 hop, viéc chi ra su t6n tai cia mot cau hinh théa
MAn cdc tinh chdt cho trude la hét sivc khé khéin. Chang han khi mét ky thii can phdi
tinh toan cac nudc di ciia minh dé giai ddap xem lidu c6 kha nding thing hay khong
V.V.. Nhw vay, trong ) hop xudt hién mét van dé thir hai rat quan trong la: xét sy ton
tai ciia cdc cdu hinh t6 hop, phirong dn véi cdc tinh chat cho trude. Cdc bdi todn
nay thuoc dang bai toan ton tai.

Mt bai todn ton tai t6 hop xem nhw gidi xong néu hodc chi ra mot cach xdy
dung cdu hinh, phwong dn hodc chitng minh rang ching khong cé, khéng ton tai.
Tuy nhién ca hai khd nang déu khéng phdai dé.

Mot sé phuong phap giai bai toan ton tai:

- Phwong phap chimg minh tryc tiép
- Phuong phép phan chirng
- Nguyén ly Dirichlet.

Trong néi dung cia gido trinh ndy, ching ta sé tdp trung giai quyét bai todn
ton tai bang nguyén 1y Dirichlet.
1.4.1. Nguyén 1y chudng chim bd ciu

Nguyén ly Dirichlet do nha toan hoc ndi tiéng 14 Dirichlet d& xuat tir thé ky XIX
da dugc ung dung dé chimg minh sy ton tai nghiém trong nhiéu bai toan to hop.

Nguyén ly “Chuéng chim bé ciu”

“Gia sw co mot dan chim bo cau bay vao chuong. Néu so chim nhiéu hon so
ngan chuong thi chdc chan co it nhat mot ngan co nhiéu hon mot con chim”.

Di nhién nguyén 1y ndy c6 thé ap dung cho ca cac ddi twong khong phai 1a
chim bd cau va chudng chim. Mot cach téng quat, nguyén 1y Dirichlet duoc phat
biéu nhu sau: “Néu xé}) nhiéu hon n doi twong vao n cai hop thi ton tai it nhat mot
hép chira khéng it hon 2 doi twong”.
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Viéc chimg minh nguyén 1y nay cé thé tién |
hanh bang 1ap luan phan ching rat don gian:

“Gid sir khéng hop ndo chiva nhiéu hon mét déi
twong, thi chi cé nhiéu nhat la n doi twong dwoc xép |
vao trong hop, diéu nay trdi voi gia thiet la so doi |
tuwong lon honn”.
Vidu 1.67

Chtng to rang trong sé 367 ngudi sinh cing
nam s€ co it nhat 2 nguoi c6 cung ngay sinh.

Hudng dan:

Mot nam c6 nhiéu nhat 366 ngay. Do vdy, theo nguyén Iy Dirichlet, trong sb
367 nguoi bat ky bao gid cling ton tai it nhat 2 ngudi cd cung ngay sinh.

Vidu 1.68

Gia sir rang gido vién cham va lam tron diém trong thang diém 10, véi cac
diem 0, 1, 2, 3,..., 8, 9, 10. Ching to rang trong s6 12 sinh vién bat ky trong 16p, co
it nhat 2 nguoi c6 diém s6 nhu nhau?

Huéng dan:

Thang diém cham bai kiém tra dugc cho tir 0 dén 10, tirc 1a ¢6 11 thang diém
khac nhau. Do vay, theo nguyén ly Dirichlet, trong s6 12 sinh vién bat ky cua 16p s€
c6 it nhat 2 nguoi cd két qua giong nhau.

Vidu 1.69

Trong mot don vi quan doi, cAp ham cia cac sy quan tir thiéu Gy dén dai ta.
Chung t6 rang, trong 9 sy quan bat ky trong don vi ¢ it nhat 2 ngudi cung cap bac?
Hudng dan:

Cap bac quan ham cua sy quan c6 8 cép tir thiéu uy dén dai ta, bao gom:
Thi€u uy, trung Uy, thugng Uy, dai 0y, thi€u t4, trung ta, thuong ta va dai ta. Do vay,
theo nguyén ly Dirichlet, trong 9 s quan bat ky ctia don vi s& cé it nhat 2 nguoi
cung cap béc.

1.4.2. Nguyén ly Dirichlet tong quat

Nguyén ly Dirichlet tong quat

Cho X va Y 14 hai tap hop N(X) = n, N(Y) = m.

Cho mét anh xa F: X — Y, néu [%] > k thi ton tai it nhat cac phan tur
X1 F Xy F... % X 580 cho F(Xy) = F(X2) = ... = F(Xy).
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Chirng minh:
Dung phuong phap phan chiing:
Khéng giam tinh téng quat ta biéu dién:
X={Xy, X2, --» X} VA Y = {y1, Y2, .., Ym}
Ki hiéu: X;={x € X| F(X) =vyi}
(X; 1a tap cac phan tir X € X sao cho F(x) = ;)
Gia thiét phan chiing 1A N(X)) <k véi Vi=1,..,n

n=1v(x)=1v(0xl-) < Zn:N(Xi) <m k=m. [%]=n
i=1

i=1
=n < n = gia thiét 1a sai.
Nhu vay ton tai j sao cho N(Xj) = k.
Vidu 1.70

C6 20 may dién thoai trong thanh phd, cac méy c6 thé ndi tryc tiép véi nhau
hodc khong ndi voi nhau. Chirng minh rang ton tai it nhat 2 may dién thoai ma cé so
may noi truc tiep dén no l1a nhu nhau.

Huéng dan:
Ta danh sb thi ty cac may tir 1 dén 20.

Goi a; 1 s6 may ndi truc tiép véi may thir i nhu vay: 0 < a; < 19, gid trj 0
va 19 khong dong thot ¢ mat (vi néu ton tai mdt may ndi véi 19 may thi khong co
may nao doc lap, néu c6 mot may doc lap thi khong may nao ndi vai 19 may).

Nhu vay {ay, 8, ..., 8} chi nhan nhiéu nhét 19 gia tri khac nhau.

Theo Dirichlet s& ton tai it nhat hai sé cung gid tri, gia st 13 a, = a => may
thtr j va k 1a hai may noi tryc ti€p dén n6 1a nhu nhau.

Vidu 1.71

Trong mét budi da tiéc c6 n thuc khach. Chang minh rang it nhat ¢6 2 nguoi
c6 cling s6 ngudi quen.

Huréng dan:
Panh s6 cac thuc khach tir 1 dén n.

Goi a; 1a s6 ngudi quen cia ngudi tht i =>0< a; <n—1, gia tri 0 va n-1
khong dong thoi c6 mat trong cac gia tri cua a.
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= C6 mot tap {ay, a,..., a,} chi nhan nhiéu nhat (n-1) gia tri khac nhau.
Theo Dirichlet s& ton tai it nhat hai sb c6 cing gia tri, gia sur ay = a; = nguoi thir k
va nguoi tht j 1a hai nguoi cd cung s6 nguoi quen.
Vidu1.72

Trong mot thang c6 30 ngdy, mot cong nhan san xuat moi ngdy it nhat 1 san
pham nhung ca thang san xuat khong qua 45 san pham. Ching minh rang ton tai
mot sO ngay lién ti€p nhau ma ngudi cong nhan doé san xuat ra dung 14 san pham.
Huéng dan:

Goi a; 1a s6 san pham ma ngudi cdng nhan san xuit d&én ngay thi i.

1<a,<a,< ... Says

batb;=a + 14

15<b; <b, < .. <bzg <59

X= a ub

N(X) = 60 14 cac s nguyén nhan gia tri trong tap Y= {1,..., 59}= N(Y) = 59

= Theo Dirichlet ton tai it nhat 2 phan tir thudc X ¢ gia tri nhu nhau, hai
phan tir nay khong cung nam trong {a;} va khong cung nam trong {b;} (Vi a; 1a so
san pham 1am ra cho dén ngay thir i, vay thi mdi ngdy s6 san pham lam ra s& ting Ién
khong thé bang ngay cii).

Nhu vy t6n tai a; = by, = a, +14 = a, — a, =14 = C6 nghia 1a lién tiép cac
ngdy tir ngdy thir k+1 dén ngay thir i lam ra ding 14 san pham.
1.5. HE THUC TRUY HOI
1.5.1. Khai niém

Mot bai toan dém c6 thé giai duge bang cac k¥ thuat dém trong cac tiét trudc
hodc cling c6 thé gidi dugc bang cach tim cac moi quan h¢ gitra cac gia tri dém trong
mot day s0 dém goi 1a h¢ thuc truy hoi.

Dinh nghia 1.24

Xét day sd {a,}. Néu c6 mot cong thic biéu dién a, qua mot hay nhiéu s6
hang di trudc cua day ag, ay, ..., a1 vOi moi N nguyén va n >n,, trong d6 ng la
nguyén khong am, thi cong thirc d6 dugce goi 1a hé thuc dé quy ddi voi diy {a,}.
Diay s6 {a,} dugc goi la 1oi giai hay nghiém ciia hé thirc truy hdi néu cac sd hang
ctia n6 thoa man hé thuc truy hdi nay.
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Vidu 1.74
Trong mot quan thé vi sinh vat sé luong cac ca thé ting gap doi sau mdi gio.
Sau 4 gid s6 luong ciia chung 1 bao nhiéu, néu ban dau c6 tit ca 5 ca thé?

Huéng dan:

Ta gia sir s vi sinh vat sau n gid 1a a,. Vi s6 vi sinh vat ting gip doi sau mdi
gid nén ta c6 quan hé a, = 2a,; v6i n nguyén duong tly y, véi didu kién ban dau a,
= 5. Tur day ta c6 thé xac dinh duy nhat a, d6i vi moi n khéng am. Cu thé, véin =4
tacda,=2.a3=2.2.a,=2.2.2.a,=2.2.2.2.9; = 80.
Vidu 1.75

L&i kép. Mot nguoi giri 10 triéu dong vao tai khoan ciia minh tai mot ngan
hang véi 13i suat kép 8% mdi nim. Hoi sau 20 nim anh ta c¢6 bao nhiéu tién trong tai
khoan cua minh?

Huéng dan:

Goi F, 1a tong s tién c6 trong tai khoan ngan hang sau n nam. Vi s6 tién co
trong tai khoan sau n nam bang so c6 sau (n-1) nam cong 1ai suat nam thtr n, nén day
{F.} théa man h¢ thirc truy hoi sau:

Fn=Fp1 +0,08. Fry = 1,08. Fog
Piéu kién dau 1a Fo = 10,000,000.
Chung ta c6 thé dung phuong phép lip dé tim cong thire trén cho F,
Ta co:
F, = (1.08). Fy
F, = (1.08). F, = (1.08)°. F,
Fn=(1.08). Fpy = .... = (1.08)" Fq
Thay diéu kién dau Fyvao ta nhan duoc cong thirc F, = (1,08)" 10,000,000.
Khi n=20 ta c6 Fo = 20,406,506 dong.
Vidu 1.76

Théap Ha Ni. Tro choi xép hinh rat phd cap vao cudi thé ky X1X goi 1a Thap
Ha Noi. Tuong truyén riang tai mot ngdi thap c6 mot tim dé bang dong trén d6 co 3
cai coc bﬁng kim cuong. Luc khai thién 1ap dia, trén mot trong 3 céi coc thuong dé
dd dé 64 chiéc dia bang vang v6i duong kinh giam dan. Ngay dém cac nha su dich
chuyén dia sang mot cai coc khac theo mot quy tic: mdi lan chi duoc dich chuyén
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mot dia, mot dia co thé dich chuyén tor mQt coc nay sang mdt coc khac bét ky, nhung
khong duge dé mot chiée dia 1én trén mot dia khac c6 duong kinh nhé hon. Ngay tan
thé s& dén khi tit ca céc dia duge chuyén sang mat cai coc khac.
Huéng dan:

Gia sir H, 12 s6 1an dich chuyén can thiét dé giai bai toan Thap Ha Noi ¢6 n
dia. Hay 1ap hé thie truy hoi d6i voi day {H,}.

Thoat dau n dia trén coc A. Chung ta c6 thé dich chuyén n-1 dia trén sang coc
C, theo quy tic da néu trén va phai dung Hy.4 lan dich chuyén va chiéc dia 16n nhét
dugc giit ¢6 dinh trong khi dich chuyén (n-1) dia bé & trén. Tiép theo ta chuyén
chiéc dia 16n nhét nay bang mét 1an dich chuyén tir coc A sang coc B. Cudi cung ta
méat Hy4 1an dich chuyén (n-1) chiéc dia tir coc C sang coc B va dit 1én trén chiéc
dia 16n nhat van duogc giit ¢6 dinh khi dich chuyén (n-1) dia bé. Do vy, ta c¢6 hé
thire truy hoi:

H,=2. H,1+1

Diéu kién dau H; = 1, vi chi can mét lan dich chuyén mot dia & coc A sang
coc B theo dung quy tac ciia cudc choi.

Dung phuong phép lap dé giai hé thirc truy hoi ndy, ta nhan thay:

H=2.H,.+1

=2(Q2.Hpp+1)+1=2°H,,+2+1

=22(2. Hps+ 1) +2+1=2° H g + 22+ 2+ 1

= L =2" H 2" 4241

Pang thic cudi cung thay H; =1 va &p dung cong thirc tong cac sé hang caa
cap s6 nhan.

Cl(l _ rn+1)

n
Snzzark=ar0+ar1+ar2+ar3+---+ar”: -

k=0
1.5.2. Giai hé thirc truy hdi tuyén tinh thuin nhat hé sé hang

Céc hé thic truy hdi khac nhau co6 thé giai bang nhiéu cach khac nhau. Mot
sO c6 thé giai bang cach lap nhu trong vi du trén, mot s6 khac c6 thé giai bang
nhitng k¥ thuat dic biét. Dudi day chung ta s& dé cip t6i mot phuong phap giai cho
mdt 16p cac hé thirc truy hdi tuyén tinh thuan nhat hé s6 hang.
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Hé thirc truy hdi tuyén tinh thuan nhat

Hé thtrc truy hoi tuyén tinh thuin nhét c6 dang:
Foi=Ci . Fn1+CoFro+ ... +Ck Frk

Vi ey, Co ..., Cy 12 céc sb thuc va ¢ #0,

Ta c6 phuong trinh dédc trung cta hé thic la:

xK-cy XK -c=0

Pinh 1y 1.1

Cho cong thire truy hdi c6 dang:
Fn=C1.Fn.1 + Co. Frp ¢6 phuong trinh dac trung sau: X2 — CiX—C=0

Phuong trinh c¢6 hai nghiém thuc phan biét X;, X, khi d6 cong thirc truy hdi c6
thé biéu dién duéi dang F,, = p1. xI* + p,. x¥ trong d6 ps, P, 1 hang s6 dugc xac dinh
tr diéu kién dau.

Vidu 1.77

Mot cap tho mai sinh (mot con duc va mdt con cai) dugc tha 1€én mot hon
d4o. Gia sir rang moi cip thé khong co kha ning sinh san duogc trude khi chiing day
2 thang tudi. Tir khi day 2 thang tudi mdi thang chiing s& dé duoc mot doi thod con.
Tim cong thirc truy hoi tinh s6 cdp tho trén ddo sau n thang, néu coi céc con tho la
truong tho.
Huédng dan:

Gia sir F, 12 s6 cip tho sau n thang.

Vi thang du tién, cap thé chua c6 kha nang sinh sdn, dodo F; =1

Tuong tu, thang tht hai, cip tho van chua cé kha ning sinh san nén F, = 1.

Cudi thang tht 3, d6i tho di dén tudi sinh nén F; = 2, tiép tuc nhu vay F, = 3.

Vay ta cé cong thac: F, = Fn.1 + Fro

Phuong trinh ddc trung: x*-x-1=0,

1++/5
2

1 +2\/§)|"I + p2.

H=1 ()

1-+5

Phuong trinh nay c6 2 nghiém: x; = vaXx, =

Do do6: F,, = pg. x1* + po. x% = p1. ( (1_2\/3)n

1

Vi Fy=1nén pr. (R + .
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ViF,=1nénp;. (1”—

(b)

1,
—EVap: =

Giai hé phuong trinh (a) va (b) ta co: p; =

@l

Thay p; va p, vao cong thirc tinh F,, ta c0:

1 ,1++V5., 1 ,1-+/5
Fo= = ( - = "

Pinh 1y 1.2

Cong thic truy hdi Fy, = ¢y Fnq + €, Fnop 6 phuong trinh dic trung sau:
X? — ;X — C, = 0.

Phuong trinh c6 nghiém kép: X; = X, = a, khi d6 cong thirc truy hdi duoc viét
nhu sau: F, = py. a™ + p,. a™, trong d6 py, P, 12 hing sé duoc xac dinh tir diéu kién dau.

Pinh ly 1.3
Néu ¢ cong thire truy hoi: Fo=cl. Fy.1+Co.Fy o+ .. + Cp. Fpy_i €O phuong
trinh dic trung: X* — 1. Xt — . X2 — ... — ¢ = 0.

Phuong trinh c6 k nghiém phén bigta; # a, # ... # a;. Khi d6 cong thuc
truy hoi cd thé viét: F, = py. al + po. af + ...+ pr. al, trong d6 py, Pa, ..., Pk 1 cac
hing s6 duoc xac dinh tir diéu kién dau.

Luu y: Néu phuong trinh dic trung ¢6 k nghiém thuc va co 1 nghiém kép thi c6 thé
viét cong thirc dudi dang sau:
Fo=puaf + .. +pi.af + Pt @ ot Pre g

1.6. QUAN HE
1.6.1. Khai niém quan hé hai ngoi

Céch tryc tiép dé thé hién mbi quan hé gitra cac yéu t6 caa hai bo 1a sir dung
cac cap co thir tw gdm 2 yéu té lién quan. Vi thé, tap hop cac cap theo tha tu dwoc
goi 1a quan hé hai ng6i. Noi dung cua phan nay st dung cac cac mdi quan hé dé giai
quyét cac bai toan lién quan dén mang truyén thong, 1ap ké hoach dy 4n va xéac dinh
cac yéu t6 trong cac bo cd cing tinh chat.
1.6.1.1. Khai niém

Dinh nghia 1.25

Tich Descartes: Cho hai tap hop A va B tly y khac rdéng. Ta goi tich
Descartes cua hai tap hop A va B, ki hiéu A x B 1a tap hop cac cip sap tha tu (a, b)
trongdoa € A, b eB:

AxB={(a,b)laeAnbeB}
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Vidu1.78
Cho A={1, 2, 3}, B = {x, y}. Xac dinh tich Descartes cua A va B?

Huwéng dan:

AxB={(1,x), (1Y) (2x),(2VY) G x),E ¥}k
Nhan xét:

-TacoAxB#BxA

-TaguyudSCAXop=¢dpxA=¢

- Néu B = A thi ta co thé viét Ax A = A

- Néu A c6 n phan tir, B c6 m phan tir thi tich Descartes caa A va B ¢c6 m x n
phan tir.

Pinh nghia 1.26

Xét A, B 1a hai tap hop. Quan hé hai ngdi tir A dén B la tap con cua tich
Descartes A X B

NO6i cach khéc, quan hé hai ngdi tir tap A dén tap B 1a tap hop R gém céc cip
duoc sap tha ty, trong d6 thanh phan dau tién caa mdi cap thudc tap A va thanh
phan thir hai thuoc B. St dung ky hiéu aRb dé biéu thi cap (a,b) € R va ta cd thé
khing dinh a quan hé vai b boi R va ky hiéu aRb dé biéu thi cap (a, b) & R.

Vidu 1.79

Xeét A la tap hop céc sinh vién cua Truong Pai hoc Cong nghé GTVT, B la
tap hop cac khoa hoc. R la quan h¢ cua cac cap (a, b), trong d6 a la sinh vién ding
ky khda hoc b. Chang han, néu An va Binh la cac sinh vién dang ky khoa hoc CS158
thi cac cap (An, CS158) va (Binh, CS158) thuoc R.

Néu An ciing dang ky vao khoa hoc CS160, thi cap (An, CS160) thuoc R. Néu
Binh khong dang ky vao khoa hoc CS160 thi cap (Binh, CS160) khdng thuoc R.

Luu y, néu mot sinh vién khéng ding ky vao bét ky khoa hoc nao, thi trong
cac phan tir thugc R s& khong c6 cap nao cd thanh phan dau tién la sinh vién nay,
twong tuw nhu vay neu mét khoa hoc khong duge dang ky thi s€ trong cac phan tu
thudc R s€ khong ¢6 cap nao co6 thanh phan thir hai chira khoa hoc nay.
1.6.1.2. Biéu dién quan hé
a. Biéu dién bang ma tran

Dinh nghia 1.27

Cho R la quan hé tir A = {ay, &, ..., am} dén B = {by, by, ... , by}. Ma tran
biéu dién cta R 1a ma tran cap m x n: Mg = [m;;] x4c dinh béi:
M= {1 néu (ai,bj) € R
" 0 néu (ai, bj) ¢ R
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Vi du 1.80
ChoR laquan hé tir A = {1,2, 3, 4} &n B = {u, v, w} duoc xac dinh:
R={(1,u), (1,v), (2, w), (3, w), (4, u)}
Xac dinh ma tran biéu dién quan hé R?

Huréng ddn:
Day 1a ma tran cap 4 x 3 biéu didn cho quan hé R
u v w
111 o
2 0 0 1|
[3 0 0 1J
4 1 0 O
Vi du 1.81
Cho R la quan hé tir A = {a, b, ¢} dén B = {5, t, u, v} c6 ma tran biéu dién:
S t u v
a 1 0 0 1
b 0 0 1 1
c 0 1 1 1
Xac dinh cac phan tir coa quan hé R?

Huéng dan:
‘ Dwa vao ma tran biéu dién cua quan hé R, d& dang xac dinh duoc quan hé R
gom cac cap: (a, s), (a, v), (b, v), (c, t), (c, u), (c, v).
b. Biéu dién quan hé bang do thi
Vi du 1.82

Xét tap A = {0, 1, 2} va B = {a, b}. Khi do {(0, a), (0, b), (L, a), (2, b)} la céc
bo cua quan hé R tir tap A dén tap B.

Piéu nay c6 nghia 1 R a nhung 1 R b. Méi quan hé R duoc thé hién bang do
thi trong hinh 1.12 duéi day, ddu mii tén dwoc st dung dé biéu dién cac cap theo
thi tu. Mot cach khac quan hé R duoc thé hién qua bang.

Oe

e/,

X

2

Hinh 1.12: Db thi biéu dién méi quan hé R.
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Bang 1.3: Thé hién mdi quan hé R trong Vi du 1.82

R a b
0 X X
1 X

2 X

Dinh nghia 1.28
Quan hé trén mét tap hop

Quan hé trén tap hop A Ia quan hé tir tap A dén tap A. N6i cach khéc, quan
hé trén tap hop A la tap con cua tich Descartes A X A

Vidu 1.83

Quan hé “="trén tap A batky: aRb @ a=Db
Vidu 1.84

Quanhg “<”tréntdp Z, QhayR:aRb & a <b
Vidu 1.85

Chotap A = {1, 2, 3, 4}.
Liét ké cac phan tir cua quan hé R ={(a, b)| a, b € 4 va b chia hét cho a.

Huéng dan:
(a, b) € R khi va chi khi a, b thudc A; a, b 1a nhitng s6 nguyén duong c6 gia
tri nho hon hoic bang 4 va b chia hét cho a, do dé:
R={1,1),(1,2),(13).(1,4),(22),(24), 3 3) (44}

le —  w»= w1
2.\.2

e e3

4 — w» w4

Hinh 1.13: B thi thé hién quan hé R cua Vi du 1.85.
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Bang 1.4: Thé hién quan hé R cua Vi dy 1.85

R 1 2 3 4

1 X X X X

2 X X

3 X

4 X
1.6.1.3. Tinh chdt cia quan hé

Pinh nghia 1.29

Quan hé R trén tap A duoc goi 1a phan xa néu (a, a) € R véi moi phan tir
aeEA.

Vidu 1.86
Néu A ={a, b, ¢, d} va R = {(a, a), (b, b), (c, ¢), (d, d)}. Chirng minh R cé
tinh chat phan xa?
Huéng dan:
Voia€ A, (a a) €ER;
Vaoib € A, (b, b) €R;
Vaoic €A, (cC) ER;
Voide A4, (d, d) € R;
Do do6 voi Vx € Atalubn cé (X, X) € R.
R ¢6 tinh chét phan xa.
Vidu 1.87
Xem xét cac quan hé sau day trén tap A = {1, 2, 3, 4}:
R ={(1,1), (1. 2),(21),(22),3 4), (41), 44}
R, ={(1,1), (1, 2),(2 1)};
R:={(1,1),(1,2),(14).(21).(22),33),(41), (44}
Rs={(2,1),(3,1),3 2, (41),42), (43}
Rs={(1,1),(1,2),(1,3),(1,4). (2 2),(23),(2,4), (3,3), (3, 4), (4 4)};
Re = {(3, 4).
Nhirng quan hé nao la quan hé phan xa?
Huréng dan:
Rs, Rs la phan xa vi R; v§1 Rs chira cac cap c6 dang (a, a) voi a € A, cu thé cac
cap (1, 1), (2, 2), (3, 3), (4, 4) dcu thudc R3, Rs.
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Cac quan hé con lai Ry, R,, R4, Rs khong phan xa vi khéng chua tat ca cac
cap c6 dang (a, a) véi a€ A = {1, 2, 3, 4}. Trong cac quan hé Ry, R,, R4, Rg déu
khong chta bo (3, 3).

Vidu 1.88
Xem xét cac quan hé sau trén tap s nguyeén:
R;={(a,b)|a< b}
R,={(a, b)|a>b}
Rs;={(a,b)|a=bora=-b}
Rs={(a, b)|a=D}
Rs={(a,b)|a=b+1}
Re={(a,b)|a+b< 3}

a. Trong cac quan hé¢ trén, quan hé nao chaa cac cap (1, 1), (1, 2), (2, 1), (1, —1) va
(2, 2)?

b. Quan hé nao c6 tinh chat phan xa?
Huéng dan:

a. Ry, Ry, Rs, Ry, Rs, Rg 1a cac quan hé trén tap s6 nguyén. Dya vao mbi quan hé
gifra cac thanh phan cua cac phan tir trong cac quan h¢ ta thay rang:

Cap (1, 1) thuoc quan hé Ry, Rs, R4, Rg
Cap (1, 2) thudéc quan hé R; va Rg
Cap (2, 1) thuoc quan hé R,, Rs va Rg
Cap (1, -1) thudc quan hé Ry, Rs, Rg
Cap (2, 2) thuoc quan hé Ry, R3, Ry
b. Quan h¢ phan xa?
Ri={(a b)|a<b}
R; ¢0 tinh chat phan xa vi voi Va € Z, talubn c6 a < a nén (a, a) € R;.
R,={(a, b)|a>Db}
R, khong co tinh phan xa vi véi Va € Z, ta khdng c6 a > anén (a, a)  R.,.
Rs;={(a,b)|a=bora=-b}
R 0 tinh chat phan xa vi véi Va € Z ta ludn c6 a = a nén (a, a) € Ra.
Rs={(a b)[a=b}
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R, €0 tinh chét phan xa vi voi Va € Z ta ludn c6 a = a nén (a, a) € R,.

Rs={(ab)Ja=b+1}

Rs khong c6 tinh chat phan xa vi véi Va € Z, ta ludn c6 a # a + 1 nén (a, a)
¢ Rs.

Rs={(a,b)|a+b <3}

Re khong cd tinh chat phan xa vi véi Va € Z vaa > 2, thia+a >3 nén (a, a)
Z Rs.

Vidu 1.89

Quan hé chia hét R = {(a, b)| a, b € N*, a : b} c6 phai la quan hé phan xa?
Huréng dan:

Quan hé chia hét R = {(a, b), &, b 1a c4c s6 tu nhién I6n hon 0, a chia hét cho
b}a quan hé ¢ tinh chat phan xa: véi Va € N, taludncé (a,a) ERVvia : a.
Luwu y: néu xét quan hé R trén tap cac sé6 nguyén Z, R khong phai quan hé cd tinh
chét phan xa, vi cap (0, 0) ¢ R.

Pinh nghia 1.30

Quan hé R xét trén tap A c6 tinh d6i xitng néu co (a, b) € R thi (b, a) € R Véi
moi a, b € A.

Dinh nghia 1.31

Quan hé R xét trén tap A c6 tinh phan xting néu véi moi a,b € A néu co (a,
b) e Rva(b,a) € Rthia=h.

Luuy:
Str dung logic vi tir, dinh luong ta biéu dién cho tinh chat déi xtng va tinh
phan xtng nhu sau:

Quan hé R xét trén tap A c6 tinh chat doi xang néu Yavb((a, b) € R —
(b,a) € R).

Quan hé R xét trén tap a co tinh chat phan xing néu Yavb((a, b) € R A(b,
@) € R > (a = b))

Vidu1.90
Xem xeét cac quan hé sau day trén tap A = {1, 2, 3, 4}:
R ={(1,1),(1,2),(2,1), (2,2), (3,4), (4, 1), (4, 4)}
R:={(1,1), (12, (2 1)}
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R:={(1,1),(1,2),(14),(21),(22),3,3),(41), 44}
Rs={(2,1),(3 1), 3 2),41),(42),(423)}
Rs={(1,1),(1,2),(13),(1,4),(22),(23),(24),33),(34), 44}
Re = {(3, 4).
Quan hé nao la quan hé déi xang? phan xirng?

Ri={(1,1),(1,2),(21)(22), 3 4),(41), 44}
R, khong ¢4 tinh chat déi xtng vi (3, 4) € R nhung (4, 3) ¢ R
R, khéng c6 tinh chat phan xt&ng, vi (1, 2) € Rva (2, 1) € R nhung 1 # 2.
R:={(1,1), (1 2), (2 1)}
R, ¢6 tinh chét ddi xang, vi néu (a, b) € R thi (b, a) € R.
R, khéng c6 tinh chat phan xéng, vi (1, 2) € Rva (2, 1) € R nhung 1 # 2.
Rs={(1,1),(1,2),(1,4),(21),(22),33),41), 44}
R ¢0 tinh chat ddi xang, vi néu (a, b) € R thi (b, a) € R.

(1,2) eR,(2,1) ER;

(1,4 €eR,(4,1) eR;

(1, 1), (2 2), (3, 3), (4, 4) €R:
Rs khong ¢ tinh phan xtng, chang han (1, 2) € Rva (2, 1) € R nhung 1 # 2.
R:={(2,1),(3 1), 2),(41),(42),(423)}
Rs={(1,1),(1,2),(13),(14),(22),(223),(24),33), (34,44}
Rs = {(3, )}
R, khong cd tinh chat déi xang, vi (2, 1) € R nhung (1, 2) ¢ R.
Rs khong c6 tinh chat ddi xing, chang han (1, 2) € R nhung (2, 1) ¢ R.
Re khong c6 tinh chat ddi xang, vi (3, 4) € R nhung (4, 3) ¢ R.

R4, Rs, Re €O tinh chat phan xtng vi trong R4, Rs, R chi ton tai cac cip (a, b)
ma khdng ton tai cap (b, a) véi a # b.

Luuy:

Pé kiém tra tinh phan x&ing cua 1 quan hé, tim cac cap (a, b) € R va (b, a)
€ R thi phai suy raa=h.

Vidu1.91
Xem xét c4c quan hé sau trén tap s nguyeén:
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Ri={(a,b)|a< b}
R, ={(a, b)|a> Db}
Rs;={(a,b)|a=bora=-b}
Rs={(a, b)|a=Db}
Rs={(a,b)|a=b+1}
Re={(a,b)|a+b <3}
Quan hé nao c6 tinh chat dbi xang? phan xang?
Huéng dan:
Xeét quan hé Ry = {(a, b)] a < b}

R, khdng c6 tinh chat dbi xung, chang han (1, 2) € Ry vi 1 < 2, nhung (2, 1)
¢ R1vi2 £ 1.

R; ¢4 tinh chat phan xang, vi Va,b € Rynéutacoa< bvab<athia=bh.
Xét quan hé R, = {(a, b) |a> b}

R, khdng c6 tinh chat ddi xang vi néu c6 cap (a, b) € R, thi a > b, rd rang
khong ton tai cap (b, 8) € R, (Vi b a).

R, 6 tinh chat phan xung, ré rang R, chi chira cac cap ¢6 dang (a, b) (véi a>
b), nhung khéng chua cip (b, a). (Tinh chat phan xang chi ra rang néu R chtra dong
thoi 2 cap (a, b) va (b, a) thia=b).

Xét quan hé¢ R; ={(a, b) |[a=bora=-b}

R ¢6 tinh chit d6i xiing, vi néu c6 cip (a, b) € Ry: ta cé a = b hodc a = -b, do
do ta ciling c6 b=a hoac b = -a, hay cap (b, a) € Rs.

Rs khong c6 tinh chat phan xtng, vi néu dong thoi cé céc cap (a, b) € Ry va
(b, a) € Rs, ta chi suy ra a = |b| ma khong thé suy raa = b.

Xeét quan hé R, ={(a, b) | a=b}

R, ¢6 tinh chat doi xiing, néu c6 cap (a, b) € R, thi a =D, rd rang b = a, hay
cap (b, a) € R,.

R, ¢6 tinh chat phan xtang vi néu c6 dong thoi céc cap (a, b) € Ry va (b, a) €
Rythitas€coa=b(doa=bvab=a).

Xét quan hé¢ Rs={(a, b)la=b + 1}

Rs khong c6 tinh chat di xtng, vi néu (a, b) E Rstacéa=b+1, hayb=a-—
l#a+1(véia, beZ) dodocap(b,a) Rs.
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Rs c6 tinh chat phan xung, vi rd rang Rs chi chta cac cip (a, b) thoa man a =
b + 1, ma khdng chua cac cap (b, @) (vi b = a - 1# a + 1). (Tinh chat phan xtng chi
ra rang néu R chira dong thoi 2 cip (a, b) va (b, a) thi a = b).

Xeét quan hé Rg ={(a, b)]a+b < 3}

Re 6 tinh chat déi xing, vi néu cd cip (a, b) ERgthia+b < 3,rérangb +a
< 3vdia beZ Doddcap (b, a) €Re.

Re khong c6 tinh chat phan xang, néu cé cap (a, b) € Rg va (b, a) € R thi chi
suy ra duoc a + b < 3 va b + a < 3 ma khong thé suy ra duoc a = b.

Vidu 1.92

Quan hé chia hét R = {(a, b)| a, b € N*, a : b} c6 phai la quan hé cd tinh chat
d6i xttng? cd tinh chat phan xing?

Huéng dan:

Quan hé R khong c6 tinh d6i xting, chang han (2, 1) € R (Vi 2 1), nhung (1,
2) ¢ R vi 1 khong chia hét cho 2.

Quan hé R c6 tinh phan xang, vi a, b 1a cac sé nguyén duong, néu co (a,
b)e Rva(b,a)eRthia:bvab:a

Via:b,daita=k.b(ke N”)
Vibia,ditb=t a(te N*)
Do d6, a=k. t. a, rat gon 2 vé cho a, ta duoc k. t = 1.
Vikvate N*, nénk=t=1.

T 3o, suyraa=>.

Dinh nghia 1.32

Quan hé R xét trén tap A cd tinh bic cau néu véi moi a, b, c € A néu ¢ (a, b)
€ Rva(b,c) e Rthi(a c) €R.

Luuy:
Str dung logic vi tir, dinh luong ta biéu dién cho tinh chat bac cau nhu sau:

Quan hé R xét trén tap A c6 tinh chat bic cau néu VYavbvc(((a,b) € R
A(b,c) ER) = (a,c) ER)
Vidu 1.93

Xem xét c&c quan hé sau day trén tap A = {1, 2, 3, 4}:

R:={(1,1), (1. 2), (2 1), (22),(3 4), (4 1), 4 4}
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R:={(1,1), (1,2), (2, 1)}
Rs={(1,1),(1,2),(1,4),(21),(22),3,3),(41), 44}
Rs={(2,1),(3,1),(3,2),(41), (4 2), (4 3)}
Rs={(1,1),(1,2),(13),(1,4),(22),(23),(24),33),3 4, (44}
Re = {(3, 4).

Quan hé nao la cé tinh chét bic cau?

Huwéng dan:

Xét quan hé R, = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 4), (4, 1), (4, 4)}

R, khong c6 tinh chét béc cau, vi ¢6 (3, 4) € Ry, (4, 1) € Ry nhung (3, 1) ¢ R;.
Xét quan hé R, = {(1, 1), (1, 2), (2, 1)}

R, khong cd tinh chat bac cau, vi ¢d (2, 1) € Ry, (1, 2) € R, nhung (2, 2) ¢ R,.
Xét quan hé Ry = {(1, 1), (1, 2), (1, 4), (2, 1), (2, 2), (3, 3), (4, 1), (4, 4)}

Rs khong c6 tinh chét bac cau, vi ¢d (4, 1) € R, (1, 2) € Rz nhung (4, 2) ¢ Rs.
Xét quan hé R, = {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3)}

R, ¢6 tinh chat bac cau, dé chi ra quan hé R, c6 tinh chat bac cau, ta chi ra

rang néu c6 (a, b) € R, va (b, ¢) € R, thi (a, ¢) € R, Voi moi a, b, ¢ € A.

That vay, taco (3,2) €Ry, (2,1) E Ry vacling co (3,1) ERy

Co(4,2) €ERy (2,1) ERyvaclingco (4,1) €ER,

CO(4,3)€Ry (3,2) eRyvaciing co (4,2) ERy

Xét quan hé Rs = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 3), (3,

4), (4, 4)}
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Rs cO tinh chat bic cau vi:

C6(1,1)€eRs, (1,2) eRsvaciing co (1, 2) ER5
C6(1,1) €Rs, (1,3) €ERsvaciing ¢o (1, 3) ER5
C6(1,1)€Rs (1,4 eRsvacingco (1,4) ERy
C6(1,2)€eRs, (2,2) eRsvaciing co (1,2) ERg
C6(1,2) eRs, (2,3) eRsvaciing ¢o (1, 3) ER5
C6(1,2) €Rs, (2,4) eRsvaciingco (1,4) ERy
Co(1,3)€Rs, (3,3) ERsvacing co (1, 3) €RRs
Co(1,3)€Rs (3,4) eRsvacing co (1,4) €Rs



C6 (L, 4) € Rs, (4, 4) € Rs va ciing ¢6 (L, 4) € Rs
Cb6(2,2) €Rs, (2,3) ERsvaciing ¢6 (2, 3) ER5
C0(2,2) €Rs, (2,4) e Rsvaclng c6 (2,4) € Rs
C06(2,3) €Rs, (3,3) e R vaclng c6 (2, 3) € Rs
C06(2,3) €Rs, (3,4) e Rsvaclng c6 (2,4) € Rs
C6(2,4) €ERs, (4,4) eRsvaciing ¢6 (2,4) ER5
C6(3,3)€Rs, (3,4) eRsvaciing ¢6 (3,4) ER5
C6(3,4) €ERs, (4,4) eRsvaciing ¢6 (3,4) ER5
Xét quan hé Rg = {(3, 4)}

Rs 12 quan hé cd tinh chat bac cau (Tinh chat bac cau chi ra rang, néu trong
quan hé R cd céc cdp (a, b) va (b, ¢) thi ciing phai c0 cap (a, ¢). Trong truong hop
nay Rg chi c6 1 cap duy nhat (3, 4)).

Vidu 1.94
Xem xét c4c quan hé sau trén tap s6 nguyén:
Ri={(a b)|a<b}
R, ={(a b)[a>b}
Rs;={(a,b)|a=bora=-b}
Rs={(a b)[a=b}
Rs={(a b)|a=b+1}
Rs={(a,b)|a+b<3}
Quan hé nao c6 tinh chat bic cau?
Huéng dan:
Xétquan hé Ry ={(a, b) |a < b}

R, ¢6 tinh chat bic cau, vi véi moia, b,c e N:nducda<bvab <cthita
cé a < ¢ (Theo tinh chat bac cau trong toan hoc).

Do d6 néu (a, b) € Ry va (b, ¢) € Ry thi (a, ¢) € R.
Xét quan hé R, = {(a, b) | a> b}

R, ¢6 tinh chat bic cau, vi véi moia, b,c € N:néucda>bvab > cthita
c6 a > ¢ (Theo tinh chat bac cau trong toan hoc)

Do d6 néu (a, b) € R,va (b, ©) € R, thi (a, ¢) € R,
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Xeétquan hé Rz ={(a, b) |a=Db ora=-b}

R; c6 tinh chat bic cau, vi véi moia, b, c € N:néucd a = +b va b = +c thi
ta cling 6 a = +c (D& dang suy ra, vi a® = b? va b? = ¢ do d6 a® = ¢ hay a = +c).

Xét quan hé¢ Ry ={(a, b) |a=Db}

R, c6 tinh chat bic cau, vi v&i moia, b,c € N: néucéa=bvacdb =c thi
cling coa=c.

Xétquanhé¢ Rs={(a,b)|a=b+ 1}

Rs khong cd tinh chat bac cau, vivoia, b,c € N:néucoa=b+1vab=c+1
thia=c+2#c+ 1.

Xeét quan hé Rg ={(a, b)]a+b < 3}

Re khdng c6 quan hé bac cau, chang han xét cap (2, 1) € Rg va (1, 2) € Rg
nhung (2, 2) « Re.

Vidu 1.95

Quan hé chia hét R = {(a, b)| a, b € N*, a : b} c6 phai la quan hé cd tinh chat
bac cau hay khong?
Huéng dan:
Giasura:b,data=k. b(a, b,ke N")
Giasu b :c,datb=t.c(b,c,te N
Do d6, a= (k. t). c hay a : c. Quan hé R ¢ tinh chat bac cau.
1.6.2. Quan hé twong dwong
1.6.2.1. Pinh nghia vé quan hé tiong dirong
Xem xét mot s6 vi du sau day:
Vidu 1.96

Trong mot sé ngdn ngit 1ap trinh, tén cac bién co thé chira khdng gisi han cac
ky tw. Tuy nhién, khi bién dich, trinh bién dich chi quan tam dén mot s luong hitu
han cac ky ty dé kiém tra hai bién c6 bang nhau hay khéng. Chang han, trong ngén
ngit C, chi c6 8 ky tu dau tién caa tén bién dugc trinh bién dich kiém tra (cac ky tu
nay bao gom chir hoa, hoic chir thuong, chir s6 hoic dau gach dudi). Do do, trinh
bién dich s& xem xét cac chudi dai hon 8 ky tu, chi giir lai 8 ky tu dau tién caa chudi.
Dit R la quan hé xét trén tap hop cac chudi, sao cho sRt, trong d6 s va t 1a 2 chudi,
néu s va t dai hon 8 ky tu va 8 ky tu dau tién cua s va t gidng nhau, hoic s = t. D&
dang thay R phan xa, ddi xang va béc cau.
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Vi du 1.97

Hai s6 nguyén a, b c6 quan hé véi nhau baéi méi quan hé “dong dur modulo 4”
khi a — b chia hét cho 4. Quan hé nay c6 tinh chat phan xa, di xtng, bac cau. Khéng
kho dé nhan thay a co lién quan dén b khi va chi khi a va b ¢6 cing s6 du khi chia
cho 4.

Pinh nghia 1.33

Quan hé R xét trén tap A 1a quan hé twong duong néu n6 c6 tinh phan xa, doi
Xtrng va bac cau.

Pinh nghia 1.34

Hai phan tir a, b ¢6 lién quan dén nhau trong moét quan hé dugc goi 1a twong
duong. Ky hiéu a ~ b, thuong dugc sir dung dé biéu thi a, b 14 cac phan tir twong
duong trong mot mdi quan hé twong duong cu thé.

Vi du 1.98

Xét quan hé R trén tap hop cac sé nguyén, aRb khi va chi khi a = b hoic a = -
b. R ¢0 la quan hé twong duong khong?

Huréng dan:
R ¢6 tinh chat phan xa: Va € Z ta ludn c6 aRa (vi a = a)

R c6 tinh chat d6i xtng: Va, b € Z ta luén ¢ a = +b thi b = +a hay néu cé
aRb thi cling c6 bRa

R c¢6 tinh chat bic ciu: Va, b,c € Z, taluén c6 a = +b va b =+ ¢ thi a = +c,
hay néu c6 aRb va bRc thi ciing c6 aRc

Theo dinh nghia cta quan hé tuong duong, R 1a quan hé twong duong.
Vidu1.99

Xét quan hé R trén tap cac s6 thuc, aRb khi va chi khi a— b 1a mot sé nguyén.
R c0 phai la quan h¢ twong duong khong?

Huréng dan:
R ¢6 tinh phan xa: Va € R ta ludn c6 a—a = 0 1a mot s6 nguyén. Do d6 aRa.

R c6 tinh dbi xang: Va, b € R, néu c6 aRb hay a — b 1a mot s6 nguyén thi b —
a = - (a—b) ciing 1a mot s6 nguyén, do d6 bRa.

R c6 tinh bic cau: Va, b, ¢ € R, gia st rang aRb va bRc
Khidoa—b=k(keZ),b-c=t(teZ)
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(@a-c)=(a-b)+(b-c)=k+tez
Vay aRc.

Quan hé R théa man 3 tinh chat phan xa, d6i xtng, bic cau. R 1a quan hé
tuong duong.

Vi du 1.100

Cho m la sé nguyén, m > 1. Chting minh rang quan hé R = {(a, b)la =
b (mod m)} 1a quan hé trong dwong xét trén tap sé nguyén.

Huwéng dan:
a = b (mod m) khi va chi khi (a— b) chia hét cho m.

+Via—a=0 chia hét cho m, do d6 a = a (mod m) Va € Z nén aRa. = R
c6 tinh chat phan xa.

+ GiasurtacoaRb, hay a = b (mod m) = (a—b) : m.
bata-b=k.mvoike Z
Taco:b—a=-(a-b)=-k.m,nén(b-a): m= b =a(modm)= bRa
= R ¢ tinh chat d6i xing.

+ Gia sirta c6 aRb va bRc, tac la a = b (mod m) va b = ¢ (mod m)
=>@-b)imva(b-c):m.
bat(a-b)=k.mva(b-c)=t. mvoik teZ
Taco:(@a-c)=(@-b)+(b-c)=k m+tm=(k+t). m
=>(@-c¢)im=a=c(modm)=> aRc
= R ¢6 tinh chat bac cau
Vay R c6 tinh phan xa, d6i xtng, bac cu. R 1a quan hé twong duong.
Vi du 1.101

Gia str R 1a quan hé xét trén tap cac chudi ky tu tiéng Anh, sao cho aRb khi
va chi khi 1(a) = I(b), véi 1(x) 1a d6 dai cua xau x. R c6 phai quan hé tuong duong
khong?

Huéng dan:

+ Tinh phan xa: Véi a la chudi ky tu tiéng Anh, ta lun c6 1(a) = I(a). Do d6
aRa.

+ Tinh d6i xang: Véi a, b 1a cac chudi ky ty tiéng Anh, gia si rang aRb, hay
I(a) = I(b) = I(b) = I(a) = bRa.
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+ Tinh bic cau: Véi a, b, ¢ 1a cac chudi ky tu tiéng Anh, gia rang aRb va bRc
= I(a) = I(b) va 1(b) = I(c). Do do, I(a) = I(c) = aRc.

Quan hé R c6 3 tinh chat: phan xa, dbi xang, bic cau. Do d6 R 1a quan hé
tuong duong.
Vi du 1.102

Cho n 1a s6 nguyén duong, S 1a tap cac chudi. Gia st rang R, 1a quan hé trén
S sa0 cho sRyt khi va chi khi s = t, hodc ca s va t déu dai hon n ky tir va n ky tu dau
tién cua s va t gidng nhau. Do vay, nhitng chudi c6 it hon n ky tu chi ¢6 quan hé voi
chinh n6, chudi s ¢6 nhiéu hon n ky tu ¢6 quan hé vai chudi t, khi va chi khi t ciing
c6 nhiéu hon n ky tu va n ky tu dau tién caa t gidng n ky tu dau tién cua s. Chang
han, véi n = 3, S 1a tap hop tat ca cac chudi bit. Do d6 sRst khi va chi khi hoic s = t
hoac ca s va t déu c6 do dai lon hon 3 va 3 bit bat dau cua s va t 1a giong nhau. Vi
dy, 01R;01 hoic 00111R500101, nhung 01R;010 hoic 01000R510010.

Chuang minh rang véi moi tap cac chudi S va moi sé nguyén duong n, R, 1a
quan h¢ tuong duong trén S.
Huréng dan:

Chtng minh, R, théa man 3 tinh chat phan xa, ddi xang va bic cau.

That vay, R, thoa man tinh chat phan xa: Véi v chudi s thuoc S, ta ludn co
sR,svis=s.

R, théa man tinh chat d6i xting: Vi Vs, t € S.

Néu ¢ sRyt, thi hodc s = t, hoic ca s va t déu c6 do dai 16n hon n ky tu va ca
s va t déu 6 n Ky tu dau tién giéng hét nhau. Diéu d6 dong nghia hoic t = s, hoic ca
t va s déu c6 do dai 16n hon n va déu c6 n ky ty dau tién gidng hét nhau. Do d6 tR,s.

R, thda man tinh chat bic cau: V&i Vs, t,u € S.

Néu c6 sR,t va cé tR,u.

Vi SRt nén hoic s = t hoic s, t déu c6 d6 dai 16n hon n ky tw va ca s, t déu co
n ky tu dau tién gidng hét nhau.

Vi tR,U nén hoac t = u hodc t, u déu c6 do dai lén hon n ky tu va ca t, u déu
c6 n ky ty dau tién giéng hét nhau.

Xét hai treong hop:

Truong hop 1: s = t va t = u (truong hop cac chudi cd do dai bé hon n), do d6
s=u.
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Truong hop 2: s, t, u déu c6 d6 dai Ién hon n va ¢ n ky tu dau tién giong
nhau. D& dang thay s va u déu c6 d6 dai Ion hon n va n ky ty dau tién gidng nhau.

Do d6, s = u hodc s va u déu c6 do dai lon hon n va n ky tu dau tién gidng
nhau. = sRu

Két luan: R, c6 3 tinh chat phan xa, déi xting va béc cau, do d6 R, la quan hé
tuong duong.
Vi du 1.103

Chuang to rang quan hé chia hét R = {(a, b)| a, b € N, a : b} khdng phai la
quan hé tuong duong?
Huwéng dan:

Can chi ra R vi pham maot trong ba tinh chat phan xa, d6i xtng hoic béc cau.

VéiVa € N taludn cé a : a, hay aRa = R c6 tinh chit phan xa

R khéng c6 tinh ddi xiing, chang han 4R2 (vi 4 : 2) nhung 2R4 (Vi 2 khdng
chia hét cho 4)

Véi Va,b,c € N, néu c6 aRb va bRc, tic 1a a i b va b i ¢, d& dang suy ra
a : ¢, hay aRc. R ¢6 tinh chat bic cau.

RO rang véi quan hé chia hét R, tinh chat d6i xang bi vi pham. Do d6, R
khong phai quan hé tuong duong.
Vi du 1.104

Quan hé R xét trén tap sb thuc, sao cho xRy khi va chi khi x, y 1a cac sé thuc
c6 gid tri bé hon 1 va |x —y| < 1. Chirng minh R khdng phai la quan hé twong duong.

Huéng dan:

Can chi ra R vi pham mat trong ba tinh chat phan xa, dbi xting hoic bac cau.
Pé chi ra 1 tinh chat nao d6 bi vi pham, chi cin dwa ra 1 bo gié tri cu thé.

Vi Vx € R taludn cé |x —y| = 0 < 1= xRXx, hay R cé tinh phan xa.
VéiVx,y € N,néuco xRy = [x —y| <1
Taco |y —x| =[x —y| < 1. Do d6 yRx, hay R c6 tinh d6i xtng.

R khong c6 tinh bic cau, chang han x = 2,8, y = 1,9 va z = 1,1, d& dang thay
X-y|=09<1,|y—2z=0,8<1nhung [x —z|=1,7 > 1.

Do d6, quan hé R vi pham tinh chat bac ciu. R khéng phai quan hé tuong
duong.
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1.6.2.2. Lop twong duwong

Dinh nghia 1.35

Cho R la quan hé turong dwong trén A va phan tir a € A . Lép tuong duong
chura a, ky hiéu [a]g hoac [a], latap [a]ls = {b € A| bRa}

Vidu 1.105

Xac dinh céc 16p tuong duwong modulo 8 chira 0 va 1?
Huwéng dan:

a = b (mod m) khi va chi khi (a — b) chia hét cho m.

Do d6, 16p twong duong modulo 8 chira 0 gém tit ca cac sé nguyén (a — 0)
chia hét cho 8. Do d6:

[0]s={...,— 16,-8,0,8, 16, ...}

Tuong tu, 16p modulo 8 chira 1 gom tat ca cac so nguyén a sao cho (a — 1) chia hét
cho 8. Do do:

[1ls={a|(@a-1)chia8dul}={...,—15,-7,1,9,17, ...}.

Luwu y: Dya vao biéu dién cac phan tir cua cac 16p tuong duong & trén, dé dang nhan
thay cac 16p tuong duong [0]s va [1]s la roi nhau.

Pinh ly 1.4.

Cho R Ia quan hé twong duong trén tap A, cac phan tir a, b € A. Khi do:

- aRb néu [a]r = [blr
- [alr # [blr néu [a]r N [b]r = @

Cac l6p tuong duong theo mot quan hé twrong duong trén A tao nén mot phan
hoach trén A, nghia la ching chia tap A thanh cac tap con roi nhau.

Dinh nghia 1.36

Cho tap hop A. Cac tap con {A;, Ay, As, ..., An} 1a cac phan hoach cua tap
hop A néu thoa man 2 diéu kién sau day:
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T
.

Hinh 1.14: Phan hoach thanh cac tap twong duong.
Luuy:

Céc tap con A; cua phan hoach 1a mét 16p twong duong. Hai phan tir cua tap
A la twong duong khi chung cung thuoc vao mot I6p tuong duong, nodi cach khac
chung cung thudc vao mot tap con cua phan hoach.

Vidu 1.106
Chotap A={x|x € Nvax < 10}.

Tap A co thé phan hoach thanh 2 tap A; = {1, 3,5, 7, 9} va A, ={2, 4, 6, 8,
10}.

Vi du 1.107

Xac dinh cé&c tap trong phan hoach cua cac s6 nguyén tao bai quan hé dong
du modulo 4?

Huéng dan:
C6 4 16p dong du:
[0],=1{...,-8,-4,0,4,8,..}
[1la={...,-7,-3,1,5,9,...}
[2]s={...,-6,-2,2,6,10,...}
[38la={...,-5-1,3,7,11,...}

1.6.3. Quan hé thw tw

1.6.3.1. Dinh nghia

Pinh nghia 1.37

Quan hé R xét trén tap A 1a quan hé thi ty néu nd phan xa, phan xing va bac
cau. Khi d6 A 1a tap hop c6 thi tu.

Tap hop A cung véi quan hé thr tu R duoc goi la tap tha tu, hoac poset
(partially ordered set) va dugc ky hiéu (A, R). Cac thanh vién ctua R dugc goi la cac
phan tir ciia poset.
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Vi du 1.108

Chtng minh quan hé “Ién hon hodc bang” (=) la quan hé thir tu trén tap
sb nguyén.

Huwéng dan:
R c6 tinh phan xa: Via > a véi Va € Z, do d6 aRa;

R ¢6 tinh phan xung: Vi néu ¢ a> b va b > a thi a = b. Do d6 néu c6 aRb
va bRa thi a = b;

R ¢6 tinh bac cau; Vinéucéa= b vab > cthia> c. Do d6 néu c6 aRb va
bRc thi aRc.

R ¢6 3 tinh chét: phan xa, phan xing va béc cau. R 1a quan hé thir tu.
Vi du 1.109
Chuang minh quan hé chia hét R = {(a, b)|a, b € Z +, a : b}la quan hé thi tu?
Huéng dan:
+Vé6iVa € Z +, a i a = R cotinh phan xaq.
+Vo6iVa,b € Z +
Giaswta:bvab:a
Via:b, dita=k bvoik € Z+, k> 1 1)
Vib:ia,ditb=t. avoiteZ+,t>1 2
Thay (2) vao (1) ta cé a = k. t. a, rat gon 2 vé cho a, ta co:
1=Kk.tvoik,t € Z+,k,t > 1. Dau bang chi xay ra khi k =t = 1.
Hay a = b = R c6 tinh phan xang.
+VdéiVa,b,c € Z +
Giasta:bvab:c
Via:b,dita=k. bvsik € Z+,k=>1 (3)
Vibic,datb=t.cvsiteZ+,t=>1 4)
Thay (4) vao (3),tacoa=Kk.t.cvéik,t € Z+,k,t > 1
RO rang k.t € Z +, hay a : ¢ = R ¢6 tinh bac cau

Vay R c¢6 tinh chat phan xa, phan xtang, bac cau. R 1a quan hé tha tu. (Z+, )
la 1 poset.
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Dinh nghia 1.38

Cho tap hop A. Quan hé R xac dinh trén tap hop A.

Ky hiéu a < b duoc sir dung dé biéu thi (a,b) € R 1a mét vi tri tly y trong
tap (A, R).

Ky hiéu a < b biéu thj cho a < bnhung a # b.

Pinh nghia 1.39

Cac phan tr a va b cua poset (A, <) goi 1a so sanh duoc néu a < b hoic
b < a . Nguoc lai, ta noi a va b khong so sanh dugc.

Cho poset (A, <), néu 2 phan tir bat ky cia A déu so sanh duoc véi nhau thi
ta goi 1a tap sap tha tu toan phan.

Vidu 1.109

Quan hé “<” trén tap sd nguyén duong 1 thir tu toan phan.

Quan hé “: ” (chia hét) trén tap s6 nguyén duong khong 1a thir tu toan phan.
1.6.3.2. Biéu do Hasse

MJi Poset co thé biéu dién bang 1 d6 thi dic biét, goi 1a biéu do Hasse.

Pé dinh nghia biéu do Hasse ching ta can cac khai niém phan tir troi va troi
truc tiép.

Dinh nghia 1.40

Phan tir b cua poset (A, <) duoc goi 1a phan tir troi cua phan tir a trong A néu
a<b.

Chiing ta ciing néi rang a 1a duoc troi boi b. Phan tir b dugc goi 12 troi truc
tiép cua a néu b la troi cua a va khdng ton tai troi ¢ sao cho:

a<c<b,véia#+b+c.

Dinh nghia 1.41

Ta dinh nghia biéu dd Hasse cua poset (A, <) 1a do thi:

- MG&i mot diém cua A duoc biéu dién boi mot diém trén mat phang.
- Neéu b la troi tryc tiep caa a thi vé 1 cung di tir a dén b.

Vi du 1.110

V& biéu do Hasse cho quan hé thir ty {(a, b)| b : a} trén tap {1, 2, 3, 4, 6, 8,
12}
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Huéng dan:

8 ® 12
4 6
2 3

1

Hinh 1.15: Biéu d6 Hasse cua Vi du 1.110.
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CAU HOI VA BAI TAP CHUONG 1

A. BAI TAP CO LOI GIALI
Al. Tap hop
Baitap 1.1

Véi moi tap A, B, C, chizng minh rang:
(A\B) U (C\B) = (AU O)\B

Huwéng dan:

Chang minh P=Q, tachingminhP € Q vaQ < P (P latap con cua Q va Q

la tap con cua P)

DPé chungminh P € Q tachiraringVx € P thix € Q

(C\B)

(C\B)

100

Chuang minh vé tha nhat (A\B) U (C\B) € (A U C)\B

That vay, giasit x € (A\B) U (C\B)

= x € (A\B) hoac x € (C\B)

+Néux € (A\B)thixeAvax¢B=>x€(AUC)vax & B

=>x €(AUC)\B Q)
+Néux e (C\B)thixeCvax¢B=>x€ (AUuC)vax & B

= x € (AU C)\B (2)
Tur (1) va (2): néu x € (A\B) U (C\B) thi x € (AU C)\B hay (A\B) U
C (AUC)\B @)

Chuang minh vé tha hai (A U €)\B € (A\B) U (C\B)
That vay, giastx € (AU C)\B
>x€e(AulC)vax¢B
Doxe(AuC)nénx e Ahoacx € C

Néu x € A, kéthop x & B taco x € (A\B) (3)
Néu x € C, kéthop x & B taco x € (C\B) (4)
Tu (3) va (4), suyrax € (A\B) U (C\B).

= (AU C)\B € (A\B) U (C\B) (b)

Tir (2) va (b), ta c6 (A\B) U (C\B) € (AU C)\B va (AU C)\B S (A\B) U

Suy ra: (A\B) U (C\B) = (AU C)\B (bpcm)




Bai tap 1.2
Chang minh ring A\B = A n B¢
Huwéng dan:
Chang minh A\B € A n B¢
Giasirx € A\B,suyrax e Avax ¢ B
=>x€Avax € B = x€ (AN B°)
Nhu vay, A\B € A n B¢ (1)
Chung minh (A n B€) < (A\B)
Giasutx € (AN B°),suyrax € Avax € B¢
=>x €Avax & Bnénx e A\B

Suyra: (An B¢) € (A\B) 2
Tu (1) va (2): AAB = An B°.
Bai tap 1.3

Cho céc tap hop A, B, C. St dung cac tinh chat cua tap hop (c4c luat), ching
minh rang:

(AU B)\C = (A\C) U (B\C)

Huéng dan:

Bién d6i Vé trai vé vé phai.
That vay:
(AUB)\C= (AuB)NnC* (Két qua cua bai 1.2)
= C°Nn(AUB) (Luat giao hoan)
=(C°NA)U ((C°NB) (Luat phan phoi)
=(ANCHU((BNCY (Luat giao hoén)
= (A\C) U (B\() (Két qua cua bai 1.2)
A2. T6 hop
Bai tap 1.4

Chotap X ={ x| x e Nvax < 1000}
C6 bao nhiéu s6 nguyén duong thudc tap X khong chia hét cho ca 3s6 2, 3, 5?
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Huéng dan:

Muén xac dinh dugc sé cac s6 nguyén duong trong pham vi tir 1 dén 1000
khong chia hét cho 2, 3, 5, sir dung nguyén Iy bu trir:

Buwéc 1: Xac dinh s luong cua tap hop chira phan tir chia hét cho 2, sb
lwong cua tap hop chtra cac phan tir chia hét cho 3, sé lwong cua cac phan tir chia
hét cho 5.

Buwéc 2: Xac dinh sé luong cac tap chaa phan ta vira chia hét cho 2 va 3, vira
chia hét cho 2 va 5, vira chia hét cho 3 va 5.

Buwéc 3: Xac dinh sb luogng cua tap hop chira cac phan ta chia hét ca cho 2, 3
vab.

Bwéc 4: St dung nguyén ly bu trir dé xac dinh sé lwgng cua tap hop hoic chia
hét cho 2, hoic chia hét cho 3, hoic chia hét cho 5

Bwéc 5: Tap hop nhitng s6 khong chia hét cho 2, 3, 5 1a phan bu cua tap xéac
dinh & budc 4.

Dat Xy, X5, X5 lan luot 12 céc tap hop céc sb chia hét cho 2, 3, 5. Do d6, X7, X5,
X5 lan luot 14 c4c tap hop khdng chia hét cho 2, 3 va 5.
1000

X 1 tap hop céc s6 chia hét cho 2: N(X;) = [—-1=500

1000

X, | tap hop céc s6 chia hét cho 3: N(X,) = [—1=333

X3 12 tap hop cAc sb chia hét cho 5: N(Xs) :[%] =200

X, N X,: 1a tap hop céac s vira chia hét cho 2, vira chia hét cho 3. Do d6
X, N X, 1a tap hop céc s chia hét cho 6;
1000

N(X; N X;) =[*57] = 166

X, N X5: 12 tap hop cac sb vira chia hét cho 2, vira chia hét cho 5. Do d6 X; N X,
chia hét cho 10;
1000

N(Xy N X3) =[] = 100

X, N X5 1a tap hop cac sb vira chia hét cho 3, vira chia hét cho 5. Do d6 X, N X,
chia hét cho 15;
1000

N(X; N X3) =[—-]=66

X, N X, N X5 1atap hop cac sb vira chia hét cho 2, 3 va 5. Do d6 X; N X, N X5 chia
hét cho 30;
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1000

Theo cbng thuc caa nguyén ly bu trir ap dung cho 3 tap hop:

N(X; UX; UX3) | = N(Xp) + N(X3) + N(X3) - N(X; nX;) — N(X; N X3) —
N(X, N X;) + N(X, N X, N X;) = 500 + 333 + 200 — 166 — 100 — 66 + 33 = 734,

Tap hop cac sé ddng thai khong chiahétcho2,3va51aX; NX, NX;
N(X;, NX, NX;)=N(X)=N(X; UX, U X;) = 1000 — 734 = 266.

Bai tap 1.5

C6 thé nhan duoc bao nhiéu xau khac nhau duoc tao thanh tir viéc sip xép
cac ky tu cua tr EVERGREEN?
Huwéng dan:

Tuw EVERGREEN c¢6 9 ky tu trong d6 cO4 ky tw E, L ky tu V, 2 ky tu R, 1 ky
tu G va 1 ky tu N.

MOi tir duoc tao ra bang cach sap xép lai cac ky tu cia tir EVERGREEN la 1
hoan vi lap.

Do d6, sb tir duoc tao ra khac nhau 1a:

9!
4. 11.20.11.1!

= 7,560

Bai tap 1.6

Mot bién s6 xe gom 2 chir cai dung trudc va 4 chir s6 dung sau. C4c chir céi
duoc ldy tir tap 26 chit cai Latinh {A, B, C, ..., Z}. Céc chix s6 duoc lay tir tip gdom
10 chir s6 {0, 1, 2...., 9}.

a. C6 bao nhiéu bién sé xe trong d6 c6 it nhat mot chit cai khéc chir cai O va
cac chir s6 d6i mot khac nhau?

b. C6 bao nhiéu bién s xe c6 hai chir cai khiac nhau va c6 ding 2 chir s6 1é
giong nhau?

Huréng dan:
a. Bién sb xe c6 dang X;Y1.abcd

Giai doan 1: Xéc dinh s6 cach chon X;Y, dam bao trong d6 c6 it nhat 1 chit
cai khac chir cai O.

C6 mot trudng hop duy nhat ca hai chit céi giéng chit cai O 1a 0O.

Do d6 chiing ta xac dinh s cach chon 2 chit cai dau tién bang céach lay sb
cach chon 2 chir cai bat ky tir tap chir cai Latinh trir di truong hop dic biét OO.
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Mdi céch chon 2 chit cai tir tap 26 chir cai 1a mot chinh hop lap chap 2 cua
26. Do d6 s cach dé lay ra 2 chir cai bat ky 1a 26°.

Vay s cach dé xac dinh X,Y; 1a 26° -1 = 675.
Giai doan 2: Xac dinh abcd (a, b, ¢, d nhan gia tri 0 ... 9, khac nhau ting doéi
mat);

M&i cach chon ra 1 bd abed 14 mét chinh hop chap 4 cua 10;

Do d6 s6 cach chon abcd 13 A%, = 16—0l' = 5040;

Theo nguyén Iy nhan, sb cach chon ra 1 bién sb xe théa mén yéu cau dé bai l1a
675 x 5040 = 3,402,000 (cach).

b. C6 bao nhiéu bién s xe ¢6 hai chir cai khac nhau va c6 ding 2 chir s6 1é
giéng nhau?

Bién sb xe c6 dang X,Y;.abcd

Giai doan 1: Chon 2 chir cai X,Y,

M3i céch chon 2 chit cai khac nhau 1a 1 chinh hop chap 2 caa 26. Do d6 s6

cach chon 2 chir cai 1a A2, = (ZZ—fZ) = 26 x 25 = 650.

Giai doan 2: Chon 4 s6 abcd théa mén diéu kién co dang hai s 1é gidng
nhau.

C6 5 bo sb 1é gidng nhau, bao gom (1, 1); (3, 3); (5, 5); (7, 7); va (9, 9). Nhu
vy ¢6 5 cach dé chon ding 2 s6 1é.

£ o TR e s 4! ;

Xeép cap so lé vao 4 vi tri, c6 C7 = i 6 (cach)

Con 2 vi tri con lai 1a 2 s6 chin. Bo s6 chin dugc chon 1a 1 chinh hop lap cua
2 duoc chon tir 5 56 chin {0, 2, 4, 6, 8}. S cach chon 14 5% = 25

Vay sb cach chon ra abcd thoa man yéu cau dé bai 125 x 6 x 25 = 750.

Theo nguyén Iy nhan, s cach dé chon ra 1 bién sé thoa man yéu cau cé hai
chir cai khac nhau va c6 dung 2 chir s6 I¢ giong nhau la:

650 x 750 = 487,500 (bién s).

Hoan vi vong tron

Cho tap hop gdm n phan ti, n 1a sé nguyén duong, mdi cach xép n phan tu
nay theo mot thir tu trén mot vong tron kin 1a mot hoan vi vong caa n phan ti.

S6 cac hoan vi vong caa n phan tir 1a: Q, = (n — 1)!
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Bai tap 1.7

C6 6 ngudi tham gia hoi nghi ban tron c6 dung 6 ghé bd tri cach déu nhau.
Hoi ¢ bao nhiéu cach dé xép 6 ngudi nay vao 6 vi tri?
Huwéng dan:

S6 cach xép 6 nguoi ndy vao ban tron 1a 5! = 120 cach.
Bai tap 1.8

Mot hoi nghi ban tron ¢6 phai doan ctia cac nudc: Anh 3 nguoi, Nga 5 nguoi,
M3 2 nguoi, Phap 3 ngudi, Trung Québc 4 nguoi. Hoi c6 bao nhiéu cach sap xép chd
ngoi cho moi thanh vién sao cho nguoi cung quoc tich thi ngoi canh nhau.

Huwéng dan:

Néu mot phai doan nao ngdi vao chd trudc thi bdn phai doan con lai co 4!
cach sap xep.

Nhu vy c6 24 cach sap xép cac phai doan ngdi theo quéc gia minh. Bay gio ta
xem c6 bao nhiéu cach sap xép chd ngoi cho noi bo timg phai doan. Tir gia thiét ta co

3! cach sap xép cho phai doan Anh

51 cach sap xép cho phai doan Nga

21 cach sap xép cho phai doan My

3! cach sap xép cho phai doan Phap

41 céach sap xép cho phai doan Trung Qudc

Theo quy tic nhan sé cach siap xép cho hoi nghi la 41. 31, 51, 21, 31, 41 =
4,976,640 (cach).

Bai tap 1.9

Hoi ¢6 bao nhiéu cach xép 6 ban nam va 6 ban nir ngoi xung quanh mot chiéc
ban tron, sao cho nam va nir ngoi xen k& nhau?
Huréng dan:

Tién hanh sap xép vi tri ngoi theo 2 giai doan:

Giai doan 1: Xép 6 ban nam ngdi quanh vong tron, ¢6 (6 -1)! = 5!

Giai doan 2: Tim cach xép 6 ban nit.

Xem 6 ban nam vira xép la 6 vach ngan, vi 6 ban nam ngdi quanh ban tron
nén c6 6 khoang trong dé xep c&c ban nit. S6 cach xép cac ban nir ngoi vao cac vi tri
trong la 6!

Theo nguyén Iy nhan, sé cach sap xép thoa man yéu cau la 5!. 6!
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Bai tap 1.10

Hoi ¢6 bao nhiéu céch xé:p 6 cap vo chong ngdi xung quanh mét chiéc ban
tron, sao cho cac cap vo chong déu ngoi canh nhau?
Huwéng dan:

Ta tién hanh xép chd ngdi theo hai giai doan:

Giai doan 1: Xép 6 ngudi chong ngdi quanh ban tron, ¢é (6 — 1)! = 5! cach xép.

Giai doan 2: M&i cip vo chong d6i chd cho nhau cé 1 cach xép mai, vay co
2° cach.

Theo quy tic nhan c6 5!.2° = 7680 céch.
Bai tap 1.11

Mot gié}o vién c6 20 cudn sach d6i mot khac nhau. Trong d6 ¢6 5 cuén,séch
van hoc, 4 cuon sach &m nhac va 3 cuon sach hoi hoa. Ong muon lay ra 6 cuon va
dem ting cho 6 hoc sinh Anh, Binh, Chung, Duy, Nam, Khanh, méi em mot cudn
sao cho sau khi tangl sach xong, mdi mot trong ba thé loai van hoc, &m nhac va hoi
hoa déu con lai it nhat mot cuon. Hoi 6 bao nhiéu cach tang?

Huwéng dan:
C6 €S, cach chon 6 cubn sach bat ky trong 12 cudn
C6 C2C} céch chon 6 cudn ¢d 5 cudn van hoc
C6 CCE cach chon 6 cudn c6 4 cudn am nhac
C6 €3¢S cach chon 6 cudn c6 3 cudn hoi hoa
Vay ¢6 C&, — (CSCH + C2C* + C3¢3) = 805 cach chon thoa man diéu kién.
Vi mdi cach chon ta ¢ 6! céach tang.
Vay s6 cach ting thoa man 1a 805. 6!1=579,600 cach.

Bai to4an phan bé dd vat
S6 cdch phén chia n dé vdt khdc nhau vao trong k hép khac nhau sao cho c6

A A , - re o M !
n; Vat duoc dat vao hop thiri, véii = 1, 2, ..., k bang #
1:M2... k

Bai tap 1.12

C6 bao nhiéu cach chia 6 nguoi vao mdi toa tau hang 1, hang 2, hang 3, hang
4 trong tong sb 48 nguoi da mua vé?

Huéng dan:

Trudc tién ching ta thiy toa tau hang 1 ¢ thé nhan duogc 6 nguoi 1én bang
CS céch, con lai 42 nguoi.
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Toa tau hang 2 c6 thé nhan dugc 6 ngudi 1én bang C2, cach, con lai 36 ngudi.

Toa tau hang 3 ¢6 thé nhan duoc 6 nguoi 18n bang €S, cach, con lai 30 nguoi.

Cudi cuing toa tau hang 4 c6 thé nhan duoc 6 ngudi 18n bang €S, cach.

Theo nguyén ly nhan, sb cach sip xép la:

Cis Cip C36 C3 =
Bai tap 1.13

O trén hinh tron c6 12 vi tri la vi tri 1, vi tri 2, ..., vi tri 12, ndi tiép nhau theo
chiéu kim dong hd, theo dtng thir ty trén. Ta dat cac con sb 1,2, 3, ..., 12 1én 12 vi
tri 46 1 cach ngau nhién. Chirng minh rang ta ludn tim duoc 3 s6 lién nhau trong
cach xép d6 sao cho téng cua ching 16n hon hoic bing 20.

48!
6! 6! 6! 24!

cach chia.

Huéng dan:

Gia sir s6 dugc xép vao vi tri thir i 12 a;. Khi d6 ta dat a; qua bong vao vi tri
thir i va ky hiéu Ia tap tat ca cac qua bong o vitrii, i+1vai+2, o dayi,i+1,i+2
duoc lay theo modulo 12.

Ky hiéu S = A; U A, U ... U A, Khi d6 Aj € S va moi se S chira dung
trong 3 tap con A;. Vi vay theo nguyén ly Dirichlet, trung binh cong caa |A4], |A2,. ..,

3 3S
|A12| bang -

Matkhactacod|S|=1+2+3+...+12=78

3x 78 _ 19.5

12

Vi vay trung binh cong caa |Aq], |A,.. .., |Ar| bang

~ Suyra, tén tai A; sao cho |Aj| > 20, tac la ton tai ba sb lién tiép trong céch

xeép12s6 1,2, 3, ..., 12 1én vong tron sao cho tong cua chung I6n hon hoac bang 20.
A3. Quan h¢
Bai tap 1.14

Liét ké cac cap c6 thar ty cua quan hé R tir tap A ={0, 1, 2, 3, 4} déntap B =
{0, 1, 2, 3}, trong d6 (a,b) < R khi va chi khi:

a.atbh=4

Huréng dan:
Xeét cac bo (a, b) trong doa CAvabc Bsaochoa+b=4:
0, 4),(1,3),(2,2),(3,1), (4,0) lacac bo théamana + b = 4.
R={(0,4), (1,3),(22),(3,1) (4 0)}
b.a:b
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Huéng dan:

Xeét cac bo (a, b) trong doa CAvabc Bsaochoa i b:

0, 1), (0,2),(0,3),(1,1),(21),(2,2),(3,1),(3,3),(4,1), (4, 2) la cac bo
thoa man diéu kiéna : b

Vay R ={(0, 1), (0, 2), (0, 3), (1, 1), (2,1), (2,2), 3, 1), (3, 3), (4, 1), (4, 2)}.
Bai 1.15

Xac dinh quan hé R xét trén tap hop cac sd thuc cb tinh chat phan xa, ddi
xang, phan xtang hay bac cau khdng? Biét rang(x,y) € R khi va chi khi:

ax=y
Huwéng dan:
R Ia phan xa, khi va chi khi, véi ¥x € R, ta c6 XRx
R ¢6 tinh phan xa: Vi véi Vx € R, ta ludn ¢6 x = x, do d6 xRx
R 14 d6i xang, khi va chi khi, néu c6 xRy thi ciing c¢6 yRx, Vx,y € R

R c¢6 tinh d6i xung: Vi vai Vx,y € R, néu ¢d xRy, tac la x =y, thi cling co y =
X, do d6 yRx

R 12 bac cau, khi va chi khi, néu c6 xRy va yRz thi cling ¢6 xRz

R ¢6 tinh bac cau: Vi véi Vx,y,z € R, néu cd xRy va yRz, tac lax =y vay =
z, theo tinh chét bic cau trong toan hoc, suy ra x = z, do d6 xRz.

b.x<y
Huéng dan:
R c¢6 tinh phan xa, khi va chi khi, vdi vVx € R ta lubn c6 XRxX.
Theo dinh nghia R: xRy khi va chi khi x <y
Do d6 xRx khi va chi khi x < x. R3 rang, Zx € R sao cho x <x.
= R khong c6 tinh chat phan xa
R c6 tinh d6i xung, khi va chi khi, néu c6 xRy thi ciing ¢6 yRx, Vx,y € R

Theo dinh nghia cua R: xRy, khi va chi khi x <y, do d6 y > x. R0 rang
A%,y € Rdey<x.

= R khong c6 tinh d6i xtng.
R ¢6 tinh béc cau, khi va chi khi, néu c6 xRy va yRz thi ciing c6 xRz
Gia sir rang, XRy va yRz.

Dodd, x<yvay<z.
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> X<Z

= XRz

= R ¢ tinh bic cau.
BAI TAP 1.16

R l1a quan hé trén tap ngudi sao cho xRy khi va chi khi x, y 1a ngudi va x gia
hony.

Chuang to R khdng phai quan hé tha tu?
Huréng dan:

Quan hé R 1a quan hé thir tw, néu thoa mén 3 tinh chat: phan xa, phan xing va
bac cau.

Kiém tra lan Iuot 3 tinh chat nay:

Tinh chat phan xa: R khéng phan xa, béi vi 1 nguoi khdng thé gia hon chinh
ban than ngudi do. Do dé xRx véi moi nguoi X.

Tinh chat phan xang: R 1a phan xang, vi néu xRy va yRX, tic 1a nguoi X “gid
hon” nguoiy va nguoi y “gia hon” nguoi x thi hai nguoi x, y nay gia nhu nhau.

Tinh chat bac cau: Ngudi x gia hon nguoi y, ngudi y gia hon ngudi z thi x gia
hon z. Do d6 xRy va yRz thi xRz.

Quan hé R khong thoa dong thoi ba tinh chat. Do dé R khong phai 1a quan hé
thir tu.

B. BAI TAP SINH VIEN TU LAM
B1l. Tap hop
Bai tap 1.17
Chang minh rang, voi moi tap A, B:
A\(4 N B) = A\B
a. Bang dinh nghia cua tap hop
b. Bang cac tinh chat caa tap hop.
Bai tap 1.18
Chang minh rang, voi moi tap A, B:
(A\B)U(ANB) =4
a. Bang dinh nghia cua tap hop
b. Bang cac tinh chat cua tap hop.
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Bai tap 1.19

Cho tap hop A, B, C. Cho biét tinh chit sau day dung hay sai? Néu ding hay
chtrng minh. Néu sai hay chi ra mot vi du vi pham.

(A\B) U (B\C) = (AUB)\(BN ()

B2. T6 hop
Bai tap 1.20

Co6 bao nhiéu chudi khac nhau c6 thé duoc tao tir cic chit cai trong tu
MISSISSIPPI, str dung tat ca cac chir cai?
Bai tap 1.21

C6 bao nhiéu chudi khac nhau c6 thé duogc tao tir cac chit cai trong tu
ABRACADABRA, str dung tat ca cac chir cai?
Bai tap 1.22

C6 bao nhiéu tén bién trong Pascal c6 dg dai 10 ki ty chi chira hai chir cai A,
B, bat dau boi AAA hodac ABA?
Bai tap 1.23

Mot dé thi tric nghiém co thé chon tir mot trong ba bd dé thi doc 1ap tuong
ung c6 23, 17 va 29 dé. Cé bao nhiéu cach chon khac nhau?
Bai tap 1.24

C6 nhiéu nhat bao nhiéu bién ding ky xe may trén 50 phan khdi cta thanh
pho Ha Noi néu mdi bién c6 ndi dung vi du nhu sau: 29 H3- 3907, s6 29 1a ky hiéu
danh cho Ha Noi, tiép d6 1a mot trong 26 chir cai, sau chir cai la mdt sO nam trong
khoang tir 1 dén 9, bon s6 cudi bat ky.
Bai tap 1.25

Moi nguoi sir dung hé théng may tinh déu c6 mat khau dai tir sau dén tam ky
ty, trong d6 modi ky tu 1a mot chit Latinh viét hoa hay mot chit s6. Mdi mat khau
phai chura it nhat mot chir s6. Héi ¢6 bao nhi€u méat khau?
Bai tap 1.26

Trong mét 16p hoc ¢6 50 sinh vién, c¢6 26 sinh vién dat yéu cau mén thi thir
nhat, 21 sinh vién dat yéu cau mon thi tht hai. Néu 17 sinh vién khong dat yéu cau
ca hai mon thi thi ¢cé bao nhiéu sinh vién dat yéu cau ca hai mon thi?
Bai tap 1.27

Trong 16p c6 52 sinh vién, cé 27 sinh vién khong phai thi lai mén “K7 thuat
s6”, 20 sinh vién khong phai thi lai mén “Toan rdi rac”. Néu c6 15 sinh vién phai thi
lai c4 hai mon, thi c6 bao nhi€u sinh vién khong phai thi lai mon nao?
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Bai tap 1.28

Két qua diéu tra mirc sdng cua cac gia dinh & My cho biét 96% dan s ¢ it
nhat mot may thu hinh, 98% c6 dién thoai va 95% co6 dién thoai va it nhat mot may
thu hinh. Ty 1¢ phan trim cac gia dinh & My khong c6 dién thoai va khong c6 may
thu hinh.
Bai tap 1.29

C6 bao nhiéu xau 20 chir s ctia hé thap phan chira dang 2 chit s 0, bon chir s6
1, ba chix s4 2, hai chit sb 3, hai chit s6 4, ba chit sb 5, hai chit sb 7 va hai chit s§ 9?
Bai tap 1.30

Trong mot truong ¢d 1000 sinh vién hoc tiéng Anh, 800 sinh vién hoc tiéng
Phap, 112 sinh vién hoc tiéng Nga, 101 sinh vién hoc tiéng Anh va Phap, 20 sinh
vién hoc tiéng Anh va Nga, 15 sinh vién hoc tiéng Phap va Nga. Néu tat ca c6 2100
sinh vién hoc it nhit mot ngoai nglr. Hoi ¢ bao nhiéu sinh vién hoc ca 3 thir tiéng?
Bai tap 1.31

Mbi ¢d bai co 52 quan dugc chia cho 4 ngudi. Co bao nhiéu cach chia dé mdi
nguoi dugc 5 quan.
Bai tap 1.32

Xac dinh s6 lugng cac sd nguyén duong nho hon bang 1200 khong chia hét
cho bat ky s6 nao trong hai s6 9 va 11.
Bai tap 1.33

Mot ma tir duoc goi 13 hop 18 néu nd 1a 1 xau céc chit sd hé thap phan chta
mot s0 1& chit s6 0. Tinh s6 ma tir c6 d¢ dai 7.
Bai tap 1.34

Mot tap thé gdm 14 ngudi, 6 nam va 8 nit trong d6 c6 An va Binh. Nguoi ta
chon t6 cong tac 6 ngudi. Tim so6 cach chon t6 sao cho ¢6 1 t0 trudng va 5 td vién
trong d6 An va Binh khong dong thoi c6 mat.
Bai tap 1.35.

Mot nhom hoc sinh gom 10 nam va 3 nit. C6 bao nhiéu cach sip xép nhom
hoc sinh nay thanh hang doc sao cho c¢6 7 hoc sinh nam luén diing canh nhau?
Bai tap 1.36

Trong 45 hoc sinh kiém tra khong c6 hoc sinh nao dat diém dudi 2 va c6 2
hoc sinh dat diém 10. Chiing minh réng luén tim duge it nhit 6 hoc sinh c¢6 diém
bang nhau (diém cta hoc sinh 1a sb tu nhién trong khoang 0 dén 10)
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Bai tap 1.37
Mot 16p c6 40 hoc sinh, trong d6 c6 15 em hoc gidi Toan, 16 em hoc gioi

14
.....

2161 ca 2 mon Toan va Anh, 6 em hoc giéi Van va Anh, c6 2 em hoc gioi ca 3 mon.
Héi c6 bao nhiéu em khong hoc gidi mon nao?

Bai tap 1.38

Mot nhom hoc sinh gdom 5 hoc sinh nam va 3 hoc sinh nit dugc xép vao 8 cho
ngodi. Ho1 ¢6 bao nhi€u cach xép dé khong co hoc sinh nit nao ngdi canh nhau?

Bai tap 1.39

Cho tap hop E = {0, 1, 2, ..., 8}. C6 thé 1ap duoc bao nhiéu sb tu nhién c6 5
chir s6 khac nhau chia hét cho 5 tir tap hop E.

Bai tap 1.40

C6 bao nhiéu kha niang chon 2 s6 nguyén trong 100 s6 nguyén dau tién sao
cho tong cua chung 1a mdt s6 chan, so6 1¢ ?

Bai tap 1.41

C6 bao nhiéu tap c6 7 phan tir ldy tir tip cac s nguyén duong khong vuot
qua 20 ma c6 it nhat 2 s6 chan.

Bai tap 1.42

Mot nhém gdm 8 hoc sinh. Co bao nhiéu cach sip xép sao cho A ludn ding
canh B.

Bai tap 1.43

Mot nhém hoc sinh gdm 10 nam va 3 nit. C6 bao nhiéu cach sip xép nhom
hoc sinh nay thanh hang doc sao cho ¢é 7 hoc sinh nam luén ding canh nhau?
Bai tap 1.44

Khi kiém ké danh muc 115 chi tiét, mdi chi tiét c6 thé duoc danh gia 1a “tot”
hodc “khdng tot”, c6 60 chi tiét dugc danh gia la “to6t”. Ching minh rang c6 it nhat
hai chi tiét dugc danh gia 1a “tot” co6 so thur tu cach nhau 4 don vi.
Bai tap 1.45

Khi chon tly y n +1 s6 nguyén dwong khac nhau, chimg minh rang ton tai it
nhat hai s6 dong du theo modulo n.
Bai tap 1.46

Hay chi ra rang trong day 10 s6 nguyén duong bat ky ton tai mot hay nhiéu
hon céc s6 hang lién ti€p co6 tong chia hét cho 10.

112



Bai tap 1.47

Chi ra ring trong diy m s6 nguyén duong bat ky ton tai it nhat mot diy cac sd
hang lién tiép c6 tong chia hét cho m.
Bai tap 1.48

Trong khong gian Oxyz cho 9 diém c6 toa do nguyén. Chirng minh rang lu6n
tim dugc 2 diém ma trung diém cua no cling co toa do nguyén.
Bai tap 1.49

C6 16 cau thu bong rd, sb 40 cia mdi ngudi duge danh sb tir 1 dén 16 ding
thanh mot vong tron theo thir tu bat ky. Chiing minh rang ton tai it nhat 3 cau thu
dirng lién nhau c6 tong cac sO 4o it nhat 1a 26.
Bai tap 1.50

Mot trung tam may tinh c6 151 may vi tinh. Cac may cuia trung tam dugc dat
tén bdi mdt s6 nguyén duong trong khodng tir 1 dén 300 sao cho khdng c6 hai may
nao dat tén trung nhau. Ching minh rang luén tim dugc hai may co6 tén la cac so
nguyeén lién ti€p.
Bai tap 1.51

Chung minh rang khi chon 21 s6 nguyén duong bt ky khac nhau, ton tai it
nhat 2 s6 ma c6 hi¢u 1a mot so tan cung 1a so6 0.
Bai tap 1.52

Cho 70 s6 nguyén duong bat ky khac nhau c6 gia tri khong 16n hon 128.
Chting minh rang bao gi¢ cling ton tai it nhat 5 cap s6 c6 hi¢u la 7?
Bai tap 1.53

Chtng minh rang néu chon 60 sé nguyén duong bat ky khac nhau khong 16n
hon 115. Chirng minh rang bao gio cling ton tai it nhat 2 s6 ¢6 hi¢u 1a 4.
Bai tap 1.54

Chtng minh rang trong n + 1 s6 nguyén duong khong vuot qua 2n ton tai it
nhat mot s chia hét cho mot s6 khac.
Bai tap 1.55

C6 12 cau thu béng 16, sé 4o ciia mdi nguoi duoc danh tir 1 dén 12 dung
thanh mot vong tron theo thtr tu bat ky. Chiing minh rang ton tai it nhat 3 cau thu
ding lién nhau c6 tong s6 4o 16n hon 1a 16.
Bai tap 1.56

Trong mit phang Oxy cho 6 diém co toa d6 nguyén. Chimg minh rang ludn
tim dugc 2 diém ma trung di€m cia n6 cling ¢6 toa dd nguyén.
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Bai tap 1.57

Mot ngudi 141 xe buyt tra thué cau dudng bang cach tha vao cac may thu tién
tu dong lan lugt cic dong 5 xu va 10 xu. Tim hé thirc truy hoi tinh s6 cach khac
nhau ma nguoi lai xe co thé tra mot khoan thué n xu (trong do trat ty theo do cac
ddng xu duoc tha vao may 1a quan trong).

Bai tap 1.58

Gia st s6 tom hum bi dénh bt trong mot nim bang trung binh cong sb bi
danh bat trong hai nam trude do.

a. Hiy tim hé thirc truy hoi cho {L,}

b. Hay tim L, néu nim dau 100000 to6m hum bi danh bat, ndm tha hai 300000
tom hum bi danh bat.

Bai tap 1.59
Giai cac hé thirc truy hoi sau:
a)a,=2a,; nh>=1vdiag=3
b)a, =5a,1-6a,,Nn>2voiay=1,a,=0
C)a,=4a,1-4a,,Nn=2vdiay=6,a,=8
dya,=4a,, n=2voiayz=0,a,=4

Bai tap 1.60
Giai cac hé thuc truy hoi sau:
an=3ap1 + 2bp1
b,=a,.1 + 3by1
Véiag=2vaby=1

Bai tap 1.61

Giai hé thire truy hdi sau:
an=ba,1-6a,,-2voiay=1,a,=2

B3. Quan hé

Bai tap 1.62

Liét ké cac cap co thir tu cua quan hé R trtap A = {0, 1,2, 3, 4} déntap B =
{0, 1, 2, 3}, trong d6 (a,b) < R khi va chi khi:

a.a=b
b.a>b
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c. ged(a, b) = 1 (ged(a, b): udc chung 16n nhat cua hai s6 a, b)
d. lem(a, b) = 2 (Icm(a, b): bdi s6 chung nhé nhat cua hai sé a, b)
Bai tap 1.63

Xac dinh cac quan hé duéi day xét trén tap {1, 2, 3, 4} c6 tinh chit phan xa,
dbi xang, phan xang, hay bac cau?

a.R1={(22),(2,3),(24),3,2),33), 3,4}

b. R, ={(1, 1), (1, 2), (2, 1), (2, 2), (3,3), (4, 4)}

c.Rz={(2,4), (4, 2)}

d. Ry={(1,2), (2,3), (3, 4)}

e.Rs={(1,1), (2, 2), (3 3), (4,4}

f.Rs={(1, 3), (1, 4), (2, 3), 2, 4), (3, 1), (3, 4)}
Bai tap 1.64

Xac dinh quan hé R xét trén tap hop nguoi, ¢ tinh phan xa, d6i xtng, phan
xung, bac cau khdng? Trong d6 (a, b) € R khi va chi khi:

a. a cao hon b.

b. a va b cung ngay sinh.

c.avab cung tén.

d. avab cé cung 6ng ba.
Bai tap 1.65

Xéc dinh quan hé R xét trén tap hop cac sd thuc c6 tinh chat phan xa, ddi
xang, phan xing hay bac cau khdng? Biét rang(x,y) € R khi va chi khi:

ax+y=0
b.x=+y
c. X —y lasé hitu ty
dx=2y
e.X.y=0
f.x.y=0
g.x=1hoacy=1.
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CHUONG 2
LY THUYET PO THI

Ngi dung ciia Chuong 2, Iy thuyér do thi nham cung cap cho sinh vién mét so
khai niém co ban nhw khdi niém dé thi, dwong di, chu trinh, dé thj lién thong, v.v..
MGt sé badi todn duwoc trinh bay trong Churong 2 la bai todn vé do thi Euler va do thi
Hamilton, cac ¢ng dung cua do thi Euler va Hamilton nhw bdi todn nguwoi dwa thie
Trung Hoa, nguwoi ban hang. Bén canh dé, Chirong 2 con trinh bay mét sé bai toan
dién hinh trong Iy thuyér do thi c6 ing dung nhiéu trong thuc té nhuwr bai todn tim
duwong di ngdan nhdt véi thudt toan Dijkstra, bai toan tim cay bao trim ti thiéu véi
hai thugt toan Kruskal va Prim.

2.1. KHAI NIEM CO BAN VE PO THI

Trong thé gidi hién dai, 1ap ké hoach cac tuyén hiéu qua 1a diéu can thiét cho
ca nhan va céc doanh nghiép, véi cac tng dung da dang nhu phan phdi san pham,
dat cac duong cap quang moéi cho internet bang thong rong, dé xuat nhitng nguoi
ban mai trong cac trang mang xa hoi nhu Facebook.
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Hinh 2.1: Bai toan bay cay cau.
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Ly thuyét do thi bit ngudn tir bai toan bay cay cau ¢ Koénigsberg, ma
Leonhard Euler (1707-1783) di giai quyét ndm 1736. Van d& duoc néu nhu sau:
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Thanh phd Kénigsberg (trudc day l1a cua Puc, by gio 1a mot phan caa Nga)
bao gom hai hon d4o va hai bd sdng Pregel (bo phia trén va bo ha). Giira bon khéi
dat nay c6 bay cay cau bic qua, nhu hinh 2.1. Theo truyén thuyét, nguoi dan
Kénigsberg tu hoi liéu mot con duong cé thé dugc tim thiy sao cho mot ngudi co
thé roi khoi nha cua minh, di qua tit ca bay cdy cau trong thi trin mot cach chinh
xac mot 1an va tré vé nha.

Leonhard Euler ¢ chirng minh rang bai toan nay la khdng cé 16i giai. Dé
chang minh két qua, Euler da phat biéu bai todn bang cac thuat ngir cua ly thuyét do
thi. Ong loai bo tat ca cac chi tiét ngoai trir cac ving dat va cac cay cau, sau do thay
thé mdi ving dat bang mot diém, goi 1a dinh hoac nut va thay mdi cay cau bang mot
doan ndi, goi 1a canh hozc lién két. Cau tric toan hoc thu duoc duoc goi 1a mot dd thi.

Trong lich st toan hoc, 1oi giai cia Euler cho bai todn bay cay cau &
Konigsberg dugc coi 1a dinh ly dau tién caa ly thuyét @6 thi.

@

Hinh 2.2: D6 thi duoc vé tir bai toan thuc té.
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2.1.1. Do thi, dwong di, chu trinh, d6 thi lién thong
2.1.1.1. Khai niém vé do thi

Vé mat khai niém, mot d6 thi dugc hinh thanh bgi cac dinh va céc canh ndi
cac dinh.

Vidu2.1

[ ]
Hinh 2.3: Vi du vé db thi.
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Dinh nghia 2.1

Cho V la 1 tap hitu han va E(V) = {{u, v}lu,v € V,u # v}

Cip G = (V, E) v6i E € E(V) dugc goi 1a 1 @6 thi. M&i phan tir cua tap V
goi 1a dinh cua do thi va mdi phan tir cua E goi 1a canh (cung) caa do thi. Tap dinh
cua do thi ky hiéu 1a Vg va tap canh (cung) cua d6 thi ky hiéu 13 Eg. Do d6 G =
(VG1 EG)

Thong thuong, dat cac dinh bang cac chir cai (vi du a, b, ¢ hoic vy, vy, Vs
v.v.) hoac cac chirs6 0, 1, 2, v.v..

Vidu2.2
Gan nhén cho cac dinh cta d6 thi G cta hinh 2.3
O vi du trén, V = {vq, V5, V3, V4, Vs} 12 tap dinh
E = {(v1, V2), (V2, Vs), (s, Vs), (Va, V5), (Va4, V5)} |a tap cac canh (cung).

V]

Vv s )
2 .13 V4

. |

Hinh 2.4: Gan nhén cho céc dinh cua db thi.
Vidu 2.3
Gan nhan cho cac canh cua db thi G trong hinh 2.4

Hinh 2.5: Gan nhan cho cac canh.
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Trong hinh 2.5, tap canh E = {ey, €,, €3, €4, €5}.

Dinh nghia 2.2

Hai dinh u, v 14 2 dinh dau cudi caa canh (u, v), khi d6 u va v dugc goi la 2
dinh ké nhau.

Céc canh (cung) c6 chung cap dinh dau cudi goi la canh song song.

Canh (cung) c6 dang (v, v) (dinh dau va dinh cudi tring nhau) dugc goi 1a khuyén.
Db thi khdng cé canh (tap E rdng) goi 1a d thi rdng (empty).

P thi chi ¢6 1 dinh goi 1a do thi tim thuong (trivial).

Céc canh duoc goi 1a ké nhau néu cé chung dinh cudi.

binh khéng c6 canh di qua, goi la dinh co lap.

binh chi c6 1 canh (cung) di qua, goi la dinh treo.

Trong Vi du 2.3:
Tap dinh V = {vy, V5, V3, V4, V5}
Tap canh E = {ey, &, €3, €4, €5}
+ vy VA V, 1a 2 dinh ké nhau cua canh e;
+ €4 va es la 2 canh song song
+ e3 la khuyén
+ €, Va €, |4 2 canh ké nhau (chung dinh v,)
+ G 1a da d6 thi
+ v4 1a dinh treo
+ vz la dinh c0 lap.
Vidu 2.4
Cho d6 thi G, = (V4, E;) sau day:

[=trd

e f.‘-

Hinh 2.6: Minh hoa vé do thi.
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Tép dinh Vl = {V].’ V2, V3, V4, Vs, V6}
Tap canh E; ={ey, e,, €3, €4, €5, €, €7}
Anh xa dinh canh cua dd thi duoc thé hién nhu sau:

Canh Pinh
e {v1, vo}
€2 {vi1, v3}
€3 {vi1, v3}
€4 {Vva, v3}
€s {Vs, Ve}
€6 {Vs, Vs}
€7 {Ve, Ve}

O d6 thi trén:
e, va €3 la 2 canh song song
es Va €7 goi la khuyén
V4 la dinh cd lap.

2.1.1.2. Phan logi do thi

Tiéu chi phan loai:

Viéc phan loai db thi dugc dua vao 2 tiéu chi sau day:

- Dwra Va0 s6 lirong Canh di qua cdp dinh, nguoi ta phan chia thanh 2 logi:
Pon do thi va da d@o thj.

- Dyra vao viéc phan biét thir tir cac cép dinh lién két, nguoi ta phan chia do
thi thanh 2 logi: D6 thi vé hudng va do thi c6 hwéng.

Phan loai Hinh anh minh hea

Pon do thi

Db thi don gian (goi tit 1a don
dd thi) 1a do thi khéng c6 céc canh
(cung) song song hoac khuyén.
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Pa do thj (Gia db thi)

Db thi chra canh song song
hoac khuyén goi 1a da d6 thi (mot sd
tai ligu goi Ia gia db thi).

Pé thi vé huéng

Chodd thiG = (V, E). Néu
ching ta khéng phan biét thir ty cua
cip dinh lién két véi mdi canh thi s&
c¢6 duoc d6 thi vo huong.

Pé thi c6 hwéng

Chodd thiG = (V, E). Néu
ching ta phan biét thir ty cua cap dinh
lien két v&i mdi canh thi s& co
duoc d6 thi c6 hudng.

2.1.1.3. Bdc cua do thi

Dinh nghia 2.3

Cho db thi vo huéng G = (V, E).

v € V 1a mot dinh ciia d6 thi G. Bac cua dinh v, ky hiéu deg(v) 1a sé canh t6i

v, trong d6 khuyén duoc tinh 2 lan.
Bac cua d6 thi G 1a tong bac cua tat ca cac dinh cua G.
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Luuy:
- binh ¢6 bac bang 0 goi 1a dinh ¢6 lap
- binh ¢6 bac biang 1 goi 1a dinh treo, canh t4i dinh treo goi 1a canh treo
- D6 thi ma moi dinh déu 1a dinh ¢6 1ap goi 1a db thi rdng.
Vidu 2.5
Cho db thi G, = (V5, E,) nhu hinh v& sau day:
a. Cho biét bac cua cac dinh trong do thi?
b. Bac cia do thi?
Huwéng dan:
Pé tim bdc cia cde dinh trong do thi, ta dém sé canh di qua dinh doé.
Bdc cua do thi chinh 1a tong bdc cdc dinh cia dé thi.

Hinh 2.7: Vi du vé tim bac caa db thi vo hudng.

a. Bdc cdc dinh cia do thi

Pinh Bac (Deg)
A 5
B 4
C 5
D 3
E 3

b. Bac cua do thi
deg(G,) = deg(A) + deg(B) + deg(C) + deg(D) + deg(E)=5+4+5+3+3=20.
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Vidu 2.6
Cho db thi G; = (V3, E) sau day:

Hinh 2.8: Vi du tim bac cua do thi chira dinh treo va dinh cd lap.

a. Xac dinh bac cac dinh cua do thi?
b. Bac cta do thi?

Huéng dan:
a. Bac cac dinh cta d6 thi
binh Bac (Deg)
A 5
B 4
C 5
D 3
E 1
F 0

b. Bac ctia do thi
deg(Gs) = Y,y deg(v) =5+4+5+3+1+0=18.
G; c6 1 dinh treo 1a dinh E (bac = 1) va 1 dinh ¢6 lap 1a dinh F (bac = 0).

Pinh ly 2.1

Véi moi db thi vo huéng G = (V, E) ta c6 Y ,ey deg(v) = 2|E|

Trong Vi du 2.5, d6 thi G; = (V,, E1) ¢6 10 canh, d6 13 AB, AB, AC, AD,
AE, BC, BE, CC, CD, DE. Bac caa db thi (d3 tinh) = 20.
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Trong Vi du 2.6, db thi G, cd 9 canh, d6 1a AA, AB, AC, AD, BC, BC, BD,
CD, CE. Bac cua d6 thi = 18 = 2 lan s canh.

Hé qua 2.1

S6 cac dinh bac 1é cua do thi G = (V, E) 1a 1 s6 chan.

Trong Vi du 2.5, ¢6 4 dinh bac Ié, d6 1a cac dinh A, C, D, E.
Trong Vi du 2.6, ¢6 4 dinh bac I¢é, d6 1a cac dinh A, C, D, E.

Dinh nghia 2.4

Cho db thi ¢6 huéng G = (V, E). v € V 1a mét dinh cua d6 thi G.
Ky hiéu deg(v) 1a s6 cung di vao dinh v, deg”(v) 1a s6 cung di ra khoi v.

Bac cua dinh v, ky hiéu deg(v) 1a tong sé cung di vao va s cung di ra dinh v,
duoc tinh theo cbng thirc deg(v) = deg (v) + deg™(v).

Bac cua do thi bang téng bac cac dinh caa do thi.

Vidu 2.7
Cho db thi G4 = (V4, E4) sau day:

Hinh 2.9: Vi du vé bac cua do thi co hudng.

a. Xac dinh bac cac dinh cua db thi?
b. Bac cua db thi?

Huréng dan:
a. Bac cac dinh cua d6 thi G,
DPinh Deg (V) Deg*(v) Deg(V)
A 2 3 5
B 3 2 5
C 1 2 3
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D 3 1 4
E 1 2 3

b. Bac cua d6 thi G,
deg(Gy) = Ypeydeg(v) =5+5+3 +4+ 3 = 20.

Pinh ly 2.2

Véi moi @6 thi ¢ hudng G = (V, E) ta co:

D deg~(v) = ) deg*(v) = |E|

veEV veEV

Trong Vi du 2.7:

Yverdeg () =2+3+1+3+1=10 = |E|

Yoevdegt(v) =3+2+2+1+2=10 = |E|
2.1.1.4. Puong di va chu trinh

Dinh nghia 2.5

Cho db thi G = (V, E). Mot dudng di 1a chudi hitu han cac canh c6 dang vgvs,
V1Va, ..., Vm1Vm, duoc Ky hiéu bai vy = v; = Vv,...— vy, trong d6 hai canh lién tiép la
lien ké. Puong di xac dinh mot chudi cac dinh Vg, Vi, Va,..., V1, Vi, VOi Vg 12 dinh
dau, Vi, 13 dinh cudi cua duong di va co thé goi dudng di do6 1a duong di tir vy dén
V.

S6 cé4c canh ma duong di di qua goi 1a d6 dai duong di.

Vidu 2.8
Cho db thi Gs = (Vs, Es) sau day:

Hinh 2.10: Vi du duong di gitra cac dinh.

Huéng dan:

Liét ké cac dudng di tir v dén w c6 d6 dai dudng di tir 1 dén 77
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Puong di bj dai

V=W

V=2X2W,V2Yy—2 W

VAXDZZAY2PXOW, VY2 Z2Z22 XYW

~N | oo (OB~ WD |E

VoOWDXDPYDFZZPYFPW,VOPWDYPIXDPZFZPX W

Dinh nghia 2.6

Mot duong di chta it nhat 1 canh, c6 dinh dau va dinh cudi tring nhau vovs,
V1Va, ...,VvmVg, duoc goi la 1 chu trinh.,

Trong Vi du 2.8:
V=W — X —Yy—Vlamot chu trinh c6 d6 dai 4

V= X—z—Yy— W= VIlamotchu trinh c6 d6 dai 5.

Dinh nghia 2.7

Puong di tir dinh u dén dinh v duoc goi 14 duong di don gian néu khong di
qua mot canh nao d6 qua mat lan.

Puong di tir dinh u dén dinh v duoc goi 1a duong di so cap néu khong qua
dinh nao dé quéa mot lan.

Chu trinh don gian la chu trinh khdng lap lai canh.

Chu trinh so cip 1a chu trinh khong qua dinh nao d6 qua mot 1an, ngoai trir
dinh dau va dinh cudi tring nhau.

Vidu2.9
Cho db thi Gg = (Vs, Eg) sau day:

Hinh 2.11: Vi du vé chu trinh va duong di.
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a. Xac dinh duong di don gian c6 do dai 5 tir a dén e?
b. Xac dinh duong di don gian c6 d6 dai 7 tir a dén e?
¢. Xac dinh duong di so cp c6 d6 dai 5 tir b dén 2
d. Xac dinh chu trinh don gian?
e. Xéc dinh chu trinh so cap?
Huéng dan:
a. Puong di don gian tir a dén e c6 do dai 5:
a—b—-c—g—f—e diquacaccanh(a b), (b, c), (c 9), (g, 1), (f,e)
a—h—-Db—-c—f—e diquacaccanh(a h), (h,b), (b, c), (c, 1), (f, e)
a—g—c—d—f—e diquacaccanh(a g), (g, c), (c, d), (d 1), (f, e
a—b—-h—-g—c—e diquacaccanh(a, b), (b, h), (h, g) (g, ¢), (c, e).
V.V.
b. Puong di don gian tir a dén e co do dai 7:
a—-b—-d—-c—b—-g—f—e diquacaccanh(a b), (b, d), (d, c), (c, b),
(b, 9), (g, 7)., (f, )
a—h—-f—->g—-h—-b—c— e diquacaccanh (a, h), (h, f), (f, 9), (g, h),
(h, b), (b, c), (c, e)
a—-b—-h—-g—-b—-c—d-—e diquacaccanh (a, b), (b, h), (h, 9), (g, b),
(b, c), (c,d), (d, e)
c. Duong di so cap tir b dén f c6 d6 dai 5:
b—-c—g—a—h—f diquacacdinhb,c,g,ah,f
b—-h—-9g—-c—d—f diquacacdinhb, h,g,cd,f
b—-a—-g—c—e—f diquacacdinhb,a g,c,ef
V.V.
d. Chu trinh don gian:
a—g—Cc—b—a, diquacac canh (a, g), (g, ¢), (¢, b), (b, a) c6 d0 dai 4
a—h—-g—c—Db—a,diquacaccanh (a h), (h, 9), (g, ¢), (c, b), (b, a) co
do dai 5
a—b—-d—-e—f—g—a,diquacaccanh (a b), (b, d), (d, e), (e, 1), (f, 9),
(g,a)codo dai 6
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a—-b—-c—d—e—f—g—a, diquacaccanh(a, b), (b, c), (c, d), (d, e),
(e, D), (f, g), (g, a) co do dai 7

a—-h—-f—-d—->c—-f—-9—h—-Db—a diquacaccanh (a, h), (h, ), (f,
d), (d, ¢), (c, D), (£, g), (g, h), (h, b), (b, a) c6 do dai 9.

V.V
e. Chu trinh so cap:

D& dang nhan thiy cac chu trinh sau day 1a chu trinh don gian (vi khdng lap
lai dinh)

a—g—Cc—b—a diquacacdinha,g,c,b,a, co do dai 4
a—h—-g—c—b—a,diquacacdinha, h, g, c, b, a, c6 dd dai 5
a—-b—-d—-e—-f—>g—a diquacacdinha,b,d, e,f, g, a, cododaib.
V.V.
Nhan xét:
Qua cac vi du trén, rat ra nhdn xét sau day:
Puong di so cap 1a duong di don gian, diéu nguoc lai khéng chic dung.
Chu trinh so cap la chu trinh don gian, diéu nguoc lai khdng chac dung.
2.1.1.5. Po thi lién théng

Dinh nghia 2.8

Cho d6 thi G = (V, E).

Hai dinh u, v € V cta dd thi G duoc goi 12 lién théng néu co duong di tir u
dén v.

Do thi G dugc goi 1a do thi lién théng néu gitta hai dinh u, v bat ky € V luén
c6 duong di tir u dén v.

Glién théng © Vu,v € V,3 1 dwong di tir u dén v.

Luuy:

Néu ton tai duong di tir u dén v thi u va v ciing thudc vao 1 thanh phan lién
thong.

Néu khong c6 dudng di tir u dén v thi u va v thudc hai thanh phan lién thong
khac nhau.

Hién nhién G lién thong < G c6 dung mot thanh phan lién théng.
Vi du 2.10

128




]

H|nh 2.12: Vi du vé do thi lién thong.

Z
|
1

Hinh 2.13: Vi du vé d6 thi gdm 2 thanh phan lién théng.

._._.,_.____._...

IE

Pinh ly 2.3

Cho d6 thi G = (V, E) 1a don d6 thi c6 n dinh. Néu G c6 k thanh phan lién
thong thi s canh cua d6 thi thoa man:

(n—k) (n—k+1)

n—-k<mc< véi m 14 sb canh caa do thi.

Dinh nghia 2.9

Cau la canh ma khi bo canh d6 di 1am ting sb thanh phan lién thdng cua dd
thi.

Khép 1a dinh ma khi bo dinh va bé nhiing canh lién quan dén dinh d6 1am
tang s6 thanh phan lién thong cua do thi.

Vidu 2.11
Cho db thi G; = (V, E7) nhu hinh dudi day:

v

Hinh 2.14: Vi du vé cau va khap.
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Canh (x, y) la cau, vi khi bo canh (x, y), d6 thi G chia thanh 2 thanh phan lién
thong, nhu hinh vé dudi day:

v w

Hinh 2.15: D6 thi G, khi bo di canh (X, y).

Dinh x 12 khép vi khi bo x va céac canh c6 lién quan dén x, 1am ting sb thanh
phan lién théng caa d thi, nhu hinh v& dudi day:

L w

- »

-
Hinh 2.16: D6 thi G; khi bo di dinh x va céc canh lién quan.

Tuong ty nhu vy, y ciing 1a khép vi khi bo y va cac canh lién quan dén vy,
1am tang sb thanh phan lién théng cua do thi, nhu hinh vé& duéi day:

- .

.
Hinh 2.17: D6 thi G; khi bo di dinh y va cac canh lién quan.

Vidu2.12
Cho d6 thi Gg = (Vs, Eg) nhu hinh vé& dudi day:

Hinh 2.18: Vi du khac vé cau va khép.
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Xac dinh cau va khép caa do thi trén?
Huréng dan:

Canh (u, v) 1a cau, khi b6 canh (u, v) 1am ting s6 thanh phan lién théng cua
do thi.

Hai dinh u, v la khap.

Pinh nghia 2.10 — Tinh lién théng ca dé thi cé hwéng

Db thi ¢6 huéng G = (V, E) duoc goi la lién théng manh, néu gitra hai dinh
bat ky ludn ton tai dudng di.

G lién thong manh & vu, v € V, 3 mot duong di tir u dén v.

Db thi G duoc goi 12 lién thdng yéu, néu db thi vo hudéng trong tng cua no 1a
db thi lién thong.

Vi du 2.13

Db thi Gy = (Ve, Eg) nhu hinh 2.19 1a db thi lién théng manh, vi tir mot dinh
bat ky luon c6 dudng di dén cac dinh con lai.

a b

e d

Hinh 2.19: Vi du vé db thi lién thdng manh.

Db thi Gyo = (V1g, E10) nhu hinh 2.20 1a do thi lién thong yéu, vi néu bo di
huéng duong di cua cac canh, do thi vo hudng thu duoc 1a mot do thi lién thong.
o b

e el

Hinh 2.20: Vi du vé db thi lién thong yéu.
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2.1.1.6. Do thi dang cdu

Dinh nghia 2.11

Cho don d6 thi G; = (V4, E;) va don d6 thi G, = (V,, Ey).
G, dang cau véi G, néu ¢ ham f anh xa 1 — 1 tir V; dén V, thoa mén:

VéiVa,b € Vy,avab lacac dinh ké nhau trong G, khi va chi khi f(a) va f(b)
1a cac dinh ké nhau trong G..

Ham f nhu vay goi 1a ham dang cau.

Noi cach khac, hai don d6 thi dang cdu véi nhau, s& c6 sy twong tng giira cac
dinh cuaa hai d6 thi, bao ton moi quan hé phu thugc.

Sy dang cau cua hai db thi don gian 1a mot mdi quan hé twong duong.
Vi du 2.14
Ching to rang hai d6 thi G = (V, E) va G = (V, E) 1a ddng ciu

U1 U9 (I » U

U3 e s U4

us Uy
Hinh 2.21: Vi du vé db thi dang cau G va G’.

Huréng dan:
Chiraham fanhxa 1-1 tirtiap V vao V:
f(us) = v, f(u2) = vy, f(U3) = v, f(Us) = v2
D& dang dé kiém tra ham f bao ton mdi quan hé ké giita cac dinh.

Chung ta c6 thé chi ra hai don d6 thi khong dang ciu vai nhau bang céch chi
ra gitta hai do thi nay khéng c6 nhitng tinh chat ma hai d6 thi dang cau phai co,
nhitng tinh chat nay 1a bat bién véi hai d6 thi dang cau.

Tinh chat ciaa d6 thi dang ciu

Hai db thi dang cau véi nhau néu thoa man dong thoi 3 diéu kién sau day:
Hai dé thj dang cau phdi cling sé dinh

Hai do thi dang cau phdi cung so canh

c. Bdc cua cac dinh twrong ung phai bang nhau

oo
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Vidu2.15
Chung t6 rang hai d thi sau day khong dang cau:

b b

€ ¢ . d e d

Hinh 2.22: Vi du vé d6 thi khéng dang cau.

Huéng dan:
Dé dang nhdn thdy:
Hai db thi cting sé dinh (ciing c6 5 dinh)
C6 cuing sé canh (cung ¢ 6 canh)
Nhung khong ciing s6 bac.
Do thi thi nhat: deg(a) = 2, deg(b) = 2, deg(c) = 3, deg (d) = 2, deg(e) = 3
D6 thi thtr hai: deg(a) = 4, deg(b) = 2, deg(c) = 3, deg( d) = 2, deg(e) = 1
Do vay 2 d6 thi nay khong dang cau véi nhau.
2.1.2. C4c dang d@b thi dic biét
2.1.2.1. D6 thj day di

Dinh nghia 2.12

Do thi day du n dinh, ky hiéu Ky, 1a don d6 thi ma giira hai dinh bat ky luén
c6 mot canh ndi.
S4 canh cua dd thi K, dugc tinh = @ vé6i n 1a sé dinh cua dd thi.

Bac ctia mdi dinh trong d6 thi =n — 1.

Vidu 2.16
Sau day la danh sach va hinh vé& minh hoa cac d6 thi day du co tir 1 dén 12
dinh, cuing sé canh caa né.
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Hinh 2.23: Minh hoa d6 thi day du.

S6 canh cia mot sé do thi:
Db thi Ksc6 5 dinh, s6 canh canh cua db thi Ks = % = 10 canh.
_10x9

= = 45 canh.
2

Do thi Ky ¢6 10 dinh, sb canh caa do thi Ky
2.1.2.2. Pé thi déeu

Pinh nghia 2.13

Db thi k - déu 1a don d6 thi cac dinh cua do thi c6 bac bang nhau va bang k.
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Vidu 2.17

Do thi 2 — deu véi 3 dinh Do thi 2 — deu véi 4 dinh

Do thi 2 — deu véi 6 dinh Do thi 3 — déu véi 8 dinh

Po thi 4 — deu véi 7 dinh Do thi 4 — déu véi 8 dinh
PN

Hinh 2.24: Minh hoa mét s d6 thj déu.

Vidu 2.18
Do thi Ky 1a d6 thi 2 — déu

Db thi K3 c6 3 dinh, bac cua cac dinh nay bang 2, do d6 K
1a db thi 2 — déu

Do thi K, 1a d6 thi 3 — déu

Db thi K, c6 4 dinh, bac cua cac dinh nay bang 3, do d6 K,
1a d thi 3 — déu

Do thi Kg 1a d6 thj 4 — déu

D6 thi Ks c6 5 dinh, bac cia cac dinh nay bang 4, do d6 Ks
1a d6 thi 4 — déu

Hinh 2.25: Minh hoa vé d6 thi Kn 1a d6 thi (n — 1) — déu.
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B6 dé 2.3

Dd thi day du K, 1a db thi (n - 1) — déu

2.1.2.3. Pé thi vong

Dinh nghia 2.14

Db thi vong, ky hiéu 1a C, (n = 3), gdm n dinh vy, Vy, Va,..., v, V& n canh (vy,
VZ)! (VZ! V3)9"'9 (Vn-1: Vn)’ (an Vl)'

Vi du 2.19
C3 C4 CS C6
Hinh 2.26: Minh hQa d6 thl Vbng Cs;, Cy4, Cs, Cs.
Bo dé 2.4

Do thi C, 1a d6 thi 2 — déu, mdi dinh cua do thi C, déu c6 bac bang 2.
2.1.2.4. Bé thi banh xe

Dinh nghia 2.15
Do thi banh xe, ky hiéu W,, 1a do thi nhan dugc khi thém 1 dinh vao 46 thi C,
véi (n = 3) va ndi dinh nay voi cac dinh caa do thi C,,.

Vi du 2.20

W, Ws W

Hinh 2.27: D6 thi banh xe W3, Wy, Ws, W.
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B6 dé 2.5

Db thi W, 1a db thi c6 (n + 1) dinh trong d6 ¢6 1 dinh bac n, n dinh bac 3.
S4 canh cua db thi W, = 2n

2.1.2.5. Dé thj siéu ldp phirong

Dinh nghia 2.16

Do thi siéu lap phuong n mién (n - dimensional hypecube), ky hiéu Q, 1a don
d6 thi c6 2" dinh, twong tng voi 2" xau nhi phan do dai n trong d6 hai dinh k& nhau
khi va chi khi 2 x&u nhi phan twong tng véi hai dinh nay chi khac nhau ding mét bit.

MAdi dinh cua dd thi Q, c6 bac 1a n.

S6 canh cua db thi Q, lan. 2™

Vi du 2.21
Q1 Q: Qs Qs
10 L1 110 11 A
100 101 .I
— @ £
0 1 010 011
00 01 000 001

Hinh 2.28: Minh hoa dd thi Qy, Q,, Qs, Q..
2.1.2.6. Dé th; hai phia

Dinh nghia 2.17

Do thi G = (V, E) 1a db thi hai phia néu thoa man:

- Tap dinh V phéan hoach thanh 2 tap V; va V, sao cho V=V, UV,, V, n
V,#+ @,V #0,V, # Q.

- Canh bat ky thudc tap canh E ¢6 mot dinh thudc V4 va dinh con lai thuc V.

Vi dy 2.22

®
®

®
@

®
®

®

Hinh 2.29: Vi du vé d6 thi hai phia. 137




Pinh nghia 2.18

Db thi G = (V, E) 1a db thi hai phia day du néu thoa man:

- Tap dinh V phéan hoach thanh 2 tap V; va Vo, sao cho V=V, UV,, V; n
V,# 0V, #0,V, # 0

-Vv, €V,Vv, € V, taludn co (v, v,) €EE

Néu [V = m, |V,| = n thi d6 thi G duoc ky hiéu 1a Ky, ,

D0 thi hai phia day di G c6 m x n canh, bac cua céc dinh thudc tap Vy bang n
va bac cua cac dinh thuoc tap V, bang m.

Vi du 2.23
Kz, 3 K3,3
K35 K26
Hinh 2.30: Mot sb d6 thi day du.
Vi du 2.24

Cho @6 thi K4 5 véi V =V, U V, trong d6 V; ={A, B, C, D}, V, = {P, Q, R}.
Xac dinh s6 canh cua K, 5 va bac cia cac dinh trong d6 thi?
Huéng dan:
Sb canh cia do thi Ky 3=4x3=12
Bac cac dinh cua tap Vi:
deg(A) = deg(B) = deg(C) = deg(D) = 3.
Bac cac dinh cua tap V,:
deg(P) = deg(Q) = deg(R) = 3.
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Hinh 2.31: B thi Ky .
2.1.3. Biéu dién ab thi

Céc bai toan trén dd thi c6 y nghia rat 16n trong doi séng. Chang han, ching
ta ¢4 thé dinh vi vi tri hién tai trén ban dd, xac dinh cic dudng di tir mot vi tri dén
mot vi tri khac, udce lugng khoang céch gitra cac nga tu, v.v. nho cac ing dung duoc
xay dung trén may tinh va céc thiét bi théng minh.

Lam thé nao dé biéu dién d6 thi trong may tinh? Dé luu trir dd thi va thyc
hién cac yéu cau trén dd thi, chang han duyét do thi, hoic tim cay bao trim téi thiéu
cta d6 thi, hoic tim dudng di ngin nhat v.v., chiing ta can phai tim nhitng ciu trdc
dir liéu thich hop dé mé ta @6 thi. Ty vao tirng bai toan cu thé, viéc lra chon ciu
trdc dit lidu thich hop s& rat ngan thoi gian thuc hién, tiét kiém chi phi va dem lai
hiéu qua cho cac chuong trinh, tng dung. Trong muc 2.1.3, ching ta s&é xem xét mot
s6 cau tric dir liéu duoc sir dung dé biéu dién do thi trén may tinh.
2.1.3.1. Ma trdn ké

Céch biéu dién db thi trén may tinh duoc st dung nhiéu nhat 1a biéu dién d6 thi
bang ma tran ké&. Trong myc nay, ching ta s& tim hiéu cach biéu dién bang ma tran ké
ctia don d6 thi vo hudng, don do thi c6 hudng, da d6 thi va d thi co trong so.

Dinh nghia 2.19

Cho don d6 thi vo huéng G = (V, E), trong d6 V = {vy, Vy, Vs,..., Vo}

Ma tran ké (adjacency matrix) biéu dién don d6 thi G 1a mot ma tran vuéng n
x nthoa man A = [¢;;] trong d6

)

1 néu v; ké véi v,
?4 =10 néuv; khong ke v,
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Vi du 2.25
Cho db thi Gy; = (V11, Eq;) sau day:

Hinh 2.32: Vi du vé biéu dién do thi G;; bang ma tran ké.

Huéng dan:
Ma tran ké biéu dién d6 thi G;; nhu sau:
0 0O 0 1 1 O
0O 01 0 0 O
01 0 0 0 1
1 0 0 0 1 1
1 0 01 0 1
0O 01 1 1 o

Tinh chat

- Ma tran ké biéu dién don do thi vo hudng la ma tran ddi xang, tic 1a
[pi;] = [@j]

- Céc phan tir trén duong chéo chinh bang 0

- Tong cac phan ti trén dong i bang bac cua dinh thir i

- Tong cac phan tir trén cot j bang bac cuaa dinh thi j.

Vi du 2.26
Xac dinh bac cua dinh vs ctia d6 thi Gy,?

Huéng dan:
Tong cé4c phan tir trén dong 5 bang 3, do d6 bac cua dinh vs = 3
Tong cac phan tir trén cot 5 bang 3, do d6 bac cua dinh vs =3
Ca hai cach tinh déu cho két qua deg(vs)= 3.
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Dinh nghia 2.20

Cho don d6 thi 6 huéng G = (V, E), trong d6 V = {vy, Vy, Vs,..., o}
Ma tran k& (adjacency matrix) biéu dién don do thi co6 huéng G 1a mot ma
tran vuong n x n théa man A = [¢;;] trong do:
L 1 néu v; ké voi v (c6 cung tir v; dén v;)
ij 0 néu v; khong ké v; (khong c6 cung tir v; dén v;)

Vidu 2.27
Cho dd thi c6 huéng Gy, = (V1z, E1p)
Trong d6 Vi, = {A, B, C, D, E, F} va E1, ={(A, B), (A, C), (A, D), (B, E), (C,

F), (D, F)}.
(2
(2 (2) (5)
2J (1)

Hinh 2.33: Ma tran ké biéu dién db thi c6 huéng Gy,.
Xac dinh ma tran ké biéu dién do thi Gy,

Huéng dan:

coocococo
coocooRr
cocoococ o R
cocoococ o R
coocoro
cCoRrRroO

Tinh chat

- Ma tran ké biéu dién don d6 thi c6 hudng khdng phai ma tran dbi xang, tic
la [g;;] # [¢i]

- Céc phan tir trén duong chéo chinh bang 0

- Tong cac phan tir trén dong i bang bac ra caa dinh tht i (deg* (i)

- Tong cac phan tix trén cot j bang bac vao caa dinh th j (deg (j)).
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Vi du 2.28

Dua vao ma tran ké & Vi du 2.27, xac dinh bac vao va béc ra cac dinh cua
d6 thi.

Huwéng dan:
Tong cé4c phan tir trén dong 1 bang 3, do d6 deg*(A) = 3;
Tong cac phan tir trén cot 1 bang 0, do d6 deg (A) = 0;
Tuong tu, dé dang x4c dinh duoc:
deg’(B)=1,deg(B) =1
deg*(C) = 1, deg’(C) = 1
deg’(D) =1, deg (D) =1
deg’(E) =0, deg(E) = 1
deg”(F) =0, deg'(F) = 2.

Dinh nghia 2.21

Cho da db thi vo huéng G = (V, E) trong d6 V ={vy, Vy,..., Vo}, E la tap canh
cd chira khuyén hoac canh song song.
Ma tran ké biéu dién G Ia ma tran vudng n x n: A = [¢;;] duoc xac dinh nhu
sau:
_ [k v6ik las6 canh tir dinh v; dén dinh v;
P =1 0 néu dinh v; khong ké véi dinh v,

Tinh chat

- Ma tran ké biéu dién da dd thi vo huong 1a ma tran déi xing, tic 1a [¢;;] =
[(pji]

- Céc phan tir trén duong chéo chinh thé hién dinh c6 khuyén hay khong.

- Tong cac phan tir trén dong i (cot j) bang bac cua dinh thi i (dinh j).

Vi du 2.29

Cho da d6 thi Gy = (V13, E13) Vi Vi3 = {1, V, V3, V4, Vs, Ve} VA Eq3 = {ey, €5,
€3,..., €9, €10, €11} nhu trong hinh v€ 2.34 dudi day:
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Hinh 2.34: Vi du vé ma tran ké biéu dién da d6 thi v6 hudng.
Xac dinh ma tran ké biéu dién dd thi Gys.

Huéng dan:
Ma tran ké biéu dién db thi G;5 1a ma tran vudng 6 x 6
0 1 0 2 0 0
1 011 0 O
O 1.0 1 2 1
2 1 1 0 1 0
0O 0 2 1 0 1
0 0 1 0 1 1
D& dang xac dinh dugc bac cia cac dinh db thi (bang cach cong theo dong
hoac theo cét).
Pinh Bac
Vy 3
\'/ 3
V3 5
V4 5
Vs 4
Vg 4

Luuy:

Véi da do thi c6 huéng cach biéu dién ma tran ké twong tu.
Vi du 2.30

Cho d0 thi Gy = (V14, E14):

Tap dinhVy, ={a, b, c, d}
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Tép Céc Cung E14 = {eli e21 e3l e4l e5! e6’ e7’ e8}
Gy4 nhu hinh v€ 2.35 sau day:
C,

Hinh 2.35: Minh hoa vé ma tran ké biéu dién da db thi c6 huéng.
Xac dinh ma tran ké biéu dién do thi Gi4?
Huéng dan:
Ma tran ké biéu didn do thi G4

OR OoOR
_ O
cooRr
[ = R

Vidu 2.31
Cho da d6 thl Gl5 = (V15, E15) nhu hinh vé 2.36 dudi déy

Hinh 2.36: Vi du khac vé ma tran ké biéu dién da do thi c6 hudng.
Xac dinh ma tran ké biéu dién dd thi Gs?
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Huéng dan:
Ma tran ké biéu dién cho d6 thj Gys:
1

= -0 N
SO R K
— O N O

0
1
0
Luuy:

Ma tran ké biéu didn da d6 thi c6 hudng (gia do thi) khdng cd tinh chét dbi
Xung.

Truong hop dd thi c6 trong sb thi thay vi sir dung ma tran ké, ngudi ta sir
dung trong so cua cac canh lam gia tri cho cac phan tir cia ma tran. Khi d6 ma tran
biéu dién d6 thi nay dugc goi 1a ma tran trong so.

Dinh nghia 2.22

Cho d6 thi G = (V, E) trong d6 V ={vy, V,,...,V,.}, E 1a tap canh trong d6 céc
canh dugc gan cac trong sb thé hién gia tri caa canh.

Ma tran ké biéu dién G Ia ma tran vudng n x n: A = [¢;;] duoc xac dinh nhu

sau:
c(i,j) voic(i,j) latrong s6 cua canh (v;, v;)
bi = {9 néu dinh v, khong k& véi dinh v,
Trong d6 @ ¢d thé nhan cac gia tri 0, +o00, —oo tiy vao truong hop cu thé.
Luuy:

C4c gia tri ma 6 c6 thé nhan 12 0 hodc “vé cuc” (o) ¢6 cling chung mot y
nghia 1 khong c6 canh nao ndi gitra hai dinh v; va v;. Trong nhiéu thuat toan dd thi,
muc dich 1a tim ra tap con cac canh (théa man nhiing rang budc nhat dinh) dé giam
thiéu tong trong sé cia cac canh trong tap con d6 (Bai toan tim cdy bao trim tdi
thiéu, s& dé cap & phan sau cua gi4o trinh). Trong trudng hop do, trong luong cua
mot canh thé hién “chi phi” cua canh trong giai phap cua thuat toan. Do d6, trong
nhiéu truong hop, ta ¢ thé dién giai mot canh véi trong luong “vo han” (400 hoic
—o0) khi ta thuce sy khdng mudn canh dé trong giai phap (tham chi né khong ton tai
trong d6 thi goc). Chinh vi 1y do d6, dé don gian trong cac thuat toan db thi khi
mudn dién ta cac canh khong ton tai bang cac trong s6 “vo cuc” (dic biét véi cac dd
thi day dac, tirc 1a do thi c6 nhiéu canh so véi sb lugng dinh).
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Vidu 2.32
Cho db thi trong sb Gy sau day:

Hinh 2.37: Vi du vé ma tran ké biéu din d6 thi trong s6 Gis.

Xac dinh ma tran trong sé biéu dién db thi Gy ?

Huéng dan:
Ma tran trong sb biéu dién d6 thi G4 nhu sau:

A B C D E F G Hj
A 0 5 o 00 4 0w 00 0
B 5 0 6 o 3 14 10 o
C o 6 0 1 oo o 9 17
D o o 1 0 o o oo 12
E 4 3 o o 0 11 o o
F o 14 o o 11 0 7 oo
G o 10 9 o o 7 0 15
L o o 17 12 o© o 15 0

Uu va nhwoe diém ciaa ma tran ké

U'u diém: Ma tran ké cho phép xac dinh nhanh hai dinh c6 ké nhau hay khong.

Nhuge diém: Khong gian bd nhé 16n, can n? 6 nhé @é biéu dién db thi, trong
truong hop db thi ¢6 n dinh.

2.1.3.2. Ma tran lién thuge dinh canh

Dinh nghia 2.23

Cho db thi v6 huéng G = (V, E) trong d6 tip dinh V = {vy, V,,...,v.}, tap canh
E ={e,, e, €3, ..., em}. Ma tran lién thudc dinh canh biéu dién méi quan hé giira dinh
va canh cua do thi 1a ma tran n x m: A = [¢;;] dwoc xéc dinh nhu sau:
(1 khi dinh v; la dinh thudc canh e;
P =10 khi dinh v; khong lién quan canh e;
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Vidu 2.33
Cho db thi G;7 sau day:

Vy Vs

Hinh 2.38: Vi du vé ma tran lién thudc dinh canh véi do thi vé huéng.

Xac dinh ma tran lién thudc dinh canh biéu dién do thi G,7?

Huwéng dan:
Ma tran lién thudc dinh canh biéu dién @6 thi vo huéng Gz
€1 € €3 €4 €5 €47
vy, 1.1 0 0 0 0
v, 00 1 1 0 1
v 00 0 0 1 1
v, 1 0 1 0 0 0
ve. 001 0 1 1 o0l
Vi du 2.34

Cho db thi G, nhu hinh 2.39 sau day:

V,

Hinh 2.39: Vi du khac vé ma tran lién théng biéu dién don do thi Gis.

Xac dinh ma tran lién thudc dinh canh biéu dién db thi Gs.
Huéng dan:
Ma tran lién thudc dinh canh biéu didn dd thi G5 nhu sau:
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€1 € €3 €4 €5 €5 €77
vvw 1.1 0 0 0 0 O
v, 0 0 1 0 0 0 O
v 0 0 1 1 0 0 O
v, 1 0 0 0 0 1 1
vs 0 1 0 0 1 0 1
ve 0 0 O 1 1 1 0l

Ma tran lién thudc dinh canh ciing duoc sir dung dé biéu dién cho da db thi
(chura khuyén va canh song song).
Vidu 2.35

Cho da dd thi vo huéng Giq sau day:

Hinh 2.40: Vi du ma tran lién thudc dinh canh biéu dién da do thi.

Xac dinh ma tran lién thuoc dinh canh biéu dién do thi G

Huéng dan:
€1 € €3 €, €e; € €7 €g €9 €19 €11 €12

vw 1 0 0 0 0 O 0O 0 0 1 1 0
v, 1.1 0 0 0 O 0 O 1 O 0 0
v 0 1.1 0 0 1 1 1 0 O 0 0
v 0 0 O O O O o0 1 1 1 1 1
vs 0 0 0 0 1 1 1 0 0 O 0 1
v 0 0 1 1 1 0 0 0 0 O 0 0

Dinh nghia 2.24

Cho don d6 thi ¢6 hudéng G = (V, E) trong dé tap dinh V = {vy, V,,...,V,}, tap
cung E ={ey, e, es,..., em}. Ma tran lién thudc dinh canh biéu dién méi quan hé giira
dinh va canh cia dd thi lamatrannx m: A = [®;;] dugc xac dinh nhu sau:
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1 khi dinh v; la dinh dau cla cung e;
@;; = 4 —1 khi dinh v; [a dinh cubi cla cung e;
0 khi dinh v; khong lién quan cung e;

Vi du 2.36
Cho db thi ¢ hudng Gy sau day:

Hinh 2.41: Vi du vé& ma tran lién thudc dinh canh biéu dién db thi c6 huéng.

Huéng dan:
Ma tran lién thudc dinh canh biéu dién d6 thi c6 hudng Gy
[ €1 € €3 €4 €5 1
1 1 0o o o -1
[2 0 -1 0o -1 1|
Il3 1 0 -1 1 0 Jl
4 0 1 1 0 0

Uu va nhwoc diém ciaa ma tran lién thude dinh canh

U'u diém: Biéu dién d6 thi bang ma tran lién thudc dinh canh s& tiét kiém bo
nhé hon trong truong hop dd thi ¢d it canh.

Nhuwge diém: Biéu dién phuc tap.

2.1.3.3. Danh sach canh

Néu sé canh cua d6 thi thoa man diéu kién m < 6n (vé6i n 1a sé dinh caa d6
thi, m 12 s6 canh caa do thi) (Trong trudng hop nay, db thi o it canh duoc goi 1a do
thi thua), nguoi ta ding phuong phap danh sach canh dé biéu dién d6 thi.

Trong cai dat, ngudi ta sir dung mang mot chiéu dé luu trir danh séch canh,
mdi phan tir cia mang thé hién thong tin vé hai dinh ké nhau. Uu diém caa phuong
phap danh sach canh khi biéu dién db thi la giam khong gian luu trit. Néu phuong
phép biéu dién bang ma tran ké can s6 6 nhé dugc st dung la n® (n 1a s6 dinh cua dd
thi), thi phwong phép biéu dién danh sach canh chi can 2m 6 nhé (m 1a sé canh cua
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d6 thi). Vi thé néu sb canh cua do thi (m) bé, thi chi phi duyét va khdng gian bo nhé
cua chuong trinh dugc giam dang ké. Thuat toan dién hinh st dung phuong phap
nay 1a thuat toan tim cdy bao trim téi thiéu Kruskal (dwgc dé cap o phan sau).

Dinh nghia 2.25

Cho d6 thi v6 huéng (c6 hudng) G = (V, E). Trong dé tap dinh V = {v,
Vo,..., Vn}i tép Canh (Cung) E= {el, €,..., em}-

Phuong phap biéu dién do thi bang danh séch canh (cung) sé& luu trix tat ca
cac canh (cung) cua d6 thi. Str dung 2 mang Dau[], Cuoi[] dé luu cac dinh dau va
cac dinh cudi cua tat ca cac dinh caa do thi.

Ky hiéu Dau[e] = u, Cuoi[e] = v, véi Ve = (u, V) € E 1a 1 canh (cung) bat ky
cia do thi.

Vidu 2.37
Cho db thi vo hudng Gy sau déy:

a b i

d £
Hinh 2.42: Vi du biéu dién db thi bang danh sach canh.

Biéu dién do thi bang danh sach canh.
Huéng dan:

Sir dung 2 mang Dau[], Cuoi[] dé luu trir dinh dau va dinh cudi cac canh cua
do thi.

Canh Daul] Cuoi[]
(a, b) a b
(a, d) a d
(b, d) b d
(b, €) b e
(c, d) c d
(c,e) c e
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Vidu 2.38
Cho db thi c6 huéng G, sau day:

u, Iy i3

Iy Iis g

Hinh 2.43: Vi du danh séch canh biéu dién d6 thi c6 hudng Go,.

Huéng dan:
Cung Dau(] Cuoi[]
(Uz, Ug) Uy Ug
(Uz, Us) o) Us
(U3, Ug) Us Ug
(U3, Us) Uz Us
(Ug, Up) Ug u;
(Us, uy) Us Ug
(Us, Us) Us Uz
(Us, Uz) Ug Uy
(Us, Up) Us Uz

Nhan xét

Uu diém:

- Néu db thi c6 m canh (cung) thi can 2m 6 nhé dé biéu dién danh sach canh.
Nhu vay trong trudng hop d6 thi ¢d it canh (d6 thi thua) thoa mdn m < 6n, cach biéu
dién d6 thi bang danh séch canh s& tiét kiém bo nhé.

- Trong mot s6 bai toan, ta can phai xét tit ca cac canh ctia d thi (chang han thuat
toan tim cay bao trim tdi thiéu Kruskal) dé viéc duyét cac canh duoc thuan loi hon.

Nhwoc diém:

- Bé x4c dinh nhitng dinh 1a dinh ké cua dinh nao d6 cho trudc can phai duyét
qua danh séch tat ca cac canh cta do thi, s6 phép so sanh 13 m. Diéu nay 1am ton thoi
gian néu d6 thi c6 nhiéu canh (d6 thi day dic).
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2.1.3.4. Danh sach ké

Dé khic phuc nhuge diém caa ma tran ké (t6n khong gian bd nhé, can n? 6
nhé néu dd thi ¢6 n dinh) va nhuge diém cua danh sach canh (ton thoi gian dé xac
dinh cac dinh ké caa mot dinh v nao d6), nguoi ta dua ra cach biéu dién do thi bang
danh séach keé.

Dinh nghia 2.26

Cho d6 thi G = (V, E). Vé6i Vv € V, ta luu trit danh sach cac dinh ké cua dinh
v: ke[v] ={u € V sao cho (u,v) € E}.

N6i cach khac, ke[u] 1a mot mang chi chtra cac dinh ké vai v.

Dé biéu dién db thi bang danh sach ké trong qué trinh cai dit thuc té, ngudi ta
st dung mot trong hai phuong phap sau:

+ DUng mot mang cac dinh gom n phan tir dai dién cho n dinh cua do thi, mdi
phan tir cua mang 1a mot danh sach cac dinh ké cua no.

V1 Vo V3 . Vi

Ké V1 Ké Vo Ké V3 Ké ees Ké Vi

+ Str dung danh sach méc ndi don: V&i mdi dinh v caa db thi, ta st dung mot
danh sach moc ndi cac dinh ké cua v, ddng nghia véi viéc tai mot dinh v € V ta sir
dung list[v] chira cac dinh ké cua v.

Vi du 2.39
Cho db thi Gy sau day:

1'_1_
Hinh 2.44: Minh hoa biéu dién d thi bang danh sach ke.

Xac dinh danh sach ké biéu dién Gy,
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Huéng dan:

Str dung danh séch lién két don biéu dién danh sach ké cua do thi Gy,

Vi mdi dinh, x4c dinh cac dinh ké.

Str dung danh séch mac ndi don dé biéu dién cho danh sach ké.

Véi mdi dinh, thé hién danh sach méi ndi, mdi node gém hai thanh phan:
- Thanh phan tha nhat 1a tén dinh.
- Thanh phan thi hai link luu dia chi cua dinh ké tiép.

Node cudi ciing, thanh phan link tro téi Null.

V) [— Uz | e UV, | e— Vs Null

Uy [— U; | ee— Vs Null

vy P— V) | ee— U, | w—— v, | w—p— U Null
U, p— v, | e—— —— U5 Null

Vs pr— U, | ), | mm— , | — 1, Null

Hinh 2.45: Danh sach ké biéu dién d6 thj G23.
Vi du 2.40
Cho db thi c¢6 huéng G, sau day:

) L]

Hinh 2.46: Minh hoa biéu dién danh sach ké véi do thi ¢ hudng.

Xac dinh danh sach ké biéu dién d6 thi G,,?
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Huéng dan:

Uy — U3 Null

Uy iy Uy | — Uy | s—— Uy Null
U; P U; | —— U > U Null
U, e Null

Hinh 2.47: Danh sach ké biéu dién d6 thi Gy,.

Nhan xét

Uu diém:
- Thuan lgi cho viéc cac dinh ké caa mot dinh bat ky cua do thi.
Nhuge diém:

- Cai dat phuc tap.

2.2. CAC THUAT TOAN TIM KIEM TREN PO THI

Mot trong nhitng bai toan thu hat sy quan tdm cua cac nha khoa hoc va co
rng dung trong viéc giai quyét cac van dé thuc té 1a bai toan duyét do thi, tim kiém
duong di qua cac dinh cua do thi. Trong noi dung cia mdn hoc nay, chung ta dé cap
dén hai thuat toan:

- Thuat toan tim kiém theo chiéu sau (Depth First Search — DFS)
- Thuat toan tim kiém theo chiéu rong (Breadth First Search — BFS).
2.2.1. Tim kiém theo chiéu sau

Phat biéu bai toan

Input: Cho db thi G = (V, E) lién thong, khdng chira khuyén va mot dinh u
thuoc G.

Output: Tap hop cac dinh dugc tham cia do thi, Xuat phét tir u.

Tw twéng thuat todn

Xét d6 thi G(V, E).

Xuit phét tir mot dinh u thudc V, ta s& tham toi dinh ké v cua u va qué trinh
duoc 13p lai ddi véi dinh v.

O buéc tong quat, gia sir hién tai dang xét dinh ug, ching ta s& c6 hai kha
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nang s€ xay ra:

+ Néu nhuw ton tai mét dinh vg ké Véi u ma chwea dwoc tham thi dinh vy dé sé
tro thanh dinh da tham va qua trinh tim kiem lgi bat dau tee dinh vy do.

+ Nguwoc lai, néu moi dinh ké Véi Uy déu da tham thi ta sé quay tré lai dinh
ma truoc do ta déen dinh ug dé tiep tuc qua trinh tim kiem.

Cu thé thuat toan tim kiém theo chiéu sau dwec thuc hién nhw sau:

Xuit phat tir dinh u chua dwgc tham, thim u, rdi tim dén dinh v 1a dinh ké véi
dinh u, tham v, v.v. thuat toan duoc lap di 1dp lai cho dén khi tat ca cac dinh déu
dugc tham. Néu tai mot dinh v; nao d6, khong con dinh nao ké véi v; chua duoc
tham thi quay trd lai tiép tuc tim dinh k& chua tham khéc cua vi.;.

Nhan xét:

Trong qua trinh duyét cac dinh bang thuét toan tim kiém theo chiéu sau, dinh
dugc tham cang mudn cang soém dugc duyét xong trudc (Last In First Out - Vao sau
ra truoc).

Str dung ngin xép trong qua trinh thim cac dinh theo chiéu sau cua do thi G,
xuat phét tir mot dinh u.

Panh dau dinh bat dau d6 thi di duoc tham va diy vao ngan xép.
Trong khi ngén xép chwa réng
Xem xét dinh u & trén clng cia ngin xép
Néu c6 dinh ké v véi dinh u
Panh dau dinh v, day v vao ngin xép

Nguoc lai lay dinh trén ciing ra khoi stack.

Cai dat thuat toan

T chtic qua trinh ndy bang mot thi tuc dé quy nhu sau:

Void DFS(u)
{

Visit(u); // tham dinh u

Daxet[u]=True; // danh dau dinh u da xét

For v € K&(u) // xét tat ca cac dinh v 1a dinh ké véi u
if not Daxet[v] // néu chua xét v

DFS(V); // goi thu tuc duyét sau vai v
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}
Va thu tuc duyét hé théng toan bd dinh cua db thi s& 1a:
Void FindAll()
{
For u € V // véi mdi dinh u thudc tap dinh V
if not Daxet[u] // néu dinh u chua dugc xét
DFS(u); // thi duyét u theo chiéu sau
}

Nhan xét:
Dé& nhan thay ring, mdi lan goi DFS(u) thi toan bo cac dinh cung thanh phan
lién thong véi u s& dugc viéng tham.

Thu tuc Visit(u) 1a thao tac trén dinh u trong tirng bai toan dit ra cu thé.
Vidu241
Cho dd thi G5 sau day:

G H

Hinh 2.48: Minh hoa cho thuat toan tim kiém theo chiéu sau.

M@ ta cac budc cua thuat todn tim kiém theo chiéu sau ddi voi do thi Gys Véi
dinh xuat phat 1a dinh S?
Huéng dan:
Xac dinh danh sach ké nhu sau:
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Pinh Pinh ké

A B, S

B A

C D,EFS

D C

E C,H

F C,G

G F,H,S

H E,G

S A C,G
Quié trinh tim kiém theo chiéu sau duoc dién ra nhu sau:

Hanh dong Ngin xép Chuwra xét Pi xét
M A 7o 3o A’ B’ C’ D’ E1

Bat dau véi dinh S S F. G, H S
Pinh S ¢6 3 dinh ké 1a A, C, S A, B, C, D, E, S
G F,G,H
Panh ddu dinh dugc tham la B, C, D, E, F,
dinh A S A G,H S A
Pinh A c62dinhké1aB,S |S,A 2’ S D, B F, S, A
E{anh dau dinh duoc tham la S A B C, D, E F G, S A B
dinh B H
Dlvnh B c6 1 dinh ké 1a A (da S, A B C, D, E F G, S A B
tham) H
Quay lui tham dinh C, danh
dau dinh duoc tham 1a dinh C > ABC D.E.F.GH |SABC
Pinh C ¢6 cac dinh ké 1a dinh S A B,C D.E.F.G H S AB,C
D,EFS
E{anh dau dinh duoc tham la S A B,C,D EF G H S A B,C,D
dinh D
DPinh D c6 dinh ké 1a C S,AB,C,D E,F, G H S,AB,C,D
Quay lui, tham dinh E, danh | S, A, B, C, D,
diu dinh dugc thim la dinh E | E kG, H 5 ABCDE
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fH)inh E c6 cac dinh ké la C va E A, B, C, D, F.G.H S.AB.CDE
Panh dau dinh duge tham 1a | S, A, B, C, D, e S,A B,C, D,E,
dinh H E,H ’ H
Pinh H c6 cac dinh ké 1a dinh | S, A, B, C, D, FG S,A B,C, D,E,
E, G E,H ’ H
Panh dau dinh duge tham 1a | S, A, B, C, D, F S,A B,C, D,E,
dinh G E,H,G H, G
Pinh G cé cacdinh ké 1A F, H, | S, A, B, C, D, F S,A B,C, D,E,
S E,H,G H, G
Péanh dau dinh dugce tham 1a | S, A, B, C, D, S,A B,C, D,E,
dinh F E,H, G, F H, G, F

Tét ca cac dinh déu duoc tham, ta c6 trinh tu duyét do thi theo chiéu sau 1a:

SSA/B,C,D,E,H,G,F
2.2.2. Tim kiém theo chiéu réng

Phat biéu bai toan

Input: Cho db thi G = (V, E) lién thdng, khdng chtra khuyén va dinh u thuc G.
Output: Tap hop cac dinh dugc tham cia do thi, Xuat phat tir u.

Tw twéng thuat todn

Thuat todn nay 1 su cai tién vé tha ty duyét dinh trén d6 thi caa tim kiém
theo chiéu sau bang cach thay vi ding mot STACK thi ta lai dung mot hang doi
QUEUE dé két nap dinh dugc tham. Nhu vay, dinh dugc thim cang sém sé cang
sém tro thanh duyét xong (co ché First In First Out - Vao trudc ra trudc).

Cu thé thudt toan tim kiém theo chiéu réng diroc thuec hién nhw sau:

Tu mot dinh u ndo d6 chua dugce tham, tham u, dua tit ca cac dinh v (chua
tham) ké v6i u vao hang doi. Lay mot dinh v tir hang doi, tham v, dua tat ca cac dinh
t (chua tham) ké vé6i v vao hang doi, v.v.. Thuit toan duoc lap di 13p lai viéc thim
cac dinh cho dén khi hang doi rdng.

Néu tai mot dinh v; nao dé, khong con dinh nao ké véi v; chua duge thim thi
quay tro lai tiép tuc tim dinh ké chua tham khéac cua dinh viy (viy 13 dinh truée khi
dén Vi)

Cai dat thuat toan

Thu tuc dugc mo ta dudi day:
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void BFS(u)
{
Queue =Empty // thiét 1ap 1 hang doi dé chira cac dinh
Két nap u vao Queue;
Daxet[u]=True; // danh dau dinh u da duoc xét
While Queue !'= Empty // néu con dinh trong hang doi
{
Lay v to Queue;
Visit(v); / tham v
For w € K&(v) // xét cac dinh w 1a dinh ké cua v
If (not Daxet[w]) // néu dinh w chua dwoc danh du (chua tham)
{
Két nap w vao Queue; // dua w vao hang doi
Daxet[w]=True; / danh diu dinh w da xét
}
}

Ta c6 thu tuc tim kiém theo chiéu rong la:

void FindAll() // xét voi toan bd cac dinh cta do thi
{

For u € V // voi mét dinh u bat ky thude V

If not Daxet[u] // néu dinh u chua dugc thim
BFS(u); // tham u theo thuét toan duyét chiéu rong

}

Tuong ty nhu thuat todn tim kiém theo chiéu sau, ¢ thuat toan nay mdi lan
goi thu tuc BFS(u) thi moi dinh cuing thanh phan lién thdng véi u s& duoc thim. Thu
tuc Visit(u) nhu da noi o trén.

Vi du 2.42
Cho db thi Gy nhu hinh v& duéi day:
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G

H

Hinh 2.49: D6 thi Gy minh hoa cho thuat toan tim kiém theo chiéu rong.
6 ta cac budc cua thuat toan tim kiém theo chiéu rong ddi véi do thi Gy Véi dinh

xuat phat 1a dinh S?

Huéng dan:
Xac dinh danh sach ké nhu sau:
Pinh Pinh ké

A B, S

B A

C D,EFS

D C

E C,H

F C G

G F,H,S

H E, G

S A C G
Quié trinh tim kiém theo chiéu rong duoc dién ra nhu sau:

Hanh dong binh Hang dgi Pinh chwa Pinh da
hién tai tham tham
Bat dau véi dinh S A B,C, D, E,
F,GH

Ldy S ra khoi hang S A B, C, D, E,
doi F,GH
Dinh S c6 cac dinh ké S A B,C, D, E,
la A, C,G F,.GH
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Panh diu dinh A da
tham va day vao hang
doi

S A

Panh diu dinh C d3
tham va day vao hang
doi

A C

S AC

DPanh diu dinh G da
thim va dy vao hang
doi

ACG

SACG

Pinh S hét cac dinh
ké da tham, dua dinh
A ra khoi hang doi va
tro thanh dinh hién
tai.

C,.G

B,D,E,FH

SSACG

Dinh A c¢6 dinh ké 1a
dinh B

C,G

B,D,E,FH

SSACG

Panh dau dinh B di
thim va day dinh B
vao hang doi

C,GB

D,E FH

SSACG,B

Pinh A hét cac dinh
da tham, dua dinh C
ra khoi hang doi va
tro thanh dinh hién tai

D,E FH

SSACG,B

Dinh C ¢6 céc dinh ké
laD, E,F

DE FH

SSACGB

Panh dau dinh D di
tham va day dinh D
vao hang doi

G,B,D

E,F,H

S, A C G, B,

Panh dau dinh E da
tham va day dinh E
vao hang doi

G,B,/D,E

F,H

ow
m >
o
o)
W

Panh dau dinh F da
thaim va day dinh F
vao hang doi

G,B,DEF

o
®
W

Pinh C hét dinh d3
tham, dua dinh G ra

B,D,EF

m>»| m>
LN
®
o

Ow oUW
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khoi hang dgi va tro
thanh dinh hién tai

Pinh G ¢6 dinh ké la G B D.EF S, A C, G, B,
H E,F
Danh dau dinh H da
thaim va day dinh H |G B,D,E F H 5 A C G B,
o - D,EFH
vao hang doi
Lay dinh B ra khoi S,A C G, B,
hang doi B D,E F H D,E, F, H
Lay dinh D ra khoi S,AC G, B,
hang doi D E,F.H D,E, F,H
Liy dinh E ra khoi . EH S, A, C,G, B,
hang doi ’ D,EFH
Liy dinh F ra khoi . H S, A C, G, B,
hang doi D,EFH
Liy dinh H ra khoi H S, A, C,G, B,
hang doi D EFH

Két qua duyét d thi theo chiéu rong nhu sau: S, A, C, G, B, D, E, F, H

Trinh tu cac budc trén dugc thé hién thong qua cac hinh sau day: (xem tzr trai

qua phdi, tir trén xuong duéi)

Bat dau voi dinh S, day S vao hang doi
(danh dau S — 0), xét cac dinh ké cua S

Lay S khoi hang doi, A 1a dinh ké cua S,
thém A vao hang doi (danh dau A — 1)
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S da xét hét cac dinh ké, lay A khoi hang
doi, xét cac dinh ké cia A. B 1a dinh ké
cua A. Thém B vao hang doi (B — 2)

L4y C khoi hang doi, xét ké ciia C. Thém
D vao hang doi (Panh dau D - 2)

Thém E vao hang doi (Panh dau E -2)
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C da xét hét cac dinh k&, xét cac dinh ké
cua G

Ldy G ra khoi hang doi, them H vao
hang doi (Panh ddu H — 2)

Pi hét dinh can xét, quay lui lai S, xét ké
muc 1 cua S.

Xét A — ké muc 1, lay dinh B ra khoi
hang doi ( K& mirc 2 cua A).

Xét C - ké muc 1 cua S, lay D (Ké mac
2) cua C khoi hang doi.
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Lay H (k& mic 2) cia G ra khoi hang doi. | Pa 1ay hét cac dinh ra khoi hang doi.

Két qua duyét do thi theo chiéu rong nhu sau: S (nhan 0), A (nhén 1), C (nhin
1), G (nhén 1), B (nhén 2), D (nhan 2), E (nhén 2), F (nhan 2), H (nhén 2).

2.2.3. Ung dung caa bai toan tim kiém
2.2.3.1. Bai toan tim thanh phan lién théng cia do th;

Bai toan

Cho mét dé thi G =(V, E). Hay cho biét sé thanh phan lién théng cua dé thi
va maéi thanh phan lién théng gom nhitng dinh nao.

Y twéng thuat toan

Str dung cac thi tuc DFS(u) va BFS(u) cho phép tham tit ca cac dinh c6
cung thanh phan lién thdng vai u nén sé thanh phan lién théng caa d6 thi chinh 1a
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s6 lan goi tha tuc trén. Ta s& dung thém bién dém Connect dé dém s6 thanh phan
lién thdng.

Vén dé con lai 1a cach ghi nhan cac dinh trong tirng thanh phan lién thong. St
dung bién Lienthong[u] dé ghi nhan chi sé cua thanh phan lién théng chira dinh u,
bién Connect dé dém so6 thanh phan lién théng (gia tri khai tao bang 0).

Cai dat thuat toan

Vong lap chinh trong cac tha tuc tim kiém theo chiéu sau hoic tim kiém theo
chiéu rong chi can sira lai nhu sau:

Void FindAll()
{ r 2 r r b

Connect = 0; // st dung bien Connect d€ d€m so0 thanh phan lién thong

For u thudc V do

If (not Daxet[u])

{ r 7

Connect++; // tang bién dém

DFS(u); (* BFS(u))

} r 1
Thu tuc Visit(u) s€ lam cdng viéc danh so thanh phan lién thdng caa dinh u:
LienThong[u]= Connect;

2.2.3.2. Bai todn tim dwong di giita hai dinh cia do thi

Bai toan

Cho mét do thi G =(V, E). Voi hai dinh s va t la hai dinh nao do cua do thi.
Hay tim dwong di tir s dén t.

Y twéng thuat toan

Do thii tuc DFS(s) va BFS(S) sé tham lan luot cac dinh cing thanh phan lién
théng vaéi s nén sau khi thuc hién xong thu tuc thi ¢6 hai kha nang:

+ Daxet[t] = True thi c6 nghia: ton tai mot duong di tir dinh s téi dinh t.
+ Nguoc lai, thi khong c6 dudng di ndi gitra s vat

Vian dé con lai cia bai toan 1a: Néu ton tai duwong di néi dinh s va dinh t thi
lam cdch nao dé viét dwoc hanh trinh (gom thit te cdce dinh) tir s dén t.

Cai dat thuat toan

Dung mot mang Truoc vai: Truoc[v] la dinh trudc cta v trong duong di. Khi
do, cau 1énh If trong thu tuc DFS(u) duoc stra lai nhu sau:
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if (not Daxet[v]) // néu dinh v chua dugc thim
{
DFS(v); // goi thu tuc tham theo chiéu su voi v
Truoc[v] = u; //ghi nhan dinh trudc v 1a dinh u
}
Con véi thu tuc BFS ta cling sura lai trong 1énh If nhu sau:

If (not Daxet[w]) // néu dinh w chua dugc xét

{

Két nap w vao Queue;

Daxet[w] = True; // danh du dinh w da tham

Truoc[w] = v; // ghi nhéan dinh trudc dinh w 1a dinh v

}

Viéc viét dwong di 1én man hinh (hodc ghi ra tép) cd thé c6 3 cach:

- Viét tryc tiép dua trén mang Truoc: Hién nhién dudng di hién thi s& nguoc
tir dinh t tré vé s nhu sau:

pl =Truoc[t] p2=Truoc[pl] .... s

- DUng thém mot mang phu P: cach nay dung dé dao duong di tir mang Truoc
dé co duong di thuan tir dinh s dén dinh t.

- Céch tha 3: 1a dung chuong trinh dé quy dé viét duong di.
void Print._ Way( i : Byte);

If (i' =)

{

Print_Way(Truoc[i]);

Cout<<* ->7"<<j;

}
Lo1 goi thu tuc d¢é quy nhu sau:
Cout<<s;
Print. Way(s);

Nhan xét: Néu cé dwong di tir s dén t, thi dwong di tim dwoc do thugdt todn tim kiém
theo chiéu réng cho ching ta mét hanh trinh téi thiéu vé sé canh.
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Nhan xét quan trong trén 1a co s cho cac thuat toan tim kiém 10i giai téi vu
dwa trén ly thuyét @6 thi. Thuc ra, né 1a treong hop riéng ciia mot bai toan Ion trong
d6 thi - Bai todn tim dwong di ngan nhat (Ching ta s& xem xét bai toan nay & phan
sau cua chuong nay).

Trén day 1a nhitng thuat todn tim kiém co ban nhung rat quan trong trén do
thi. Nhiing thuat toan nay sé& 1a nén moéng quan trong dé c6 thé xay dung va thiét ké
nhitng thuat giai khac trong ly thuyét 6 thi.

2.3. PO THI EULER VA PO THI HAMILTON
2.3.1. Do thi Euler
i Leonhard Euler (15/4/1707 — 18/9/1783) la

i mot nha toan hoc va nha vt Iy hoc, nha thién vin
i hoc,nha ly luannguoi Thuy Si. Ong (cung
i voi Archimedes va Newton) duoc xem 1a mét
i trong nhitng nha toan hoc ling 13y nhat. Ong da
i c6 nhitng kham pha quan trong va rat anh huong
i i trong nhiéu nganh toan hoc, nhu vi tich phén va ly
' thuyet d6 thi, dong thol €O nhitng dong gop tién
: phong cho moét s6 nganh nhu topology va Iy
i thuyét s6 giai tich. Ong ciing gi¢i thiéu nhiéu
i thuat ngir va ky hi¢u toan hoc hién dai, dic biet
.cho nganh glal tich toan hoc, ndi bat 1a Kkhai
! niém ham sb toan hoc. Ong cung duoc biét dén
'vol nghién cau cua 6ng Véco hoc, thuy dong luc hoc, quang hoc thién van !

: hoc va ly thuyét am nhac.

E Euler 12 mét trong nhiing nha toan hoc noi tleng nhat cua thé ky XVIII va

i ! dwoc coi 1a mot trong nhitng nha toan hoc vi dai nhat trong lich sir. Ong ciing duoc
' nhiéu ngudi coi 1a nha todn hoc c6 nang suat nhat moi th(n dai. Sau khi 6ng qua dol

' cac cong trlnh cua ong duoc tap hop lai trong quyén “Leonhard Euler Opera ! i
l Omnia” gdom 85 quyén ¢& 16n voi hon 40.000 trang, (u6c tinh mot ngudi phal lam i l
i viéc khoang 40 nam méi c6 thé ghi lai lugng cong trinh nay) Ong d4 danh phan Ion i -
i cudc doi cua minh ¢ Saint Petersburg, Nga va Berlin, khi ay la thu do cia nudc Pho. :

Mot nhan xét cua Pierre-Simon Laplace da thé hién anh huong cua Euler d0| !
l Vi toan hoc: “Hay doc Euler, doc Euler di, 6ng dy 1a bdc thay cua tat ca chung ta”. :
- Tén cia 6ng da duoc dat cho mot miéng ndi lira trén Mat Trang va cho tiéu hanh i
i tinh 2002 Euler. E
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Pit van d@é: O thanh phé Kénigsberg (Lithuania, Nga) c6 bay cay cau bic
ngang con song Pregel nhu hinh 2.50.

Nguoi ta dat ra cau d6 “Tim cdch di qua tat ca bay cdy cau nay, méi cdi ding
mét lan roi quay vé diém xudt phat”.

Nam 1736, Leorhard Euler (1707 — 1783) da ching minh khong thé c6 mot
duong di nhu thé bang 1ap luan sau: “biéu dién bén mién dat A, B, C, D bang bén
diéem trong mat phang, moi cau naoi hai mién dat dwoc biéu dien bang mét doan noi
hai diém twong iing, do thi thu dwoc nhw sau:

C

B

Hinh 2.51: Biéu dién bai toan bay cay cau bang do thi.

Mét dwong di qua bay cay cau, moi cau ding mét lan réi quay vé diém xuat
phét sé ¢ sé ldan di dén A bang sé lan roi khéi A, tirc 1a phdi siz dung sé chan cay
cau néi véi A. Trong khi sé cay cau néi véi A (Trén hinh méi cay cau 1a 1 cgnh)
bang 5, 1a sé 1é. Vi vdy khong thé c¢é dwong di ndo théa man diéu kién cua bai
toan”.
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2.3.1.1. Chu trinh Euler va duong di Euler

Dinh nghia 2.27

Xét do thi lién théng G.

Mot chu trinh Euler cua d6 thi G 1a mot chu trinh di qua tat ca cac canh cua
dd thi, mdi canh chi qua duy nhat 1 lan.

Db thi chtra chu trinh Euler goi 1a db thi Euler.

Mot duong di Euler cua dd thi G 1a mot duong di di qua tat ca cac canh cua
d6 thi, mdi canh di qua duy nhat 1 lan, diém bét dau khac véi diém két thac.

D6 thi chira dudng di Euler goi 1a d6 thi nira Euler.

Nhén xét: Do thi Euler ludn 1a d thi nira Euler, diéu nguoc lai khong ding.

Pinhly 2.4

binh ly Euler 1:

Cho mot dd thi vo hudng G lién thong va c¢6 hon mot dinh. G ¢6 chu trinh
Euler néu va chi néu moi dinh cta G déu c6 bac chan.

Pinhly 2.5

binh ly Euler 2:

Cho mot dd thi vo hudng G lién thong va c¢6 hon mot dinh. G ¢6 dudng di
Euler néu va chi néu G c6 dung hai dinh bac lé.

Vidu2.43
Cho biét d6 thi G,; sau day c¢6 chu trinh Euler hay duong di Euler?
B F
A E
C D
Hinh 2.52: Minh hoa d6 thi Euler.
Huéng dan:

Budce 1: Xac dinh bac cac dinh cua do thi G,
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Pinh Bac
A 2
B 4
C 4
D 4
E 2
F 4
G 4

Budc 2: Cac dinh cua d6 thi déu c6 bac chin, do d6 G, ¢6 chu trinh Euler, hay G,;
con duoc goi 1a do thi Euler.

Vidu 2.44
a. Cho biét do thi G,g sau day c6 chu trinh Euler hay dudng di Euler?
A E
£
D
B C
Hinh 2.53: Minh hoa db thi nira Euler.
Huéng dan:
Buéc 1: Xac dinh bac cac dinh cta dd thi Gy:
Pinh Bac
A 3
B 3
C 4
D 2
E 4
F 4

Budc 2: Db thi Gog ¢6 hai dinh bac 1é (dinh A va dinh B), do d6 Gag ¢6 duong
di Euler, hay Gg 12 d thi nira Euler.
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b. Cho biét db thi G, sau ddy c6 chu trinh Euler hay duong di Euler?

A D

B C

Hinh 2.54: Minh hoa db thi khéng phai Euler.

Huwéng dan:
Budc 1: Xac dinh bac cac dinh cia d6 thi Gyg:
binh Bac
A 3
B 3
C 3
D 3
E 4

Budc 2: D6 thi G,g khong c6 chu trinh Euler va khong c6 duong di Euler, do
tat ca cac dinh cua d6 thi khdng phai bac chin hoic chi c6 duy nhat hai dinh bac 1é.

2.3.1.2. Thugt toan tim chu trinh Euler

Thuét toan Fleury (Floyd)

Input: D6 thi lién théng G = (V, E), c6 cac dinh bac chan.
Output: Chu trinh Euler W ciia d6 thi G

Thuat toan:
Bwéc 1: Chon dinh vq tiy v va thiét 1ap W, = v, (gia st ban dau Gy = G)

Buwéc 2: Gia sir tai budc k, thiét 1ap duong di Wy = (Vo, €1, V1, €2, Va, -.., Vict, €k Vi),
tir dd thi Gy, — ey (Do d6, d thi Gy = G — {ey, ey, es,..., e} V6i Go = G}

Bwoc 3:

Néu khéng con canh lién thuoc dén v, trong do thi Gy, thi dirng. Khang dinh
W, 1a chu trinh Euler caa d6 thi G.
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Néu con canh c6 lién thudc dén dinh vy trong d6 thi Gy, chon 1 canh ey, =

(Vk, Vis1), X0a bo canh nay khoi Gy.
DBinh nghia Wy, = (Vo, €1, V1, €2, V2, ..., Vi1, €k Vi, ket Vie1)-

Quay lai budc 2 voi Wis.

Vi du 2.45
Cho db thi Gz sau day:
Vo
(%] (%))
U3 Uy
Us

Hinh 2.55: Minh hoa thuat toan tim chu trinh Euler.

Xac dinh chu trinh Euler cta db thi Ggo?

Huéng dan:
Xac dinh bac cac dinh ciia d6 thi
binh Bac
Vo 2
Vq 4
Vs 4
V3 4
Vy 4
Vs 2

Vi cac dinh cua d6 thi Gg c6 bac chén, do d6 khing dinh Gz ¢ chu trinh

Euler.
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Trinh tu cac budc theo thuat toan dé xac dinh chu trinh Euler nhu sau: (Xem
cac hinh tzr trai sang phadi, ter trén xuong duon)

Vg Vg
U1 U2 U1 (3
U3 Vg U3 V4
Us Us
Wi = (Vo, V2); W, = (Vo, V2) (V2, V1);
G1 =G —{(vo, v2)} Gy = G H(vo, Vo) (V2, V1)}
Vo U
V1 Vo " Vs
s v U3 U4
Us Vs

W3 = (Vo, V2) (V2, V1) (V1, V3)
Gz =G —{(Vo, V2) (V2, V1) (V1, V3)}

W, = (Vo, Vo) (V2, V1) (V1, V3) (V3, Vs)

Gs = G — {(Vo, V2) (V2, V1) (V1, V3) (3,
Vs)}
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Vo

U9

U3

V4

® U5

Ws = (Vo, V2) (V2, V1) (V1, V3) (V3, Vs) (Vs
Vy)

Gs = G — {(Vo, Vo) (V2, V1) (V1, V3) (V3, Vs)
(Vs, Va)}

e Us

We = (Vo, V2) (V2, V1) (V1, V3) (V3, Vs) (Vs
Vg) (Va, V2)

Gg = G — {(Vo, V2) (V2, V1) (V1, V3) (V3, V5)
(Vs, Va) (Va, Vo) }

Vo

e Uy

V4

e Us

W7 = (Vo, Vo) (V2, V1) (V1, V3) (V3, Vs) (Vs,
Vs) (Va, Vo) (V2, V3)

G7 = G — {(vo, Vo) (V2, V1) (V1, V3) (V3, Vs)
(Vs, Vi) (Va, V2) (V2, V3)}

Vo

e Uy

Use

o Us

Wg = (Vo, V2) (V2, V1) (V1, V3) (V3, V5) (Vs,
Va) (Va, V2) (V2, V3) (V3, Va)

Gg = G —{(Vo, V2) (V2, V1) (V1, V3) (V3, Vs)

(Vs, Va) (Va, V2) (V2, V3) (Va, Va)}
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e Uo

® Uy

e Us

Wq = (Vo, Vo) (V2, V1) (V1, V3) (V3, Vs) (Vs
Va) (Va, V2) (V2, V3) (V3, Va) (Va, V1)

Gy = G — {(Vo, V2) (V2, V1) (V1, V3) (V3, Vs)
(Vs, Va) (Va, V2) (V2, V3) (V3, Vi) (Va, V1) }

e U2

o Us

Wi = (Vo, Vo) (V2, V1) (V1, V3) (V3, Vs) (Vs,
Vs) (Va, Vo) (V2, V3) (Va, Vi) (Va, V1) (V1, Vo)
Gio = G — {(Vo, V2) (V2, V1) (V1, V3) (3,
Vs) (Vs, Vi) (Va, V2) (V2, V3) (V3, Va) (Va, V1)

(Vll VO)}

Thuat toan hinh thanh cac duong di Wy, W,,..., Wyg va cac do thi Gy, G, ...,
Gio. Puong di Wy 1a duong di khép kin (chu trinh).

Chu trinh Euler thu duoc la: Wi = (Vo, Vo) (V2, V1) (V1, V3) (V3, Vs) (Vs, V) (Va,
V2) (V2, V3) (V3, Va) (Va, V1) (V1, Vo).
2.3.1.3. Ung dung cuia do thi Euler

Bai toan nguoi dua thu Trung Qudc, con duoc goi 1a bai todn kiém tra tuyén
duong, 1a tim mot chu trinh trong mot d6 thi lién théng, vo hudng, di qua mdi canh
it nhat mot 1an véi téng chi phi it nhét. Néu tat ca cac dinh cta db thi c6 bac chén thi
giai phap téi wu 13 chu trinh Euler ctia do thi. Trong trudng hop nay, chi phi cua giai
phap 13 tong cua tit ca cac trong s6 canh trong do thi.

Trong truong hop dd thi c6 mot sd dinh bac 1¢, giai phap phuc tap hon. Pau
tién, xac dinh tt ca cac dinh co dinh bac 18. Tiép theo, ghép cac dinh bac 1é sao cho
tong trong sd cua cac dudng di ngan nhat giira cac cip 1a toi thiéu. Sau do, 13y tit ca
cac canh tir cac dudng di trong budc trude dé va sao chép ching. Piéu ndy dam bao
rang tat ca cac dinh bay gid cé bac chan, trong khi thém trong lugng téi thiéu c6 the
vao dd thi. Cudi cung, giai phap 1a chu trinh Euler cua db thi d3 stra d6i va chi phi 1a
téng cua tat ca cac trong sd canh trong do thi gdc cong vai tong cac trong sb clia cac
canh trung lap.
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Ba buwéc chinh:

+ Tim cac dinh bac 1é

+ Tim dudng di t6i thiéu
+ Tim chu trinh Euler.

Déu c6 thé duoc giai quyét trong thoi gian da thirc, vi viy bai toan nay co thé
dugc giai quyét trong thoi gian da thiec.

Bai toan nguoi dwa thu Trung Hoa

Lich sw cua bai todn:

Trong thoi ky cach mang “Pai nhdy vot” trong lich sir Trung Quéc (1958-
1960), Chu tich Mao Trach Pong cta Trung Qudc khuyén khich cac nha khoa hoc
giai quyét cac van dé trong thé giéi thuc dé thuc day qua trinh chuyén ddi nén kinh
té Trung Qudc. Vao thoi diém do, nhiéu nha nghién ciru toan hoc tap trung vao cac
van dé nhu giao thong va lap ké hoach san xuit. Tinh Son Péng, 13 mot trung tAm
nghién ctru toan hoc Trung Qudc thoi ky dau, 13 noi tao ra bai todn “Nguwoi dua thu
Trung Quéc”.

Bai toan t6i vu nay duoc thao luan lan dau tién trong mét bai bao khoa hoc
cua nha toan hoc Trung Quic Kwan Mei-Ko (ndm 1962) va do d6 bai toan nay cé
tén la “Bai todn nguoi dwa thu Trung Hoa” (Chinese Postman Problem). Bai toan
mo ta mot tinh hudng ma mot nguoi dua thu Trung Qudc & phai d6i mat hang ngay.
Bai toan chinh xac dwoc xac dinh trong bai bdo cua Kwan l1a: "Mdét nguoi dua thu
phdi guiri thir dén mét khu phé nhdt dinh. Anh ta can di b6 qua tdt ca cdc dwong phé
trong khu phé va tré lai buru dién. Lam thé nao anh ta c6 thé thiét ké tuyén dwong
cua minh dé anh ta di bé khodng cach ngdn nhat?"

M@ hinh giai quyét bai toan theo ly thuyét dé thi:

Sir dung d6 thi lién thong, thiét ké mot thuat toan dé tim mot duong di khép
kin c6 s6 canh téi thiéu di qua moi canh caa G, it nhat mot lan.

R6 rang la néu G 1a do thi Euler thi chiing ta c6 thé ap dung thuat toan Fleury
va két qua chu trinh Euler 12 mot duong di t6i wu, vi mdi canh xuat hién chinh xéac
mét lan. Tuy nhién, néu G khdng phai I1a Euler, chling ta c6 thé xay dyng mot siéu
d6 thi G* 1a 6 thi Euler tir do thi G bang cach nhan d6i mét s6 canh nhat dinh. Luu
y rang bang cach nhan dé6i moi canh cua G, chung ta c6 duoc mét siéu dd thi cua G
1a @ thi Euler. Vi vay, van d& I1a tim mot tap hop tdi wu cac canh trong G dé khi
nhan déi s canh cua tap nay ta duoc mot do thi Euler.

Pinh ly sau day 1a mot giai phap cho van dé nguoi dua thu Trung Qudc ap
dung cho dd thi v6 huéng:
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Pinh ly Goodman-Hedetniemi (1973)

Néu G 1a mot do thi lién thdng c6 g canh thi hanh trinh ngén nhit trong G c6
chiéu dai: g + m(G), trong ¢6 m(G) 1a s6 canh ma hanh trinh di qua hai lan.

G c6 mét sé chin cac dinh bac 1¢, goi s6 luong nay 1a 2k.

Goi Vy(G) la tap hop cac dinh bac 1¢ (2k dinh) cua G. Ta phan 2k dinh nay
thanh k cap, mdi tap hop k cip nay dugc goi 1a mot phan hoach P; cua Vo(G)

Véi moi cap dinh u, v trong mot phan hoach Pi cia Vo(G), ta xét khoang
cach giira hai dinh d6 (chinh bang do dai duong di ngan nhat nhan u, v 1am hai dinh
dau cubi), ky hiéu 1a d(u, v). Tinh khoang cach cuaa k cap dinh, rdi cong lai ta duoc
téng d(P))

S6 m(G) chinh 1a s6 nhé nhét trong céc tong d(P))

Trong trudng hop d6 thi ¢ trong so thi m(G) chinh 1a trong s6 nhé nhat trong
téng céac d(P;).

Phat biéu bai toan: "Mgt nguoi dwa thw phdi Qiri thu dén mét khu phé nhdt dinh.
Anh ta cdn di bé qua tdt ca cac dwong pho trong khu phé va tré lai buu dién. Lam
thé ndo anh ta cé thé thiét ké tuyén dwong ciia minh dé anh ta di bé khodng cach
ngan nhat?"

Input: D6 thi trong so lién théng G.

Output: Mot duong di khép kin t6i wu (c6 tong trong sé bé nhat) trong G, di qua
moi canh, it nhat 1 l1an.

Thuat toan:

Buéc 1: Liét ké cac dinh bac 1é caa do thi.

Buwéc 2: Phan hoach tit ca céc cap dinh ¢ thé caa cac dinh bac lé.

Buwéc 3: Vi mdi cap, tim céac canh két néi cac dinh c6 trong sé nho nhat.

Bwéc 4: Ly phan hoach chaa céc cap canh, sao cho tong trong so 1a nhé nhat.
Bwéc 5: Trén d6 thi ban dau, thém céc canh duoc tim thay & budc 4.

Buwérc 6: Pé dai t6i uu cua tuyén dudng trong bai toan nguoi dua thu Trung Hoa
chinh Ia tong trong so cua cac canh cua do thi duoc hinh thanh ¢ budc 5.

D& dang dé chi ra hanh trinh cua tuyén duong nay dya vao thuat toan tim chu trinh
Euler.

Vi du 2.46

Xac dinh hanh trinh di qua tt ca cac canh caa d6 thi it nhat mét lan, sao cho
téng trong s6 bé nhat cia d6 thi sau day:
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8 c 1

Hinh 2.56: Vi du bai toan nguoi dua thu Trung Hoa.

Huwéng dan:
Xéc dinh bac cua cac dinh trong do thi:
binh Bac

A 2
B 3
C 3
D 3
E 2
F 5

Budce 1: Xac dinh cac dinh c6 bac lée

Nhu vay do thi c6 cac dinh B—3, C -3, D — 3, F — 5 1a cac dinh bac lé.
Buoc 2: Phan hoach

Phan hoach 4 dinh trén thanh 3 cap nhu sau:

Phan hoach P, ={ (B, C), (D, F)}

Phén hoach P, ={ (B, D), (C, F)}

Phan hoach P; ={ (B, F), (C, D)}
BL,m'C 3: \/a’i ting phan hoach trong buéc 2, xdc dinh cac canh néi cdce dinh ¢ trong
so bé nhat:

Phéan hoach 1: P, ={ (B, C), (D, F)}

d(P,) =8+6+5=109.

Phéan hoach 2: P, ={ (B, D), (C, F)}

d(P,) = (10 + 8) + (8 + 5 + 4) =35.

Phan hoach 3: P; ={ (B, F), (C, D)}

d(P3) =(5+4)+10=19.
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Buée 4: Tim duwoc 2 phan hoach ((B, C), (D, F)) va ((B, F), (C, D)) c6 trong sé nho
nhdt, déu bang 19.

Buée 5: Trén do thi ban dau thém cac canh dwoc tim thdy ¢ budc 4
Co 2 truong hop:
Truong hop 1: Chon phan hoach P, ={(B,C), (D, F)}

F

8 C 10

Hinh 2.57: Két qua truong hop 1 — bai toan ngudi dua thu Trung Hoa.

Tong trong sb cia duong di khép kin thu duoc 1a: (5+8+10+6+5+4 + 11
+18 +18) + (8 + 6+ 5) = 79 + 19 = 98.

Hanh trinh khép kin xuét phat tir A trong truong hop nay 1a A» F - E —» D
-F->E->D-C->F—-B-C-B- A diqua tit ca cic canh cta d6 thi, it nhat
mat 1an, c6 trong sé bé nhat = 98.

Truong hop 2: Chon phan hoach P; ={(B, F), (C, D)}
Thém cac canh phat sinh & buéc 4, két qud thu dwge do thi nhu sau:

F

12
11 1

8 C 10

Hinh 2.58: Két qua truong hop 2 — bai toan ngudi dua thu Trung Hoa.
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Tong trong sb cua dudng di khép kin thu duoc 1a: (5+8+10+6 +5+4 +
11+18+18) + (10 + 5 +4) =79 + 19 = 98.

Hanh trinh khép kin xuat phét tir A trong truong hop nay 1A A—» F - A - B
-F->E->D->C->D-F-C- B - A di qua tat ca cic canh cta d6 thi, it nht
mat 1an, c6 tong trong sb bé nhat = 98.

2.3.2. P6 thi Hamilton

William Rowan Hamilton (04/8/1805 — 02/9/1865) la
mat nha toan hoc, vat ly va thién vin hoc ngudi Ireland. Ong da
c6 nhitng doéng gop quan trong trong viéc phét trién quang
hoc, dong luc hoc, toan hoc, hinh hoc va dai s6. Kham pha cua
6ng vé cé4c quaternion l1a cong trinh ndi tiéng nhat. Cong trinh
cua 6ng rat quan trong trong sy phét trién cia co hoc luong tir.
Tai nang cua Hamilton da dwoc phét hién tir rat som boi nha
thién van hoc John Brinkley. Nam 1823, khi Hamilton muoi
tam tudi, John Brinkley di néi rang: “Chang trai tré nay, toi
khéng néi rang sé 1a ma bay gio chinh & nha toan hoc hang
dau ¢ tuéi ciia anh”.

Niam 1859, 6ng dua ra mot cau do lién quan dén hinh khéi gdm 12 mit hinh
ngil giac giong hét nhau, 12 tién dé lién quan dén bai todn tim dudng di di qua tit ca
dinh ciia d6 thi, méi dinh mot lan.

Hinh 2.59: Dodecahedron.

Hinh 2.60: Biéu dién cia Dodecahedron trén mat phang.
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Mdi dinh dugc gan nhan bang tén cta mot thanh phd Ién trén thé gidi nhu
London, Paris, Hong Kong, New York, v.v.. Bai toan ma Hamilton dit ra 1a bat dau
tir mot thanh phé, thim quan thé gidi bang cach dén tham cac thanh phd nay ding
mét 1an va tro vé thanh phé khai dau. Mot cach giai bai toan nay 1a tuong twong bé
mit cua khéi 12 mit duoc kéo ra va dit phang trong mat phang, nhu hinh 2.60.

D& dang vach ra mét chu trinh di qua tat ca cac dinh cua d6 thi, mdi dinh di
qua dtng mot 1an (Mdi thanh phd dugc biéu dién bang mot diém trén d6 thi, nhiéu
canh duoc bo qua trong chu trinh).

2.3.2.1. Cdc dinh nghia va dinh ly

Dinh nghia 2.28

Xét db thi lién théng G.

Puong di qua tit ca cac dinh cua dd thi G mdi dinh dung mot lan duoc goi la
duong di Hamilton.

Db thi G chtra dudng di Hamilton duoc goi 1a do thi nira Hamilton.

Chu trinh bat dau tir mot dinh v nao d6 qua tit ca cac dinh con lai mdi dinh
dung mat lan roi quay tro vé v duoc goi la chu trinh Hamilton.

Db thi G duoc goi 1a d6 thi Hamilton néu né chira chu trinh.

Vi du 2.47
Vi du vé d6 thi Hamilton

€] €6

(33 €4
Hinh 2.61: Vi du vé d6 thi Hamilton.

Vidu 2.48
Vi du vé d6 thi Hamilton, d6 thi nira Hamilton
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NEae

H; H,

v P

Hinh 2.62: Mét sb vi du vé Hamilton.

H, 1a do thi Hamilton, chta chu trinh Hamilton;

H,, Hs 1a d6 thi nira Hamilton, chtra dudng di Hamilton;

H, khong phai 1 @6 thi Hamilton, khong 1a 6 thi nira Hamilton.
Vi du 2.49

Xem xét mot s6 d6 thi sau day:

Hinh 2.63: D6 thi Hs va d thi Hg Euler — Hamilton.
Hs 1a d6 thi Hamilton nhung khong phai d6 thi Euler;

He 13 d6 thi Euler nhung khong phai do thi Hamilton.
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Khong giéng nhu bai toan vé d6 thi Euler (di sang to diéu kién dé do thi co
chu trinh hoic duong di Euler, c6 thuat toan dé xac dinh chu trinh Euler), cho dén
hién nay, van dé tim ra tiéu chuan (diéu kién can va du) dé nhan biét mot 6 thi co
chu trinh hay duong di Hamilton hay khéng, dang tiép tuc duoc nghién ctu. Cac két
qua co6 duoc chi ding lai ¢ cac diéu kién du dé mot do thi co chu trinh hay duong di
Hamilton.

Sau ddy 1a mot s6 két qua thu dugc tir cac nha nghién cau vé do thi Hamilton:

Pinh ly 2.6

Pinh 1y Dirac (1952): Cho db thi G lién thong va c¢6 n dinh (n = 3). Néu céac dinh
ctia G déu c6 bac > gth\l G c6 chu trinh Hamilton.

Vi du 2.50

Cho dd thi Gs; (Hinh 2.64). Ching to d6 thi Gs; ¢6 chu trinh Hamilton?
Huéng dan:

Db thi G 1a d6 thi lién thong, c6 n = 5 dinh (thoa man diéu kién n > 3)

Béc cac dinh cua d6 thi: deg(A) = deg(B) = deg(C) = deg(D) = 3 > Z (n=5)
deg(E) =4 > gthéa mAn cac didu kién trong dinh 1y Dirac.

Do d6, Gy, ¢6 chu trinh Hamilton, c6 thé chi ra chu trinh d6 nhu sau:
A-B-C-D-oE-A

A D

Hinh 2.64: Minh hoa dinh ly Dirac.

B6 dé 2.6

Cho d6 thi G ¢6 n dinh. Céc dinh u, v 13 cac dinh khong ké nhau trong G sao
cho deg(u) + deg(v) = n . Goi G + uv 1a d6 thi thu duoc tir do thi G khi ndi u véi v
bai 1 canh. G 1a dd thi Hamilton néu va chi néu d6 thi G + uv 1a Hamilton.
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Vidu 2.52
Xem xeét Vi du sau day:

Hinh 2.65: Minh hoa cho dinh ly Ore.

Db thi G ¢6 6 dinh, deg(uy) = 3, deg(v,) = 3.
Do d6 deg(u;) + deg(vy)) =6=>n

Goi G 1a d6 thi ¢6 n dinh. Néu c6 hai dinh khong lién ké u; va v; trong G sao
cho deg(u,) + deg(v;) = n, ndi u, va v, bang mot canh dé tao thanh siéu do thi G;.
Bay gio, néu c6 hai dinh khdng lién ké u, va v, trong G, sao cho deg(u,) + deg(vy) =
n, ndi U, va v, bang mot canh dé tao thanh siéu d6 thi G,. Tiép tuc theo cach nay,
mét cach dé quy céc cap dinh khong lién ké c6 tong d6 bang it nhat 1a n cho dén khi

khéng con cdp nao nhu vay.

Do d6, siéu d6 thi cudi cung thu duoc dugc goi 1a bao dong cua G va duoc

ky hiu 1a ¢(G).

Hinh 2.66 du6i day minh hoa cho bao déng cua db thi G.

s

Ug

4

G

G,

Yy

Vs

Us

G

vy

Hinh 2.66: Bao déng cua d6 thj G.

Gy
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Chung ta quan sat trong vi du nay rang c6 cac lua chon khéac nhau cua cac cap
khong lién ké dinh u va v vai deg(u) + deg(v) = n . Do d6, thu tuc dong cira cd thé
duoc thuc hién trong mot so cach khac nhau va mdi cach khac nhau cho cung mot
két qua.

Pinh Iy 2.7

Pinh Iy Bondy and Chvatal’s: D6 thi G 1a Hamilton néu va chi néu bao déng cia G
la Hamilton.

Trong Vi du 2.52: Db thi ddy du G; 1a mot do thi Hamilton, do d6 cac dd thi
Ge, Gs, Gy, Gs, Gy, Gy, G ciing 1a cac dd thi Hamilton vi:

G- la bao dong cua Gg, do do Gg la Hamilton;
Ge 1a bao dong cua Gs, do do Gs la Hamilton;
Gs la bao dong cua Gy4, do d6 G4 la Hamilton;

G, la bao dong cua G4, do d6 G la Hamilton;
G; 1a bao déng cua G, do d6 G 1a Hamilton,;

Pinh ly 2.8

Pinh ly Ore (1960): Pon d6 thi vo hudéng G co6 n dinh (n> 3). Néu moi cap dinh u,
v khéng ké nhau cia G déu thoa man deg(u) + deg(v) > n thi G 1a d6 thi Hamilton.

Vi du 2.53
Cho db thi G, sau day:

Hinh 2.67: Minh hoa cho dinh ly Ore.
Db thi G, ¢6 chu trinh Hamilton hay khéng?

186




Huéng dan:
Db thi Gz, ¢6 n = 6 dinh (n > 3);
Bac cac dinh deg(A) = deg(B) = deg(C) = deg(D) = deg(E) = deg(F) = 3.

) . » | Pinh khéng | Kiém tra tinh chat deg(u) + deg(v) > n véi u, v
Dinh | Binh Ké |5 ? a2 ginh khong ke nhaglg c)ﬁa G o
A B,D,E C,F deg(A) + deg(C) = deg(A) +deg(F) =6 =6
B ACF D, E deg(B) + deg(D) =deg(B) + deg(E) =6 = 6
C B,D,F A E deg(C) + deg(A) = deg(C) +deg(E) =6 =6
D A CE B, F deg(D) + deg(B) = deg(D) + deg(F) =6 > 6
E A D F B, C deg(E) + deg(B) = deg(E) + deg(C) =6 =6
F B,CE A, D deg(F) + deg(A) = deg(F) + deg(D) =6 > 6

Dua vao dinh ly Ore, ching ta c6 thé khang dinh d6 thi Gs, 1a d6 thi
Hamilton, chtra chu trinh Hamilton.

Céthéchirachutrinhdsla: Ao B>C—o>F-o>E->D->A

Pinh ly 2.9

Néu G 1a db thi phan d6i véi hai tap dinh 12 V4, V5 ¢6 sb dinh cuing bang n (n
> 2) va bac caa mdi dinh 16n hon g thi G 1a mot d6 thi Hamilton.

Vi du 2.54
Cho db thi hai phia Gg; sau day:

Hinh 2.68: D6 thi diy 2 phia la d6 thi Hamilton.

D& dang nhan thiy, dd thi Ga; chinh 1a d6 thi K53 co 6 dinh (mdi phia ¢ ba
dinh), bac méi dinh ciia o thj = 3 > 2. Do dé, 4o thj G la do thi Hamilton,

Pinh ly 2.10

Gia st G = (V, E) 1a dd thi c6 huéng lién thang véi n dinh. Néu deg”(v)= ~,
deg'(v) )= % Vv v € V thi G la Hamilton.
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2.3.2.2. Ung dung cua bai toan Hamilton

Bai toan nguoi ban hang (Travelling salesman problem - TSP) la mot bai
toan NP - khd thudc thé loai téi wu roi rac hay to hgp duoc nghién cau trong van tru
hoc hoic Iy thuyét khoa hoc may tinh.

Bai toan duoc phat biéu nhu sau: “Cho trieéc mét danh sach céc thanh pho va
khodng cach giza chdng, tim chu trinh ngdn nhdt tham méi thanh phé diing mét lan”.

Bai toan dugc néu ra lan dau tién nim 1930 va 1a mot trong nhirng bai toan
duoc nghién ctu sau nhat trong ti uvu hoa. N6 thudng dugc dung lam thuée do cho
nhiéu phuong phép t6i vu hoa. Mac du bai todn rat kho giai trong trudng hop téng
quat, c6 nhiéu phuong phap giai chinh x4c ciing nhu heuristic da dwgc tim ra dé giai
quyét mot sé trudng hop €6 t6i hang chuc nghin thanh phé.

Bai toan ngwoi ban hang

Lich sir bai toan:

Bai toan ngudi ban hang dugc dinh nghia trong thé ki XIX bai nha toan hoc
Ireland William Rowan Hamilton va nha toan hoc Anh Thomas Kirkman. Tro choi
Icosa cia Hamilton 1a mot tro choi giai tri dya trén viéc tim kiém chu trinh
Hamilton. Trudng hop tong quét caa TSP cd thé duoc nghién ctu lan dau tién boi
cac nha toan hoc ¢ Vienna va Harvard trong nhiing nam 1930, dac biét la Karl
Menger, nguoi da dinh nghia bai toan, xem xét thuat toan hién nhién nhat cho bai
toan va phét hién ra thuat toan lang giéng gan nhat la khéng t6i wu. Hassler
Whitney & Pai hoc Princeton dua ra tén bai todn nguwoi ban hang ngay sau do. Trong
nhitng nim 1950 va 1960, bai toan tré nén phd bién trong gigi nghién ciru khoa hoc
& chau Au va My. George Dantzig, Delbert Ray Fulkerson va Selmer M. Johnson &
Cong ty RAND tai Santa Monica da c6 dong gbp quan trong cho bai toan nay, biéu
dién bai toan dudi dang quy hoach nguyén va dua ra phuong phap mit phang cat dé
tim ra loi giai. V&i phuong phap méi ndy, ho da giai dugc toi wu mot trudng hop co
49 thanh phé biang céch xay dung mét chu trinh va chitng minh rang khong c6 chu
trinh nao ngan hon. Trong nhitng thap nién tiép theo, bai toan dwoc nghién ctu boi
nhiéu nha nghién ctru trong cac linh vuc toan hoc, khoa hoc may tinh, héa hoc, vat
ly va cac nganh khéc.

Nam 1972, Richard M. Karp chitng minh bai toan chu trinh Hamilton la NP -
day du, kéo theo bai toan TSP ciing 1a NP - day du. Pay 1a mot Iy giai toan hoc cho
su kho khin trong viéc tim kiém chu trinh ngan nhat.

Mot budc tién 1én duoc thuc hién cudi thap nién 1970 va 1980 khi Grétschel,
Padberg, Rinaldi va cong su di giai duoc nhitg truong hop 1én tgi 2392 thanh phd,
str dung phwong phap mit phang cit va nhanh can.
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Trong thap nién 1990, Applegate, Bixby, Chvatal va Cook phét trién mot
chuong trinh mang tén Concorde giai dwgc nhiéu truong hop co do 16n ki luc hién
nay. Gerhard Reinelt xuat ban mot bo dit lidu cac truong hop c6 dd khd khac nhau
mang tén TSPLIB nam 1991 va né di dwoc sir dung boi nhiéu nhém nghién ciru dé
so sanh két qua. Nam 2005, Cook va cong su di giai duoc mot truong hop ¢ 33810
thanh phd, xuat phat tir mot bai toan thiét ké vi mach. Pay 1a trudng hop 16n nhat da
duoc giai trong TSPLIB. Trong nhiéu trudng hop khac véi hang triéu thanh phé,
ngudi ta da tim dwoc 11 giai vai sai s6 khdng qua 1% so véi 16i giai ti vu.

Phat biéu bai toan:

“Cé mot nguwoi giao hang can di giao hang tai n thanh phé. Anh ta xudt phét
tir mot thanh phé ndo dé, di qua cdc thanh phé khdc dé giao hang va tré vé thanh
phé ban dau. Méi thanh phé chi dén mét lan va khodng céch tir mét thanh pho dén
cac thanh phé khdc da dwoc biét truée. Hay tim mét chu trinh (Mot dwong di khép
kin théa mdn diéu kién trén) sao cho téng dg dai cac canh 1a nhé nhdt .

M@ hinh héa bai toan vé dang do thi:

Bai toan ngudi ban hang cé thé duoc mé hinh hoa nhu mét d6 thi vo huéng
c6 trong sd, trong d6 mdi thanh phd 1a mot dinh cia d6 thi con duong di giira cac
thanh phé 1a mdi cach. Khoang céch giira hai thanh phd 1a d6 dai canh. Pay 1a van
dé t6i thiéu hod véi diém dau va diém cudi 1a cung mot dinh sau khi tham hét cac
dinh con lai dung mot lan. M6 hinh nay thuong 1a mot d6 thi day du (gitra mdi cap
dinh déu cd canh). Néu khong c6 duong gitra hai thanh phé thi cé thé thém mot canh
vé6i d6 dai du 16n vao dd thi ma khdng anh huong dén két qua tdi vu sau cung.

Tim kiém loi giai:

Ciing nhu céac bai toan NP - kho khac, c6 cac hudng sau day dé tiép can bai
toan nguoi ban hang:
nhitng treong hop nho).

+ Thiét ké thuat toan heuristic dé tim nhitng 1oi giai tot nhung khong nhat
thiét t6i uu.

+ Thiét ké thuat toan xap xi dé tim nhiing 1oi giai khong qua 16n so véi 1oi

.....

+ Giai quyét cac truong hop dic biét.

Vi du 2.55
Xét d6 thi Gg, sau day:
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Hinh 2.69: Minh hoa bai toan nguoi ban hang.

Bai toan c¢6 nam thanh phd véi khoang cach gitra cac thanh phé dugc tinh
bang kildmet (km). Str dung thuat toan ngudi ban hang, bat dau lan luot tir mdi dinh,
tim duong di thich hgp cho nguoi ban hang, cira hang dat tai A va can di qua tat ca
thanh phé con lai.

Thuét toan nguai ban hang

Cdc buoc cua thugt toan:
Budc 1: Chon mot dinh bat dau V.

Buwdc 2: Tir dinh hién hanh chon canh ndi cé chiéu dai nhé nhat dén cac dinh
chua dén. Panh dau da dén dinh vira chon.

Buwéc 3: Néu con dinh chua dén thi quay lai budc 2.
Buwéc 4: Quay lai dinh V.

Huéng dan:
Bat dau véi dinh A
Tur A, dinh gan nhat Ia C, chiéu dai AC = 8
Tir C, dinh chua viéng tham gan nhat 13 E, CE = 4
Tu E, dinh chua viéng thim gan nhat 1a B, EB = 15
Tu B, dinh chua viéng tham gan nhat 13 D, BD = 10
Khong con dinh chua viéng tham, vi vay quay vé A, DA = 14
Téng chi phi ACEBDA 148 + 4 + 15 + 10 + 14 = 51.
Lap lai bdt dau véi nhitng dinh khac:
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Pinh bit dau Puong di Téng chiéu dai
A ACEBDA 51
B BACEDB 50
C CEABDC 45
D DCEABD 45
E ECABDE 50
E ECDBAE 45

C6 ba duong di c6 chiéu dai 45 km la gibng nhau. M6t nhan vién ban hang c6
ctra hang tai A, duong di tot nhat tim ra bai thuat toan ngudoi ban hang 1a ABDCEA

=45 km.

2.4. CAY VA CAY BAO TRUM CUA PO THI

2.4.1. Cay

O phan nay, ching ta s& tim hiéu vé mét I6p d6 thi rat dic biét, dugc goi la
cay. Cay c6 rat nhiéu ung dung trong thuc té, chang han xac dinh gia pha cua mot

dong ho, biéu dién thu muc hoic tap tin trong may tinh.

C6 rét nhiéu cach dé xac dinh cay, nhung cach don gian nhat, cay dugc Xac

dinh nhu dinh nghia 2.29 duéi day:

Dinh nghia 2.29

Cay la d6 thi lién thong va khong chta chu trinh.

Rung 14 d6 thi ¢6 nhiéu thanh phan lién thong, trong d6 mdi thanh phan lién

théng nay la mét cay.

Trong cay, 14 ¢ bac bang 1.

Vi du 2.56

Hinh 2.70: Minh hoa cay.

~

Hinh 2.71: Minh hoa ring.
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Trong hinh 2.71, ring gom nhiéu cay (nhiéu thanh phan lién théng, maoi
thanh phan lién théng 1a mét cay).

Pinh Iy 2.11

Cho T la mt cay, gitra hai dinh bat ky cua T ludn ludn ton tai mot va chi mot
duong trong T noi chdng.

B6 dé 2.7

Madi cay T hitu han c6 it nhat hai dinh va c6 it nhat hai I4.

B6 dé 2.8

Xdba di mot 1a trén cay c6 n dinh sé tao ra mot cay mai ¢6 (n -1) dinh.

binh ly 2.12

Véi mot d6 thi G ¢ n dinh, cAc ménh dé sau 1a tuong duong

G la cay

G lién thdng va c6 (n — 1) canh

G ¢6 (n—1) canh va khéng cé chu trinh

Vi moi cap u, v thuge V(G), ¢6 duy nhdt mét duwong dan tir u dén v khong lap

lai bat ky dinh nao

G lién thong va mdi canh cia G déu la cau

6. G khdng chiza chu trinh va véi méi canh méi e (tqo ra tir 2 dinh bat ky cia do
thi), G + e c06 chinh xac mét chu trinh.

e

o

Mot d6 thi thong thuong chira rat nhicu cay dudi dang do thi con. Mot trong
s6 cac cay duoc quan tdm dic biét 1a cay chira moi dinh cua d6 thi. Cay nhu vay
duoc goi la cay bao trum.

Dinh nghia 2.30

Cay T=(V, E) lacay baotrumciadéthiG=(V,E)néuV=V vVAECE

Pinh ly 2.13

D6 thi G c6 cay bao triim khi va chi khi G lién théng

Pinh Iy 2.14

Cho cay bao tram T caa db thi G.

Thém vaq T mot canh cta G (khong thudc T), ta dwgc mot chu trinh trong T.
Huy mot canh bat ky trén chu trinh nay khoi T, ta nhan dugc moét cay bao trum mai
cua G.
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Vi du 2.57

Cho db thi Ggs nhu hinh 2.72 duéi day.

V& hinh dang mot sb cay bao trim cua Gss?
Huwéng dan:

Bing cach giit nguyén sb dinh cua db thi, lwoc bo di 1 s6 canh dé khong tao
thanh chu trinh (chi gitr lai 4 canh, theo dinh nghia cua cdy c6 n dinh thi c6 n -1
canh), ta thu duoc cay bao trum cua do thi.

B C\
L
A D

Hinh 2.72: Minh hoa cay bao trim cuaa do thi.

B C B C B C
4 D A D 4 D

Hinh 2.73: Két qua thu duoc bang cach lugc bo cac canh khéac nhau.

2.4.2. Cay bao trim cuec tiéu

Dinh nghia 2.31

Cho do thi G. Gia st mdi canh cia d{S thi G dugc gan véi mot gid tri, goi 1
trong so cua canh ay. Khi d6 G dugc goi 1a d6 thi trong so6 (weighted graph)

Vi du 2.58
~ Xem xét bai toan & khia canh thyc té, gia sir can thiét ké mang véi chi phi két
no1 nhu hinh dudi day:

B 3 C
x
3.5 1 E

J

A 3 D

Hinh 2.74: Minh hoa bai toan cay bao trim cuc tiéu.
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Tinh gia cua tirng cay bao trum (cay bao trum)
Huréng dan:

CaybaotrumT,c6gia=3+35+1+5=125

CaybaotrumT,c0gida=3+5+35+3=14,5

Cay baotrum Tzc6gia=3+5+1+3=12

R6 rang, cay bao trim T c6 gia bé nhét.

Dinh nghia 2.32

Cay bao trim cyc tiéu cua mot do thi co trong sb lién thdng la cay bao trum
cd tong trong so cua cac canh bé nhat.

Néu G 1a b thi c6 trong s6 va e 1a canh cta G, thi w(e) biéu thi trong s cua e
va w (G) biéu thi tong trong luong cua G.

Bai toan tim cay bao trim cuc tiéu cho do thi chic chin c6 thé giai quyét
dugc. Mot giai phap 1a liét ké tat ca cac cdy bao trum cia d thi, tinh tong trong sd
clia timg cdy va chon mot cdy c6 tong trong s6 bé nhat (xem Vi du 2.58). Tuy nhién,
giai phap nay khong hiéu qua vé thoi gian tinh toan vi sd lugng ciy bao trim khac
nhau qua 16n. Ching han, mot d thi diy d véi n dinh c6 n™? cay bao trim. Ngay ca
khi str dung cac may tinh nhanh nhat hién nay, viéc kiém tra tat ca cac cay nhu vay
trong mot d6 thi voi khoang 100 dinh s& can nhiéu thoi gian hon so véi ude tinh thoi
gian ton tai cua vil tru.

Nam 1956 va 1957, Joseph B. Kruskal va Robert C. Prim da mo ta cac thuat
toan hiéu qua hon nhiéu dé xay dung cac cdy bao trum cuc tiéu. Ngay ca d6i voi cac
dd thi 16n, ca hai thuat toan déu c6 thé duogc thuc hién dé co thoi gian tinh toén
tuong d6i ngan.

Bai toan tim cay bao trim cuec tiéu

Input: Cho G = (V, E) la d6 thi v huéng, lién thdng cé trong s6, mdi canh
e€ E ¢6 trong s6 w(€)= 0. Gia sa T = (V1, E1) la cay bao trim cua do thi G (trong
d6 V1 = V).

Goi W(T) la trong sé cua cay T, w(T) la téng trong s cua tat ca cac canh cua
cay bao trum T.

W(T) = Xeev, m(e)

Output: Cay bao tram T ¢6 w(T) nhén gia tri nho nhat.
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2 4.3. Thuat toan Kruskal
. OSEPH BERNARD KRUSKAL (1928 - 2010)

i Joseph Kruskal sinh ra ¢ thanh phd New
i York, cha 6ng la mot nguoi buon ban 16ng tha va me -?
Iong la nha quang céo kha ndi tiéng cua Origami ¢
i trong thoi ky dau cua truyén hinh. Kruskal theo hoc &,
i Dal hoc Chicago va nhan bang tién si ¢ Truong Pai
hoc Princeton nam 1954. Ong 1a giang vién toan hoc
{ tai Princeton va Pai hoc Wisconsin va sau do 1a tro
E 1y gido su tai Pai hoc Michigan. Nam 1959, ong tré
i thanh thanh vién cua d6i ngti k¥ thuat tai Phong thi
i nghlem Bell, noi 6ng lam viéc cho dén khi nghi huu
vao cudi nhimg nam 1990. Kruskal da kham pha ra thuat todn cua minh dé tao ra
- nhu:ng cay bao trum cuyc tiéu, khi ong con la sinh vién nam tha hai. Ong khong chic i -
Ve bai béo hai trang rudi cua minh vé chi dé nay c6 xtung dang dé xuat ban, nhung
i da bi thuyet phuc boi nhitng nguoi khac dé gui nd. Linh vuc nghién ciru siu cua ong .
i bao gdm thdng ké ngdn ngit hoc va tdm Iy hoc. Bén canh cdng trinh cia minh vé !
E nhitng cay bao trim téi thiéu, Kruskal con duoc biét dén véi nhitng déng gop cho :
i linh vuc m& rong quy mo da chiéu. Pang cha y 12‘1 hai anh em cua Joseph Kruskal, i
i : Martin va William, cling 1a nhiing nha todn hoc ndi tiéng.

Trong thuat toan Kruskal, cac canh ciia do thi dugc sap xép theo thir ty ting
dan theo trong s ciia cac canh va dugc bd sung vao cy tung budc. O mdi budc,
canh c6 trong sé bé s& dugc thém vao dé cdy sau nay tro thanh cay bao trum téi
thiéu, véi diéu kién 1a su bo sung nay khong tao ra mot chu trinh. Sau khi (n — 1)
canh da dugc thém vao (trong d6 n 1a s6 dinh cua do thi), cac canh nay cing véi cac
dinh cua d6 thi tao thanh mot cay bao trim cuc tiéu cua do thi.

2.4.3.1. Cai dat thugt toan Kruskal
Thuét toan tim cay bao trom cuec tiéu Kruskal

Input: D6 thi trong s6 lién thong G ¢6 n dinh (n 13 s6 nguyén duong)
Output: Cay bao trim cuc tiéu T caa do thi G

Thuat toan:

[Xay dung mot dd thi con T cia G chira tit ca cac dinh cia G voi cac canh
duoc thém vao theo thir tu ting dan cua trong s6. O mdi giai doan, goi m la s canh
cua T]
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no

Khdi tao T dé c6 tdt cd cdc dinh cia do thi va khéng cé canh
Dat E la tap cac canh cua do thi G, thiet lgpm =0

Trong khi (m<n-1)
3a. Tim mét canh e cia E cd trong so nhé nhat

3b. X6a e khoi E
3c. Néu viéc thém e vao tdp canh T khdng tgo thanh chu trinh thi thém

evao Tvathiétlgpm=m+1

Két thac vong lap.

Vi du 2.59
Cho db thi trong s lién thong Gss sau dy:

cua cdy bao trum?

Hinh 2.75: Minh hoa thuat toan Kruskal.

Str dung thuat toan Kruskal tim cay bao trim cuc tiéu cua do thi? Cho biét gia

Huéng dan:

theo dbi két nap céc canh vao cay bao trum T.

Trong thuit toan nay c6 budc két nap co trong s bé vao cay bao trim, nén ta
cd thém budc sap xép cac canh cua do thi tang dan theo trong so dé tién cho viéc

Canh

(1, 6)

3. 4)

(2, 7)

(2, 3)

(4, 7)

(4, 5)

(5, 7)

(5, 6)

1. 2)

Trongso | 10

12

14

16

18

22

24

25

28
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Trinh ty cac budc cua thuat toan nhu sau: (Xem cdac buoc tur trai sang phai, tu
trén xuong duot)




®
® ©

Bwéc 1: Khoi tao cdy bao trum T chira
tat ca cac dinh cua dd thi, khong chia
canh.

Buwérc 2:

Thiét 1ap tap E 1a tap cac canh cua d6 thi;
Thiét 1ap m = 0 (m la sb dinh cua cay T).

0 ®

7o
G O 6

® ©

(Lap) B sung lan lugt céc canh vao cay
T dén khi T da n— 1 canh.

Dau tién bo sung canh (1, 6) vao T;

Xoa (1, 6) khoi tap E;

Thém (1,6) vao T;

Tang m=1.

@
6 @
O

(Lap) Bo sung lan luot cac canh vao cy
T dén khi T da n— 1 canh
Xem xét canh (3, 4):

Co trong sb bé nhat trong cac
canh con lai cua E;

Xba canh (3, 4) khoi E;

Viéc thém canh (3, 4) vao cay T
khong tao thanh chu trinh;

7

(Lap) B6 sung lan lugt cac canh vao cay
T dén khi T da n— 1 canh
Xem xét canh (2, 7):

C6 trong sb bé nhat trong cac
canh con lai cua E;

Xba canh (2, 7) khoi E;

Viéc thém canh (2, 7) vao cay T
khéng tao thanh chu trinh;

Thuc hién: Thuc hién:
Thém canh (3, 4) vao cay T; Thém canh (2, 7) vao cay T;
Tang m = 2. Tang m = 3.
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(Lap) B6 sung lan lugt cac canh vao cay
T dén khi T da n — 1 canh.
Xem xét canh (2, 3):

C6 trong s6 bé nhat trong cac
canh con lai cua E;

Xba canh (2, 3) khoi E;

Viéc thém canh (2, 3) vao cay T
khong tao thanh chu trinh.
Thuc hién:

Thém canh (2, 3) vao cay T;

Tang m =4.

(Lap) Bo sung lan luot céc canh vao cay
T dén khi T da n — 1 canh.
Xem xét canh (4, 7):

C6 trong s6 bé nhat trong cac
canh con lai cua E;

Xoba canh (4, 7) khoi E;

Viéc thém canh (2, 3) vao cay T
tao thanh chu trinh.
Thuc hién:

Xem canh tiép theo trong E dé bo
sungvao T, m =4,

(Lap) Bo sung lan luot cac canh vao cy
T dén khi T @i n — 1 canh.
Xem xét canh (4, 5):

Co trong sd bé nhat trong cac
canh con lai cua E;

Xba canh (4, 5) khoi E;

(Lap) B6 sung lan lugt cac canh vao cay
T dén khi T da n— 1 canh.
Xem xét canh (5, 7):

C6 trong sb bé nhat trong cac
canh con lai cua E;

X6a canh (5, 7) khoi E:

Viéc thém canh (5, 7) vao cay T
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Viéc thém canh (4, 5) vao cay T
khbng tao thanh chu trinh.
Thuc hién:

Thém canh (4, 5) vao cay T;

Tang m = 5.

tao thanh chu trinh.
Thyc hién:

Xem canh tiép theo trong E dé bo
sungvao T, m =5,

(Lap) B6 sung lan lugt cac canh vao cay
T dén khi T da n— 1 canh.
Xem xét canh (5, 6):

C6 trong s6 bé nhat trong cac
canh con lai cua E;

Xba canh (5, 6) khoi E;

Viéc thém canh (5, 6) vao cay T
khong tao thanh chu trinh.
Thuc hién:

Thém canh (5, 6) vao cay T;

Tang m = 6.

Vim=6=(n-1)(n=7Ilaso canh cia
b thi).

Do d6 thuat todn dung;

Cay bao trim cuc tiéu thu dwgc cua dd
thi nhu hinh trén.

Gia cuia cay bao trim cuc tiéu = 10 + 25 + 22 + 12 + 16 + 14 = 99,
2.4.3.2. Cai dat thudt toan Kruskal bang ngdn ngir C++

Input: Ma tran biéu dién d6 thi G
Output: Cay bao trim cuc tiéu cua G

Chuong trinh dugc cai dat trén ngdn ngir C nhu sau:

//khai bao thu vién

#include <bits/stdc++.h>
using namespace std;

/1 khai bao tap dinh cua db thi
#define V 5
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int parent[V];
/l Tim tap dinh i
int find(int i)
{
while (parent[i] '=1)
I = parent[i];
return i;
} \ ,
// Hop cha i va j. Tra ve false néu i va j cung trong tap hop
void unionl(int i, int j)
{
int a = find(i);
int b = find(j);
parent[a] = b;
} 9
// Tim cay bao trum cuec tiéu st dung thuat toan Kruskal
void kruskalMST(int cost[][V])
{
int mincost = 0; // Gid tri nho nhat cua cay bao trum
/I Khai tao cac bo khac nhau
for (inti=0; i<V, i++)
parent[i] = i;
/] Thiét 1ap trong luong téi thiéu
int edge_count = 0;
while (edge_count<V -1) {
intmin = INT_MAX,a=-1,b=-1;
for (inti=0;i<V;it+t+) {
for(intj=0;j<V,;j++) {
if (find(i) '=find(j) && cost[i][j] < min) {
min = cost[i][j];
a=i;
b=j,
}
}
}

unionl(a, b);
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printf("Canh %d:(%d, %d) co gia:%d \n",
edge_count++, a, b, min);
mincost + = min;
}
printf("\n Gia cay khung = %d \n", mincost);

¥

/I Ham chinh dé kiém tra cac chirc nang trén
int main()
{ e \
/* Thiét lap do thi c6 hinh dang dudi day:
2 3
(0)--(1)--(2)
| 7\ ]
6|8/ \5]|7
|1\

9 */
int cost[][V] ={
{INT_MAX, 2, INT_MAX, 6, INT_MAX },
{2,INT_MAX, 3,8,5},
{INT_MAX, 3, INT_MAX, INT_MAX, 7},
{6, 8, INT_MAX, INT_MAX, 9},
{INT_MAX,5,7,9, INT_MAX1},
¥
/' In giai phap Kruskal
kruskalMST (cost);
return O;

¥

Két qua khi thuc thi:

Canh 0: (0, 1) co gia: 2

Canh 1: (1, 2) co gia: 3

Canh 2: (1,4)cogia: 5

Canh 3: (0, 3) co gia: 6

Gia cay bao trum cuc tieu = 16
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2.4.4. Thuat toan Prim

Robert Prim, sinh ra & Sweetwater, Texas, da
nhan bang k§ su dién tor nam 1941 va bang tién si
Toan caa Pai hoc Princeton nam 1949. Ong 1a k¥ su
cia Cong ty General Electric tir nim 1941 dén nam
1944, 1a k¥ su va nha toan hoc tai Phong thi nghiém
Hai quan Hoa Ky tor nam 1944 dén nam 1949 va la
cong tac vién nghién cuu tai Dai hoc Princeton tir nam
1948 dén 1949. Cac vi tri khac ma 6ng da nim git 1a
giam d6c nghién ciru toan hoc va co hoc tai Phong thi
nghiém Bell tir ndm 1958 dén nim 1961 va pho chu
tich nghién ctru tai Sandia Corporation.

Trong su nghiép caa minh tai Phong thi nghiém Bell, Robert Prim cung véi
dong nghiép Joseph Kruskal da phat trién hai thuat toan khac nhau dé tim maot cay
bao trim cyc tiéu trong do thi ¢d trong s6, Mot nén tang co ban trong thiét ké mang
may tinh. Thuat toan tu dit tén cua dng, thut toan Prim, ban dau dugc phat hién vao
nam 1930 bai nha toadn hoc Vojtéch Jarnik va sau d6 duoc Prim nghién cuu doc lap
vao nam 1957. Sau do6, Edsger Dijkstra da phat hién lai vao nam 1959. Déi khi no
duoc goi la thuat toan DJP hoac thuat toan Jarnik.

Thuat toan Prim hoat dong khac so véi thuat toan Kruskal. Thuat toan Prim
xay dyung cay bao trim T bang cach ma rong ra bén ngoai tir cac két ndi gitra mot sd
dinh. Tai mdi giai doan, mot canh va mot dinh duoc thém vao. Canh duoc thém vao
la mét trong nhitng canh c6 trong s6 bé nhat két néi cac dinh trong T véi cac dinh
chua thudc T va dinh cudi cua canh nay chua thuoc T.

2.4.4.1. Thugt toan Prim

Thuat toan tim cay bao tram toi thiéu Prim

Input: Do thi trong s6 lién thong G ¢6 n dinh (n 13 s6 nguyén duong)
Output: Cay bao trim cuc tiéu T caa db thi G.

Thuat toan:

[Xay dung d6 thi con T ciia G bat d¢au véi mot dinh v bat ky cua G va lan luot
két nap cac canh ndi mot dinh cua T véi mot dinh chua dugc két ndi cua G, mdi lan
chon mét canh ¢6 trong s6 nho nhat ké véi mot dinh cuaa T]

1. Chon mét dinh bat ky v cia G. Khéi tao T la do thi ¢6 I dinh va chwa cé

canh.

2. Thiét Idp Vg 1a tdp tdt ca cde dinh ciia dé thi G trir di v: Vg = G — {v}
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3. Véimoi lan ldp xdc dinh tir 1 dénn— 1 (Lap véi sé lan biét truéc)
3.a. Tim canh e thugc G sao cho
- e két noi mét dinh thugc T véi mét trong sé cdc dinh cia Vg
- e ¢0 trong so nhé nhadt trong sé tat ca cac canh két néi T Vi
mét dinh cua V. Goi w la dinh cudi cuia e trong V.
3.b. Thém e va w vao tgp canh va tdp dinh cua T vao x6a w khai V.

Tdang bién diéu khién cua vong lap 18n mét (Xét viéc két nap canh va dinh
tiep theo vao trong T).

Vi du 2.60
Cho db thi trong s lién thong Gs; sau dy:

Hinh 2.76: Minh hoa thuat toan Prim.
Sir dung thuat toan Prim tim cay bao trim cuc tiéu cua do thi? Cho biét gia
cua cdy bao trum?
Huéng dan:

Trong thuat toan nay, dé tién theo ddi thuat toan, ching ta xac lap ma tran ké
dé d& dang xac dinh canh tiép theo duoc két nap vao db thi.

1 2 3 4 5 6 77
0 28 0 0 O 10 O
28 0 16 0 O O 14

0 16 0 12 0 0 O
0O 0 12 0 22 0 18
0O 0 0 22 0 25 O
10 0 0 O 25 0 O
7 0 14 0 18 0 0 O

Chon dinh bat dau 1a dinh 1, trinh tu cac budc cua thuat toan nhu sau: (Theo
ddi cac hinh tir trai qua phdi, tir trén xuéng dueoi).

O Ul WN
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10

Xay dung cdy bao trum T bat diu Véi
dinh 1: V1 ={1} va E; = {¢}

Thiétlap Vg = {2, 3, 4,5, 6, 7}

Lwa chon canh két ndi tir mot dinh thuoc
Vg Vv6i mot dinh thudc Vr ¢6 trong sd
nho nhat

Canh duoc chon la canh (1, 6), 6 1a dinh
chua thuéc T

Thém canh (1, 6) va dinh 6 vao T. Xda
dinh 6 khoi Vg

VT = {11 6}1 ET = {(11 6)

Ve={2,3,4,5 7}

Vr={1,6} Er={(1 6)}
Ve=1{2,3,4,57}

Xac dinh c4c canh lién quan dén hai dinh
1 va 6 cia T. Duya vao ma tran ké Xac
dinh canh c6 trong s6 bé la canh (6, 5)

Thém canh (6, 5) va dinh 5 vao T. X06a
dinh 5 khoi Vg

VT = {1’ 6’ 5}’ ET = {(1’ 6)1 (61 5)}
Ve={2,3,4,7}

VT = {1’ 6’ 5}’ ET = {(11 6)1 (61 5)}
Ve=42,3,4,7};

Xac dinh cac canh c6 lién quan dén ba
dinh 1, 6, 5. Dya vao ma tran ké, canh co

Vi ={1,6,5, 4}, Er = {(1, 6), (6, 5), (5,
4)}

VG = {2, 3, 7}

Xac dinh cac canh c6 lién quan dén bon
dinh 1, 6, 5, 4. Dya vao ma tran ké, canh
c6 trong sd nhé nhat lién quan dén bén
dinh 1, 6, 5, 4 la canh (4, 3).

Thém canh (4, 3) va dinh 3 vao T. X0a
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trong so nho nhat lién quan dén ba dinh
1,6,5lacanh (5, 4).

Thém canh (5, 4) va dinh 4 vao T. X0a
dinh 4 khoi Vg

V:={1,6,5, 4}, Er = {(1, 6), (6, 5), (5,
4}

Ve={2,3, 7}

dinh 3 khoi Vg

Vr={1,6,5, 4,3} Er={( 6), (6, 5),
(5, 4), (4,3)}

Ve={2,7}.

Vr={1, 6, 5, 4, 3}, Er = {(L, 6), (6, 5),
(5,4), (4,3)}

VG = {21 7}

Xac dinh cac canh c6 lién quan dén nim
dinh 1, 6, 5, 4, 3. Dya vao ma tran ke,
canh c6 trong sé nho nhit lién quan dén
nam dinh 1, 6, 5, 4, 3 la canh (3, 2);
Thém canh (3, 2) va dinh 2 vao T. Xoéa
dinh 2 khoi Vg

Vi ={1, 6,5, 4, 3,2}, Er = {(L, 6), (6,
5), (5,4),(4,3), 3, 2)}

Ve={7}

V:={1,6,5, 4, 3, 2}, Er = {(1, 6), (6,
5), (5,4), (4,3),(3,2)}

Ve={7}

Xac dinh cac canh c6 lién quan dén sau
dinh {1, 6, 5, 4, 3, 2} két ndi véi dinh 7
thuoc V. Dua vao ma tran ké, canh c6
trong s6 nho nhét lién quan dén séu dinh
1,6,5,4,3,2lacanh (2, 7).

Thém canh (2, 7) va dinh 7 vao T. X0a
dinh 7 khoi V.

V:={1,6,5,4,3,2 7} Er={(1, 6), (5,
5), (5, 4), (4,3),(3,2), (2, 7)}.

V= {0},

Do thi thu dugc sau cling nay la cay bao
trum nho nhat cua G.

Tat ca cac dinh déu dugc thém vao cay bao trim, thuat toan ding.
Giacuacaybaotrum Tlaw(T)=10+25+22 + 12 + 16 + 14 = 99.
2.4.4.2. Cai dat thugdt toan Prim bang ngdn ngir C++

Input: Ma tran biéu dién db thi G

205




Output: Cay bao triim cuc tiéu cia G str dung thuét toan Prim
Chuong trinh dugc cai dat trén ngén ngir C nhu sau:

//khai bao thu vién
#include <bits/stdc++.h>
using namespace std;
//khai bao sé dinh cua db thi
#define V 5
/I tra vé true néu canh u — v 1a canh hop Ié dugc dua vao ciy bao tram cuc tiéu
(MST). Mét canh 1a hop 18 néu mot dinh di thudc cay MST va dinh con lai chua
thudéc MST.
bool isValidEdge(int u, int v, vector<bool> inMST)
{
if (u==v)
return false;
If inMST[u] == false && INMST][v] == false)
return false;
else if (iINMST[u] == true && INMST][v] == true)
return false;
return true;

¥

void primMST (int cost[][V])

{
vector<bool> inMST(V, false);

/I Include first vertex in MST
INMSTI0] = true;
/I Tiép tuc thém céc canh cho dén khi tap canh cd (V — 1) canh
int edge_count = 0, mincost = 0;
while (edge_count<V -1) {
/1 Xac dinh trong sé tdi thiéu cua canh hop 18
intmin = INT_MAX,a=-1,b=-1;
for (inti=0;i<V;i+t+) {
for(intj=0;j<V;j++) {
if (cost[i][j] < min) {
if (isvalidEdge(i, j, inMST)) {
min = cost[i][j];
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I
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if@!=-1&&b!=-1){
printf(*"Canh %d:(%d, %d) co giat: %d \n",
edge_count++, a, b, min);
mincost = mincost + min;
iINMST[b] = inMST[a] = true;
}
}
printf("\n Gia cua cay bao trum= %d \n", mincost);
}
// Kiém thir cac chirc nang & trén bang b test chuong trinh.
int main()
{ 7 \
[* Thiét lap do thi sau day
2 3
(0)--(1)--(2)
| 7\
6|8/ \5|7
|7\

9 */
int cost[][V] ={
{INT_MAX, 2, INT_MAX, 6, INT_MAX },
{2,INT_MAX, 3,8,5},
{INT_MAX, 3, INT_MAX, INT_MAX, 7 },
{6, 8, INT_MAX, INT_MAX, 9},
{INT_MAX,5,7,9, INT_MAX1},
b
/' In cé&c giai phap
primMST (cost);
return O;
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Két qua thu dwoc:

Canh 0: (0, 1) co gia: 2

Canh 1: (1, 2) co gia: 3

Canh 2: (1, 4) cogia: 5

Canh 3:(0,3)cogia: 6

Gia cua cay bao trum = 16

2.4.5. So sanh thuat toan Kruskal va thuat toan Prim

Két qua thu dwoc cia hai thuat toan?

Tinh hudng 1: Khi tit ca cac canh déu ¢ trong sé khac nhau.
Vi du 2.61

Xem xét d6 thi sau day:

Cay bao trim cuc tiéu thu duoc cua do thi trén 1 (ca 2 thuat toan cing cho ra
cuing 1 két qua)

Giacuacaybaotrim=1+2+4+5+6=18.

Két luan: Khi tat ca cac trong s6 canh 1a khac biét, ca hai thuat toan ludn tao
ra cung mat cay bao trum cyc tiéu co cung chi phi.

Tinh huéng 2: Néu tat ca cac trong sb cua cac canh khong khac biét.
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Vi dy 2.62

Xem xét d6 thi sau day:

Gia cuia cua cay bao trum cuyc tiéu T, 122 +2+3+3+4=14
Ap dung thuat toan Prim, cay bao trim nho nhét thu dwoc 1a:

Gia cua cay bao tram cyc tiéu T, 1a2+2 +3 +3 + 4 = 14,

Két luan: Néu tat ca cac trong sé cua cac canh khéng khac biét, thi ca hai thuat toan
c6 thé khong phai ltic nao ciling tao ra cing mot cay bao trim cuyc tiéu, nhung chi phi
cua cac cay bao trum cuc tiéu duoc tao ra sé luén giong nhau.
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Thuat toan dwoc sir dung tét nhat khi nao?

Thuat toan Kruskal duogc wa thich sir dung ddi voi cac d6 thi thua, tirc 1a cac
do thi 0 it canh E = O(V), hodc khi cac canh da duoc sap xép hodc co thé dugce sap

xép theo thoi gian tuyén tinh.

Thuéat toan Prim dugc wa thich stir dung véi céac dd thi day dac, tac la céac dd
thi ¢6 sé lwong canh 16n E = O(V?) vi khong phai chii ¥ nhiéu dén quéa trinh thém
mot canh ma ta chu yéu xur 1y cac dinh trong thuat toan Prim.

Sw khac biét caa hai thuat todn Kruskal va Prim

Prim

Kruskal

Trong thuat toan Prim, cay duoc tao ra
va phat trién theo tirng budc ludn lién
thong.

Trong thuat toan Kruskal, cdy dugc tao
ra va phat trién theo tirng budc cd thé
khong lién théng.

Thuat toan Prim dua ra gidi phdp hinh
thanh cdy tir mot dinh bat ky, sau d6 lan
luot thém cac dinh “ré” tiép theo vao
cay hién tai.

Thuat toan Kruskal dua ra gidi phdp hinh
thanh cay bét dau tir mot canh “ré” nhit,
sau d6 1an luot thém cac canh “ré” tiép
theo vao cay/ rung hién tai

Thuat toan Prim thuc hién hiéu qua véi

Thuat toan Kruskal thuc hién hiéu qua

d6 thi day dic (nhiéu canh). v6i d6 thi thua (it canh).

2.5. PUONG PI NGAN NHAT TRONG PO THI
2.5.1. Pit van dé

Bai toan tim duong ngin nhat 1a mot trong nhirng bai toan co ban caa do thi.
Tim duong ngan nhat trong d6 thi 1a tim duong di tir mot dinh dén mot dinh khac
sao cho téng do dai ciia cac canh trén duong di 1a nho nhat. Trong cac tng dung
thuc té, bai toan tim dudng di ngin nhat gitta hai dinh cuia mot @6 thi lién théng co
mat ¥ nghia to 16n. Chang han, bai toan chon mét hanh trinh tiét kiém nhat (theo tiéu
chuan hoic khoang céach hoic thoi gian hoac chi phi) trén mot mang giao thong
duong b, duong thay hoic duong khong; bai toan chon mot phuong phap tiét kiém
nhat dé dwa ra mot hé théng dong luc tir trang thai xuat phat dén mot trang thai dich,
bai toan lap lich thi cong cac cong doan trong mot cong trinh thi cong 16n, bai toan
lya chon duong truyén tin véi chi phi nho nhat trong mang thang tin, v.v..

Phat biéu bai toan

Cho G = (V, E) don, lién thong, ¢ trong s6 duong (w(uv) > 0 véi moi u khac
v). Tim dudng di ngin nhét tir dinh a dén z va tinh khoang céch d(a, z).

C6 3 thuat toan lién quan dén bai toan tim duong di ngan nhat:
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- Thuat toan Dijkstra

- Thuat toan Ford — Bellman

- Thuat toan Floyd.

Tuy nhién, trong gidi han caa mén hoc, thuat toan Dijkstra sé dugc gidi thiéu
va trinh bay chi tiét. (Cac thudt toan con lai sinh vién tw tim hiéu thém).

2.5.2. Thuat toan Dijkstra

Edsger Wybe Dijkstra (11/5/1930 — 06/8/2002), la
nha khoa hoc may tinh Ha Lan. Ong duoc nhan Giai thuong
Turing cho cac dong gop co tinh chat nén tang trong linh
vuc ngdn ngir 1ap trinh.

Dijkstra hoc vat 1y Iy thuyét tai Pai hoc Leiden,
nhung ong di nhanh chéng nhan ra rang 6ng quan tam dén
lap trinh hon.

Thoi ky dau, 6ng lam viéc tai Trung tdm toan hoc,
Vién nghién cau quéc gia vé toan hoc va khoa hoc may tinh
tai Amsterdam, éng con gitr chic vi gido su tai Pai hoc Ky
thuat Eindhoven, Hi Lan. Pauthap ky 1970, 6ng lam cong tac nghién ctu
tai Burroughs Corporation, sau d6 giir vi tri Schlumberger Centennial Chair nganh
Khoa hoc may tinh tai Pai hoc Texas tai Austin, M§. Ong nghi huu nam 2000.

Mot trong s6 cac dong gop cua dng cho nganh khoa hoc may tinh 1a thuat
toan mang tén dng, thuat toan Dijkstra, tim dudng di ngin nhat, c6 nhiéu tng dung
trong thuc té.

Mic di cac cay bao trim duoc tao boi thuat toan Kruskal va Prim, c6 tong
trong luwong it nhat trong sb tat ca cac cay bao trim ctia mot dd thi da cho, nhung cac
thuat toan nay khéng cho biét khoang cach ngan nhét giira hai diém bat ky trén db thi.

Nam 1959, nha todn hoc Edsgar Dijkstra, da phat trién mot thuat toan dé tim
ra duong di ngin nhat bt dau tir mot dinh dén mot dinh khac trong mot do thi cé
trong so (trong d6 tat ca céc trong sé déu duong). Thuat toan nay hoi gidng véi thuat
toan Prim (Thuat toan Prim xuat phat tir mot dinh a bat ky cuaa d6 thi, sau d6 1an luot
thém cac dinh va canh dé xay dung mot cay bao tram T). Tuy nhién, n6 khac Véi
thuat toan caa Prim trong cach n6 chon dinh tiép theo dé thém vao, dam bao rang
véi mdi dinh v dugc thém, chiéu dai cia con dudng ngan nhat tir a dén v da duoc
xac dinh.

Khi bat dau thyc hién thuat toan, mdi dinh u cia G duoc cip nhan L(u), cho
biét udc tinh tot nhat hién tai vé do dai cua dudng di ngan nhat tir a dén u. L(a) ban
dau duoc dat bang 0 vi duong di ngin nhat tir a dén a c6 do dai bang 0, nhung vi
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khong co thong tin trude d6 vé do dai cua cac duong di ngan nhat tir a dén bat ky
dinh ndo khac cia G, nén nhan L(u) cia mdi dinh u khac véi a ban dau dugc dat
bang mot s6, ky hiéu 1a oo, Ién hon tong trong sé cua tat ca cac canh cua G. Khi thuc
hién tién trinh thuat toan, cac gia tri cia L(u) dugc thay doi, cudi cung tro thanh do
dai thuc té cua cac duong dan ngan nhét tir a d¢én u trong G.

Do T duoc xay dung, phat trién ra bén ngoai dinh a, nén & mdi giai doan thuc
hién thuat toan, cac dinh duy nhét Ia tng cir vién tham gia T 1a cac dinh tiép giap voi
it nhat mot dinh cua T. Do d6, & mdi giai doan cua thuét toan Dijkstra, do thi G c6
thé duoc coi 1a chia thanh ba phan: cay T dang dugc xay dung, tap hop cac dinh “ké
can” lién ké véi it nhat mot dinh cua cay va tap cac dinh con lai cia G. Mdi dinh
cua tap “ké cdn” 1a mot tng ctr vién dé tré thanh dinh tiép theo duoc thém vao T.
Dinh duoc chon 1a dinh trong d6 do dai duong di ngan nhat tir a dén dinh d6 12 tbi
thiéu trong s tat ca cac dinh cua tap “ké cdn .

Diém mau chét cua thuat toan cua Dijkstra 12 sau mdi lan thém mét dinh v
vao T, chi c4c dinh “ké cdn” c6 duong di ngan hon tir a ¢d thé duoc tim thiy la cac
dinh ké cua v [vi do dai cua duong di tir a dén v c6 do6 dai téi thiéu trong so tat ca
cac duong dan tir a dén dinh trong tap “ké cdn ). Vi vay, sau mdi lan thém mat dinh
v vao T, mdi dinh “ké cdn” u k& véi v duoc kiém tra, tinh todn va so sanh gia tri
hién tai cua L(u) va gié tri caa L(v) + w (v, u), trong d6 L(v) 1a d6 dai cia duong di
ngan nhat téi v (trong T) va w(v, u) 1a trong s6 cua canh ndi v va u. Néu L(v) + w (v,
u) <L(u), thi gié tri cua L(u) dugc gan bang L(v) + w(v, u).

Khi bat dau thuc hién thuat toan, cay chi bao gom dinh a va L(a) = 0. Khi
thuc hién cham dut, L(z) 1a d6 dai cuia mot con duong ngan nhat tir a dén z.

Nhu véi thuat toan Kruskal va thuat toan Prim, dé tim cac cay bao trim téi
thiéu, c6 mot cach don gian nhung hiéu qua khdng dang ké dé tim duong di ngan
nhét tir a dén z: tinh d6 dai cua tat ca cac duong va chon mot duong ngan nhat. Van
dé 1a ngay ca doi véi cac d6 thi twong ddi nho sir dung phuwong phap nay dé tim mot
con duong ngan nhit c¢d thé can hang ty niam, trong khi thuét toan Dijkstra ¢ thé
thuc hién cdng viéc trong vai giay.

2.5.2.1 Thugt toan Dijkstra

Thuat toan Dijkstra

Input: Do thi G [d6 thi don, lién thong, cac canh c6 trong sé duong], oo [biéu thi
cho mét sé 16n hon tong trong s6 cua tat ca cac canh trong do thi], w(u, v) [ trong sé
cua canh {u, v}, dinh a [dinh bit dau], z [dinh két thic]

Output: L (2) [L (), mot s6 nguyén khong am, 13 d6 dai cua duong di ngin nhat tir
dinh a dén dinh z.]
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Thuat toan:

1. Khéi tao T 1a db thi c6 dinh a va khong c6 canh. Dat V(T) 1a tap hop cac dinh caa
T va dat E(T) la tap hop cac canh cua T.

2. bat L(a) = 0, véi tat ca cac dinh trong G ngoai trir a, thiét 1ap L(u) = o
[Sé L(x) duwoc goi la nhan cia x]
3. Khai tao v bang a va F 1a {a}.
[Ky hiéu v dwroc sir dung dé biéu thi dinh dwoc thém gan ddy nhat vao T.]
4. Trong khi (z ¢ V(T))
4a. F = (F - {v}) U{cac dinh lién ké véi v va khdng nam trong V(T)}
[Tap F duoc goi latap “ké cdn”. Mdi khi mot dinh dugc thém vao T, n6 sé bj x6a
khoi tap “ké cdn” va céc dinh lien ké vai no dugc thém vao tap “ké cdn” néu ching
chua thudc tap “ké can” hoac cay T.]
4b. Véi mdi dinh u lién ké véi v va khdng nam trong V(T),
Néu L(v) + w(v, u) < L(u) thi
L(u) = L(v) + w(v, u)
D(u) =v

[Luweu y rang viéc thém v vao T khdng dnh huong dén nhan cua bat ky dinh nao trong
tdp “ké can” F ngoai trir nhing dinh lién ké véi v. Ngoai ra, L(u) duwoc thay doi
thanh mét gia tri nhé hon va ky hiéu D(u) dwoc sir dung dé theo déi dinh nao trong
T dd tao ra gia tri nho hon.]

4c. Tim mot dinh x trong F véi nhdn nho nhat

Thém dinh x vao V(T) va thém canh {D (x), x} vao E(T)

v: = x [Cau Iénh nay thiét Idp ky hiéu cho lan lgp tiép theo cua vong lép.]
Két thac vong lap

Vi du 2.63
Cho d6 thi sau day: b 6 d :
[ 1 é

Hinh 2.77: Minh hoa bai toan tim duong di ngan nhat.
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Tim duong di ngan nhat tir a dén z.
Huréng dan:

Trinh ty cac budc thuc hién tim duong di ngan nhat tir a d&én z nhu sau:

Trinh tw cac bwéc caa thuat toan

Hinh minh hoa

Buwdéc 1: Khoi tao
V(T) ={a}, E(T) ={0} va F ={a}
Trong qua trinh lap:

F={b, c}

L(b) =3, L(c) = 4.

Vi L(b) < L(c), nén b dugc thém vao V(T) va canh

(a, b) dugc thém vao E(T)

Buérc 2:

V(T) ={a, b}

E(T) ={(a, b)} L
Trong qud trinh lap:
F={c d, e}
L(c) = 4 N
L(d) = L(b)+w(b, d)=3+6=9 o b

L(e) = L(b) +w(b,e)=3+5=8.

Vi L(c) < L(d) va L(c) < L(e), nén dinh ¢ duoc

thém vao V(T) va canh (a, c) dugc thém vao E(T).

Buérc 3:

V(T)={a, b, c}

E(T) ={(a b), (a )}

Trong qua trinh lap: 7
F={d, e}
L(d) =9 b Y

L(e)=L(c) +w(c,e)=5

(L(e) dugc gan lai gia trj bang 5, boi vi duong di a
—C->eco do dai duong di bang L(c) + vy(c, e) =5,
ngan hon duong dia — b — ¢, c6 d6 dai bang 8).

Vi L(e) < L(d), nén e dugc thém vao V(T) va canh
(c, ) dugc thém vao E(T).
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Buwérc 4:

V(T)={a, b, c, e}

E(T) ={(a, b), (a c), (c. &)}
Trong qua trinh lap:

F={d, z}

L(d)=L(e) +w(e,d)=7
L(z) = L(e) + w(e, z) = 17

(L(d) duoc gén gia tri lai bang 7, bai vi dudng di a
— ¢ > e - d c6 d6 dai duong di bang L(e) + w(e,
d) = 7, ngan hon so véi dudng dia - b — d, c6 do
dai duong di bang 9).

Vi L(d) < L(z), nén d dugc thém vao V(T) va canh
(e, d) dugc thém vao E(T).

Buwérc 5:

V(T)={a b, ced}

E(T) ={(a, b), (a c), (c. &), (e, d)}

Trong qud trinh lap:

F={z}

L(z) = 14 (L(z) duoc gan lai gia tri bang 14, boi vi
dudng dia » ¢ » e - d > z c6 d6 dai dudng di
bang L(d) + w(d, z) 14 < L(u) =17).

Vi z 1a dinh con lai duy nhét trong F, do d6 z duogc
thém vao V(T) va canh (e, z) dugc thém vao E(T)

Thuat toan diing vi z € V(T). Puong di ngan nhat tir a dén z c6 d6 dai = 14.

Theo ddi c4c budc di trong bang 1a cach thuan tién dé hién thi hanh dong cua
thuat toan Dijkstra:

Budc V(T) F L@ | L(b) | Lc) | L) | Le) | L(2
0 {a} {a} 0 oo oo oo 00 oo
1 {a} {b, c} 0 3 4 00 00 0
2 {a, b} {c,d, e} 0 3 4 9 8 00
3 {a, b, c} {d, e} 0 3 4 9 5 00
4 {a, b, c, e} {d, z} 0 3 4 7 5 17
5 {a, b, c,e d} {z} 0 3 4 7 5 14
6 {a,b,c,ed, z}
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Dong thtr 5 xac dinh dudng di ngan nhat tir dinh a dén cac dinh con lai caa db thi.
Puong di ngan nhat tir a &én b ¢6 do dai 3
Puong di ngan nhat tir a d&én ¢ c6 d6 dai 4
Puong di ngan nhattra déndc6 dodai7:a—»c—e—d
Puong di ngan nhattira dénecododai5:a—c—e
Puong di ngan nhattra dénzcododaild:a»c—oe—-d-z
2.5.2.2. Cai dat thudt toan Dijkstra bang ngdn ngiz C++

#include <stdio.h>
#include <limits.h>
/1 Thiét 1ap s6 dinh cua db thi
#define V 10
// Ham tién ich dé tim dinh c6 gia tri khoang céch téi thiéu, tir tap hop cac dinh chua
thudc cay duong dan ngan nhat
int minDistance(int dist[], bool sptSet[])
{
// Khai tao gia tri min
int min = INT_MAX, min_index;
for (intv=0; v <V, v+t+)
if (sptSet[v] == false && dist[v] <= min)
min = dist[v], min_index = v;
return min_index;

// Ham dé in mang khoang cach duoc xay dung

int printSolution(int dist[], int n)

{
printf("Dinh Khoang cach den dich\n");
for (inti=0; 1<V, it+t)

printf("%d - %d\n", i, dist[i]);

}

// Ham thuc hién thuat toan Dijkstra cho mot do thi duoc biéu dién bang ma tran ké

void dijkstra(int graph[V][V], int src)
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int dist[V];
bool sptSet[V];
/1 Khai tao tat ca céc khoang cach 1a INFINITE va stpSet[] 1a false
for (inti=0; 1<V, it+t)
dist[i] = INT_MAX, sptSet[i] = false;
/1 Thiét lap cac khoang cach ban dau bang 0
dist[src] = 0;
/l Tim duong di ngan nhat dén tat ca cac dinh
for (int count = 0; count < V-1; count++)

{

int u = minDistance(dist, sptSet);

/I Banh dau cac dinh d3 chon 13 da xir ly
sptSet[u] = true;
// Cap nhat lai gia tri cua cac dinh
for (intv=0;v<V,;vtt)
/I Gan lai nhan
if ('sptSet[v] && graph[u][v] && dist[u] '= INT_MAX
&& dist[u]+graph[u][v] < dist[V])
dist[v] = dist[u] + graph[u][V];
}
I In két qua
printSolution(dist, V);
}
I/ Kiém thir cac chire nang cua chuong trinh
int main()
{ , \ N
[* Thiéct 1ap ma tran ké cho do thi sau day */
int graph[V][V] ={{0,6,0,0,4,0,0,15,0,5},
{6,0,8,0,0,0,0,11,0, 0},
{0,8,0,7,0,4,0,0, 2,13},
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{0,0,7,0,10,12,0,0,0, 6},
{4,0,0,10,0,10,0,0,0, 0},
{0, 0, 4,12,10,0, 2,0, 0, 0},
{0,0,0,0,0,2,0,3,6,0}
{15, 11,0,0,0,0, 3,0, 7, 7},
{0,0,2,0,0,0,6,7,0, 19},
{5,0,13,6,0,0,0, 7,19, 0}};

/ Nhan vé két qua 1a duong di ngan nhat tir dinh dau dén cac dinh con lai cia d6

thi.

dijkstra(graph, 0);
return O;

¥

Két qua khi thuc hién:
0-0
1-6
2-14
3-11
4-4
5-14
6-15
7-12
8-16
9-5
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CAU HOI VA BAI TAP CHUONG 2
A. BAI TAP CO LOI GIAlI

Bai tap 2.1
Cho db thi sau day:
€1
Vl VZ
ey 3
V3

Hinh 2.78: Hinh vé& cua Bai tap 2.1.

a. Xac dinh bac cac dinh cia do thi?
b. Xac dinh ma tran ké biéu dién do thi?
c. Xac dinh ma tran lién thudc dinh canh biéu dién d thi?
d. Xéac dinh danh sach canh biéu dién db thi?
Huréng dan:
a. Bac cac dinh cua d6 thi:

Bac dinh cua d6 thi 12 s6 canh di qua dinh.

binh Bac

21 2

Vo 3

V3 3

b. Ma tran ké biéu dién dd thi

vy, VU, Vs
v, 0 1 1
v, 1 0 2
v; 1 2 0

c. Ma tran lién thuoc dinh canh biéu dién d6 thi

vy 1 0 0 1
v, 1 1 1 0
v, 0 1 1 1

d. Danh sach canh biéu di&n do thi
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Str dung 2 mang Dau[] va Cuoi[] dé luu dinh dau va dinh cudi cia canh

Canh Daul] Cuoi[]
€1 Vi \Z
e, Vs V3
e; Vs V3
€4 Vi V3
Bai tap 2.2
Cho db thi sau day:

Hinh 2.79: Hinh v¢& cua Bai tap 2.2.

a. Xac dinh bac cac dinh cua do thi?

b. Xac dinh ma tran ké biéu dién do thi?

c. Xac dinh ma tran lién thudc dinh canh biéu didn db thi?
d. Xéac dinh danh sach canh biéu dién db thi?

Huéng dan:
a. Bac cac dinh caa d6 thi
Pinh Deg (V) Deg*(v) Deg(v)
vV, 3 1 4
Vo 2 1 3
V3 0 0 0
Vy 0 3 3

b. Xac dinh ma tran ké biéu dién do thi:
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V1 Uy V3 1y
vy 1 0 0 O
v, 1 0 0 O
vz 0 0 0 O
v, 2 1 0 O

¢. Xac dinh ma tran lién thudc dinh canh biéu dién do thi:
e, e, e3 e, e

v, 1 -1 -1 -1 0

v, -1 1 0 0 -1

vs 0 0 0 0 O

v, 0 0 1 1 1

d. Danh sach canh biéu din do thi:

Canh Daul] Cuoi[]

€1 Vi V2

€2 V2 Vi

€3 Vg4 V1

€4 Vg V1

e V4 V)

Bai tap 2.3
Chung to hai d6 thi sau day dang cau véi nhau:
Uy Uz U1 o » U
us Ug U2 U6
Uy usz Us U4
Hinh 2.80: Hinh cua Bai tap 2.3 — D6 thi Gag va Ga.
Huéng dan:
Db thi Gagco 6 dinh, 7 canh, bac cac dinh cua do thi twong wng 1a:
Pinh Bac

U 2
U, 3
Us 2
Uy 3
Us 2
Ug 2
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Db thi Gag ¢ 6 dinh, 7 canh, bac cac dinh cua do thi twong ung 1a:

Pinh Bac
21 2
v, 2
V3 3
V4 2
Vs 3
Vg 2

Thiét Iap ham f:

f(u) = Ve, f(Uz) = Vs, f(Us) = vy, f(Us) = Vs, f(Us) = vy va f(ug) = va.

Do d6 Gsg V& G dang cau véi nhau.
Bai tap 2.4

Kiém tra d(‘A? thi sau dé}( ¢6 chu trinh hay duong di Euler? Chi ra chu trinh hay
duong di Euler (néu cd) cua do thi?

a b ¢
° ™
d ¢ f
L 9
g h I

Hinh 2.81: Hinh vé cua Bai tap 2.4.

Huéng dan:
Buéc 1: Xac dinh bac cac dinh ciia d6 thi:
Pinh Bac binh Bac

a 2 f 4
b 4 g 2
c 2 h 4
d 4 i 2
e 4
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Budéc 2: Tat ca cac dinh cua d6 thi déu c6 bac chin. Do d6, c6 thé khang dinh do thi
trén co6 chu trinh Euler.

Str dung thuat toan Floyd, xac dinh chu trinh Euler nhu sau: (a, d) , (d, g), (g,
hy, (h, i), (i, f), (f, h), (h, €), (e, F), (f, ¢), (c, b), (b, &), (e, d), (d, b), (b, a).
Bai tap 2.5

Db thi sau day c6 chu trinh hay duong di Hamilton? Chi ra chu trinh hay
duong di Hamilton (néu c6) cua db thi?

g h ]
Hinh 2.82: Hinh vé& cua Bai tap 2.5.

Huréng dan:

Do thi trén c6 chu trinh Hamilton. Chu trinh Hamilton ctia do thi la:a —» d —
g—-h-i-e->f-c-b-a

Bai tip 2.6
Cho d thi sau day:

Hinh 2.83: Hinh vé cua Bai tap 2.6.

Xac dinh hanh trinh di qua tit ca cac canh cua d6 thi, mdi canh it nhit mot lan
sao cho tong trong sé cua hanh trinh 1a bé nhat (Truong hop c6 téng trong sé nhu
nhau, xét dén sé canh di qua 1a it nhat).
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Huéng dan:
Budc 1: Xdc dinh bdc cdc dinh ciia do thi:
deg(A) = 3, deg(B) =5, deg(C) = 3, deg(D) = 3
Budc 2: C6 bdn dinh bac 16 trong db thi.
Phan hoach céc tap dinh nay thanh cac phan hoach sau day:
P:: (A, B) (C, D);
P,: (A, C), (B, D);
Ps: (A, D), (B, O);
Budc 3: Tinh cac d(P;)
min (d(P,)) =2 + 7 = 9, can b sung thém 2 canh.
min(d(P,)) = 2 + 3 + 1 = 6, can bo sung thém 3 canh.
min(d(P3)) = 3 + 3 = 6, can bo sung thém 2 canh.
Do @6 min(d(P;) = 6.

Budc 4: Xac dinh duoc 2 phan hoach phu hop, c6 gia tri d(P;) = 6, xét thém s canh
di qua it nhat.

Hinh 2.84: Két qua cua Bai tap 2.6.

Phén hoach P35 thoa man
Nhén déi cac canh BC (trong sé 3) va AD (Hinh 2. 84)

Hanh trinh thu duoc di qua tat ca cac canh, it nhat 1 Ian, cd trong s6 nho nhat
A(2+5+3+9+3+1+7)+(3+3)=36.

Hanh trinh ngudoi dua thu xuat phét tir A 1a (A, 2, B), (B, 9, C), (C, 3, B), (B,
1,D), (D, 7, C), (C, 3, B), (B, 5, A), (A, 3, D), (D, 3, A). (Luu ¥: Cach viét (u, w(u,
v), v) dé phan biét cac canh cuing cip dinh).
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Bai tap 2.7
Cho db thi sau day:

Hinh 2.85: Hinh vé cua Bai tap 2.7.

Xéc dinh hanh trinh di qua tat ca cac canh caa do thi, mdi canh it nhat mot lan
sao cho tong trong so caa hanh trinh la bé nhat.

Huéng dan so bé:
deg(A) = 2, deg(B) = 3, deg(C) =4, deg(D) = 2, deg(E) = 3, deg(F) =4
C6 duy nhdt 2 dinh Ié (B, D)
Min(d(P)) = 3 + 4 + 6 = 13
Nhdn doi cac canh (B, A), (A, F) va (F, E) nhu hinh 2.86.

F
Hinh 2.86: Két qua cia Bai tap 2.7.

Téng trong sé caahanhtrinh 1a: (3+4+6+9+5+5+8+ 14+ 10) + (3 +
4+86)=T7.

Hanh trinh c4c canh di qua 1a: (A, B), (B, C), (C, D), (D, E), (E, C), (C, F),
(F, E), (E, F), (F, B), (B, A), (A, F) va (F, A).

Bai tap 2.8
Cho d6 thi nhu hinh v& 2.87
Xéc dinh c4c cay bao trim cua db thi?
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e g

Hinh 2.87: Hinh vé cua Bai tap 2.8.
Huwéng dan

Db thi c6 bay dinh, bing cach bo di mot sé canh dam bao: db thi con lai sau
canh va cac canh con lai khdng tao thanh chu trinh, ta sé€ thu duoc cay bao trum cua
db thi.

Ban dau db thi c6 chin canh, do vay phai x6a di ba canh, git lai séu canh cua
db thi ban dau. TOy thudc vao nhdm cac canh x6a ma ta thu duoc cdy bao trim khac
nhau caa do thi.

Trwong hep 1:
Xba canh (a, e):
a b c

=

Xba canh (g, f):
a b c

a,

e g

X6a canh (c, g). Bo thi thu dugc cudi cung la cay bao trum
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e g

Trwong hop 2:
Bang cach x6a nhdm 3 canh khac cua d6 thi, ta thu dugc mot s cay bao trum
sau day:
Bo 3 canh (a, b), (e, g) va (f, ¢):
a b c d

Trwong hep 3:
Bo 3 canh (a, b), (f, g) va (c, 9):

Trwong hop 4:
Bo 3 canh (a, e), (e, ) va (f, g):
a b c d
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Trwong hop 5:
Bo 3 canh (e, 1), (f, g) va (g, ¢):

a b c d

e 8

Tuy thudc vao viéc chon nhdm céc canh cin xda (ba canh) dé tir chin canh
giir lai sdu canh, dam bao do thi thu duoc khong chira chu trinh, ta thu duoc cac két
qua khac nhau. Néu do thi 6 trong s6, ta s& tim cay bao trim cé trong s6 nhé nhat
bang thuat toan Kruskal hodc Prim nhu cac bai tap 2.9, 2.10 va 2.11 duéi day.

Bai tap 2.9
Cho d6 thi sau day:

Hinh 2.88: Hinh vé cua Bai tap 2.9.

Tim cy bao triim cuyc tiéu sir dung thuat toan Kruskal?
Huéng dan:

Danh sach cac canh dioc sap xép tang dan theo trong so:

Canh DE | AB | AE | CD | BC EF CF | AF BF DF

Trongso | 2 3 4 4 5 5 6 7 8 8

Trinh tw cdc burdc thém cac canh nhur sau: (Pé tién theo dbi, cac canh cia do
thi sé duoc lam mo di, giong nhu tw twong cua thudt todn ban dau, cay T chi bao
gom cdc dinh, cac canh sé duoc két nap lan luot).
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Ban dau Canh duoc thém DE

B 5

Db thi co 6 dinh, s canh can thém vao cdy bao trum la 5. Gia cua cdy bao
trim cuc tiéu thu duoc 122 + 3 + 4 + 4 + 5 = 18 1a d6 dai ngan nhat cua cay bao

trum tinh dugc theo thuat toan Kruskal.
Céc canh thu duoc tir thuat toan 1a (DE , AB, CD, AE, EF)

Bai tap 2.10
Cho db thi sau day:

Hinh 2.89: Hinh vé cua Bai tap 2.10.

229




Dung thuat toan Kruskal xac dinh cay bao trim tdi thiéu cua d6 thi?

Huréng dan:

Sinh vién xem goi y dudi ddy, hoan thién theo trinh ty tung buoc cua thugt

toan Kruskal.

.4".‘.-«
o« » 22
8
®
3
s 4
. -2 . 2 > | 3
@
3
..  4
2 : 3 . . .
L Gia cua cay bao trum cuc tieu =2 + 2 +
3+3+4=14
Bai tap 2.11
Cho db thi sau day:
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Dung thuat toan Prim xac dinh cy bao trim tdi thiéu cua d6 thi?

Huréng dan:

Trinh ty cdac buoc cua thudt toan Prim dwoc thuc hién nhu sau:

Trinh tw cac bwéc thuc hién

Hinh minh hea

Xay dung cay bao trum T
Chon dinh bét dau 1a dinh a.
Vr ={a}, Er ={0}
Ve={b,c,d, e f g}

®——@©
T}
INZRNZ

Lién quan dén dinh a, c6 2 dinh b va ¢
thuoc tap Vg, chua thuoc T

Thém b vao V+, thém canh (a, b) vao E
V1 ={a, b}, Er = {(a, b)}
Ve={c,d,e f g}

0 " @
ST e

©O——F@
Cac dinh ké lién quan dén V7 bao gom 10
cacdinhc, d, e 0 @
im0 oty | 8[|
Thém d vao V-, thém canh (b, d) vao E
Vi ={a b, d} Er = {(a b), (b, d)} 0o ° [d) > ®
Ve={c, e f g} \8\ ﬁ \K ﬁ
@@
Céac dinh ké lién quan dén Vy bao gom 10
cacdinhc, e, f @ @
Tha X . X 4 8 7 6
ém c vao V-, thém canh (d, ¢) vao Et
VT ={a, b, d, c}, E; = {(a, b), (b, d), (d, e 9 0 9 3 @
? ENVZIRNVZ:
VG = {e, f’ g} e 1 @
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Cac dinh ké lién quan dén V; bao gom
cac dinh e, f

Thém f vao V1, thém canh (c, f) vao Et
V:={a, b, d, c, f}, Er = {(a, b), (b, d),
(d, c), (c, )}

VG = {e, g}

0——o
Céac dinh ké lién quan dén V; bao gom 10
cac dinh e, g o @

Thém g vao V1, thém canh (f, g) vao E+

4
Vr={a b, d,cf g} Er={(@ Db), (b, d), e @ 5 @
(d,c), (c, 1), (. 9)} E‘\ ﬁ K ﬁ
Ve ={e}
o——o
Céac dinh ké lién quan dén Vy bao gom 10
cac dinh e @ o

Thém e vao Vr, thém canh (f, e) vao Et

Vi={a b, d,cf g, e} Er ={(a b), (b,
d), (d, ¢), (c, ), (f, 9), (f, &)}

Ve ={0}

Cay bao triim cuyc tiéu thu duoc tir thuat todn Primc6 gia=4+8+2+1+2

+5=22.
Bai tap 2.12
Cho db thi sau day:

Hinh 2.91: Hinh vé cua Bai tap 2.12.
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Xac dinh duong di ngan nhat tir s dén t?
Huréng dan:

Trinh tw cac bwéc thuc hién Hinh minh hoa
\Y/ : {s,a,b,cdt} o 9 oo
Xuat phét tir dinh s 17 V&
Thiet lap L(s) =0 o 6 g 0 e
vv € V thiét 1ap L(v) = oo
. 1X Aﬁ
Tap ké can F = {a, c} X 7 o
V(T) = {s}, E(T) = {0} .
o —%
17 Yﬁ
ol 6 g 10 o°
1k ; A«.
o> : o
Tinh toan lai L(a) va L(c) o8 9 o°
a b
L(a) =L(s) +w(s,a)=0+18=18 M/ Yﬁ
L(c)=L(s)+w(s,c)=0+15=15 i} p 0 e
Gén lai cac nhan cia a va c tir oo thanh s \ a / |
18 va 15. BN L7 1 g
'c‘. — %4
Thém c vao V(T) 18 9 o°
¢ — %
V(T) ={s, c} IV Yﬁ
E(T) = {(31 C)} .f_) 6 10 .'?C
s 14
F={a, b,d
{ } 1\ ) _ /ﬁh
ot *F
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Tinh toan va gan nhén lai cho cac dinh a,
b, d.

ol8 9 o2
ViL(c) +w(c,a)=15+6=21> 18, nén 18 28
nhan dinh a van gii gia tri 18. . / \
L(@) =18 *s ° 14 0o
L(b) = L(c) + w(c, b) =15 + 14 = 29 1\ s . 5 Aﬁ
< 0o, do d6 gan lai nhan cho dinh b; L ®i
L(b) = 29
L(d) = L(c) + w(c,d) =15+ 7 =22 < oo,
do d6 gan nhan lai cho dinh d;
L(d) = 22
Trong F = {a, b, d} a c6 nhan nho nhit JULJ R
Thém a vao V(T)
V(T)={s,c, a}
F={b, d}

Xem xét va gan nhan lai cac dinh cua F

olf .
Gan nhan cho b va d 4 b >
L(b) = L(a) + w(a, b) =18 + 9=27 <29 o 6 [ o e
Gén nhn lai cho dinh b NS
L(b) = 27 o

Gilr nguyén nhan cuaa dinh d;

L(d) = 22

F={b, d} w0

Pinh d c6 nhan L(d) < L(b), do d6 thém
d vao V(T)

V(T)={s,c, a d}
Tap ké can F = {b, t}

\2?*
o0

10 e

/:m
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Tinh toan va gan nhan lai cho b va t

18 9 27
% *5
L(b) = L(d) + w(d, b) =22 + 10 =32 > 27 1?'5/ \??*
Gitr nguyén nhén caa dinh b: L(b) = 27 ol 6 10 o8
5 14

L(t)—L(d)+W(d,t)—22+36—58-<oo 1\ /ﬁ)
Do d6, nhan cua dinh t dugc gan lai L(t) o3 ’ o=
=58
F={b, t} olf 9 .-b_“’

L(b) =27 <58 = L(t), do d6 dinh b dugc
thém vao V(T)

V(T)={s,c, ad, b}
Tap F = F—{b} = {}

14

5 7 22
o .d_
F={t} qnfll—8 i og—?
2
Gan nhan lai cho dinh t ly \H
L(t) = L(b) + w(b, t) = 27 + 28 =55 < 59 o 6 10 e
Do do, dinh t dwoc gén lai nhin L(t) = 55 N | /%
o - o2
) a7
Thém t vao V(T) o o N
V(T)={s,c, a,d,Db,t} / \
F = {0} .% 6 9 10 e
1\ i _ /36
o2 r o2
Bay gio bat dau tai t, tim canh vw ma J8 9 4
L(v) + w(vw) = L(w) va dénh déu canh | 15 , | B 28
do6 bang hinh mii tén tr v dén w . / \
BAt dAu tir 27 + 28 = 55 s ‘ VI
DPanh diu mii tén tir b dén t 11\ ; ” 9 /ih
o LD
T]:I 18 + 9 = 27 18 9

D4nh dau miii tén tir a dén b

14
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Twr0+18=18

DPanh ddu mii tén tir s dén a

Trong truong hop ndy, dudng di ngin
nhat tir s dén t la duy nhat, c6 tong trong
s61a55,ditrs quaa, dénbva dént.

Dua vao céch xay dung duong di tir s dén t, ciing dé dang nhan thdy duong di
ngan nhat tir s dén cac dinh con lai:

Tir s dén a co @6 dai 18

Tir s dén ¢ c6 d6 dai 15

Tir s dén b c6 do dai 27

Tir s dén d c6 do dai 22

Tir s dén t c6 do dai 55.
B. BAI TAP SINH VIEN TU LAM.
Bai tap 2.13

Cho d6 thi sau day:

Hinh 2.92: Hinh vé cua Bai tap 2.13.
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a. DO thi trén ¢ bao nhiéu dinh?
b. Xéc dinh bac cac dinh cia d6 thi?
c. Xac dinh cau va khép cua do thi?
d. Xac dinh mot duong di ¢6 d6 dai 4 tir A dén F?
e. Xac dinh ma tran ké biéu dién do thi?
f. X4c dinh ma tran lién thuoc dinh canh biéu dién do thi?
g. Xac dinh danh sach canh biéu dién db thi?
h. Xac dinh danh sach ké biéu dién db thi?
Bai tap 2.14
Cho d6 thi sau day:

Hinh 2.93: Hinh vé cua Bai tap 2.14.

a. 6 thi trén c6 bao nhiéu dinh?
b. X&c dinh béc cac dinh caa db thi?
c. Xac dinh cau va khép cia do thi?

d. C6 hay khéng 1 chu trinh don gian trong d6 thi? Néu c6 hdy chi ra chu
trinh don gian do6?

e. Xac dinh ma tran ké biéu dién do thi?

f. X4c dinh ma tran lién thuoc dinh canh biéu dién do thi?
g. Xac dinh danh sach canh biéu dién db thi?

h. Xéac dinh danh sach ké biéu din do thi?
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Bai tap 2.15
Hai db thi sau day c6 dang ciu véi nhau?

H]

lg UA

Vg
HS H3

'1’4 1"3
H4

Hinh 2.94: Hinh vé cua Bai tap 2.15.

Bai tap 2.16

Dit tén cac dinh cua d6 thi, chung to do thi ¢ chu trinh Euler. St dung thuat
toan Floyd tim chu trinh Euler cua db thi sau:

u

Hinh 2.95: Hinh vé cua Bai tap 2.16.

Bai tap 2.17
a. Dt tén cac dinh cua db thi, chiing té db thi sau day c6 chu trinh Euler?

Hinh 2.96: Hinh v¢& cua Bai tap 2.17.
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b. Hay tim chu trinh Euler trong dd thi bang thuat toan Floyd?
Bai tap 2.18

Dit tén cac dinh cua do thi, cho biét do thi sau diy co chu trinh, duong di
Euler, Hamilton hay khéng?

Hinh 2.97: Hinh vé cua Bai tap 2.18.
Bai tap 2.19
Do thi dudi day duoc goi 1a do thi Petersen.
a. D6 thi nay c6 chta chu trinh Hamilton hay khong? Tai sa0?
b. C6 chira duong di Hamilton hay khong? Tai sao?

Hinh 2.98: Hinh vé cua Bai tap 2.109.

Bai tap 2.20

Giai bai toan nguoi dua thu Trung Hoa sau day:
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Hinh 2.99: Hinh vé& cua Bai tap 2.20.

Bai tap 2.21

Giai bai toan nguoi ban hang sau day:

A
4 5
B E

\
32
c 4 b

Hinh 2.100: Hinh vé cua Bai tap 2.21.

Bai tap 2.22
Cho db thi sau day:

Hinh 2.101: Hinh v¢& cua Bai tap 2.22.

240



Xac dinh cay bao trum cua db thi bing thuat toan:

a. Kruskal

b. Prim.
Bai tap 2.23

Str dung thuat toan Kruskal, tim cay bao trim cuc tiéu cua cac d6 thi sau day:
12 T 6 U 8 v

S
¢

o
X

N @

W 4 15 Y 7

Hinh 2.102: Hinh vé 1 cua Bai tap 2.23.

G 4 F

Hinh 2.103: Hinh vé 2 cua Bai tap 2.23.
Bai tap 2.24.
Str dung thuat toan Prim, tim cay bao trim cuc tiéu caa cac do thi sau day:

241



Hinh 2.104: Hinh vé 1 cua Bai tap 2.24.
B 8 E 9 H

C 7 F I

Hinh 2.105: Hinh vé 2 cua Bai tap 2.24.

B 65 F
30 50 25
20
A
G
75
60
G

Hinh 2.106: Hinh v& 3 cua Bai tap 2.24.

242



Bai tap 2.25

Tim duong di ngan nhat tir A dén G cta do thi sau day:

c 10 F
Hinh 2.107: Hinh vé cua Bai tap 2.25.
Bai tap 2.26
Tim duong di ngan nhat tir S dén cac dinh con lai caa db thi:

A e D

Hinh 2.108: Hinh vé cua Bai tap 2.26.

Bai tap 2.27
Tim duong di ngan nhat tir A dén H cua céac do thi sau day:

Hinh 2.109: Hinh vé 1 cua Bai tap 2.27.
243



Hinh 2.110: Hinh vé 2 cia Bai tap 2.27.
Bai tap 2.28

D6 thi sau day biéu dién cho hai hon dao, mdi hon dao ¢ bay thi tran, c6 mot
cay cau noi hai hon dao. Gia tri ghi trén mdi canh, thé hién khoang cach trén duong bo.

Dung thuat toan Dijkstra, tim duong di ngan nhat tir A dén N

Bai tap 2.29

A® 40 D 25
15 15
se 41 Ed 10
15 30
ce 25 25
F I L )

Hinh 2.112: Hinh vé cua Bai tap 2.29.
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Ba nguoi ban An, Binh, Cudng s& cung tham gia vao mét cudc thi chay. Moi
ngudi S€ Xuat phat tai cac vi tri khac nhau, nhung cung két thuc & N. An bat dau tur
diém A, Binh bat dau tir diém B va Cuong bat dau tir diém C.

Db thi hinh 2.112, cho thay nhitng tuyén duong phé ma An, Binh, Cuong c6
thé chay qua. Cac trong sé ghi trén céac tuyén duong, biéu thi thoi gian, tinh bing
gidy, dé mot trong ba ngudi chay doc theo tuyén phd.

Xuét phat nguoc tir N, hodc st dung thuat toan Dijkstra, tim thoi gian dé ca ba
ngudi An, Binh, Cuong hoan thanh cugc thi. Thé hién tat ca cac cong viec tai méi dinh.
Bai tap 2.30

Db thi 2.113 dudi day cho thiy nhitng con dwong xung quanh thi tran (K) va
thoi gian, tinh bang phat, can thiét dé di chuyén bang & t6 doc theo nhitng con
dudng do.

(a) Mot nguoi lai xe mudn di tir A dén C doc theo nhitng con dudng nay
trong thoi gian téi thiéu co thé. Sir dung thuat toan Dijkstra, dé tim 19 trinh ma ngudi
lai xe nén sir dung va thoi gian ma hanh trinh s& di. Hién thi tit ca cac hoat dong cua
trén cung duong nay maot cach rd rang.

(b) Bén phan cua duong vanh dai AB, BC, CD va DA mdi phan yéu cau cling
mot lugng thoi gian. Nam sau s& ¢6 nhiing cai tién cho duong vanh dai dé giam thoi
gian nay tir 30 phut xudng con m phit. Picu nay s& cho phép ngudi lai xe giam thoi
gian tdi thiéu cho mot hanh trinh tir A d&n C trong 2 phat. Tim gia tri caa m va néu
16 trinh m&i ctia nguoi lai xe.

Hinh 2.113: Hinh vé cua Bai tap 2.30.
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CHUONG 3
PAI SO LOGIC

Ngi dung Chuwong 3, dai sé logic nham trang bj cho sinh vién kién thic vé
ménh dé, cac phép toan cua logic ménh de, cac ludt logic dé bién doi cac biéu thirc
logic. Ngoai ra Churong 3 con gidi thiéu vé cac suy ludn, ludt suy dién. Phan cudi
cua CthO’ng 3, gié’i thiéu vé dai sé’ Boole, chudn tdc hdi va chuan tdic tuyén.

'ChIO’C Anh hoa la Aristotle, phlen am trong tleng
.Vlet la Aritxtét; 384 — 322 TCN) Ia moét nha triét
ihoc va bac hoc thoiHy Lap c6 dai, hoc tro
i cua Platon va thdy day cia Alexandros Pai dé. Di
i but cua 6ng bao gém nhiéu linh vuc nhu vat ly
i hoc siéu hinh hoc, thi van, kich ngh¢, @m nhac, luan
Iy hoc, tu tir hoc, ngén ngit hoc, kinh té hoc, chinh
- tri hoc, dao dirc hoc, sinh hoc va dong vat hoc. Ong
: : duge xem 14 ngudi dat nén mong cho mon luan Iy
i hoc va dugc ménh danh la “Cha dé cua Khoa hoc
: chinh tr;”. Qng cting thié:t lap ‘mcf)t phuong cach tiép |
i can voi triet hoc bat dau bang quan sat va trai
inghiém truée khi di t6itw duy triru tuong. Cung |
vol Platon va Socrates, Arlstoteles la mot trong ba
. tru cot ciia van minh Hy Lap co dai.

Y tuong xay dung tap hop cac quy tic suy luan, suy dién, 1a nén tang cho viéc
nghién ctru tri thire dugce dua ra boi nha triét hoc Hy Lap Aristotle (384 —322 truéc
Cong nguyén). Vao thé ky XVII, nha Triét hoc va Toan hoc ngudi Puc Gottfried
Leibniz di dua ra y tuong sir dung cac biéu twong biéu dién qua trinh suy luan theo
cach twong tu nhu cac ky hiéu dai sd, biéu dién qué trinh suy luin vé cac con sd va
mbi quan h¢ cua ching. Y tudng cia nha toan hoc Leibniz dugc thyc hién hoa vao thé
ky XIX bdi cac nha toan hoc nguoi Anh George Bool va Augustus De Morgan, nguoi
sang 1ap ra cac chu dé hién dai cua logic biéu tuong. Cac nghién ctru dugc tiép tuc cho
dén ngay nay, logic tugng trung 1a mot trong nhimg kién thirc 14 co s 1y thuyét cho
nhiéu linh vuc cta khoa hoc may tinh nhu thiét ké mach, k¥ thuat sb, 1y thuyét co so
dir liéu quan h¢, ly thuyét vé automat va tinh toan, tri tué nhan tao, V.v..
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3.1. MENH PE VA CAC PHEP TOAN MENH PE

Ngi dung cua phdn 3.1 chuyén hoa céac phét biéu hang ngay thanh cac logic
ménh dé va cac logic vj tir. Gidi thiéu cdc phép todn lién quan dén logic ménh de,
cac lugt logic ménh de. Sir dung cac lugt suy dién dé kiém tra tinh diing dan ciia mgt
suy ludgn. Va cudi cung gidi thiéu va chuyén hda céac biéu thizc logic vé dang chudn
tac héi hogc chuyén tac tuyeén.

3.1.1. Dinh nghia
Vidu 3.1

Xét vi dy véi hai phat biéu sau day, mac du ndi dung caa hai phat biéu nay la
khac nhau, nhung hinh thic logic cua ching 13 nhu nhau. Ca hai phat biéu déu co
gia tri theo nghia: néu co so cia chung 1a ding, thi két luan ciing phai dang.

Phat biéu 1: “Néu cii phdp chwong trinh bi 161 hodc néu viéc thiee thi chwong
trinh ddn d@én chia cho 0 thi may tinh sé tgo ra mét thong bao 16i . Do d6, néu may
tinh khong tao ra théng bao 16i, thi ¢t phap chuong trinh 1a chinh xé4c va viéc thuc
hién chuong trinh khong dan dén tinh hudng chia cho 0.

Phat bidu 2: “Néu x 1a sé thuc théa man x< -2 hodc x >2 thi x*> >4.” Do dd,
néu x? # 4 thi x « -2 vax » 2.

Dé minh hoa hinh thtc logic cua cac phat biéu trén, ching ta st dung céc chir
cai cua bang chir cai (chang han p, q, r) dé biéu dién cac thanh phan cua cau phét
biéu va biéu thic “not p” dé biéu dién cho cau “khdng phdi la p”. Do d6, dang biéu
thire logic chung caa ca hai phat biéu trén duoc biéu dién nhu sau:

Néu p hodc g, thi r

Do @6, néu khdng phai r, thi khdng phai p va khdng phdi q.

Vidu 3.2

Dién vao céc vi tri tréng dé phat biéu (b) ¢ dang giéng phat biéu (a). Sau d6
dua ra dang biéu thic logic chung cua hai phét biéu st dung cac ky tu thay thé cho
c4c thanh phan cau:

Phat biéu (a): “Néu Nam hoc chuyén nganh Toan hogc Nam hoc chuyén
nganh Khoa hoc may tinh, thi Nam sé thi toan dat 150.

Nam hoc chuyén nganh Khoc hoc mdy tinh. Do dé Nam sé thi toan dat 150"

Phat biéu (b): “Néu mén logic dé, hogc ...(1)....., thi ...(2)......

TOI hoc tdp cham chi.

Do d6, t6i sé dat diém A ciia mon hoc”

(1) TO6i hoc tap cham chi

(2) Toi s& dat diém A ctia mon hoc
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Hinh thirc chung cia phat biéu A va phat biéu B:

Néu p hodc q, thi r.

g.
Do do, r.

Dinh nghia 3.1

Ménh dé 1a mot khang dinh c6 gié tri chan ly xac dinh. Mot ménh d¢ chi
nhan mot trong hai gia tri ding hoac sai (khéng thé vira ding vira sai).

Ky hiéu cac bién ménh dé bing cac ky hiéu p, g, r,...

Néu p 12 mot ménh dé dang, ta n6i p nhan gié tri ding, viétp=1,hoacp=T
(True)

Néu p 1a mot ménh dé sai, ta n6i p nhan gia tri sai, viét p = 0, hoac p = F
(False)

Vidu 3.3

“2 cong 2 bcing 47 va “2 ¢éng 2 bang 5 1a hai ménh d¢, trong d6 ménh dé

mot dung, con ménh dé hai sai.
Luuy:

‘ Céc cau hoi, cau khing dinh, cau cam than, hoac ménh Iénh khdng phai ménh
de vi khong cé gia tri xac dinh.
Vi du 3.4

~ Phatbieu “dnh ta la mét sinh vién” khdng phai la mot ménh dé, vi trong mot
SO truong hop phat biéu nay la ding, nhung trong mét so6 trueong hop khac, phat bieu
nay sai.

Tuong ty, “x +y > 2" cling khong phai la 1 ménh dé, bai vi trong mot s6 gia
tri cia x, y, phat bi€u trén la dang, mot so truong hop khac lai cho ket qua sai.
Chang han, véi x = 1, y = 2, phat biéu trén dang, véi X = -1 va y = 0 thi phat biéu
trén sai.

Phan loai ménh dé

Co hai loai ménh dé:

+ Ménh dé so cap (nguyén thay): 1a ménh dé khdng thé phan tach thanh
nhiéu ménh don don gian hon.

* Ménh dé phuc hop: 1a ménh @& duoc tao tir mot hodc nhiéu ménh dé khac
bang céch sir dung céc lién két logic nhu va, hoac, khi va chi khi, hodc “khdng phdi... ”
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Vidu 3.5

Phat biéu p =“15 chia hét cho 3 1a mot ménh dé so cap

Phat biéu “2 14 sé chan va 2 12 sé nguyén t6” 1a mot ménh dé phic hop.
3.1.2. Cac phép toan logic
3.1.2.1. Phép phu dinh

Pinh nghia 3.2

Néu p 1a mot bién ménh dé, phu dinh cua p 1a “khéng phdi p”, ky hiéu l1a
—p hoac p.

NG ¢6 gid tri trai nguoc véi p: néu p ding thi —p sai, néu p sai thi —p dung

Bang 3.1: Bang gia tri chan ly phép phu dinh

p —p
T F
F T

(Ky hiéu T: True, F: False)
Vidu 3.6
- Néu ménh dé p = “Maqt troi moc ¢ dang dong ™ thi phu dinh cia p 1a —p =
“Mat troi khéng moc ¢ dang dong”;
- Néu p = “6 chia hét cho 3” thi —=p = "6 khdng chia hét cho 3". R rang p
ding, —p sai.
3.1.2.2. Phép hgi

Dinh nghia 3.3

Cho p, q la céc bién ménh dé&, phép hoi cua hai bién p, q duoc viét 1a “p va
q”, ky hiéup Aq.

Phép hoi chi cho két qua dung (True) khi ca p va q cuing dung, cac trudng hop
con lai déu cho két qua sai (False)

Vidu 3.7

Trong ngdn ngir thong thuong, cau noi “Troi nang va troi nong” dugc hiéu
1a dang néu diéu kién nang va ndng déu thoa man. Néu troi nong, nhung khong ning
hoac troi nang nhung khong nong, thi cau noi dugc hiéu 1a sai.

Bang 3.2: Bang gia tri chan ly cua phép hoi

p g pAg
T T T
T F F
F T F
F F F
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Vi du 3.8
Cho phét biéu “6 chia hét cho 3 va 6 1a mét so chan ”;

it p = “6 chia hét cho 3”7, q = “6 la mét so chan”. Ménh dé p A q cho két
qua True, vi p, q déu nhan gié tri True.

3.1.2.3. Phép tuyén

Dinh nghia 3.4

Cho p, q la c&c bién ménh dé, phép tuyén cua hai bién p, q dugc viét 1a “p
hodc ¢, ky hiéup Vv q.

Phép tuyén chi cho két qua sai (False) khi ca p va q cung sai, cac trudng hop
con lai déu cho két qua dang (True).

Bang 3.3: Bang gia tri chan ly caa phép tuyén

p g pVg
T T T
T F T
F T T
F F F

Vidu3.9

“Sé 1é 1a so ¢o tdn cung bang 1, 3, 5, 7, 9 hodc chia cho 2 dw 1 1a mot ménh
décogiatri T
3.1.2.4. Phép keo theo.

Xem xét tinh hudng sau day: Gia sir ban di phong van xin viéc tai mot cia
hang va chi ctra hang cho ban 10i hira: “Néu ban di lam vdo sdng thi hai, thi ban sé
c6 dwoc cdng viéc”.

Trong truong hop ndo ban c6 ly khi noi chu cia hang noéi sai? hay trong
trueong hop nao 1oi hira trén sai? Cau tra 1oi 1a: Ban di lam vao sang thir Hai va ban
khdng nhgn dwoc cdng viéc.

Rét cudc, chu cira hang hta hen rang ban s& nhan dugc cong viéc néu diéu
kién (di 1am vao vao sang thtr Hai) dugc dap tng; khéng néi gi vé nhitng gi s& xay
ra néu diéu kién khong dugc dap ung. Vi vy, néu diéu kién khong duoc dap tng,
ban khong thé biét 1oi hira ding hay sai, bat ké ban cé nhan dugc hay khong nhan
duoc cong viéc.

Vi dy trén minh ching rang chi c6 duy nhat mét tinh hubng dua dén két qua
sai khi gia thuyét 1a dung va két luan 1a sai. Trong tat ca cac truong hop khac, két
qua nhan dugc la dang.
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Dinh nghia 3.5

Cho p, q 1 c&c bién ménh dé, cac phat biéu “Néu p thi ¢” hoic “p kéo theo
q”, dugc Ky hiéu p = g, trong d6 p 1a gia thuyét (tién dé) va q 1a két luan (hé qua).
p — q sai (False) khi va chi khi p dung va q sai, cac truong hop con lai déu cho két
qua dang (True)

Bang 3.4: Bang gia tri chan ly cta phép kéo theo p— ¢

p q P—q
T T T
T F T
F T F
F F T

Vidu 3.10
Xem xét cau phét biéu sau: “Néu 0= 1 thi 1 =2".
Huwéng dan:
Pitp= “0=1",q=“I=2"
Phat biéu trén c6 dang “Néu p thi ¢ va dugc Ky hiéu p — q.
p, q déu nhan gia tri sai, nhung p — g nhan gia tri dang.
3.1.2.5. Phép kéo theo 2 chiéu

Dinh nghia 3.6

Cho p, q la cac bién ménh d¢, cac phat biéu “p néu va chi néu q” hoic “p
khi va chi khi g7, “p la diéu kién can va di cia q” duoc ky hiéu p & g, duoc goi
la phép kéo theo hai chiéu.

p < q dang khi va chi khi p, g cung gia tri chan ly (cung ding hoac cung
sai), p < q sai khi va chi khi p, q c6 gié tri chan 1y nguoc.

Bang 3.5: Bang gia tri chan ly caa phép kéo theo hai chiéu

p g Peq
T T T
T F F
F T F
F F T
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Vi du 3.11

“S6 i nhién n chia hét cho 3 khi va chi khi téng cac chir sé cia n chia hét
cho 3”7

Huwéng dan:

Dit p = “S6 tw nhién n chia hét cho 37, q = “tong céc chir sé cua n chia hét
cho 3"

Phat biéu trén dugc thé hién qua biéu thuc logic p < q.
3.1.2.6. Biéu thizc logic

Pinh nghia 3.7

Biéu thuc logic 1a mot biéu thire duoc cau tao tir cdc ménh dé (p, g, r,..) va
cac phép toan logic =, A, V, —, <, két hop cac ddu mg dong ngoac ().

Bang gia tri chan Iy caa mét biéu thic logic ghi lai tat ca cac truong hop co
thé xay ra cua biéu thirc logic theo cac bién ménh dé. Néu ¢ n bién ménh dé thi
bang gié tri chan Iy s& c6 2" dong (khong ké dong tiéu dé).

Mirc d9 wu tién ctia cac phép toan logic trong biéu thic logic

Mirc d6 wu tién thi nhat | —

Mirc d6 wu tién thir hai A, V, khi c6 mat déng thoi trong mot biéu thire, wu tién
trong phép toan thuc hién trong dau ngoic don.

Mirc d6 wu tién thir ba —, &, khi c6 mat déng thoi trong mét biéu thuae, vu
tién trong phép toan thyuc hién trong dau ngozc don.

Vidu 3.12
Xay dung bang gia tri chan ly cho biéu thitc sau day:
A={@VaArA-(pArq)

Huéng dan:

Y nghia cuia biéu thic logic A: chi p hodc q (p va q khong dong thoi). Biéu
thitc A con dugc viét ¢ dang khac p @ g hoic p XOR g.

Pl q pVq pAq -(pAQ) Ve A-(pArg)
T| T T T F F
T| F T F T T
F| T T F T T
F| F F F T F
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Vidu 3.13
Xay dung bang gia tri chan ly cho biéu thize sau day:
B=(pAq)V-r

Huwéng dan:
Xay dwng bang gia tri chan Iy cia biéu thic

Tao bang véi tiéu dé cta cac cot lap, g, r, (p A q), =, (p Aq) V —r. Véi 3
bién ménh dé p, q, r thi 2° gia tri khi két hop céc bién nay.

P | q r PAq —r (pAQ)Vr
T T T T F T
T T F T T T
T F | T F F F
T|F | F F T T
FlT T F F F
Fl T | F F T T
FlF| T F F F
FIF|F F T T
Vi du 3.14
Xac dinh bang gia tri chan Iy cua biéu thirc logic sau day:
pV-q—-p
Huéng dan:
Xay dung bang gia tri chan Iy cua biéu thic
p ! p -9 pV q pV—q - p
T T F F T F
T F F T T F
F T T F F T
F F T T F T
3.1.2.7. Twong dwong logic

Dinh nghia 3.8

Hai biéu thirc logic duoc goi 1a twong dwong logic néu c6 clng bang gia tri
chan ly. Su twong dwong logic ctia 2 biéu thirc A, B dugc biéu thi P = Q hoic
P < Q.
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Kiém tra hai biéu thirc P va Q ¢6 twong dwong logic?

Buwdc 1: Xay dung bang gia tri chan ly vai 1 cot la cac gia tri caa P va mot
cot thé hién céc gia tri cua Q (gia tri cac dong cua P va Q duogc xac dinh dya vao
gia tri cuia cac bién ménh dé trong biéu thuc).

Buwéc 2: Kiém tra gia tri cua ting dong cua biéu thuc P, so sanh véi gié tri
dong tuwong ung cua Q.

Néu gid tri cua tat ca cac dong cua biéu thirc P giéng véi gia tri cua cac dong
cua biéu thic Q, thi két luan P va Q twong duong logic.

Néu mot trong cac dong gié tri cua P khac voi dong twong Gng cua Q, thi P
va Q khong tuong duong logic.

Vidu 3.15
Chiwng minh =(=p) =p
Xay dung gia tri chan ly cho 2 biéu thac A = p va B = —(—p)

Huéng dan:
P —p —(=p)
F T
F T F
Vi du 3.16

Chung minh 2 biéu thie logic
A=-=(pAq)vaB=-pA —q khong twong duong logic.

Huéng dan:
Xay dyng bang gia tri chan ly caa hai biéu thicc A, B:

p 9 | -p | —q PAgq ~(pAq) P Aq

T T F F T F F

T F F T F T F

F T T F F T F

F F T T F T T
Vidu 3.17

Chuang minh 2 biéu thirc
A=-=(p Aq)vaB =-pV —q tuong duong logic.
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Huéng dan:
Xay dung bang gia tri chan ly cua 2 biéu thiac A, B

p q ap | g PAq a(pAq) —p V g
T T F F T F F
T F F T F T T
F T T F F T T
F F T T F T T

Do d6: =(pAq) = -pV q.
Cong thirc nay duogc goi la cong thuc phu dinh (De Morgan)
Tuong tu, ta cling c6 =(p V q) = = p A q

Vi du 3.18

Chuang minh rang hai biéu thuc

A=pvg-rvaB=(p->r)A(q - r)teong duong logic.

Huéng dan:
Xay dung bang gia tri chan Iy cua 2 biéu thuc A, B.
Pl q r | pvqg | p=>r | g=r |pVgor | (p=>1)A(G=T)
T T T T T T T T
T T|F | T F F F F
T F T T T T T T
T|F | F | T F T F F
F T T T T T T T
FIT|F | T T F F F
F F T F T T T T
F| F | F F T T T T

Dua vao bang gia tri chan ly cua hai biéu thirc A va B, gia tri cac dong cua A
va B giéng hét nhau. Do d6, A va B twong dwong logic.

Vidu 3.19
Chuang minh rang hai biéu thuc logic

A=p e qgvaB=(p—-q) A(q = p) tuong duong logic.
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Huéng dan:

Xay dung bang gia tri chan ly caa 2 biéu thirc A, B.

p q pP—q q-p pPeq (p=>9)N(@Q—Dp)
T T T T T T
T F F T F F
F T T F F F
F F T T T T

Dua vao bang gia tri chan ly cua hai biéu thirc A va B, gia tri cac dong cua A
va B giéng hét nhau. Do d6, A va B twong dwong logic.

3.1.2.8. Hang diing, hang sali

Dinh nghia 3.9

Hang ding (tautology): Biéu thuc logic P goi 1a hang dtng néu bang gia tri
chan ly caa P ludn bang 1(T) trong moi truong hop cua cac bién ménh dé trong
biéu thire P. Khi d6, ta c6 thé viét P = 1.

Hing sai (contradication): Biéu thuc logic P goi 1a hang sai néu bang gia
tri chan ly caa P ludn bang 0 (F) trong moi trudng hop ciia cac bién ménh dé trong
biéu thirc P. Khi d6, ta c6 thé viét P = 0.

Vidu 3.20
Chang minh A = p vV —p la 1 hang ding va B = p A —p la 1 hang sai.

Huréng dan:
p -p pV-p pA-p
T F T F
F T T F

Tat ca cac gia tri trén cac dong cua biéu thac A ludn bang T, do d6 A 1a mot
hang dung. Nguoc lai, tit ca c4c gia tri trén cac dong cua biéu thic B ludn bang F,
hay B 1a mét hang sai.
3.1.2.9. Ung dung cua logic

Logic ¢6 nhiéu tng dung quan trong trong Toan hoc, Khoa hoc may tinh va
nhiéu linh vic khac ciia cudc sdng. Cac phat biéu trong Toan hoc va khoa hoc, ngdn
ngit ty nhién thuong khong chinh xéac hoic mo ho. Pé cac phat biéu nay chinh xac,
ching ta c6 thé st dung ngdn ngit cua logic. Chang han, logic duoc sir dung trong
dic ta caa phan mém va phan cang, béi nhitng théng sé ky thuat can phai chinh xéac
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trudc khi bat dau phat trién. Hon nita, logic ménh dé va c4c quy tic cia nd con dugc
su dung dé thiet ke mach, xay dung cac chuong trinh, xac minh tinh dtng dan caa
cac chuong trinh, xay dung cac hé thong chuyén gia.

Ung dung 1: Chuyén céc phéat biéu bang ngdn ngi tw nhién sang biéu thizc logic,
logi bé sw mo ho, khong chinh xac.

Vi du 3.21

“Ban chi c6 thé truy cdp Internet tir triong, chi khi ban 1a sinh vién khoa
cdng nghé thong tin hodc ban khéng phdi 1a sinh vién ndm thir nhat ”.

Huwéng dan:
p = “Ban cd thé truy cdp Internet tir trueomg ”
q = “Ban la sinh vién khoa cong nghé thong tin”
r = “Ban khong phdi la sinh vién nam thir nhdt”
Biéu thuc logic thay thé cho phét biéu trén 1a:
p—(qV-r)
Vi du 3.22

“Ban khéng dwoc phép di tau lwon siéu toc, néu ban cao dwedi 1.4m, trir khi

ban trén 16 tudi
Huéng dan:

p = “Ban c0 thé di tau leon siéu téc”

q = “Ban cao dwdi 1.4m”

r = “Bagn trén 16 tugi”

Biéu thic logic thay thé cho phat biéu trén Ia:

QA=) = =p

Ung dung 2: Bdc ta hé thong

Chuyén céc phat biéu trong ngdn ngit ty nhién thanh cac biéu thic logic 1a
cong viéc can thiét trong dac ta hé thong phan cing va phan mém. Cac ky su phan
ciring va phan mém st dung cac dic ta nay lam co so dé phat trién hé théng.

Vi du 3.23
Pic ta “Khong thé gui tra loi tw déng khi hé thong tdp tin by tran”
p = “Gu tra loi ty dong”
g = “Hé thong tdp tin tran”
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Pic ta trén duoc thay thé bang biéu thic g — —p

Céc dic ta he théng phai nhat quan, nghia 1a chung khong duoc chira cac yéu
cau bj xung dot dan dén cac mau thuan. Khi cac dic ta khdng nhat quan, sé khong cé
cach nao dé phat trién hé théng thoa man cac dac ta.
Vidu 3.24

Xac dinh cac dic ta hé thong ¢ pha hop khong?

“Théng bdo chan dodn dwoc luu trik trong bg dém hodce diwoc truyen lai’

“Théng bdo chan dodn khéng dwoc heu trir trong b dém”

“Néu théng bao chdn dodn dwgc luu trong bo dém, thi né dwoc truyen lai’
Huwéng dan:

Dé kiém tra cic dic ta trén cd nhat quan hay khdng, ching ta s& chuyén cac
dic ta nay thanh céc biéu thic logic

3

’

bat p = “Thong bdo chan dodn duoc luu trong bo dém”
Dit q = “Théng bdo chan dodn dwoc truyen lai”
Cac dac ta hé théng c6 thé duogc viét dudi dang
pVq
-p
b—q
Viéc gan gia tri cho cac dic ta déu dan dén két qua p sai dé —p dung. Khi d6
dé p v q dung thi q dung. Khi d6 p sai, q ding nén p — g dang, nén chiing ta c6 thé
két luan cac dic ta nay hoan toan phu hop, tit ca cac dic ta déu dung khi p sai, q
dung. C6 thé sir dung bang gia tri chan 1y duoc xay dung vai hai bién ménh dé p, q
cho céc biéu thirc trén dé di dén két luan tuong tu.
Vidu 3.25
Céc dic ta trén con phi hop khéng néu thém dic ta sau:
“Théng bao chan dodn khéng dwoc truyeén lai”
O Vi du 3.24, céc biéu thtc logic nhan gia tri dung khi p sai, q dung.
Tuy nhién, dic ta méi thém vao nay 1a —q nhan két qua sai khi q dung. Do
d6, bon dic ta nay khéng nhat quan véi nhau.
Ung dung 3: Tim kiém boolean
Céc két ndi logic duoc sir dung rong rai trong tim kiém tap dit liéu Ion, duoc
cung cap bai hang triéu trang Web trén thé giéi. Bai vi cac tim kiém nay sir dung
cac ky thuat tir logic ménh dé nén duoc goi la tim kiém boolean.
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Hién tai, nhiéu may truy tim hd tro thém cac phép toan nhu 1a OR, AND va
NOT. Khi dung thi tén cua cac phép toan nay bat budc phai viét chit in hoa. Phép
toan boole doi hoi dién vao dung vi tri quy dinh mét tir (hay mot cum tir trong ngoic
kép) giit vai trd cua toan tir. Ngoai ra, da sé may truy tim chi hoat dong tét trong mot
sb lugng giGi han cac phép toan boole cho mot bo tir khod. Loi khuyén chung la
khoéng nén dung qua 6 phép toan boole cho cung mot bo tir khoa va khdng phai may
truy tim nao ciing hd trg dy du cac phép toan AND, OR hay NOT.

OR: Co cu phap la (Toan tir 1) OR (Toan tir 2). Lénh nay cho phép tim nhirng
trang Web nao c6 chira mot trong cac toan tir cua phép toan OR cua bo tir khoa. Vi
du dé tim cac bai viét vé Nguyén Tréi trong ca tiéng Viét va tiéng nudc ngoai thi co
thé dung bo tir khoa “Nguyén Trdi” OR “Nguyen Trai”. Nhap tir khéa “TCP/IP OR
NetBEUI”, két qua s& hién thi giao thiac mang TCP/IP hozc NetBEUI.

Céac may truy tim cé thé dung OR la: AltaVista, AOL Search, Excite, Google,
Inktomi (HotBot, MSN), Ask Jeeves, Lycos, Northern Light, HotBot va Gigablast.

AND: C6 cl phap (Toan tir 1) AND (Toan tir 2). Phép toan AND nham yéu
cau may truy tim kiém céc trang c6 su hién dién cua tit ca cac toan tir. Vi
du “nanotechology AND health” s& gilp truy tim cac trang c6 mat dong thoi hai
chir health va chir nanotechnology. Nhap tir khéa “heart AND attack”, cdng cu tim
kiém s& ligt ké cac trang cO xuat hién ca hai tir néi trén. Picu nay, gitp tranh duoc
cac két qua dua ra khong phi hop.

Mot s6 trang truy tim s& dung AND nhu 13 mic dinh (trong d6 c6 Google).
Ban ciing c6 thé thay thé bang cach ding dau + trong mot sé trudng hop nao may
truy tim khéng c6 chac ning cua dai s6 Bool. Céc trang hd tro phép
toan AND la: AltaVista, AOL Search, Excite, Inktomi (HotBot, MSN), Northern
Light, Yahoo va Gigablast.

NOT: Phép nay hoan toan twong ty nhu cach ding dau -. Nghia 1a, su truy
tim sé loai bo nhirng trang ma noi dung cé chira toan tir deng ngay sau phép toan
NOT. Tuy nhién trong nhiéu may truy tim c6 hd trg thi phép niy ciing chi dugc
ding ¢ mot 1an cho mot bo tir khoa.

Vi du dé tim tai liéu hudng dan vé ngdn ngir lap trinh C/C++ cd thé tht ding
trén Altavista “C/C++ tutor” NOT book. Nhap tir khda “orange NOT juice”, két qua
s& hién thi thdng tin chtra tir orange nhung khong cé tir juice.

Céc trang co thé dung NOT la AOL Search, Excite, Inktomi (HotBot, MSN),
Northern Light va Gigablast.
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Ung dung 4: Gidi cdc cdu dé logic

Céc cau d6 duoc giai quyét bang cac luat logic dugc goi 1a cac cau dd logic.
Viéc giai quyét cac cau d6 logic 1a cach thuc hanh tét nhat dé hiéu rd vé cac luat
logic, d6i khi nguoi ta con x@y dung thanh cac chuong trinh may tinh dé giai quyét
cac bai toan logic ndi tiéng. Rat nhiéu ngudi thich tham gia giai quyét cac bai toan
logic duoc giéi thiéu trong cac sach, 4n pham dinh Ky, trén cac trang web nhu mot
hoat dong giai tri.

Vi du 3.26

(Vi du nay ciing dwoc dé cdp lai trong phan chizng minh bang mau thudn
trong phan céc lugt suy dién).

Nha logic hoc Smullyan di dit ra mot cau d6 vé mot hon dao, ¢ do co hai loai
cu dan. Hiép si, nhitng ngudi lubn ndi su that va nhitng né 1€ caa ho, nhitng ké luén
no6i déi. Ban gdp hai nguoi A, B trén hon dao. A, B 1a loai nguoi ndo néu A noi “B
la mét hiép si”, con B thi n6i “Chiing téi la nhitng nguoi déi nghich”. (Khéng cing
Kiéu cu dan).

Huéng dan:

batp = “4 la mot higp si”

q= “Blamothiép si”

A

Do @6 —p = “4 la m¢ot no I¢

A

, 1q = “Bla métnd 1¢

Phat biéu “Chiing ti la nhitng ngueoi doi nghich” twong duong véi biéu thuc
logic(pA—=q)V (mp A q)

Dau tién, xem xét kha ning A 1a mét hiép si, ménh dé p dung. Néu A 1a mot
hiép si, anh ta luén néi that, do d6 B 1a mét hiép si. Nhu vady ménh dé q dung va A,
B cing kiéu cu dan (cung 14 hiép si). Tuy nhién, néu B Ia hiép si, thi B luon néi sy
that, phat biéu cua B “Chiing t6i la nhitng nguoi doi nghich” ludn nhan gia tri dang,
hay biéu thic (p A =q) V (=p A @) nhan gi4 tri dung. Nhung diéu nay khong ding,
Vi (p A =q) V (=p A @) nhan gié tri sai khi p diing va q dang.

Do d6, ta c6 thé két luan A khong phai hiép si, nghia 1a p sai.

Néu la A 1a mot nd 18, thi A ludn n6i doi, do d6 phat biéu caa A “B la mét
hiép si”’ sai, hay B khong phai hiép si, B 1a mot no [¢.

Hon nita, néu B 12 mot nd 18, b ludn ndi ddi, loi néi cua B “Chiing t6i la
nhitng nguwoi déi nghich” sai, hay A, B cing kiéu ngudi, phi hop vai két qua A, B
déu 1a nd Ié.

Chung ta di dén két luan A, B déu la nd I¢.
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3.1.3. Cac luat logic
Bang 3.6: Bang téng hop céc luat logic

Luat logic

Cho céc bién ménh dé p, q, r va cac hang dung T, hang sai F

1. Luéat giao hoan

PAGQ=qAp pvVq=qVp

2. Luat két hop

PADAT=qA(PAT) vaeVvr=pv(qVvr)
3. Luat phan phéi

pA@@VT)=@AQ)V(PAT) pvV@Ar)=@VaA(Vr)
4. Luat pha dinh cda pha dinh

a(-p) =p

5. Luat De Morgan

—(PVaq)=-pA-q —(pAq) =-pV g

6. Luat kéo theo

p2>q=-pVgqg

7. Luat twong duwong

peq=@->q9) A (G~ p)

8. Luat trung hoa

pANT =p pVF=p
9. Luat thong tri

pANF=F pVT =T
10. Luat liiy dang

PADP=Dp PVP =P
11. Luat phan tir b

pA—-p=F pV-p=T

Viéc chirng minh céc luat trén dua vao viéc lap bang gia tri chan ly.
Vidu 3.27
Chung minh luat De Morgan dua vao viéc lap bang gia tri chan ly
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“(pVq)=-pA-q
-“(pAq)=-pV-q

Huéng dan:
Xay dung bang gia tri chan ly, so sanh gia trj ting dong cua vé trai va vé phai
Pl A |=-p| =g pVg | pAg| =(pVq) | =pA=q | =(pAQG) | =pV g
TIT|F|F| T T F F F F
TIF|F|T| T F F F T T
FIT|T|F| T F F F T T
FIF|T|T]| F F T T T T
Cac luat khac dugc ching minh tuong tu.

Vi du 3.28
Dua vao cac luat logic ching minh rang:

—(-pAQ)A(PVQ) =D

Y twéng:

- Str dung cac luat logic, thay thé cac thanh phan cua biéu thac logic bén trai
bang c4c biéu thirc logic tuong duong. Sau mdi budc thyc hién, ta thu dugc biéu
thire logic twong duong logic voi biéu thirc ban dau. Tiép tuc thuc hién, cho dén khi
thu dugc biéu thire logic bén phai.

- Néu gap cac phép phu dinh, thuong st dung ludt phu dinh cua phu dinh, luat
De Morgan dé bién d6i biéu thic. Néu gap phép kéo theo, hoic phép kéo theo hai
chiéu thi sir dung luat kéo theo va luat twong duwong. Str dung céc luat giao hoan, két
hop, phan phéi dé thay thé biéu thuc logic. Str dung céc luat trung hoa, thong tri, liy
dang dé thu gon biéu thuc.

Huéng dan:

AP ADA(PVY =(EEP) Vg APV Q) (Luat De Morgan)
=(pVvVag9)A(pPVQq (Luat phu dinh caa phu dinh)
=pV(=qAQq) (Luat phan phéi)
=pV(qA-Qq) (Luat giao hoan vai phep A)
=pVF (Luat phan tir bu)

=p (Luat trung hoa)

Vidu 3.29

Chuang minh rang:
p->r)v@-r)=@Arq)—>r
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Huréng dan:

p-or)v(@-r) =(—pVvVr)V(nqVr)
=-apV-oqVrVr

=(-pV-aq)Vr (Luat liiy dang)
=-(pAq) VT (Luat De Morgan)
=(ppAq) - (Luat kéo theo)
Vi du 3.30
Chuang minh rang:
apV(PAQ =D b.pA(pVveg =p
(Két qud cuia Vi du 3.24 nay con duwroc goi véi tén 12 lugt hap thy)
Huwéng dan:
apVAQ=(@AT)V(PAQ) (Luat trung hoa, thay thé p boi p A T)
=pA(TVQ) (Luat phan phdi)
=pAT (Luat thong tri)
=p (Luat trung hoa)
DodopVv(pAg)=p
b.pA(PVqE =@VF)A(VQ) (Luat trung hoa, thay thé p bai p v F)
=pV(FAQ) (Luat phan phoi)
=pVF (Luat thdng tri)
=p (Luat trung hoa)

DodopA(pVaq) =p.
Vidu 3.31

Chtng minh rang:
a.p-q=(nq--p)
Huéng dan:
p—>q=-pVgq

=q Vv =p

=-(nq)V-p

= (—q - —p)

Do dé,p » q = (—q » —p)
b.(pA—=q) = (p®r) = (apVqV-r)

(Luat keéo theo)
(Luat giao hoan, luat két hop)

(Luat kéo theo)

(Luat giao hoén)

(Luat phu dinh caa phua dinh)
(Luat kéo theo)
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Y twéng:

Strdungcongthicp &r=(pPVr)Aa(pAr)

Bién dbi vé trai vé vé phai.
Huréng dan:
(PA=q) = (pD1)
=(PA-q > ((PVr)A-a(pAT)
=a(pAV((PVTr)Aa(pAT))
= (pV-aaQ V((pVr)A-(pAT)
=(pVV((pVr)A-a(pAT)
=(QV-pV(PVr)Aa(pAT))
=qV(=pV((VTr)Aa(pAT))
=qV(pV (V) A(=pVa(pAT)
=qV((=pV P Vr)A(=pVa(pAT))
=qV(TVr)A(=pVa(pAT))
=qV(TA(=pVa(pAT))
=qV(apVa(pAr))
=qV(=pV(apV )
=qV((=pV-p)Vn)
=qV (apV )
= —|quV—|I'
(bpem)
Vi du 3.32

a. Viét lai cac phat biéu sau day thanh biéu thuc logic

(St dung cbng thirc XOR)
(Luat kéo theo)

(Luat De Morgan)

(Luat phu dinh caa phu dinh)
(Luat giao hoan véi phép V)
(Luat két hop voi phép v )
(Luat phan phéi)

(Luat két hop)

(Luat phan tir bo)

(Luat théng tri)

(Luat trung hoa)

(Luat De Morgan)

(Luat két hop)

(Luat liiy dang)

(Luat két hop)

“Néu ban chwa dii 18 tuéi hodc nong dé con trong mdu virot QUa 80° thi ban

khong dwoc ldai xe may”.

Huéng dan:

Dit c4c bién ménh dé p, g, r nhu sau:

>
Ay

p ="“Ban chwa du 18 tuoi

g = “Nong do con trong mdu vurot qué 80°”

r = “Ban khong dwoc ldi xe mdy”

Biéu thirc logic cua phét biéutrénla (p Aq) - r
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b. Chirng minh biéu thtc logic sau ddy

(p A (p = q)) = q lahing dung
Chwng minh:
Huwéng dan:

C6 thé chirng minh bang 2 céch;
Cach 1:
PA@->9)=q=@A(PVY)—q
=((pA-p)VPAQ)—q
=(FVvPArg)-q
=(Aq) —q
=-(pAgVq
=(=pV-q Vg
=-pV(aqVq)
=-pVvT
=T
Do d6 (p A (p — q)) = g la mot hang dlng.
Céch 2:

(Luat kéo theo)
(Luat phan phéi)
(Luat phan ta bu)
(Luat trung hoa)
(Luat kéo theo)
(Luat De Morgan)
(Luat két hop)
(Luat phan tir bl)
(Luat thong tri)

AP ->q)—>q= @A - q)V q(Luatkeo theo)

=(-pVv-a(p—->q) Vq
=(pVve Va(p—=q
=@->qV-(p-q
=EV-aE (VoiE=p—->q)
=T

Do d6 (p A (p — q)) — q 1a mot hang dung.
Vi du 3.33

Chang minh rang:

a.p - (pVq) lamot hing dung.
b. (p A q) = p la mot hiang dung.
Huéng dan:

ap->@EVy = -pVvVvy
=(-pVp)Vq

(Luat De Morgan)
(Luat két hop)
(Luat De Morgan)

(Luat phan ti bu)

(Luat kéo theo)
(Luat két hop)
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=TVgq (Luat phan tt bu)

=T (Luat thong tri)
Do do, p = (p V q) 1a mét hing dung.

b.(pAq) »p=-(pAq) Vp (Luat kéo theo)
=(apV-aq)Vp (Luat De Morgan)
=(V-p)V-q (Luat két hop)
=TV-q (Luat phan ti bu)
=T (Luat thong tri)

Do d6, (p A q) = p la mot hing dung.
Luuy:

- Pon gian hda biéu thuc 1a viéc lam r:élt hitu ich trong viéc x@y dung tinh
logic ctia cac chuong trinh va trong viéc thict ké mach logic k¥ thuat so.

- C:élc luat logic c6 thé duoc st dung dé thmg minh 'Einh tuong duong logjc
cuaa hai biéu thic logic, nhung ching khéng thé sur dung dé ching minh hai biéu
thire khong tuong duong logic. Lic r}e‘ly van phai st dung bang gia tri cl,lén l}'/‘ dé chi
ra sy tuong duong logic cﬁa‘ cac piéu thﬁ:c,‘ mac du cong viéc nay mat nhieu thoi
gian, trong treong hop 6 nhiéu bien ménh de.

3.1.4. Cac quy tic suy dién
3.1.4.1. Pinh nghia

Suy luan dya trén nén tang cua cac phép toan logic ménh dé. Tir céc phan
dqén, gia dinh dua dén’ céc‘chtrng minh d€ chap nhan hay bac bé mot van de né}o do.
be ching mir]h mot van de nao d6, ngudi ta thuong p’héi xac dinh cac gia thiét ban
dau va cac két luan. Qué} trinh di tr gia thiet dén két luan duogc goi la qué trinh
ching minh, cach thie dé thuc thi qua trinh ching minh duoc goi 1a phuong phap
chuang minh.

 Suy luan gom c6 hai thanh phan la gia thiét (goi 1a cac tién dé) va két luan.
Tién de 1a nhtng tri thirc da biét, hodc duoc thua nhan, la co sé cho suy luan, con
két luan la tri thae duoc rut ra.
Vidu 3.34

Cho suy luan sau day:

“Moi kim logi déu dan dién

Pong la kim logi

Do dé, dong ddn dién”.

Xac dinh gia thiét va két luan cua suy luan.
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Huéng dan:

Trong suy luan nay, c6 hai gia thiét: “Moi kim logi déu ddn dién” va “Pong
la kim logi ™.

Két luan dugc dua ra la “Pong ddn dién”.
Vi du 3.35

Xac dinh gia thiét (tién dé) va két luan cua suy luan sau day:

“Tat ca cac sé chan déu chia hét cho 2;

64 1a so chan

Vdy 64 chia hét cho 2.
Huwéng dan:

Gia thiét (tién dé) cua suy luan:

Tién dé 1: “Tdt ca cac so chan déu chia hét cho 2~

Tién dé 2: “64 la so chan”

Két luan: “64 chia hét cho 2.

Cac phuong phap chﬁ:ng minh khong chi dugc ap dungv trong linh vuc toén
hoc, ma con dugc 4p dung nhiéu trong Tin hoc. Chang han, kiém tra tinh ding dan
ctia chwong trinh, xay dung cac luat suy dién trong trong tri tué¢ nhan tao.

Dinh nghia 3.10

Trong cac chiing minh toan hoc, xuat phat tir nhitng khang dinh ding p, q,
r...(goi la céc tién dé), ta p dung cac quy tic suy dién dé suy ra chan ly cua mot
ménh dé h (két luan)

p
q
Tr

Kiém tra tinh diing din cia mdt suy luan

Buéc 1: Xac dinh céc tién dé va két luan caa suy luan (Viét dudi dang ky
hiéu)

Bwéc 2: Xay dung bang gié tri chan ly cua tat ca cac tién dé va két luan.

Bwéc 3: Mot dong caa bang gia tri chan 1y trong dé tat ca céc tién dé déu
dung goi 1a dong tiéu chi (critical row). Néu c6 1 dong tiéu chi trong d6 két luan
sai, thi c6 thé suy luan di cho co tién dé dung va két luan sai, do d6 suy luan khong
hop 1&. Néu két luan tat ca cac dong tiéu chi dung, thi suy luan d6 hop Ié.
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Vi du 3.36

Xdc dinh suy ludn sau day ding hay sai, bang cach xay dung bang gia tri
chan Iy, trong dé chiva cac cét tiéu dé va cot két lugn. Khi dién cac gia tri vao bang,
chi can xde dinh gid tri cua cét két ludn ¢ cac dong tiéu chi.

p—>qV—|T

q—>p/\T'
Huwéng dan:

Lap bang gia tri chan ly

p q rrf—ar|qv-ar| pAr p—o>qV-ar | qopAr por
T | T | T]|F T T T T T
T | T|F | T T F T F
T|F|T|F F T F T
T F F T T F T T F
F| T | T]|F T F T F
F T F T T F T F
F|F | T|F F F T T T
F|F | F | T T F T T T

Khi lap bang gia tri chan ly cua cac tién dé va két luan, ta chi quan tam dén
cac dong ma gid tri cia c4c tién dé déu ding. Lic do, kiém tra gié tri cua két luan tai
cac dong do.

Trong Vi du trén, dong bdn c6 tién dé dung (T), két luan sai. Do d6, suy luan
khong hop [é.
3.1.4.2. Céac lugt suy dién

Tong quat hoa (Generalization) - (con dwoc goi la luat cong)

p
~pVyq

q
A

Co s6 toan hoc
p—(@Vq)
q—-(Vq)
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Chang minh tinh dung dan cua quy tac:

p g pVgq
T T T
T F T
F T

F F

Dong tiéu chi, tién dé ding, két luan dung. Do d6 suy luan dang.
Vi du 3.37

An la sinh vién nganh CNTT

~An 14 sinh vién nganh CNTT hoic An 1a sinh vién nganh Kinh té

(Tién dé)
(Két luan)

Chuyén biét hda (Specialization) — ( con dwoc goi la luat rat gon)

pPAq
o p
pPAQq
o q
Co sé toan hoc
pAqQ—Dp
PAq—>Qq
Chuang minh tinh dung dan cia quy tac:
P q pPAg P q
T T T T T
T F F
F T F
F F F

Dong tiéu chi, tién dé dang, két luan dung. Do d6 suy luan dung.

Vi du 3.38

Binh thich hoc 1ap trinh va Binh thich Toan hoc (Tién &)

= Binh thich hoc lap trinh (Két luan)
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Tam doan luan

Suy ludn chira hai tién dé (tién dé tha nhat goi 12 tién dé chinh, tién dé thi hai
goi la tién dé phu) va mot ket luan duoc goi la tam doan luan.

Modus Ponens — Tam doan luén khing dinh

p—q
p

Co sé toan hoc:

(=9 AP)—q

Pé chirng minh tinh dung dan cua Modus Ponens, ta 1ap bang gia tri chan ly
sau day:

P q pP—q P q
T T T T T
T F F T
F T T F
F F T F
Dong tiéu chi, tiéu dé va két luan déu ding. Do dé, suy luan ding.

Vi du 3.39

Néu téng cac chit s6 cua 371.487 chia hét cho 3 thi 371.487 chia hét cho 3
Tong céc chir s6 cia 371.487 chia hét cho 3

- 371.487 chia hét cho 3

Modus Tollens — Tam doan luan phi dinh

p—q
g
oo —|p
Co sé toan hoc cia phwong phap nay:

(= q@)NAq)> —p

Chuang minh tinh dung dan cta tam doan luan pha dinh — quy tic Modus Tollens:

p g p->q | nq | —p
T T T F
T F F T
F T T F
F F T T T
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Dong tiéu chi, tiéu dé va két luan déu ding. Do d6, suy luan ding.
Vi du 3.40

Néu 870.232 chia hét cho 6 thi 870.232 chia hét cho 3

870.232 khéng chia hét cho 3

». 870.232 khdng chia hét cho 6

Tam doan luan roi (Quy tac loai trir)

pVvVq
P

pVq
—q
o p
Co so toan hoc
(VAN —q)—p
(Ve A —p)—q

Chuang minh tinh dung dan cia quy tac:

p g pvg | g p
T T T F
T F T T T
F T T F
F F F T

Chi quan tAm dén dong chtra cac tién dé nhan gia tri T, gia tri twong ung cua
két luan ciing nhan gié tri T (hinh trén). Do d6 suy luan hop ly.

Vi du 3.41
Gia strcho s6 x théamdn x—3=0hoicx +2=0
Néu biét thém x 1a s6 khong am, tic 12 x+ 2 #0

Do d6,x-3=0

Viét dudi dang biéu thirc nhu sau:
(x—3=0VvHx—-2)=0 (Tién dé)
-((x —2) = 0) (Tién dé)
~(x=3=0) (Két luan)

271




Vi du 3.42

Cuong thich da bong hodac Cuong thich xem bong da (Tién dé)
Cudng khong thich xem bong da (Tién dé)
~ Cudng thich d4 bong (Két luan)
Tam doan luan gia dinh
pP-q
q-—or
SpoT
Co sé toan hoc
(A (@->1)>(-T1)
Chuang minh tinh dung dan cia quy tac:
p q r p—q q—>r p=>r
T T T T T T
T T F T F
T F T F T
T F F F T
F T T T T T
F T F T F
F F T T T T
F F F T T T
Vidu 3.43

Néu 18.486 chia hét cho 18 thi chia hét cho 9.

Néu 18.486 chia hét cho 9 thi tong cac chir s6 cua 18.486 chia hét cho 9.
- Néu 18.486 chia hét cho 18 thi tong céac chir sé cua 18.486 chia hét cho 9.

Chirng minh bing phén chia trowong hop

pVvVq

p—or

q—-T
T

Co s6 toan hoc

(pvA(p->1r)A(@—>1))—>71
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Chting minh tinh ding dan caa quy tic:

Pl q | T pVgq poT q-or r
T | T | T T T T T
T|T|F T F F
T|F | T T T T T
T|F|F T F T
FIT | T T T T T
FIT|F T T F
FLlF | T F T T T
FIF|F F T T T

Vi du 3.44
x 12 s6 duong hodc x 1a s6 am.
Néu x 1a s6 duong, thi x*> 0.
Néu x 1a sé am, thi x*> 0.

x2 > 0.

Quy tic mau thuén

(Puoc dua trén nguyén tic: “Néu mét gid dinh ddn dén mau thudn, thi gid dinh dé
phdi sai’’)

p 1a mot ménh dé can kiém tra gia tri chan ly. Néu co thé chi ra rang gia su p 1a sai,
dan dén mau thuan, thi c6 thé két luan p ding.

—p — ¢ Véi ¢ la mot mau thuan.

o p

Vi du 3.45

Nha logic hoc Raymond Smullyan (Sinh nam 1919)
dua ra mot bai toan nhu sau:

Trén mot hon dao ¢ hai loai hiép si: Hiép si ludn noi
sur that va nd 1é caa ho, nhitng ké ludn néi dbi. Mot khach du
lich dén tham hon dao va tiép xdc véi hai nguoi ban dia A, B:

A: “B 1a mét hiép si lubn noi that”

B: “T6i va A khong cung kiéu” Raymond Smullyan

Hoi A, B thudc kiéu nguoi ndo (lubn néi su that hay
lubn noéi doi).
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Huéng dan:
Gia st A la hiép si luon noi that.

Nhiing gi A noi la diing. (Theo dinh nghia cua hi¢p si)
B cling 1a mét hiép si luén ndi that. (Theo loi A ndi)
Nhiing gi B néi la dung. (Theo dinh nghia cua hi¢p si)
A va B thuoc hai kiéu nguoi ddi lap. (Theo loi B noi)

Tir day xuat hién mau thuan, A va B ciing 12 hiép si ludn noi that, khac véi 1oi
B n6i (A, B khong cung Kiu higp si).

Vay gia str sai, theo quy tic mau thuan.

A khong phai hi¢p si luén néi that.

A 1ané 18, ké ludn noi doi (Bang céch loai tru: tat ca cu
dan caa hon dao, chi thudc vao mot trong 2 kiéu: hiép si ludn noi that va né 18 ludn
noi doi, A khéng phai hiép si ludn néi that, do vay A 1a nd Ié ludn noi doi).

Nhirng gi A no6i khong dung (Theo dinh nghia cua no I¢)

B khéng phai hiép si luon noi that

B 1a nd 1¢& ludn ndi doi

Vay A, B cuing Ia nhitng nd 1& udn noi doi.

Bang 3.7: Tong hop céc quy tac suy dién

Tén luat Quy tic
2 e Lz - p
Tong quat hoa (Generalization) PV Qg
(Quy tic cgng) A g
q
pAq
Chuyén biét héa (Specialization) p
( Quy tac rat gon) pAg
- q
Modus Ponens pP—q
Quy tic khang dinh Lq
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Modus Tollens p—q
Quy tic phi dinh ._'q
o —|p
pVvVq
P
Tam doan luan roi 1
(Quy tac loai trir) pVq
9
p—-4q
Tam doan luan gia dinh q—or
oo p -7
- _ —p — ¢ Vvéi ¢ la mot mau thuan
Quy tac mau thuan
oo p

Vi du 3.46
Ban dang chuan bi di hoc vao budi sang va phat hién ra rang ban da dé quén
kinh & dau do.
Céc phat biéu sau day 1a dung:
Néu t6i doc béo trong bép, thi kinh cuia t6i ¢ trén ban bép
Néu kinh cua t6i ¢ ban bép thi téi da nhin thdy vao bita dn sing
Téi da khéng nhin thdy kinh cia minh tai bita an sang
Té6i di doc béo ¢ phong khach, hodc 6i da doc béo ¢ bép
Néu 6i doc bao ¢ phong khach, thi kinh cia toi ¢ trén mat ban phong khach.
Vay kinh cia toi di & dau?
Huréng dan:
Thiét lap cac bién ménh dé trong cac phét biéu nhu sau:
p = “Téi doc bao trong bép”
q = “Kinh cua toi o trén ban an”
r = “T6i nhin thay kinh vao biza dn sang”
t = “Toi doc bao o phong khanh”
S = “Kinh cua t0i o trén mat ban phong khach”
Tt gia thiét cua dé bai, ta ¢ cac biéu thic sau day:
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Phat biéu Biéu thirc
Néu téi doc b&o trong bép, thi kinh cua tdi & trén ban bép p—q (a)
Néu kinh cua toi ¢ ban bép thi téi da nhin thdy vao bita dn sang q-or (b)
T6i da khéng nhin thay kinh cia minh tgi bita dn sdang -r (©)
Té6i di doc béo ¢ phong khach, hodc 16i da doc béo & bép pVt (d)
Néu 16i doc bao ¢ phong khach, thi kinh cia toi o trén mgtban | ¢t > s (e)
phong khach.

Sau ddy 1a 1 chudi cac budc ban c6 thé sir dung dé dat duoc cau tra 1o, sir
dung cac quy tac cho phép rut ra cac ket luan cua tirng budc:

Buéc Tién dé va Két luan Quy tic sir dung
pP—q (a)
1 q-orT (b)
“D DT Tam doan ludn gia dinh
poT Két luan ciia buéc 1
2 —r (©)
S Modus Tollens
pVvt (d)
3 —p Két luan cia budc 2
ot Tam doan lugn roi
4 t—s (e)
t Két luan ctia budc 3
nS Modus Ponens

Két luan cudi cung: “Kinh dang ¢ mdt ban phong khdch”
Vi du 3.47

(Tham khao Bai tdp trang 19 cua Gido trinh Toan roi rac, GS.TS. Nguyén
Hzxu Anh, NXB Lao dong [1])

Cho céc suy luan sau day:

|>|éu nghé si Truong Ba khong trinh dién hay sé vé bdn ra it hon 50 vé thi
dém dien sé bi huy bo va dng bau sé rat buon

Néu dém dién bj hiy bé thi tién vé phdi tra lai cho ngiroi xem

Nhueng tién vé da khong tra lai cho nguoi xem

Vay nghé si Truwong Ba da trinh dién.
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Kiém tra tinh ding dan cua suy luan trén.

Huréng dan:

Thiét Iap céc bién ménh dé sau day:
p = “Nghé si Truong Ba da trinh dién”’

q = “So vé ban ra it hon 50 vé”

r = “Pém dién bj hiry”
t = “Ong bau rat buén”

s = “Tién vé phdi tra lai cho nguwoi xem’

Can kiém tra cé4c suy luan sau day:

)

Phéat biéu Biéu thic
X Né’u’ nghé si Truong Ba khong trin~h
dien hay so vé ban ra it hon 50 vé thi dém dien (=pVvQq) > (rat) @
sé bi huy bo va dng bau sé rat buon
Néu dém dién bi hiy bé thi tién vé phdi r—s (b)
trd lai cho nguoi xem
Nhung tién vé dia khéng tra lai cho —S (©)
nguol Xem
Két lugn: Vay nghé si Trieong Ba da trinh dién “p (d)
Suy luan can chang minh la:
Buéc Tién dé va Két luan Quy tac sir dung
(=pVq) > (rAt) Tién dé (a)
rAt-r Chuyén bi¢t hda
. ros Tién dé (b)
~(-pVvqg)—os Tam doan lugn gia dinh mo réng
(-pVvq)—>s Két luan cua buéc 1
2 —s Tién dé (c)
~=(=pVq)=pA-q Modus Tollens va luat De Morgan
pA-q Két luan cua budc 2
3 |CO pA—-q—-DP Chuyén bi¢t hoa
ap Modus Ponens
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Suy luan trén dang.
Vidu 3.48
‘ Be chi ra suy ludn diing, ching ta sé sur dung céc lugt suy dién dé tir céc tien
dé di den két luan cuoi cung Trong truong hop dé chi ra suy lugn sai, chi can dua
ra m¢t phan vi du cu thé.
a. Gia sir cO cac tién dé sau day
“Troi khéng neng va troi lanh”
“Chiing ta boi chi khi troi nang”
“Néu chiing ta khéng boi thi ching ta sé di bang ca né”
“Néu chiing ta di ca nd, thi chiing ta sé vé nha sém”.
St dung cac quy tac suy dién, chang minh tir cac tién dé trén s& dan toi két
luan: “Chiing ta sé vé nha som”.
Huréng dan: Thiét 1ap cac bién ménh dé sau:
p = “Troi ndng”
q= “Troi lanh”
r = “Chdng ta sé boi”
t = “Chiing ta di bang ca né”
K = “Chiing ta vé nha sém”.
CAc tién dé va két luan duoc biéu dién qua biéu thic logic

Phat biéu Biéu thirc
“Troi khdng nang va troi lanh” —pAq (@)
“Chiing ta boi chi khi troi nang” rop (b)
“Néu chiing ta khéng boi thi ching ta sé di bang ca né” -r -t (©)
“Néu chiing ta di ca nd, thi ching ta sé vé nha sém” t—>k (d)
Két lugn: “Chiing ta vé nha sém” ok (e)
Trinh tyu cac bude dé tir tién dé di dén két luan
Buéc Tién dé va Két luan Quy tac sir dung
1 -pAq Tién dé (a)
Soap Don gian hoa
2 rop Tién dé (b)
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—p Két luan caa budc 1
soar Modus Tollens
—-r >t Tién dé (c)
3 7 Két luan ciaa budc 2
ot Modus Ponens
t >k Tién dé (d)
4 t Két qua caa budc 3
sk Modus Ponens

Két luan: Suy luan trén ding.
b. Suy luan sau day dang hay sai?

“Néu bo siza nhiéu va sira tot thi sé d‘u’qc cho an thém nhiéu ¢é non. Bo an
thém nhiéu co non thi sé mdp lén. Nhung thuc té bo khéng mdp 1én”.

Két luan: “Bo khdng cho nhiéu siza hodc khong cho siza tot .
Huéng dan:
Thiét Iap céc bién ménh dé sau day:

p = “Bo nhiéu sita”

q = “Bo cho siza tor”

t = “Bo dwoc an thém nhiéu cé non”
u= “Bomdp lén”

Céc tién dé va két luan caa suy luan duoc biéu dién thong qua céac biéu thic
logic sau day:

Phat biéu Biéu thiic logic
Néu bo siza nhieu va siva tot thi sé duwoc | (p Aq) > ¢ Tién dé (a)
cho an thém nhiéu co non
Bo an thém nhiéu cé nonthi sémdp lén |t - u Tién dé (b)
Nhung thuc té bo khdng mdp 1én. —u Tién dé (c)
Két lugn bd khdng cho nhiéu sira hodc | —p V —q Két luan

khong cho siza tot.

Trinh ty cac bude dé kiém tra két luan dung hay sai nhu sau:
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Buéc Tién dé va Két luan Quy tic sir dung

(pVq) -t Tién dé (a)

1 t->u Tién dé (b)

~(pVvqg) -u Tam doan ludgn gia dinh

(pvq) - u Két luan caa budc 1

2 —u Tién dé (c)
~=(pVvq) Modus Ponens

-(pVq) Két luan cua budgc 2
3 s~ =p Vg Luat De Morgan

Két luan: Suy luan trén 1a dang.

C. Suy luan sau ding hay sai? Vi sa0?

(Vi du duwroc tham khao tir Gido trinh Toan roi rac cia GS.TS. Nguyén Hizu

Anh, trang 25, NXB Lao dong [1])

“Ong Minh dd khang dinh rang néu khéng dwoc tang lwong thi éng sé nghi
viéc. Mdt khac néu dng ta nghi viéc va vo 6ng ta bi mdt viéc thi phdi ban xe. Biét
rang néu Vo éng Minh hay di lam tré thi sé mat viéc. Cudi ciing éng da dwoc ting
lrong. Vay suy ra néu 6ng Minh khéng ban xe thi vo 6ng khdng di lam tré”.

Huréng dan:

Thiét 1ap cac bién ménh dé sau day:

p = “Ong Minh dwoc tiang lwong”

o = “Ong Minh nghi viéc”
t = “Vo 6ng Minh mdt viéc”
r = “Ong Minh ban xe”

u= “Vo éng Minh hay di lam tré”.

Tién dé va két luan cua suy luan duoc biéu dién théng qua cac biéu thuc logic

sau day:
Phéat biéu Biéu thikc logic
Ong Minh da khang dinh rang néu khéng | (=p) - q Tién d& (a)
dugc tang luong thi dng sé nghs viéc
Mgt khac néu éng ta nghi viéc va vo ong | g At — r Tién dé (b)

ta bi mdt viéc thi phdi ban xe.
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Biét rang néu Vo éng Minh hay di lam |u — t Tién dé (c)
tré thi sé mdt viéc.

Cudi ciing éng da duoc tang hrong p Tién dé (d)
Vdy suy ra néu dng Minh khdng ban xe | =r - —u Két luan

thi Vo éng khéng di lam tré.

Ta dua ra phan vi dy, ching t6 cac tién dé ding nhung két luan sai.

Két luan sai khi —r dung va —u sali. Do dor sai va u dung, tuc 1a “Ong Minh
khdng ban xe” va “Vo dng Minh hay di lam tre”

Pé tién dé (c) u — t dung khi u diing thi t phai ding

Dé tién dé (b) g At — r dung khi r sai thi g At phai sai. Do t dang, nén q

phai sai

Dé tién dé (a) (—p) — q va tién dé (d) p dung thi p phai dung
‘Do‘détacéthédu:ara 1 phan yidu (Pp=T,q=F, t=T,r=F, u=T) dé cho
cac tién dé nhan gié tri dang, nhung két luan sai
C6 thé két luan suy luan trén khong dung.

Vidu 3.49
a. Kiém tra suy luan sau:

p—(qg-7)(a)

pvs (b

t—q (c)

S (d)
Sar >t

Huéng dan:

Str dung cac quy tic suy dién, tir cac tién dé din dén két luan. Trinh tu cac

budc suy luan nhu sau:

Buéc Tién dé va Két luan Quy tac sir dung
(pVs) (b) Tién dé
1 -S (d) Tién dé
" p Tam doan lugn roi
p->(@—-r) () Tién dé
2 p Két luan ciia buéc 1
s (g-r1) Modus Ponens

281




t—-q
q—r

St-or

(c) Tién dé
Két luan cua budc 2
Tam doan luan gia dinh

t>r=—tVr=—atV-aar =—aarV-at = ar —» =t

Do dé6 suy luan da cho ding.

b. Ching té suy luin sau diy dung

t->u

(@)

r->(At) (b)
(=pVaq) =7 (c)

(s vu)  (d)
Huéng dan:
Trinh tu cac budc dé tir cac tién dé di dén két luan cudi cing:
Buéc Tién dé va Két luan Quy tic sir dung
. (s Vu) Tién dé (d)
LS AU Luat De Morgan
—S AU Két luan cua budce 1
2 Py, Quy tac rat gon
t>u Tién dé (d)
3 —u Két luan ctia budc 2
st Modus Tollens
—u Két qua cia budc 2
4 —t Két qua caa budc 3
o mUA At Phép toan ndi lién
; —U At Két qua cua budc 4
~=(u Vi) Luat De Morgan
r— (sAt) Tién dé (b)
6 —(uVt) Két qua ctia buse 5
Soar Modus Tollens
7 (-pVvq) —>r Tién dé (c)
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—r Két qua cia budc 6
s~ =(=pVaq) Modus Tollens
PA—q Két qua ctia budc 7 va De Morgan
8 “p Quy tac rat gon

3.1.5. Cac dang chuan tic

Dinh nghia 3.11

Dang chuan tic caa mét biéu thuc logic 1a su biéu dién biéu thirc vé dang don
gian, chi bao gom cac phép toan -, A, V cua cac bien ménh de.

Vi du 3.50
Mbt s6 vi du vé dang chuan tac.
Huéng dan:
a E(p.g)=pAq
b.F(p,a,N=(@Aq)V-r
c.G(p,q,N=pVvV-qVr
3.1.5.1. Chudn tac tuyén

Dinh nghia 3.12

Gia St Py, P1, P3, - ., Pn 12 C4c bién ménh dé.

Mot biéu thtc logic F(py, p1, Ps, ..., pn) theo cac bién ménh dé duoc goi 1 hoi
co ban, néu né co dang:

F(P1, P2, P3, -, Pn) =01 A Q2 A Os...A Oy
Trong do6 q; = p; hoac ¢; = —pi, vaimoii=1..n.

Vidu3.51
Xac dinh c&c hoi co ban theo ba bién ménh dé p, g, r.
Huéng dan:
Véi 3 bién ménh dé, ta xac dinh dugc tdm hoi co ban sau day:
Fip,a,N=(®@AqAT)
Fo(p, g, ) =(@AqA-T)
Fa(p,a, ) =(A-qAT)
Fa(p, 9, 1)=(A—gA-T)
Fs(p.a, 1) =(-pAqAT)
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Fe(p. 4. 1) = (=p Aq A=)
F7(p1 g, r) = (_'p AN A T)
Fs(p, 0, 1) = (=p A =q A =) la c&c hoi co ban theo céc bién p, g, r.

Dinh nghia 3.13

Biéu thicc E(p1, p1, Ps, ..., pn) theo cac bién ménh dé py, p1, Ps, ..., pn duoc
goi la chuén tic tuyén, néu Ecé dang E=E, V E, V E; V.. V E,,, trong d6 E; 1a
cachdicoban,i=1..m

Vidu 3.52

-E(P.a N =@AQA-T)V (ApAGAT)V (PAGAT)V (AP AGAT) V
(=p A =g A1) 1a mot chuan tic tuyén véi ba bién ménh dé p, g, r.

-HX, YY) = (xAY) V (mx AY) V (x A=y) V (=x A=y) 1a mot chuan tac
tuyén caa hai bién x, v.
3.1.5.2. Chuadn tdc hi.

Dinh nghia 3.14

Gia St Py, P, Ps, - ., Pn 12 C4c bién ménh dé.
Mot biéu thac logic F(p1, p1, Ps, ..., pn) theo cac bién ménh dé duoc goi la
tuyén co ban, néu nd c6 dang:
F(P1, P2 P3, -, PR) =01V Q2 V 3.V Oy

Trong do6 q; = p; hoac q; = —=pi, véi moii =1 ..n.

Vidu 3.53
Xac dinh cac tuyén co ban theo ba bién ménh d&é p, q, .
Huréng dan:
Véi 3 bién ménh d¢é, ta xac dinh dugc tdm tuyén co ban sau day:
Fi(p,g,N=(®VvqVvr)
Fop, 0, 1) =(VqV-r)
Fa(p.a, N =(@V-qVr)
Fa(p,a, 1) =(V qV-r)
Fs(p, g, =(-pVvqVr)
Fe(p, a, ) =(=pVqV-r)
F(p, 0, 1) =(=pV-qVr)
Fs(p, 0, 1) = (=p V =q V =) 14 cc tuyén co ban theo céc bién p, q, r.
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Dinh nghia 3.15

Biéu thicc E(p1, P1, P ..., pn) theo cac bién ménh dé py, p1, Ps, ..., pn duoc
goi 1a chuan tic hoi, néu E ¢c6 dang E =E; A E, A E3 A ... A E,,, trong d6 E; 1a
cachdicoban,i=1..m

Vi du 3.54

E(p, q, 1) = (pVvqVvr) A(pvqV-ar) A(pV=qVr)A (pV-aqV-ar)A
(=pVagVT)A(=pVqV—=r) A(=pV =g VT)A(=pV gV -r) lachuan tic hoi
theo 3 bién ménh dé p, q, r.

3.1.5.3. Tim chudn tdc hgi hodc chudn tdc tuyén ciia mét biéu thire logic.

Tim chun tic hai hodc chuin tic tuyén cia mét biéu thic logic

Input: Bang gia tri chan ly
Output: Chuan tic tuyén hoic chuan tic hoi
Trinh tw cac buée dé xac dinh dang chuin tic
Cho biéu thirc E(py, p1, Ps, ..., pn) theo cac bién ménh dé p, p, Ps, ..., Pn
Bwéc 1: Xay dung bang gié tri chan ly cho biéu thic E
Buéc 2: Xét cac truong hop xay ra vai bang gié tri chan ly.
Truong hop 2.1: Trén géc dong cua bang gié tri chan ly, sé dong T
(True) it hon so dong F (False) (Co thé ndi E khong phai hang sai)

Budéc 2.1.1. Tim cac hgi cua p; va —p; €0 gia tri T theo ting
dong twong vmg véi cac dong ma biéu thirc E nhan gia tri T (pi, —p; 12 gia tri cua
cac bién ménh dé py, p1, Ps, .., Pn)

~ Busc2l2. Ldy tuyén cua cac héi nay ta thu dwoc biéu thirc E,
chinh la chuan tac tuyén can tim.

Trirong hop 2.2: Trén qéc dong cua bang gié‘tri chan ly, s6 dong F
(False) it hon so dong T (True) (C6 thé noi E khéng phai la hang dang)

Buwéc 2.2.1. Tim cac tuyén cua p; va —p; c6 gia tri F theo timg
dong twong 1vmg véi cac dong ma biéu thic E nhdn gia tri F (p; , —p; 12 gia tri cua
cac bién ménh dé py, p1, Ps, .., Pn)

Buéc 2.2.2. Lay hgi cua céc tuyén nay ta thu dwoc biéu thirc E,
chinh la chuan tac hgi can tim.

Truwong hop 2.3: Néu sé dong T va sé dong F cua bleu thuc E bang
nhau, thi ¢ thé xdc dinh chuan tac hgi hodc chudn tac tuyén theo sé dong F hodc sé
dong T.
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Vi du 3.55
Chuyén biéu thtrc sau sang chuan tic hoi hodc chuan tic tuyén.
(e q) = (mpAT)
Huong dan:
a. Xay dung bang gia tri chan 1y cho biéu thirc E(p, 4, 1) = (p © q) = (=p A T)

Bang gia tri chan Iy caa biéu thic E c¢6 8 dong, trong d6 c¢6 3 dong E nhén gia
tri F va 5 dong con lai E nhan gié tri T. Chlng ta chi quan tim dén 3 dong E nhan
giatri F.

P a4 r | peqg | -pAr | @eq@ -~ (apAr) | Tuyeéncobin
T T T T F F apV-aqV-ar
T T F T F F pV-aqVr
T F T F F T

T F F F F T

F T T F T T

F T F F F T

F F T T T T

F F F T F F pvqVvr

Tai cac dong nay ta xac dinh cac tuyén co ban cua cac bién p, g, r.

Do d6, theo thuat todn da trinh bay & trén, biéu thuc E c6 thé viét dudi dang
chuan tic hoi nhu sau:

E=(—pV-qV-ar)A(=pV-qVr)A(pvqVr)
=(@VqVr)A(=pV-aqVr)A(=apVaqV —r)
Vi du 3.56

Tim chuan tic hai hoac chuan tic tuyén cua biéu thire E(p, ) c6 bang chan tri
sau day:

p q E(p, a)
T T T
T F F
F T F
F F T
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Huéng dan:

p q E(p, 9) Hoi coban | Tuyén co ban
T T T pAq

T F F apVq

F T F pV q

F F T -p A g

E(p, q) Viét & dang chuan tic tuyén:
EP.a)=(@AqQ)V (=pAaq)
E(p, q) viét & dang chuan tic hoi:
E@P.a)=(=pVa)A(pVq)
Vi du 3.57

Xac dinh dang chuan tic cua biéu thic E(p, g, r) theo 3 bién ménh dé p, g, r,

dugc cho boi bang gid tri chan 1y sau day:

q

E(. a,

N

T

MMM |d|4|d|o
R e N R R N N

||| |[A|n|A|=

I B e n e n e B e W

Huéng dan:

E(p.q,1)

Hdi co ban

PAQAT

pPA—gN-Ar

pAgQAT

MMM |d|d|d|o
iR R R e A s =)
T |Tm|A|n| AT A=

M4 |d4|M| 7|
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Do d6, E(p, q, r) duoc biéu dién & dang chuan tac tuyén nhu sau:
E(P,a,N=M@AgAT)V(PA-qA-T)V(apA=qgAT)
Luuy:

Ngoai cach str dung bang gia tri chan ly, trong mét sé truong hop cé thé sir
dung phép bién ddi twong dwong, sir dung cac luat logic da biét.

- Khtr phép kéo theo, phép kéo theo 2 chiéu bang luat kéo theo va twong duong

Luatkéotheo:p - g=-pVq

Luat twong dwong: p < q = (p > q) A (q = p)

- Khtr phép phu dinh bing luat De Morgan

Luat De Morgan:

—(pVg) =-pAq —(pAg)=-pVq

- Két hop céc luat khac dé 1am xuét hién cac hoi co ban hoic cac tuyén co ban.
Vi du 3.58

Str dung céc luat logic, xac dinh dang chuan tac cua biéu thirc sau day:

EP.gN=@-q e @->r1)

Huéng dan:
Ep.an=@-qe @->r)
Khtr phép tuong duong:

=((->D->@->NA (P> > @->9)

Khtr phép kéo theo trong ting vé:

=V ->NA P>V -q)
Tiép tuc khir phép kéo theo trong tirng vé cua biéu thuc:
= (Vv V(Ep V) A (2(=p V)V (ap V)
Str dung luat De Morgan dé khir phép phu dinh:
=A@V (EpVvr)A (pA-T)V(ap V)

Str dung luat ket hop:

= (A= V-p)Vr)A ((pA=T) VD) VQ)

Str dung luat phan phdi bién ddi biéu thuc:
=((V-p)A(qV-p)Vr)A (pV-ap) AV -p)Va)
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Str dung luat phan tir bu, thay thé (p v —p) boi T:

=(TA(qV-p)Vr)A (TA(V-ap)Vg)
Str dung luat trung hoa:

=((~qv-p)vr)A ((rv-p)Va)

Sir dung luat két hop:

=(qV-apVr)A (rVapVvqg) =(EpV-aqVr)A (pVvqVr)

Vay E(p,q, 1) = (=pV =q V1) A (=pV qVr)ladang chuin tic hoi.

3.1.6. Logic vi tir

Noi dung cua phan trude, chung ta da thao luan vé phan tich logic cua céc
biéu thurc don gian va biéu thac logic phirc hop cua cac ménh de, vai cac phép toan
-, A, V,—, <. Qua trinh phan tich nhu vay lam sang to nhiéu khia canh ly luan cua
con ngudi, nhung né khong duogc str dung dé xac dinh tinh hop 18 trong phan 16n céc
tinh hudng hang ngay va Toan hoc. Chang han, xem xét phat biéu sau:

“Tat ca moi nguwoi déu phdi chét

Socrates la nguoi

Socrates sé phdi chét”.

Vé cam nhan, phat biéu trén 12 dung, tuy nhién tinh hop 1& cua n6 khéng thé
duoc xac dinh thong qua céc logic ménh dé da dé cap o phan trudc day. Pé xac dinh
duoc tinh hop 1¢ cua phat biéu néu trén, ching ta can tach mdi phat biéu thanh nhiéu
thanh phan gidng nhu cach chung ta tach cau thanh chil ngit va vi ng.

Logic vi tir 1a mg rong cua logic ménh dé, cho phép mé ta thé gisi vai cac doi
tugng, cac thudc tinh cua ddi twong va cac mdi quan hé giira cac déi twong. Logic vi
tir st dung céc bién dbi twong dé chi cac ddi twong trong mot mién ddi twong nao
d6. Pé md ta céac thuoc tinh cua dbi twong, cac quan hé giita cac ddi tuong, trong
logic vi tir, ngudi ta dua vao cac vi tir. Ngoai cac két néi logic nhu trong logic ménh
dé, logic vi tir con sir dung céc luong tir.
3.1.6.1. Vi ter

Dinh nghia 3.16

Vi tir 13 mot khiang dinh p(x, v,...), trong d6 x, y, V.v. 1a cac bién thudc tap
hop A, B, v.v. cho trudc sao cho:

- p(X, y,...) khong phai ménh dé
- Néu thay X, y, v.v. bang céc gié tri cu thé thi p(x, ,...) 1a ménh dé.
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Dinh nghia 3.17

Cho cac vi tir p(x), q(x) theo bién x € A. Khi d6

+ Phu dinh ctia p(x), ky higu 12 —p(x) 12 mot vi tir ma khi thay thé x béi mét
phan tir ¢6 dinh a € A ta thu dwoc ménh dé —p(a)

+ Céc phép hoi, tuyén, kéo theo, kéo theo hai chiéu cua hai vi tir p(x) va q(x),

Ky hiéu bai p(x) A q(x), p(x) V q(x), p(x) = q(x), p(x) < q(x) ciing la cac vi tu
theo bién x, ma khi thay x boi phan tir ¢ dinh a € A ta duoc cdc ménh dé p(a) A

q(a),p(a) VvV q(a),p(a) - q(a), p(a) < q(a).

Vi du 3.60

a. Phat biéu “n la sé chan” 1a mot vi tir. Khi gan n véi cc gia tri cu thé, ta cd mot
ménh dé c6 gié tri dung hodc sai. Chiang han véi n = 2, 4, 6, v.v. ménh dé thu dugc
c6 gia tri dang. Véin =1, 3, 5, v.v. ménh dé thu duoc c6 gia tri sai.

Vi tir “n la so chan” ¢6 hai phan. Thanh phan tha nhat 1a bién x 1a chi ngi
ctia cau, thanh phan tha hai “sé chan” 12 vi ngit cua cau, cho biét tinh chat caa chu
ngi.

Ky hiéu p(n) = “n la sé chan”.

b. p(X) = “n la s6 nguyén té” 1a mot vi tir theo biénn € N

Véi céc gia tri 2, 3, 5, 7, 11, 13, v.v. ta cd cac ménh dé p(2), p(3), p(5), p(7),
p(11), p(13), v.v. nhan gia tri dang;

Vai cac giatri 4, 6, 8, 9, 12, 14, 15, v.v. ta c6 cac ménh dé p(4), p(6), p(8),
p(9), p(14), p(15), v.v. nhan gia tri sai.

c. Cac phat biéu c6 lién quan dén cac bién nhu kiém tra gia tri ciia bién “x > 5, hay
“x + y = 5” thudng gip trong cac chuong trinh. Cac phat biéu ndy c6 gia tri chan ly
dung hay sai ty thudc vao sy thay doi gia tri cua cac bién x, y. N6i cach khac, vi tir
c6 thé duoc xem 12 ham ménh dé c6 nhiéu bién hoic khdng c6 bién nao, co thé dung
hoac sai tly thuoc vao gia tri cua cac bién va lap luan cua vi tu.
3.1.6.2. Luong twr

Chuyén cac phét biéu tir ngén ngit tu nhién sang céac biéu thirc logic 1a nhiém
vu quan trong trong todn hoc, 1ap trinh logic, tri tué nhan tao, cong nghé phan mém
va nhiéu nganh hoc khéc. Trong phan logic ménh dé, chung ta da dé cap dén van dé
nay, tuy nhién trong cac phat biéu do, ching ta ¢ tinh khong dé cap dén vi ngir va
dinh luong. Trong thuc té, viéc chuyén cac phét biéu tir ngbn ngir tw nhién sang cac
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biéu thuc logic s& phuc tap hon nhiéu khi cin dinh lugng. Ching ta s& ciing nhau
xem xét cac phét biéu sir dung mot bo dinh lwong duy nhat va nhirng phéat biéu phirc
tap ¢6 chira nhiéu dinh luwong, cé gang biéu dién ching thanh cac biéu thac logic
don gian va htru ich.

Dinh nghia 3.18

Cho vi tir p(x), xét trén tap hop A.

Luong tir “véi moi” ctia p(x) duoc thé hién: “p(x) diing véi moi gid tri x thugc
A”, ky hiéu Vx € A4, p(x)

Luong tir “ton tei” cua p(x) dugc thé hién “ton tgi x thugc A sao cho p(x)
dung”, ky hiéu 3x € A, p(x)

Phét biéu Pung Sai

Vx P(x) P(x) dtng v4i moi gia tri X C6 mot gid tri x lam cho P(x) sai

Ax P(x) | COmot gia tri x dé P(x) ding P(x) sai v&i moi gid tri ciia x
Luuy:

- Khi tat ca cac phan tir ciia mién gié tri 6 thé liét ké duéi dang x1, x2, x3,...,
xn, v.v. thi luong tir Vx P(x) c6 thé duoc biéu dién dudi dang sau day:

P(x1) AP(x2) AP(x3) A ...AP(xn) ...
- Twong tu, lugng tir Ix P(x) ciing co thé biéu dién dudi dang sau day:

P(x1) v P(x2) VP(x3) V ...V P(xn) ..., boi vi phép tuyén nay ding khi mot
trong cac P(x1), P(x2), P(x3),..., P(xn),... dung.

Vidu 3.61
a. V&i moi sb thuc X, y ta lubn cd X + y = y + X, ¢6 thé dugc biéu dién:
Vx,yER,x+y=y+x
b. Xét A ={1, 2, 3, 4} xem xét phéat biéu sau:
Vx €A, x*>x
Chung to phat biéu trén luén dung.
Huéng dan:
Kiém tra biéu thirc x2 > x véi tat ca cac gia tri x thuoc A.
Tathdyring 12 > 1,22 > 2,3%2 > 3, 4% > 4.
Do d6, phat biéu Vx € A, x? > x ding.
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c. bat P(x) = “x+1 > x”, xac dinh gia tri cua lugng tr Vx P(x) voi X € R
Huwéng dan:
Baoi vi P(x) luon dung vai moi gid tri cua X € R nén lugng tir Vx P(x) dung.
d. Pua ra mot Vi du dé phat biéu Vx € R, x? > x sai.
Huéng dan:
Léyxzé, x 12 56 thuc va @2 = % <§
Do d6 phat biéu Vx € R, x? > x sai
e. Xem xét phat biéu: 3m € Z* sao cho m*=m
Chung to phat biéu trén dang.
Huéng dan:

D& dang thdy véi m = 1 thi m?* = m = 1. Do d6 “m? = m” ding vdi it nhat mot
gié tri nguyén m.

Do d6 phat biéu 3m € Z* sao cho m* = m ding.

f. Xét tap A ={3, 4, 5} va phat biéu 3m € A sao cho m? = m
Chung to rang phat biéu trén sai.

Huéng dan:
DEdangthdy 32 =9+ 3,4°=16 #4va5°=25+#5
Do d6 khong tdn tai m thuoe A ¢ m? = m thoa man
Hay phat biéu 3m € A sao cho m? = m sai.

Vidu 3.62

a. Thé hién phat biéu “Mai sinh vién trong 16p hoc nay da hoc toan roi rac”
bang vi tir va lugng ti.

Pau tién, ching ta can viét lai phét biéu dé xac dinh rd cac luong tir thich hop
duoc sir dung. Két qua ching ta thu duoc:

“Véi mai sinh vién cua 16p hoc nay, sinh vién dé da hoc toan roi rac”

Str dung bién x dé phét biéu duoc viét “Véi mai sinh vién x cia 16p hoc nay,
sinh vién x da hoc toan roi rac”

Sir dung C(X) = “x dd hoc toan roi rac”. Néu mién gié tri x 1 tat ca céc sinh
vién trong 16p hoc, ching ta chuyén phat biéu ban dau thanh vx C (x).

b. Thé hién phat biéu “Mdi sinh vién trong I6p déu dding ky hoc mon toan roi
rac hodc nhdp mén co sé dir liéu” bang vi tir va luong ti.

292



)

Tuong tu V6i cach biéu dién o ciu a, dat P(X) = “x la sinh vién trong I6p’

bat Q(X) = “x dang ky mon todan roi rac”

bat H(X) = “x dang ky nhdp mon co so dir ligu”

Phat biéu trén duoc biéu dién qua biéu thuc lwong tir Vx (P (x) V Q(x))
3.1.6.3. Lugt De Morgan voi cac luong tie

Luat De Morgan cho cac luwgng tir

Phat biéu Phéat biéu twong dwong Dién giai

—3x P(x) dung khi: v&i moi gia
tri caa x, P(x) ludn sai;

—3x P(x) Vx =P (x) —3x P(x) sai khi: c6 mot gia tri
cu thé nao d6 cua x 1am cho P(x)
dang.

—Vx P(x) dang khi: c6 mot gia tri
cua x lam cho P(x) sai;

—Vx P(x) sai khi: P(x) ding vdi
moi gia tri cua X.

-Vx P(x) Ax =P (x)

Vidu 3.63

Viét phir dinh cho cac phét biéu sau day:
a. “Co mot chinh tri gia trung thuc”
Huréng dan:

Pit P(x) = “x trung thee”. Do d6 phat biéu “Cé mét chinh tri gia trung
thiee” dugc biéu dién bai lugng tir 3x P(x), trong d6 mién gia tri 1a tap hop céc
chinh tri gia.

Phu dinh cua phat biéu trén theo quy tic De Morgan 4p dung cho cac lugng
tr 1a =3x P(x) = Vx =P (x)

Vx =P (x) c6 thé duoc dién dat duéi dang phét biéu nhu sau: “Tat ca céc chinh
tri gia khdng trung thyee ” hodc “Khéng phdi tat ca cac chinh tri gia déu trung thyee”

b. “Tat cd nguwoi dan My déu én pho mai”
Huéng dan:

Dit Q(X) = “X dn pho mai”. Do d6 phat biéu “Tat cd ngwoi dan My déu dn
pho mai” dugc biéu didn bai luong tir Vx P(x), trong d6 mién gia tri 1 tap hop
nhitng nguoi dan cua nudc M.
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Phu dinh cua lugng tir trén theo quy tic De Morgan &p dung cho cac luong tir
la —=Vx P(x) = 3x =P (x)

3x =P (x) c6 thé duoc dién dat dudi dang phét biéu sau day: “Mét sé nguoi
dan My khong an pho mai”

Vi du 3.64
Viét phu dinh cua céc phat biéu sau day:
a. Vx (x%2 > x)
b. 3x (x? = 2)
Huwéng dan:
a. Phu dinh cua Vx (x? > x) la =Vx (x% > x)
Ap dung quy tic De Morgan
—Vx (x2 > x) = 3x—(x? > x)
= Jx(x? < x)
b. Phu dinh cua 3x (x? = 2) la =3x (x? = 2)
Ap dung quy tac De Morgan
—3x (x? = 2) = Vx— (x%2 = 2)
= Vx—a (x2 # 2)
Vi du 3.65
Ching to rang: =Vx(P(x) = Q(x)) va 3x(P(x) A =Q(x)) twong duwong logic
Huréng dan:
Ap dung quy tic De Morgan:
=Vx(P(x) = Q(x))
= 3x-(P(x) » Q(x))
= 3x(P(x) A =Q (%))
3.1.6.4. Pinh ly &p dung véi cdc heong tir hai bién

Pinh Iy 3.1

Néu p(x,y) 1a mot vi tir theo hai bién x, y thi ca&c ménh dé sau day ding:
+ [Vx € A,Vy € B,p(x,y)] & [Vy € B,Vx € A,p(x,y)]
+[3x € A,3y € B,p(x,y)] © [Ty € B,Ax € A, p(x,y)]
+[3x € A,Vy € B,p(x,y)] © [Vy € B,Ax € A,p(x,y)]
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3.1.6.5. Quy tdac suy ludn véi cdc hirong tir

Duéi day 1a liét ké cac quy tic suy luan véi cac luong tir duoc sir dung dé

kiém tra tinh hop I¢ cua cac phat biéu:

Quy tic Y nghia

Universal instantiation Universal mstantlatlon la mot quy tic
Vx p(x) suy luan, thé hién rang néu tién dé
w Vx p(x) dang thi két luan dugc dua ra la

p(c) dang v6i moi phan tir ¢ thuoc mién
gia tri.

Universal generalization
P(c) voictuyy
~Vx p(x)

Universal generalization duoc sir dung
khi ching ta can chi ra rang vx p(x)
dung bang cach lay ra phan tir bat ky ¢
tly y tr mién gié tri va chi ra rang p(c)
dung. Phan t ¢ duoc chon phai 1a phan
tir tly y chir khong phai 12 phan ta cy thé
thudc mién.

Existential instantiation
Ax p(x)

= p(c) véi mot sé giatric

Existential instantiation thé hién rang
néu tién dé 3x p(x) dang, thi ching ta
c6 thé chi ra 1 phan tu ¢ thuoc mién gia
tri dé p(c) nhan gia tri dung

Existential generalization
p(c) véi mot s6 gid tric
~ 3x p(x)

Existential generalization thé hién néu
c6 mot gia trj ¢ thuoc mién gié tri dé p(c)
dung thi co thé két luan 3x p(x) dang

Vi du 3.66
Chutng t6 suy luan sau day dung:

“Moi sinh vién trong I6p hoc toan roi rac nay da tham gia khéa hoc vé khoa

hoc may tinh”

“Nam la sinh vién cua lop hoc toan roi rac”

Suy ra “Nam tham gia khéa hoc khoa hoc may tinh”.

Huéng dan:

bat D(x) = “Sinh vién x trong lop hoc toan roi rac”;

C(x) = “Sinh vién x tham gia khéa hoc khoa hoc mdy tinh”;

C4c tién dé duoc suy ra tir phét biéu trén:
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Vx (D(x) - C(x))
D(Nam)
Két luan: C(Nam)

Trinh tu cac bude dé tir cac tién dé di dén két luan

Buéc Tién dé va Két luan Quy tic sir dung
. Vx (D(x) = C(x)) Tién dé
~ D(Nam) - C(Nam) Chuyén biét héa phé dung
D(Nam) -» C(Nam) Két luan cua budéc 1
2 D(Nam) Tién dé

s C(Nam)

Modus Tollens

Suy luan dtng, hay “Nam tham gia khoa hoc khoa hoc may tinh”.

Vi du 3.67
Chuing to rang tir c4c tién dé:

“Mét so sinh vién trong |6p nay chwa doc sach toan roi rac”

“Moi sinh vién déu vieot qua Ky thi ddu tién”.

Pua dén két luan sau day:

“Mgt s6 sinh vién da virot qua Ky thi dau tién nhung chira doc cuon sach toan

roi rac”

Huéng dan:

bat C(x) = “x 1a sinh vién trong 16p hoc”, B(x) = “x da doc sach toan roi rac”

P(x) = “x vuot qua ky thi du tién”.

Céc tién dé duoc thé hién nhu sau:

Phat biéu

Biéu thirc

“Mgt sé sinh vién trong 16p nay chua doc séch toan roi | 3x(C(x) A =B(x))

i3]

rac

“Moi sinh vién déu virot qua Ky thi dau tién”

vx(C(x) = P(x))

Két luan

Phat biéu

Biéu thitc

“Mgt s6 sinh vién da vwot qua Ky thi dau tién nhung | Ax(P(x) A =B (x))

chura doC cuén sach toan roi rac”
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Trinh ty cac bude sau day thé hién dién bién sir dung cac luat tir cac tién dé

dan dén két luan cudi cung:

Buéc Tién dé va Két luan Quy tic sir dung
. Ax(C(x) A =B (x)) Tién dé 1
~ C(a) A =B(a) Existential instantiation
C(a) A =B(a) Két luan ciia buéc 1
2 s C(a) DPon gian hoa (2.1)
=~ =B (a) Pon gian hoa(2.2)
, Vx(C(x) = P(x)) Tién dé 2
=~ C(a) - P(a) Universal instantiation
C(a) = P(a) Két luan cua budc 3
4 C(a) Két qua ctia buéc 2.1
= P(a) Modus Ponens
P(a) Két qua caa budc 4
5 -B(a) Két qua ciia budc 2.2
~. P(a) A =B(a) Luat két hop
5 P(a) A =B(a) Két qua cua budc 5
~ 3x(P(x) A =B(x)) Existential generalization

3.2. PAI SO BOOLE

- George Boole sinh ngay 02/11/1815 ¢ London.
g Ong la con trai mot nha ban tap hdéa nho. Vi nha ng,héo
i Nén tor nam 16 tudi, ong da phai buon chai kiém song,
; phu gitp gia dinh bang nghé day hoc. Nam 20 tudi, dng
i M& Mot truong tw & qué nha. Vira tan tuy day hoc, vira
! ra stc tu hoc, 6ng di tich lily thém mét kién thic toan
F hoc d6 s6 cho riéng minh. Véi tai nang von co va long |
' dam mé, bat chap hoan canh kho khan, ong d3 cho ra |
-dm hang loat cong trinh nghién ctu ndi tiéng va rat
- quan trong cho nganh toan hoc thé gidi:

- hoc cua loglc :

“Giai tich toan
“Cac dinh lugt cua tw duy”. Nho do,

. ong duoc bd nhiém 1am Gido su toan cua truong Nit hoang v Iceland tor nam 1849
cho dén khi mat. Ong mat vao ngay 08/12/1864, tho 49 tudi.




Nam 1938, Claude Shannon, lam viéc tai vién Cong nghé Massachusetts
chung t6 rang c6 thé dung cac quy tic co ban cua 16gic do George Boole dua ra vao
nam 1854 trong cudn “Cdc quy ludt cua tw duy” phuc vu cho viéc thiét ké cac mach
dién. Cac quy tac nay da tao nén co s¢ cua dai s6 Boole. Su hoat dong ctia mQt mach
dién dugc xac dinh bdi mot ham Boole chi 10 gia tri ctia dau ra d6i véi moi tap dau
vao. Bude dau tién trong viéc xay dung mdt mach dién la biéu dién ham Boole cua
n6 bang mot biéu thire dugc lap bang cach ding cac phép toan co ban cia dai sd
Boole. Biéu thirc ma ta s& nhan duoc c6 thé chira nhiéu phép toan hon mirc can thiét
dé biéu dién ham do.
g Claude Shannon (1916 - 2001) sinh ra ¢
- Petoskey va 16n 1én & Gaylord Michigan. Cha 6ng la
l mot doanh nhin va mot thim phéan, con me éng 1a
! mdt gido vién ngoén nglr va mot hi¢u truong truong
; trung hoc. Shannon theo hoc Pai hoc Michigan, tdt
! nghiép nam 1936. Luan vin thac si Shannon viét vao
i i nam 1936, nghién ctru cac khia canh logic ctia phan
' tich vi sai. Luan Van thac si nay trinh bay ung dung
Idau tién cua dai sb Boolean dé thlet ké cac mach
- chuyen mach; d6 13 luan an thac si noi tiéng nhét cua
. i thé ky XX. Ong d3 nhan bang tién si tr M.L.T vao
. nam 1940. Shannon gia nhap Phong thi nghlem Bell nam 1940, noi 6ng nghlen clru

! cach thirc truyén dir liu mot cach hiéu qua. Ong 1a mot trong nhitng ngudi dau tién
i  sir dung bit d€ the hién thong tin. Tai phong thi nghiém Bell, 6ng da 1am viéc dé xac
' dinh luu lvgng ma cac duong day dién thoai c6 thé truyén. Shannon lam nhiéu diéu
' co ban déng goép cho 1y thuyét thong tin. Pau nhitng nam 1950, 6ng 1 mot trong i l
- nhitng nguoi sang 1ap nghién ctru Ve tri tué nhan tao. Ong tham gia giang day & -
. M.1. T va 6ng tiép tuc nghién ctru vé 1y thuyét thong tin. Shannon nghi huu khi ong -

3.2.1. Pinh nghia dai s6 Boole
Dinh nghia 3.19

Mot dai s6 Boole 1a tap hop A cling véi cac phép toan + (cong), . (nhan), -
(phi dinh), thoa man cac tinh chit sau day:

a. Tinh giao hoan: véi vx,y € A
X+y=y+x
X.y=Y.Xx
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b. Tinh két hep: voi Vx,y,z € A
x+(y+z)=+y)+z
x.(y.2) = (x.y).z
c. Tinh phan phéi: voi vx,y,z € A:
x.(y+2z)=0.y)+ (x.2)
x+Wz)=x+y).(x+2)

d. Phan tir trung hoa: Ton tai hai phan tir trung hoa 0, 1 € A ddi vai hai phép toan
.va +saochovoimoixe Ataco: x+0=xvax.1=x
e. Phan tir bu: véi Vx € A, ton tai X € A sao cho:

x+x=1

x.x=0

Vi du 3.68

a. Pai sb logic 12 mot dai s6 Boole, trong d6 A 1a tap hop caa cac ménh dé, cac phép
todn V, A, — tuong tng voi cac phép toan ., +, ~ va c4c hang dung, hang sai tuong
ung vai 2 phan te trung hoa 1, 0.

b. Cho tap A ={0, 1} va cac phép toan ., +, ~ xac dinh trén A, théa man:
1.1=1, 1.0=0, 0.1=0, 0.0=0

1+1=1, 1+0=1, O0+1=1, 0+0=0

1=0va0=1

Khi d6, A 1a dai s6 Boole, 0, 1 1a céc bit.

3.2.2. Cac phép toan co ban ciia dai s6 Boole

3.2.2.1. Tinh chdt ciia dai sé Boole

Tinh chat caa dai s6 Boole

Luat nuét:

a.0=0 a+l=1
Luat liily dang:
a.a=a a+ta=a

Luat De Morgan:

Q
Sy
Il
Ql
+
Sal

a+b=a.b
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Luat pha dinh caa phua dinh:

a=a
Luat héap thu:
a.(a+b)=a at+t(ab)=a

3.2.2.2. Biéu thirc Boole va ham Boole

Dinh nghia 3.20

Xét tap B ={0, 1}. B" = {(X1, X2, X3, ..., Xp)| Xi E B Vi 1< x; < n}latipn—
bo cua 0 va 1.

Bién x dugc goi 12 bién Boole néu n6 chi nhan cac gia tri tir B.
Ham tir B" vao B dugc goi la ham Boole bac n

Co6 hai cach xac dinh ham Boole:
+ Thé hién théng qua bang gia tri chan Iy
+ Thé hién & dang cong thuc.

Vi du 3.69

Xét ham F(x, y) = Xy vdi X, y € (0,1) Ia ham Boole bac 2 véi F(1, 1) = 0,
F(1,0)=1,F0,1)=0vaF(0,0)=0

Xac dinh bang gié tri chan ly cho ham F(x, y)

Huréng dan:
Ham F(x, y) duoc thé hién thong qua bang gié tri chan 1y sau day:
X y F(x,y)
1 1 0
1 0 1
0 1 0
0 0 0

Luuy:

Néu E; va E, la cac biéu thuc Boole thi E;, (E4E,), (E1 + Ey) ciing 1a cac biéu
thirc Boole.

Pinh nghia cac phép toan trén ham Boole

Hai ham Boole f(Xy, Xp, X3, ..., Xn) V& g(X1, X2, Xa, ..., Xn) duoc goi la bang
nhau néu cung co6 cung bang gia tri chan ly.
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Ky hiéu f(X1, Xo, X3, ..., Xn) = g(X1, X2, X3, ..., Xp)

Phép pha dinh cta ham f(Xy, Xo, Xa, ..., X,), Ky hiéu la f(xq, x5, x3, ..., X3,),
duoc xac dinh gia tri nhu sau:
f(X1, X2, X3, ..., Xp) f(x1, X2, X3, o) X)),
1 0
0 1
Phép hi ctaa hai ham f(Xy, X, X, ..., Xn) Va g(X1, X2, Xa, ..., X,) & ham Boole,
Ky hiéu f A g((Xy, X2, X3, ..., Xp) V& duogc xac dinh gié tri:
A G((Xe, X2, X3, ..y Xn) = F(Xq, Xo, X3, -, Xn) A Q(Xe, X2, X3, -y Xn)

Phép tuyén cua hai ham f(X;, Xz, Xs, ..., Xn) V& g(X1, X2, X, ..., X,) 1 ham
Boole, ky hiéu f v g((X1, X2, X3, ..., Xn) V& dugc xac dinh gia tri:

fV g((Xg, X2, X3, .y Xn) = F(Xg, X2y X3, ...y Xp) V (X1, X2, X3, ..., Xp)

Vidu 3.70
Xac dinh gia tri caa ham Boole sau day:
F(x,y,2)=xy+Zz

Huéng dan:
Xay dung bang gia tri chan 1y caa ham F(x, y, z) theo 3 bién Boole X, v, z:
X y z Xy Z F(X,y,2)=xy+z
1 1 1 1 0 1
1 1 0 1 1 1
1 0 1 0 0 0
1 0 0 0 1 1
0 1 1 0 0 0
0 1 0 0 1 1
0 0 1 0 0 0
0 0 0 0 1 1

3.2.2.3. Xdc dinh dang chudn tdac cia biéu thic Boole
Vi du 3.71

Xac dinh biéu thirc Boole cua biéu thirc F(x, y, z) va G(X, Y, z) dugc thé hién
trong bang gia tri chan 1y sau day:
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F(x.y,2) G(x,y,2)

OO |00 ||k |k X
O O |k |k OO0 |(F kP K
Ok |O|Fk | O|Fk O | |N
O OO0 |0O|—k|O|O
OOk, OO0 |0 | |O

Huwéng dan:
(Xem lai thudt todn xdc dinh chudn tdc hgi va chudn tdc tuyén ¢ phan 3.1.5.3.
Tim chudn tac hgi hogc chudn tdc tuyén cia mét biéu thize logic).
F(x,y,z)=1véibogiatrix=1,y=0vaz=1vaF(x,y, z) =0 trong cac
truong hop con lai.

X y y F(X, Y, 2) Minterm
1 1 1 0

1 1 0 0

1 0 1 1 Xyz

1 0 0 0

0 1 1 0

0 1 0 0

0 0 1 0

0 0 0 0

Do d6 F(x,y, z) = Xyz
G(x,y,z)=1vasibogiatri(x=1,y=1,z=0)hoac (x =0,y =1, z =0)
G(x, vy, z) = 0 trong cac truong hop con lai cua (X, Y, z)

X y z G(x,Y, 2) Minterm
1 1 1 0

1 1 0 1 Xyz

1 0 1 0

1 0 0 0

0 1 1 0

0 1 0 1 xXyz

0 0 1 0

0 0 0 0
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Do do, G(x, y, z) = Xyz + xyz

Dinh nghia 3.21

Literal 12 mot bién Boole hoic pha dinh cua bién Boole nay.

Minterm cua cac bién Boole X;, Xz, Xs, ..., X, 12 mot Boole tich yiy,Ys...Vn,
trong d6 y;la cac Literal (y; = x;hoac y; = x;.)

Vidu3.72

Xéc dinh dang chuan tic caa biéu thirc Boole sau day:
F(X,y,2)=(x+y)Z

Huéng dan

Lap bang gié tri chan Iy cua biéu thic F(X, y, z). Tir d6 biéu dién F(x, y, z) vé
dang chuan tac.

X y z X+y Z FX,y,2)=(x+y)z Minterm
1 1 1 1 0 0

1 1 0 1 1 1 Xyz

1 0 1 1 0 0

1 0 0 1 1 1 Xy z

0 1 1 1 0 0

0 1 0 1 1 1 xXyz

0 0 1 0 0 0

0 0 0 0 1 0

Do @6, F(x,y, z) =Xyz + Xy z + xyz
3.2.2.4. Mach logic

CAC CONG LOGIC

Cong AND: Cong AND thyc hién ham hai.
Pau ra F(x,y) 1 hoi (tich) caa cac dau vao.

_ _(lkhix=y=1
F(x’y)_xy_{Ox;tl/\yil

Cong OR: Cong OR thuc hién ham tuyén
(tong). Pau ra F(x,y) 1a tuyén (tong) cua cac
dau vao
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Ix=1vy=1
F(x,y)=x+y={0khix:y:0

Cong NOT: Cong NOT thuc hién ham phu
dinh. Céng chi c6 moét dau vao. Pau ra -

F(x) la phi dinh cua dau vao x. | Flx)=x
_— _(1khix=0 |

FO) =% =g ppin =1

Vi du 3.73

Xay dyng mach véi dau ra nhu sau:

a. (x+y)x

b.x(y+2z)

C.(x+y+7)(T77)

Huéng dan:

a. Vi dau ra 1a (x + y) X, ta s& st dung

mach AND véi 2 dit liéu dau vao (x+ +—Pp .
Pé co dau vao ( x+ y) ta phai s dung )

mach OR v¢i 2 dix liéu vao la x, y

Dé c6 dau vao X ta phai sir dung mach
NOT

Mach duoc xay dung nhu sau:

b.x(y+2) Hinh 3.1: Mach dugc thiét ké cua Vi du 3.73a
Véidauralax (y+2z), ta

s& str dung mach AND véi 2 dit liéu dau vao lalax va (y + z)

Dé c6 dir liéu dau ra 1a x ta sir dung mach NOT

Pé c6 dir liéu dau ra 12 (y + z ), ta phai sit dung 1 mach NOT, trong d6 d6 dau vao
ciandlay +z
Pé c6 dau ra la y + z, ta phai st dung 1 mach OR, véi 2 dit liéu dau vao lay va z

Mach duoc xay dung nhu sau:
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Hinh 3.2: Mach dugc thiét ké cua Vi du 3.73b

C.(x+ty+2)(xy2z)

Véi daurala (x +y + z) (X7 z), ta sit dung mach AND véi hai dir liéu dau
vaola(x+y+z)va(xyz)

Dé cd dir liéu dau ra 1a (x + y + z) ta phai sir dung mach OR, véi 3 dit liéu
dau vao lax, vy, z.

Pé ¢ dir liéu dau ra la (x ¥ z) ta phai s dung 3 mach NOT, twong ang véi 3
dir liéu dau vao lax, y, z

Mach duoc xay dung nhu sau:

X
Ty +2

v v

—»

{ P

w/{%wf

Hinh 3.3: Mach dugc thiét ké cua Vi du 3.73c
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Vi du 3.74

Xay dung mach véi dau ra 1a ham F(x, y) duoc thé hién qua bang gia tri chan
1y sau day:

x y F(x, Y)
1 1 1
1 0 0
0 1 0
0 0 1
Huéng dan:
X y F(X,y) Minterm
1 1 1 Xy
1 0 0
0 1 0
0 0 1 Xy

D& dang thay F(x,y) = xy + X y
Do d6, mach duoc thiét ké nhu sau:
X Hj Xy

Hinh 3.4: Mach duoc thiét ké cua Vi du 3.74

Vidu 3.75

Xay dung mach véi dau ra 13 ham F(x, y) duoc thé hién qua bang gia tri chan
1y sau day:

F(x, Y, 2)
1
0

0

ok |k Kk

IS
=LY
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1 0 0 1
0 1 1 0
0 1 0 1
0 0 1 1
0 0 0 0
Huéng dan:
Buéc 1: Biéu dién ham F(x, y, 2)
X y z F(X, Y, 2) Minterm
1 1 1 1 XyZ
1 1 0 0
1 0 1 0
1 0 0 1 Xy z
0 1 1 0
0 1 0 1 xXyzZ
0 0 1 1 Xyz
0 0 0 0

F(X,Y,2)=Xyz+Xyz+xyz+xyz

Budc 2: Thiét ké mach véi dau ra 1a ham F(x, y, z) nhu sau:

Hinh 3.5: Mach dugc thiét ké cua Vi du 3.75

bigthyel
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3.3.2. Cuc tiéu hoa ham logic
{ MAURICE KARNAUGH (1924)

Maurice Karnaugh, sinh ra va 16n 1én ¢ thanh
i pho New York, ong d3 nhan bang cir nhan tir truong
i Pai hoc thanh phd New York va nhan bang thac sy,
i tién s tir Pai hoc Yale. Tir nam 1952 dén nim 1966,
' ong la nhan vién k¥ thuat tai Phong thi nghiém Bell.
- Tir ndm 1966 dén 1970 ong 1a giam ddc nghién ctru
! va phat trién ciia AT & T. Nam 1970, 6ng gia nhap
i IBM va la thanh vién ctia doi ngii nghién ctru.
i Karnaugh da c6 nhitng dong gop co ban cho viéc tng
g dung cac k¥ thuat sb trong ca dién toan va vién

Trong thiét bi may tinh ngui ta thiét ké gom nhiéu khau, mdi khau duogc dic
trung bang mot phuong trinh logic. Trong d6 muc do phuc tap cua so do phu thudc
vao phuong trinh logic biéu dién ching. Viéc dat dugc do on dinh cao hay khong la
tdy thudc vao phuong trinh biéu dién chung di & dang téi thiéu hoa hay chua. Dé
thuc hién duoc dicéu dé khi thiét ké mach sé ngudi ta thudng dat ra van dé tbi thiéu
hoa ham logic. Piéu dé co nghia 14 phuong trinh logic biéu dién sao cho thuc su gon
nhat (sb lugng phép tinh va sé lugng cac sé dugc biéu dién 1a it nhat).

Tuy nhién trong thyc té khdng phai lic nao cling dat dwoc 1o giai cho bai toan toi
uu hoa.

Ciac bwéc tién hanh tdi thiéu hoa:

- DUNg cac phép téi thiéu hoa dé ti thiéu hoa cac ham sé logic

- R0t ra nhitng thira s6 chung nham muc dich tdi thiéu héa them mot budc
ntra cac phuong trinh logic.
3.3.2.1. Phuong phdp toi thiéu hda bang biéu thire dai so:

Pay 1a phuong phap toi thiéu héa ham logic dua trén céac tién dé cac dinh ly
da biét cua dai sb Boole, phuong phap nay duoc thuc hién khi cac bién sé logic
khong nhiéu va ta thuc hién bién ddi truc tiép biéu thic giai tich cua ham.

Vidu 3.76

Rat gon ham sau:
FX,y)=x.y+x.y+xy
=(x+x)y+ x.y
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=y+x.y

=X+Yy.
Vidu 3.77
RUt gon ham sau:

Fx,v,2)=x.y.z+x.y.Z+x.y.z2+x.y.Z+x.y.Z

=Xy.z+x.y.Zz+x.y.z+x.y(Z+ z)

=xXy.z+x.y.(Z+ z2)+x.y(Z+ z)

=xXy.z+xy +x.¥).(Z+ z)

=Xxy.z+xy +x.)

=xy.z+x.(y+y)=xy.z+x
3.3.2.2. T4i thiéu hoa bang bang Karnaugh:

Trong pham vi cuaa gio trinh, chi xét f 1a mot ham Bool theo n bién x; X,
,..., Xp V&I n = 3 hoac 4.
Trwong hop 1: n =3

f 1a ham Bool theo 3 bién x, y, z. Khi d6 bang chan tri cia f gom tam hang.
Thay cho bang chan trj cia f ta vé mot bang chir nhat gom tam 6, twong ang Vi tam
hang caa bang chan tri, dugc danh ddu nhu sau:

X X X X
y 101 | 111 | 011 | 001
Z 100 | 110 | 010 | 000

y y y y
Quy wéc vé cach viét: Khi mot 6 nam trong diy duoc danh dau bai x thi tai
do x =1, bai x thi tai d6 x = 0, twong tu cho y, z.
Céc 0 tai 6 f bang 1 s& duoc danh dau (t6 dam hoic gach chéo). Tap cac 6
duoc danh dau duogc goi 1a biéu d6 Karnaugh cua f, ky hiéu la kar(f).
Trwong hop 2: n=4

f 1a ham Bool theo 4 bién x, y, z, t. Khi d6 bang chan tri cia f gom 16 hang.
Thay cho bang chan tri cua f ta vé mot bang chit nhat gdém 16 6, twong (tng véi 16
hang cua bang chan tri, duoc danh diu nhu sau:
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X X X X
z 1010 | 1110 | 0110 | 0010 t
z 1011 | 1111 | 0111 | 0011 t
1001 | 1101 | 0101 | OOO1 t
1000 | 1100 | 0100 | 0000 t

N

N

y y y y
Quy wéc vé cach viét: Khi mot 6 nam trong diy duoc danh dau bai x thi tai
do x =1, boi x thi tai do6 x =0, twong tu cho y, z, t.

Céc 0 tai d6 f bang 1 s& duoc danh dau (t6 dam hoic gach chéo). Tap cac 6
duoc danh dau duoc goi 1a biéu d6 Karnaugh cua f, ky hiéu la kar(f).

Trong ca hai truong hop, hai 6 duoc goi 1a ké nhau (theo nghia rong), néu
chung la hai 6 lien nhau hoéc ching l1a 6 dau, 6 cuoi cia cung mot hang (cot) nao do.
Nhan xét rang, do cach danh dau nhu trén, hai 6 ké nhau chi léch nhau & mét bién
duy nhat.

Pinh ly 3.2

Cho f, g 1a cac ham Bool theo n bién xy, X,. ..., x,. Khi d6:

- kar(fg) = kar(f) n kar(g)
- kar(fVg) = kar(f) U kar(g)
- Kkar(f) gdm dang mot 6 khi va chi khi f 1a mot tir téi thiéu

Dinh nghia 3.22

Té bao 1a hinh chit nhat (theo nghia rong) gom 2" 6
Cho ham Bool . Tan6i T la mot té bao 16n cua kar(f) néu T thoa hai tinh chat sau:

- Tlamotté baova T < Kar(f).
- Khéng ton tai té bao T’ ndo thoa T° = TvaT S T C kar(f)

Néu T l1a mot té bao thi T 13 biéu do Karnaugh ciia mét don thirc duy nhat m,
cach xac dinh m nhu sau: lan luot chiéu T Ién cac canh, néu toan bo hinh chiéu nam
tron trong mot tir don nao thi tir don d6 mai xuat hién trong m.

Vidu 3.78
a. Biéu d Karnaugh cua don thirc xyzt
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N N

~—+ —+ [ |

N

Ny
Sl

y oy y ¥y
Hinh 3.6: Biéu d6 Karnaugh cua Vi du 3.78a
b. Biéu d6 Karnaugh cua don thirc yzE

X X X X

z t
Z t
Z t
Z t

y Yy ¥y ¥y
Hinh 3.7: Biéu d6 Karnaugh cua Vi du 3.78b
c. Biéu db Karnaugh cua don thirc yt

X X x X

z t
Z t
Z t
Z t

y ¥y 'y ¥y
Hinh 3.8: Biéu d6 Karnaugh cua Vi du 3.78c
d. Hinh 3.9: Biéu do Karnaugh cua don thirc £

X X X X

z t
z t
Z t
Z t

y ¥y 'y ¥y
Hinh 3.9: Biéu d6 Karnaugh cua Vi dy 3.78d
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Vidu3.79
Xét ham Boole theo 4 bién x, y,Z,tco biéu do Karnaugh nhu sau:

X X X X

N N
— 4|

Ny
—

y Yy 'y ¥y
Hinh 3.10: Biéu d6 Karnaugh cuaa Vi du 3.79
Xéc dinh cac té bao 16n cua ham kar(f)?
Huréng dan: kar(f) c6 6 té bao Ién sau day:

X X X X X X X X
z t z t
z t z t
Z t Z t
Z t Z t
y y y y y y y y
XZ §24
X X X X X X X b
z t z t
z t z t
zZ t Z t
Z t Z t
y y y y y y y y
xt Xy
X X X X X X X X
z t z t
z t z t
Z t Z t
zZ t Z t
y y y y y y y y
yzt yt
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Thuat toan Karnaugh

Bwéc 1: V& biéu d¢6 Karnaugh cua f.

Bwéc 2: Xac dinh tat ca cac té bao 16n cua kar(f).

Bwéc 3: Xac dinh céc té bao 16n m nhat thiét phai chon.

Ta nh:éit thiét phai chon té bao I6n T khi ton tai mt 6 cua kar(f) ma 6 nay chi nam

trong té bao Ion T va khdng nam trong bat ky té bao 16n nao khéac.

Bwéc 4: Xac dinh céac phu tdi thiéu gom céc té bao 16n.

Nég cécqté bao 16n chon duoc & bude 3 da phu duogc kar(f) thi ta c6 duy nhat
mot phu toi thiéu gom céc té bao lon cua kar(f).

Néu céc té bao 16n chon duoc ¢ budce 3 chua phu duoc kar(f) thi:

+ X6t mot 6 chua bi phu, & c6 it nhat hai té bao 16n chua 6 nay, ta
chon mot trong cac té bao lon nay. Cu tiép tuc nhu the ta sé tim duoc tat ca cac phu
gom cac té bao 16n cua kar(f).

‘ ~ + Loai bo cc phu khong t6i thiéu, ta tim duoc tat ca cac phu tdi thiéu
gom cac té bao 16n cua kar(f).
Bwéc 5: Xac dinh céc cong thirc da thuc toi thiéu cua f.
Tir cac phu téi thiéu gom céc té bao 16n cua kar(f) tim dugc ¢ budc 4 ta xac
dinh dugc cac cong thic da thie twong tng cua f
Loai bo cac cong thic da thirc ma c6 mot cong thuc da thirc nao do thuc su
don gian hon ching.
Céc cong thirc da thtrc con lai chinh 1 cac cong thire da thic téi thiéu cua f.

Vi du 3.80
Tim cac cong thuc tdi thiéu da thirc ciia ham Boole sau day:
flx,y,z,t) =xyzt Vxy V xZ Vyz Vxy(zZ Vt)
Huéng dan:
f(x,y,z,t) =xyzt Vxy V xZ Vyz VxyzZ V xyt
Xac dinh cac don thurc

X X X b X X X X
z t z t
z t z t
zZ t zZ t
Z t Z t
y y y y y y y y
Xyzt Xy
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X X X X X X X X
z t z t
z t z t
Z t Z t
Z t Z t
y y y y y y y y
XZ yz
X X X X X X X X
z t z t
z t z t
Z t Z t
Z t Z t
y y y y y y y y
XyzZ xyt
Bwéc 1: V& biéu d¢6 Karnaugh
X X X X
z t
Z t
Z t
Z t
y Yy 'y ¥y
Hinh 3.11: Biéu d6 Karnaugh caa Vi du 3.80
Budéc 2, 3, 4: Xac dinh cac té bao 16n cua kar(f)
X X X X X X X X
z t z t
z t z t
Z t Z t
Z t Z t
y y y y y y y y
X yz

Budéc 5: Ta dugc duy nhat mot phu téi thiéu gom céc té bao Ion cua kar(f): x V yz
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CAU HOI VA BAI TAP CHUONG 3
A. BAI TAP CO LOI GIAI
Bai tap 3.1
7 Dién vao céc vi tri tréng cua phat biéu (b) dé co6 cung dang logic véi cac phat

bieu (a)
Cau3.l.1
(@)  Néu tat ca cac s6 nguyén 1a sb hitu ty, thi s6 1 12 s6 hitu ty

Tat ca s6 nguyén 1a s hitu ty

Do d6, s6 1 12 s6 hitu ty.
(b)  Néu tat ca cac biéu thic dai s6 déu duogc biéu dién bing cac ky hiéu tién t6,

Do d6, (a+2b) (a® — b) c6 thé duogc viét bang céc ky hiéu tién td.
Huéng dan:

Néu tat ca cac biéu thie dai s6 déu duoc biéu dién bang cac ky hiéu tién td,
thi (a+2b) (a® - b) c6 thé duoc viét bang cac ky hiéu tién t6.

Tdt ca cac biéu thire dai sé déu dwoc biéu dién bang cac ky hiéu tién té
Do d6, (a+2b) (a® — b) c6 thé duogc viét bang céc ky hiéu tién td.
Cau 3.1.2
€)) ~Néu tat ca cac chuong trinh may tinh déu chta 151, thi chuong trinh nay ciing
chua loi.
Chuong trinh nay khong chira 16i
Do d6, khong phai tit ca cac chuong trinh may tinh déu chira 13
(O N L T L IS
2 khdng phai 12 s6 1é.
Do d6, khong phai tat ca cac s6 nguyén té déu 1a sb 1é.
Huéng dan:
Néu tat ca cac sé nguyén té 1a so lé, thi 2 1a so lé
2 khdng phai 12 s6 16.
Do d6, khong phai tat ca cac sé nguyén té déu 1a s 1é.
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Bai tap 3.2
Thay thé cac phét biéu sau day bang cdc ménh dé logic, sir dung cac phép
toan logic =, A, V
Cau 3.2.1
Dit p = “Cé phiéu dang tang gid”, q = “Ldi sudt van on dinh”’
a. “Co phiéu dang tang gia, nhung 13i suat van on dinh”
Huréng dan:
PA g
b. “Khong phai ¢6 phiéu dang ting gi, cling khong phai 14i suit dang 6n dinh”
Huwéng dan:
—p A g
Bai tap 3.3
Xay dyng bang gia tri chan ly cho cac biéu thuc logic sau day:
a.~(pAqV(pVaq)

Huéng dan:
Bang gia tri chan ly caa biéu thic logic dugc thé hién nhu sau:
P Q| pAg pvg | 2(pArg) AV (@VY
T T T T F T
T F F T T T
F | T F T T T
F|F F F T T

Két qua cua bang gia tri chan Iy ching to —(p A @) V (p V q) la mot hang dung.
Ciing c6 thé chizng minh bang céc luat logic nhu sau (xem phan cac luat logic)

A V@V =(-pV-qV(pVQ) (Luat De Morgan)
=(pV-p)V(qV-q) (Luat két hop)
=TVvT (Luat phan tir ba)
=T (Luat lity dang)
b.p A(=qVT)

Huréng dan:
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Xay dung bang gié tri chan Iy cho biéu thirc logic véi 3 bién ménh dé p, g, r

nhu sau:
P Q r —q aqVvT PA(0qVT)
T T T F T T
T T F F F F
T F T T T T
T F F T T T
F T T F T F
F T F F F F
F F T T T F
F F F T T F

Bai tap 3.4

Kiém tra tinh tuong duwong logic ciia cac biéu thirc sau day? (Cau tra i 1a co
hoac khong bang cach xay dung bang gia tri chan Iy).

a.(pAg)va(—apA-q)

Huéng dan:
Xay dung bang gia tri chan ly cho 2 biéu thirc nhu sau:
p 9 | 7p | g PAgq ~(pAq) P A q
T | T | F | F T T F
T | F | F | T F T F
F | T | T | F F T F
F I F | T | T F F T
R6 rang, hai biéu thirc nay khong twong duong logic
b.oA(@vr)va(pAq)V(pAT)
Huong dan:
Xay dyng bang gia tri chan ly cho biéu thirc véi 3 bién ménh dé p, q, r:
PlQ | r| gqvr | pAq | pAT pA(qVrT) AV (@AT)
T T T T T T T
T| T ]| F T T F T T
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T|F|T| T F T T T
T|F|F| F F F F F
FIT|T| T F F F F
FIT|F| T F F F F
FIF|T| T F F F F
FIF|F| F F F F F

Tat ca cac dong cua hai biéu thirc ¢6 gid tri gidng nhau. Do d6 khang dinh hai
biéuthucp A (gVr)va (p Aq) V (p AT) tuong duong logic.

c.(pvg@V@Aar)va(Vvag Ar

Huéng dan:

Xay dung bang gia tri chan ly cho biéu thtc véi ba bién ménh dé p, g, r:
Pl A || pvg | pAT V@ V@A) (VaAr
T| T | T T T T T
T| T | F T F T F
T|F | T T T T T
T| F | F T F T F
F| T | T T F T T
F| T | F T F T F
FI F | T F F F F
FIF|F| F F F F

Gia tri cac dong cua hai biéu thuc khong gidng nhau hoan toan, do d6 hai
bieu thirc khong twong duong logic.

Bai tap 3.5
Str dung luat De Morgan, viét pha dinh cho céc phat biéu sau day:
a. Nam la mét giao su Toan hoc va chi gai Nam la mot gido su Khoa hoc may
tinh.
Huéng ddn:
p= “Nam la giao su Toan hoc”
g= “Chi gdi Nam la gido su Khoa hoc may tinh”
Biéu thtic logic caa phat biéu trén 1ap A g
~(pAq)=-pVq
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Do d6 phu dinh cta phat biéu trén duoc viét lai nhu sau: “Nam khéng phdi 1a
gido su Todn hoc hoac chj gai Nam khong phdi la gido sw Khoa hoc may
tinh”
b. Pong d6 la dang & mic cao nhat moi thoi dai hoic thi trudng ching khoén
dang & muc thap nhét.
Huréng dan:
Dit p = “Pong dé la dang ¢ mirc cao nhat moi thoi dai”;
q = “Thi truong chitng khodn dang ¢ mirc thap nhdt”;
Biéu thuc logic cua phéat biéu trénlap v g
~(pVg)=-pA-q
Do d6 phu dinh cua phat biéu trén dwoc viét nhu sau: “Khéng phdi dong dé la
dang ¢ mirc cao nhat moi thoi dai va ciing khéng phdi thi trwong chitng khodn dang
¢ murc thdp nhat”.
Bai tap 3.6
Str dung bang gia tri chan ly, xac dinh céc biéu thiac logic sau day la hang
dung hay hang sai:

a (A V(=pVv®A-Q)

Huréng dan:

Xay dung bang gia tri chan 1y cho biéu thic:
Pla|-p|-q|prg|pAaq | (-pV(A-g) | @AV (=pV(pA-g)
T|T|F|F| T F F T
T|F|F | T F T T T
FIT|T|F| F F T T
FIF | T ]| T F F T T

Do d6, (p Aq) V (=p V (p A =q)) 12 mot hing dung.
b.A=((=pA@A(@@AT))A-q
Huréng dan:

Xay dyung bang gia tri chan ly cho biéu thac vai ba bién ménh dé p, g, r, bang
gom c6 tam dong:

Pp|IQ|r|=p|-q|-pAq| qAT (= pA@)A(@AT) Biéu thirc A

TIT|T|F|F| F T F F
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— M| [m|d|m
— |4 |d|m |7 |7
— M |m|{d|d|m
M| H |4 |T |7 |7
M| m|d (M |7 |m
M |m|m|m |7 T

m|m|m 7T
L R N e A e B B I ey
S e O e T A e B e

FIF| T|T| F F

Tn

Gié tri cac dong cua biéu thac A bang F véi moi cap gid tri caa cac bién ménh dé p,
q, r. Do d6, A 1a hang sai.

Bai tap 3.7

Dinh nghia phép loai trir @ nhu sau:

r®qa=@VOA-(PAD)
Bang gia tri chan ly cua phép loai trir duoc thé hién:

P Q pDq
T T F
T F T
= T T
. F F
Cho biét (p ®q)®r =p®(q®r)? Lap luan va cho biét cau tra 1oi cua ban.
Huwong dan: , ‘
Lap bang gia tri chan ly véi ba bien ménh dé p, q, r.
Pla|r | p®q | q@r (@& Q&r p®(q®r)
T T | T F F T T
T|T|F| F T F F
T|F | T T T F F
T F | F T F T T
FIT|T| T F F F
F| T]|F T T T T
FI F | T F T T T
FIF|F| F F F F

320




Khang dinh: (p@®q)®r = p®(q®r)
Bai tap 3.8
Chuang minh riang cac biéu thire sau day tuong duong logic:

A=p->qVr,B=pAagq->rvaC=pA-r-—-q

Huéng dan:

C6 hai cdch dé chitng minh cac biéu thire trén twong dwong logic, cdch thir
nhat, sir dung bdng gia tri chan ly, cach thi hai, sir dung ludt logic

Céch 1: Ldp bang gid tri chan ly, bang gom tdm dong véi ba bién ménh d@é p, q, r

Pla || 2q rip=>q|p p p=>qVr | pA-q pA-r
A=q | AT >r -q
T|T|T|F|F T F F T T T
T|T|F|F|T T F T T T T
T|F|T|T]|F F T F T T T
TIF|F|T|T F T T F F F
F|T|T|F|F T F F T T T
FIT|F|F|T T F F T T T
FI|F|T|T]|F T F F T T T
FIF|F|T|T T F F T T T

Gia trji cac dong trong bang gié tri chan Iy cua 3 biéu thirc gidng hét nhau, do
d6 khang dinh 3 biéu thirc trén twong duong logic.

Céch 2: Sir dung ludt logic

A=p-qVr

=-pVvVqVr
B=((pA-q)—>r

= —|(p/\—|Q)VT'
= (—|pV—|(—|q))VT
=(pVvaVr

=-pVqVr
C=(@A-r)-q

=a(pA—Tr)Vg

(Luat kéo theo)

(Luat kéo theo)
(Luat De Morgan)

(Luat phu dinh caa phua dinh)

(Luat kéo theo)
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=(apV-aar)Vg (Luat De Morgan)
=(-pVr)Vvgq (Luat phu dinh cua phu dinh)
=-pVqVr (Luat két hop)

A, B, C tuong dwong logic véi biéu thic —p v q Vv, do d6 A, B, C tuong
duong logic véi nhau.

Bai tap 3.9
Xac dinh hai biéu thire logic sau day c6 twong duong logic?
ap-(@-rjvalp->q) —r

Huwéng dan:

Xay dung bang gia tri chan ly cho ba bién ménh dé p, g, r nhu sau:
PlAa | R |p=qg]| q=r p—-(q—r) g -r
T T T T T T T
T | T F T F F F
T|F|T F T T F
T F F F T T T
F T | T T T T T
F T F T F T F
F F T T T T T
F|lF|F T T T F

Két luan: 2 biéu thicc p = (q = r) va (p = q) — r khong tuong duong logic
Bai tap 3.10

Strdung p>q=-pVqVvapeqg=(—pVq)A(=qVp) viét lai biéu
thirc logic ma khong su dung phép —, <

pV—|q—>rVq

Huéng dan:

pVaqg->rVvqg=-(pVvV-qV(rVvyg) (Luat kéo theo)
=(—pA=(=q)V(@Vyg) (Luat De Morgan)
=(rAQV(rva)

Bai tap 3.11

Str dung céc luat logic chirng minh biéu thirc sau day 1a hang dang
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((pAqg) ©p) »(p-q)

Huong dan:

((pAg) ©op) »(p—q)
=(((prp->p)A@-(pAg) - (p-q)
=((pA VD) A(=pV(PAQ) - (p—=q)
=((=pv-Vvp)A(=pV(PAQ) = (p—=q
=((tpvIV=ag)A(=pV(PAQ) = (p—=q
=T Va)A(-pVv(pArg) = (p-q)
=MA(-pVv(pAQ) = (p~q
=(-pVv(pAg) > (p-q)
=((=pvD)A(=pVQ) = (p—=q
=(TA(-pvQ) = (p-q

=((-pv) »(p-a

=(p—-q) > (p—-q)

PatE = (p - q)

=F - F

=—EVE

=T

Bai tap 3.12

Chang minh rang:

(Luat tuong duong)
(Luat kéo theo)
(Luat De Morgan)
(Luat két hop)
(Luat phan tir b)
(Luat thng tri)
(Luat trung hoa)
(Luat phan phéi)
(Luat phan tir bo)
(Luat trung hoa)
(Luat kéo theo)

(Luat kéo theo)

(-p V(PAQ) =EpA-g

Huéng dan:

Bién doi vé trai dé dwoc biéu thic vé phai
~(-p VP AQ) =E-(-p)A-(PAQ)
=pA(mpV-q)

=@A-p)V(@PA-Q)

=FV(pA-q)

=({@A-9)

(Luat De Morgan)
(Luat De Morgan)
(Luat két hop)
(Luat phan tir bu)
(Luat trung hoa)
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Bai tap 3.13

Chi ra cac budc suy dién cua suy luan dudi day?

Tién dé
A-BA(CVvD) (@)
A (b)
-C (c)
Két luan:
D
Huwéng dan:
Str dung cac quy tic suy dién dé ching minh
Buéc Tién dé va Két luan Quy tic sir dung
A->BA(CVD) (a) Tién d¢
1 A (b) Tién dé
~BA(CVD) Quy tac khang dinh
, B A (CVD) Két luan cua buéc 1
~CvD Quy tac rut gon
CvD Két luan cua budgc 2
3 —~C (e) Tién dé
D Tam doan luan roi

Bai tap 3.14

Hay chi ra phuong phéap suy luin, cho biét cac suy luan d6 co hop ly hay
khong? Giai thich bang cach quy tac suy dién

Chai nhgt tu@n vira réi ¢o dy khong vé nha
Néu cd 4y vé nha thi kiéu gi ¢ ay ciing ra bd ao

Néu ra bo ao kiéu gi ¢d ay ciing ra gdc cay do

Néu ra goc cay thi ¢ Ay da nhin thay cai luge va mang né di

Thé ma cai lugc van con do.
Huéng dan:
Thiét 1ap cac bién ménh dé sau day:
p = “Céadyvé nha”
g = "“Cédyraboao”
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r = “Cé dy ra goc ciy”
t = “Cé dy nhin thdy cdi lwoc”

s = “Co ay mang cdi luoc di”

Phat biéu Biéu thic
b alzeu cd ay vé nha thi kieu gi cb ay ciing g (a)
Néu ra bor ao kiéu gi ¢o dy ciing ra goc q-r (b)
cay do
Néu ra goc cay thi ¢d dy da nhin thdy rot (©)
cai lwgc va mang no di Fos (d)
Thé ma cdi ot van con dé. —-S (e)
Két luan: Cha nhdt tudn vira réi co dy khéng —p
vée nha
Cac buéc cia suy luan:
Buéc Tién dé va Két luan Quy tic sir dung
p-q (a) Tién dé
1 q-r (b) Tién dé
apoT Tam doan ludn gia dinh
poT Két luan cia budc 1
5 r—ot (©)
tos (d)
apos Tam doan lugn gia dinh mo rong
p—s Két luan caa budc 2
3 s (e) Tién dé
S Modus Tollens

Suy luan trén hoan toan hop ly.
Bai tap 3.15

Viét lai phat biéu sau day bang cac phat biéu trong duong, nhung khong sir
dung cac ky hiéu 3 hoac v

Vx €ER x*>0
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Huéng dan:

Tat ca cac sb thuc déu c6 binh phuong 12 mot s6 khdng am
Hoac MGi s6 thue déu c6 binh phuong 12 mot s6 khdng am
Hoic Sé thuc bat ky déu c6 binh phuong 1a mét sé khong am
Hozc Binh phwong cua mét sé thyc 13 mot s6 khéng am.

Bai tap 3.16

Viét lai cac phat biéu c6 dang sau: vx € R, néu P(x) thi Q(x), khéng st dung

cac luong tir va cac bién:

vx €ER,néux>2thix*>4

Huwéng dan:

Néu mot s thuc 16n hon 2 thi binh phuong cua n6 16n hon 4
Hozc Binh phuong cta bat ky so thuc I6n hon 2 déu 16n hon 4
Hozc Binh phuong cua tit ca cac s6 thuc I6n hon 2 déu 16n hon 4.

Bai tap 3.17

Tbi thiéu hda ham Boole sau day:

axyVvxyvxy
Huéng dan:
Xac dinh cac don thirc

y y y
X
X
Xy Xy xy
Biéu d6 Karnaugh biéu dién
y y
X
X
Xdc dinh céc té bao Ion
y y
X
X
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Do d6é xy V Xy VX y dugc thay bang ¥ V y

b.xyz+xyz+xyz+xyz
Huwéng dan:
Xac dinh cac don thuc

Y2 yz yz Yz

Y2 yz yz yz

X X
X X
Xyz XyzZ
YZ yz yz yz YZ yz yz yz
X X
X X
XyzZ Xyz
Biéu d6 Karnaugh biéu dién biéu thuc:
Y2 yZ yZ yz
X
X
Xac dinh céc té bao I6n
Y2 yZ yZ yz Y2 yZ yZ yz
X X
X X
Xy vz
yZ yzZ yZ yz Do d(’)’ xyz + XyZ+xyz+xyz dugC
X thay thé bangxy + yZz+ x y z
X

Xyz

C.xyz+xyz+xyz+ xyz+xyz
Huréng dan:
Xac dinh cac don thuc

YZ yz yz Yyz

Xyz

XyzZ
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YZ yz yz yz YZ yz yz yz
X X
X X
xXyz XyZzZ
YZ yz yz yz
X
X
Xyz
Biéu d6 Karnaugh biéu dién biéu thuc:
YZ yz yzZ yz
X
X
Xac dinh céc té bao I6n
vy  yz yZI yz Yy yz yZ yz
X X
X X
Xy z
Do d6 xyz + xyZ + xyz + Xyz + X y z dugc thay thé boi xy + z
d.xyz+xyZ+xyz+xyz + xyz
Huéng dan:
Xac dinh cac don thuc
Y2 yZ Yz Yz Y2 yz yz yz
X X
X X
Xyz XyZ
Y2 yz yz yz Y2 yz yz yz
X X
b X
Xyz Xyz
Y2 yz yz yz
X
Xyz
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Biéu d6 Karnaugh biéu dién biéu thuc:
YZ yz yz yz

X

X
Xac dinh céc té bao 16n
C6 hai cach xac dinh
Cach 1:

Y2 yz yzZI Yz

X X
X X
Xy VZ
Y2 yZ yZI Yz Do do, xyz+xyzZ+Xyz+Xxyz +
X Xyz dugc thay the bang xy + yz+x y
5
Xy
Céch 2:
yZ2 yZ YZI yz 2 yZ YyZI yz
X X
b X
Xy XZ
Y2 yZ yZ Yz Do d6 xyz T XyZ+Xyz+Xyz + Xyz
X duogc thay the bang xy + xz + x y
X
Xy
e. xyzt + xyzt + X yzt + xyzt
Huéng dan:
Xac dinh cac don thuc
zt zt zZt Zt zt zt Zt Zt
Xy Xy
Xy Xy
Xy Xy
Xy Xy
xyzt xyzt

329




zt zt Zt Zt zt zt Zt Zt
Xy Xy
Xy Xy
Xy Xy
Xy Xy
Xyzt Xyzt
Biéu dd Karnaugh biéu dién biéu thuc:
zt zt zZt zZt
Xy
Xy
Xy
Xy
Xac dinh céc té bao I6n
zt zt zt zt
Xy
Xy
Xy
Xy
y +z
Do dé xyzt + xyzt + X yzt + Xyzt dwoc thay thé bang y + z
f.xy+xyz+ xyz+xyzt
Huéng dan:
Xac dinh cac don thuc
zt zt Zt Zt zt zt Zt Zt
Xy Xy
Xy Xy
Xy Xy
Xy Xy
Xy xyz
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zt zt Zt Zt zt zt Zt Zt
Xy Xy
xy xy
Xy Xy
Xy Xy
Xyz xyzt
Biéu d6 Karnaugh biéu dién biéu thuc:
zt zt Zt Zt
Xy
xy
Xy
Xy
Xac dinh céc té bao 16n
zt zt zZt Zt zt zt zZt zZt
Xy Xy
xy xy
Xy Xy
Xy Xy
Xz yZ
zt zt Zt Zt Do dc'),’ Xy +xyz+ Xyz+ xyzt dugc
Xy thay the bai xz + yZz + yzt
Xy
Xy
Xy
yzt

B. BAlI TAP SINH VIEN TU LAM
Bai tap 3.18

Dién vao céc vi tri tréng cua phat biéu (b) dé c6 cung dang logic véi cac phat

biéu (a)

(@)  Néu n chia hét cho 6, thi n chia hét cho 3.
Néu n chia hét cho 3 thi tong céc chir s6 cua n chia hét cho 3
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Do d6, néu n chia hét cho 6 thi tong céc chix s6 cua n chia hét cho 3.
(Gia str rang n 1a s6 nguyén ¢ dinh, cu thé)
()  NEUhaM NAY Ia ..oocvvcee, , thi ham nay 1a ham kha vi

NEU ham NAY 1a.......coeveeeeeeeeenn, , thi ham nay la ham lién tuc

Do d6, néu ham nay 12 mot da thic, thi hAM NAY 14 ......c.oveveeeeeeeeeeeee,
Bai tap 3.19

Thay thé cac phat biéu sau day bang cdc ménh dé logic, sir dung cac phép
toan logic -, A, V

a. bat r = “Nam la gido sw Toan hoc”, s = “Nam la gido suw Khoa hoc may
tinh”.
Phat biéu: “Nam 1a gido su Toan hoc, nhung Nam khéng phai 1a gido su Khoa hoc
may tinh”.

b. Pt p = “Pa thirc ¢6 bac bang 27, q = “Pa thuc ¢6 bac bang 3”
Phat biéu: “Pa thirc nay chi ¢d bac bang 2, hoac chi ¢d bac bang 3”

c. “Ban khdng thé chinh sira muc duoc bao mat cua Wikipedia trir khi ban 12
quan tri vién”

Thé hién cau tra 1oi voi ménh dé a = “Ban ¢ thé chinh sta muc dugc bao
mat cua Wikipedia”, b = “Ban la quan tri vién”.

d. “Ban chi dugc xem phim chi khi ban trén 18 tudi hoic ban dwgc cha me
cho phép”

Thé hién bang biéu thac logic véi cac bién ménh dé& p = “Ban duoc xem
phim”, q = “Ban trén 18 tudi «, r = “Duoc cha me cho phép”.

e. “Ban chi c6 thé tt nghiép dai hoc néu ban di hoan thanh du sé tin chi,
khdng no tién hoc phi va tra hét sach d3 muon cho thu vién”

Thé hién bang biéu thuac logic véi cac bién ménh dé p = “Ban c6 thé tot
nghiép”, q = “Ban hoan thanh du so6 tin chi”, r = “No tién hoc phi”, t = “Tra hét sach
da muon cho thu vién”.

Bai tap 3.20
Xay dung bang gia tri chan Iy cho céc biéu thirc logic sau day:
a.—pAq
b.oA(qAT)
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Bai tap 3.21

Kiém tra tinh twong duong logic ctia cac biéu thic sau day? (Cau tra 10i 1a co
hoac khong bang cach xay dung bang gié tri chan Iy)

apV(pAg)vap

b.pvtvat

C.pAtvap

d (pAg)ArvapA(gAT)

e.(pAgq)VvrvapA(qVr)
Bai tap 3.22

Trong Vi du 3.26, nha logic hoc Smullyan di ké vé mét hon dao, cac cu dan
trén d4o chi gdm 2 loai nguoi: Hiép si, nhitng ngudi ludn ndi sy that va né 1¢, nhitng
ké lubn ndi dbi. Ban gip 2 cu dan trén ddo, A va B. Xac dinh A, B thudc kiéu nguoi
nao (néu co thé), dua vao cac phat biéu cia A va B. Néu khong thé xac dinh chinh
xac A, B, ban c6 thé rat ra duoc két luan nao khac?

a. A noi “It nhat mot trong hai chdng t6i 1a né 18, B khong néi gi.

b. A néi “Ca hai ching t6i déu 1a hiép si”, B no6i “A 1a no 1&”

c. A noi “T6i la mot nd 1€ hoac B la hiép si”, B khdng ndi gi.

d. Ca A va B déu n6i “T6i 1a mot hiép s

e. A n6i “Ca hai chung toi déu la nd 167, B khong noi gi.
Bai tap 3.23

Str dung luat De Morgan, viét pha dinh cho céc phat biéu sau day:

a. Chir s6 don vi ciia phép tinh 4°7 1a 4 hoic 6.

b. Chuong trinh ndy c6 15i trong 10 dong dau tién hoic né dang dugc chay
vé6i bo dir liéu khong day da.

c. Tau dén tré& hoiac dong ho cua tdi chay nhanh.
Bai tap 3.24

Str dung bang gia tri chan ly, xac dinh céc biéu thiac logic sau day la hang
dung hay hang sai:

a.(pA=q)A(=pVQ)

b.(=pVva@V({pA-q)
Bai tap 3.25
Dinh nghia phép loai trir @ nhu sau:

pr®a=@VaArA-(pArq)
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Bang gié tri chan ly caa phép loai trir dugc thé hién:

P Q p®q
T T F
T F T
F T T
F F F

a. Tim kiém 1 biéu thuc logic don gian hon tuong duong logic Vvoi p @ p,
(r ®p)Op ,

b. Cho bict (p@® g) Ar=((@AT)® (g Ar)? Lap luan va cho biét cau tra Ioi cua
ban.

Bai tap 3.26
Str dung bang gia tri chan Iy, chang minh rang:
ap->q=-pVgq
b.-(p>q)=pA—q

Bai tap 3.27

Viét lai cac phat biéu sau day & dang biéu thiac? Kiém tra tinh twong duong
logic cua céc biéu thuc thu duoc?

“Néu 2 la wéc 6 Ciia n, 3 la wdc S6 Ciia n thi 6 la wéc S6 clia n”

“Néu 2 khéng la wéc sé cia n, 3 khéng la wdcC S6 Cuia n thi 6 khéng la wdc s6
cuan’.
Bai tap 3.28

Strdungp - q=-pVqvap e q=(=pVqg)A(—=qVp) viét lai cac biéu
thirc logic ma khong su dung phép —, <

apA-q-or

b.p-r)e(@-1)
Bai tap 3.29

Néu P va Q Ia hai biéu thtrc twong duong logic 1a P < Q 1a mot hing ding.
Nguoc lai néu P & Q 1a mot hang ding, thi P va Q tuong duong logic. St dung
phép kéo theo hai chiéu <, dé chuyén d6i cac tuong dwong logic sau day vé mot
hang dtng. Sau d6 1ap bang gia tri chan Iy dé xac minh:
ap->@Vr)=(@A-q)—>r
b.pA(@vr)=@AqQV(pAT)
cp=>(@->r)=@Aq)->r
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Bai tap 3.30
Chuang minh rang:

(V@) A(=pVq) - qlamothing ding

a. Bang cach lap bang gié tri chan ly.

b. Bang céc luat logic.
Bai tap 3.31

Str dung cac luat logic ching minh céc biéu thirc sau day 1a hang ding

a(pvgy > (@Anrq)

b.p > @A) ->(p>A({p->r1))

C.(n(pAq) Ap)— q
Bai tap 3.32

Cho chimg minh sau ddy, sir dung cac luat logic, trong twong buéc bién doi,

hay chi cac luat duoc st dung
Cau a.
(PA=q)V(pAQq)
=pA(—qVq)
=pA(qV-q)

=pAT

=p

Caub.
(PVAaq)A(mpVq)
(=7qVPp)A(~qV -p)
—qV (p A —p)

-1q VF

=q
Bai tap 3.33

Chung to cac biéu thirc sau day:
a.—(pv-q)V (mpV-g) =-p

b. 2a((-pA@V (-pA-q))V(PAQ) =D
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Bai tap 3.34

Str dung quy tic Modus Ponens va Modus Tollens, dién vao cac chd trong, dé
tao ra cac két luan hop ly
a. Néu v/2 13 s6 hitu ty, thi tdn tai bo sé nguyén a, b dé V2 = %
a

Khang ton tai bo s6 nguyén a, b dé V2 = +

b. Néu hinh nay 1a mét hinh tt giéc, thi tdng cac géc cua né bang 360°
Téng cac goc cua né khong bang 360°

c. Néu ho khong biét dia chi nay, ho da goi dién.

~Ho da biét vé dia chi nay.
Bai tap 3.35

Hay chi ra phuong phap suy luan, cho biét cac suy luan d6 c6 hop ly hay
khong? Giai thich bang cach quy tac suy dién.
Toi phai di hoc thém ngoai ngir

Néu sau khi tét nghiép ma t6i khong cé chirng chi ngoai ngir thi toi s& kho xin
duoc viéc lam.

Néu khong xin dugc viéc 1am thi toi s& khéng 6n dinh dugc cudc sdng riéng

Néu khdng 6n dinh duoc cudc song riéng thi co 4y s& khdng lay toi

Bay gio cd iy da 1a vo cua ti.
Bai tap 3.36

Chuyén biéu thtrc sau sang chuan tic hoi hodc chuan tac tuyén

a(p—=q)—r

b.(» < q)
Bai tap 3.37

Su dung céc luat logic, xac dinh dang chuan tic hoi hoac chuan tic tuyén caa
cac bicu thire sau day:

a(pvVgA(pAT)

b.(p—>q —-r

C.pegq
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PAI SO BOOLE
Bai tap 3.38
Xéc dinh ham F(x, y, z) , biét rang F(x, y, z) = 1 khi va chi khi:
ax=y=0,z=1
b.x=0,y=1,z=0
c.Xx=0,y=z=1
dx=y=z=0
Bai tap 3.39

Xéc dinh dang chuan tic cua ham f(x, y, z) cua cic ham sau day:

aF(Xy,z)=x+y+z
b.F(X,y,2) =(X+2)y
c.F(X,y,2)=x
dFXy2z)=xy

Bai tap 3.40
Hay xé4c dinh cong thuc téi thiéu cua ham Boole sau day:
f(x,y,z,t) =xz(y V) VXZt Vz(yt VX¥)
Bai tap 3.41
Str dung biéu d6 Karnaugh, tdi thiéu hoa céc biéu thiic sau day:
a. xy + xy
b.xy +xy+ xy
C.xy + Xy
d.xyz + xyzZ + xyz
e xyz+xyz+xyz+xyz+ xyz+xyz
f.xyz+xyz+ xyz+xyz
09.xyz+xyz+ xyz+xyz+ xyz
e. xyzt + xyzt + xyzt + xy zt + X yzt
f.xyzt + xyzt + xyzt + Xxyzt + xyzt + xyzt +xyzt
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