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MO DAU

1. Su phat trién cua cac nganh co khi, giao thong van tai, co dién th, co sinh, tu
dong hda, v.v... doi hoi ching ta phai sit dung cong cu tin hoc trong qua trinh phin
tich va tdng hop dong luc hoc cac hé ky thuat. Viéc nghién ciru cac tinh chét dong
luc chia cac h¢ co hoc va cac hé co dién tir cd mot vai tré quan trong trong viée tinh
toan thiét ké cac hé k¥ thuat. Hai bai toan co ban ctia dong luc hoc la xay dung mo
hinh va tinh toan trén mo hinh.

2. Xudt phat tir cic md hinh thuc hodc cac tai liéu thiét ké, ching ta phai xay dung
¢ac m6 hinh co hoc thay thé. Cac md hinh co hoc vat rén (tuyét dbi va bién dang)
hay dugc st dung trong k¥ thuit la:

- M6 hinh hé cdc chdt diém: Co hé gém n chit didm lién két v&i nhau béi cac
phwrong trinh lién két. Cac lyc tac dung lén cac chit diém thude hé.

- M6 hinh hé cdc vt rin: Heé gém co p vat rdn c6 khdi luong, ¢6 kich thuoc, chiu
tc dung cua cac luc phan bd hodc cac luc tap trung. Céc luc tac dung lén cac vat
rén thugc hé gdm céc luc hoat dong (luc dan hi cua 15 xo, luc can, trong luc, lyc
phat dong cta cac md to, v.v...) va cac luc lien két (do cac vat ran ndi ghép véi
nhau va ni ghép véi gia d& bang cac khop, cac lién két tua, v.v...).

- M6 hinh hé cac phci‘n tr hitu han: Hé gém mot sb hivu han cac véat thé dan hoi (cac
thanh, cac te"'\m,...) 6 khéi lugng, chiu tac dung cua cac luc va cic ngﬁu lwe thu gon
tdp trung tai cac diém nat. Cac diéu kién lién két rang budc cac dich chuyén tai cac
diém nat.

- M6 hinh cdc hé lién tuc: Hé gdbm cac phan tir dan hdi, cac phﬁn tur déo,...chiu tic
dung céc lyc phén bd va cac lyc tap trung Cac diéu kién lién két rang budc céc toa
d6 ciia moi diém cua hé.

- M6 hinh cdc hé hén hop: Hé gdbm cac chat diém, cac vat rin, cac phan tir hitu han,
cac vat thé dan hoi, v.v... chju tac dung cuia céac luc phin bo va cac lyc tap trung.

Di nhién con nhiéu loai mé hinh co hoc khac nita ma ta chua ké ra & day. Chang
han m6 hinh co hoc chat long va chat khi, m6é hinh hon hop chat long va cac vit
ran,... Trong cuon sach nay ta gigi han chi xét mo hinh hé cac vat ran chiu lién két.
Cac chat diém (cac vat diém) dugce xem nhu cac vat ran chuyén dgng tinh tién.
Khi x&y dung mo hinh co hoc ta phai tuan thu hai quy tac co ban sau day:

- M& hinh co hoc lua chon phai don gian nhu ¢6 the,

- M6 hinh co hogc lua chon phai tuong thich véi mo hinh thye.
Trong viéc xdy dung md hinh co hoc ngoai viéc su dung ly thuyét nhan dang
(Identification), thi kinh nghiém cia cac nha nghién ciru, ciia cac ky su thiét ke,
tinh toan ciing hét sirc quan trong.
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Chuong 1
ON TAP PHEP TINH MA TRAN, VECTO VA TENXO

Cac phép tinh vécto, ma trdn va tgnxo 6 mot vai tro quan trong trong dong luc hoc
hé nhiéu vat néi riéng cing nhu trong co hoc néi chung. Dé nguoi doc dé dang
hiéu dugc cach biéu dién gon, sang sua cac dai lugng dong luc co ban, cac nguyén
ly, cac dinh ly va cac phuong trinh chuyen dong cia cac hé nhleu vat trong cac
chuong sau, & day ta s& trinh bay tém tit mét sé kién thirc co ban vé phép tinh ma
trén, phép tinh vécto va phép tinh tenxo hang hai.

§1 MA TRAN VA CAC PHEP TiNH PAI SO MA TRAN
1.1 Cic dinh nghia vé ma trin

a) Ma tran. Cho m va n 1a hai s6 nguyén duong. M4t bang chir nhét gom cdc phan
o a, dugc sap xép thanh i hang va n ¢dt dugc goi la mot ma tran c& mxn

a, a, .. a,
a, @y, .. a

A= - ¥ ( 1 1 )
anll amZ o anm

Phan tr @, 13 phan t&r & hang thi i va cdt thit j ctia ma trén A. Céc phan tir a, co

thé 1a cac hang s6 hodc cac ham. Dic biét cac phan tir cila mot ma tran cling co thé
[a cic ma tran. Ma tran c6 cc phan tir 1a cac ma tran duoc goi 1a ma tran khdi.

Chit y. Thuat ngir ma tran (matrix) dugc Sylvester, mt nha toan hoc nguoi Anh, str
dung dau tién vao nam 1850. Nam 1858, mot nha toan hoc ngudi Anh khic la A.
Cayley (1821 - 1895) da phat trién khai niém ma tran va xdy dung cac phép toan vé
ma tran.

b) Ma trdn chuyén vi. Ma tran chuyén vi cia ma trén A, ky hiéu la A’ lama tran
nhén dugc tir ma trdn A bang cach chuyén hang thanh cot

al 1 aZI b aml
a a .da
12 22 s 2
AT = (12)
aln a2n amn
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c) Ma tran cét va ma trdn hang. Ma trdn ¢6t 1a ma tran c& mx1
4

a,;

a, = : :[a,_/,azj,...,aw.]T (1.3)

a

mj
Ma trin hang la ma trén c& 1xn
b, =[b,.b,,... b, ] (1.4)

Véi cac khai niém ma tran c¢Ot va ma tran hang, mét ma trdn A c& mxn co thé
biéu dién dudi dang

A=[a,a,,. ,a,]= b,z

(1.5)
bl”

Pé lam quen voi cach viét ma tran dang (1.5) ta xét thi du sau.
Thi-dy 1.1. Cho ma tran ¢& 2x3

120
A= -
[231}

Cac ma tran cdt cia ma tran A la

URRHERH

Cac ma tran hang ctia ma tran A la
b, =[1, 2, O], b, =[2, 3, 1]

Khi d6 ma tran A c6 thé viét dudi dang

A:[a,,az,as]z[zj

d) Ma trdn khong
Mot ma trdn ma tit ¢4 cac phén tir coa no déu béng khong dugc goi la ma trén
khéng

0 0

0 .0
0=

0 0 0
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e) Hai ma trén bc%ng nhau
Dinh nghia. Hai ma tran A va B cing c& duoc goi la bang nhau khi cic phan tir
tuong rng cta chiing bang nhau

A=B < a,=b;, Vij (1.6)

r A . Ao , ,. PPN £
1.2 Phép cong hai ma tran va phép nhian ma trin véi mét hang so

Téng cua hai ma tran ciing c¢& mxn la mot ma tran cing c¢& va dugc xac dinh nhu
sau

C=A+B, ¢, =q,+b

s Vis ] (1.7)
Tich cia ma tran A ¢& mxn voi héng s0 o 1a mot ma tran ¢& mxn va duge xéc
dinh boi hé thirc

C=aA, ¢,=aq, (1.8)

if
Phép cong hai ma tran ciing c& va phép nhan ma trin v&i mot hiang s c6 cac tinh
chat sau
A+B=B+A (tinh chat giao hoan)
A+(B+C)=(A+B)+C=A+B+C (tinh chit két hop)
a(A+B)=aA +aB (tinh chit phan phdi)
Tir dinh nghia phép cong hai ma tran d& dang suy ra phép cong nhiéu ma tran cling
cO
S=A+B+C+--+N, s, =a,+b,+c;++n, (1.9)

U
Dé dang kiém tra tinh chat vé chuyén vi cuia tong cac ma trin

(A+B+C+-+N) =A"+B" +C" +-.-+ N’ (1.10)

1.3 Ma tran vuong
a) Cac dinh nghiu

Ma trdn vuong. Ma tran A ¢6 so hang bang so ¢t (i = n) dugce goi 1a ma tran
vudng. Ma tran vuong ¢& nxn con duge goi la ma tran vudng cap n

all alZ tn
a,, U,y .

A= T® (1.11)
anl anZ ll”"

Duodng thang noi tir phan tbr ¢, qua a,, dén phan tr a,, dugc goi 1a duong chéo

chinh ciia ma tran vudng A. Cac phan tir a,, Ay, 5 ..., 4, la cdc phan th trén dudng
chéo chinh.

Ma trén duong chéo. Ma tran vudéng ma cac phan tlr ciia né nam ngoai duong chéo

R T e T
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chinh déu béng khéng (a, =0 khi i# j ) dugc goi 1a ma trdn dudng chéo

aq, 0 .. O
0 a, .

A= =diag[a,,, a,,..., 4, (1.12)
0 0 .. a

nn

Ma trgn don vi. Ma tran duong chéo ma cac ph?m tir ndm trén dudng chéo chinh
déu bang 1 dugc goi la ma tran don vi.

1 0 ... 0
0 1 ... 0
e N L (1.13)
0 0 ... 1
1 khii=7J
5 = 1'1 j
Y10 khiizj

Vét cua ma trén. Tbng cac phan tir nim trén dudng cheo chinh cta ma trén vuéng
A duoc goi la vét (Trace) ciia ma trin A

trA=a,,+a22+---+aM=Za,.,. (1.14)

i=|

Mot vai tinh chit vé vét cia ma tran

tr(AT)=1tr (A)

tr (A+B) =1tr (A) + tr (B)
b) Pinh thirc cua ma trdn vuong
Néu A la ma trén vudng cép n v6i céc phén tir la cac hing sb ( hofic cac ham s6) thi
dinh thirc cia ma trdn A 13 mdt con s0 (hoidc mgt ham s6) va dugce ky hiéu la det A.
O day ta néu Ién dinh nghia dinh thirc theo qui thc truy hdi. Trudc hét dinh nghia
dinh thirc cAp hai. Sau d6 dinh nghia dinh thirc c4p ba, cip bdn,...
Dinh thirc cdp hai 1a mot sy x3p xép 2? phin tir a, thinh mot bang vudng va gin
cho nd mot gia tri (hodc mot ham s6) tinh theo cong thirc

a; &,

uctA, =
a

=a,,ay, — Ay, (1.15)

21 a22

Dinh thirc cdp ba 1a mot sy xip xép 3° phén tir a, thanh mot bang vudng va gén
cho n6 mét gia trj (hodc mdt ham sb) tinh truy hdi theo cc dinh thirc cdp hai nhur
sau

18



ay 4y 4y

a,, a a, a a4, a
2 9n 1 21
detA, =ja,, a,, ayl=aq, —a, : Bl a,;, =
32 Ay a4y Gy a4y y
a4y Ay Ay
=a,,(a,,a,;, — a,a,,) - a,,(ay 0, - aya,,) + a,(a,a,, — a,a,, (1.16)

Dinh thirc con va phdn phu dai s6. Dinh thic con M, cia phan tir a, cia ma tran
vudng A la dinl) thirc cé\p n-1 suy ra tir A bang cach bé di hang thir i va cot thir k.
Phan phu dai s0 cta phan tir ¢, cia ma tran vudng A, ky hiéu la 4, , duoc dinh
nghia badi cdng thic sau

A =) M, (1.17)
Pinh thirc cd}p n. Dinh thic cép n 1a mét sy xa"lp xép n’ phén tir a, thanh mot bang
vudng

a” al2 a,"
a a,, .. a,,

detA=d, =| ' % : (1.18)
anl all! ann

va gén cho né mot gia tri (hodic mot ham s0) tinh truy hdi theo cac dinh thirc cép
n-1 nhu sau

d, = Z(—I)M aM, = ZaikAik s (1.19)
i=1 i=1
hoic  d, = Z(-l)"** aM, = ZaikA,.k . (1.20)

Trong (1.19) ta khax trién dinh thuc theo cot thir k. Trong d6 k ¢6 thé Iay mot trong
céc sd tir | cho dén n. Trong (1.20) khai trién dinh thic theo hang thir i. Trong d6 i
c6 thé lay mot trong cac s tir 1 cho dén n.

Chi ¥ rang, néu A 13 ma trén vudng cip n, ta ¢6 cac hé thic

detA =detA”, det(eA)=a"detA (1.21)
¢) Ma trgn chinh quy va ma trdn ky di
Cho A 1a mét ma trin v’uéng cép n. Néu detA =0 ma tran A dugc goi la ma tran
chinh quy. Nguoc lai neudet A =0 thi ma trdn A dugc goi la ma trin ky dj (hodc
ma tran khong chinh quy).
d) Ma trén doi ximg va ma trin doi xumg léch
Cho A 14 m¢t ma trdn vudng cép n. Néu a; =a, (v6i moi i, j) thi ma tran A dugc
goi la ma tran dbi xing. Néu a; =—a; (véi moi i, j) thi ma tran A duoc goi la ma
tran d6i ximg 1éch (skew symmetric).
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Néu A la ma trdn déi xtng thi A=A". Néu A la ma tran ddi xtng léch thi
A=-A", a,=0 (v6i moi i).

Dinh [y. Cho A la ma trin vudng tuy y. Ma trdan A ludn ludén cé thé phan tich thanh
tong cua mdt ma trin doi xirng A va mét ma tran doi ximg léch A, .

A=A +A, (1.22)
That vay, ta c6 cong thirc
1
A :l(A+AT)+—(A—AT)
2 2
Dé dang chiing minh dugc

%(A+AT):AS, —;—(A—Ar)zA"

1.4 Phép nhén ciac ma trin, ma trin nghich ddo va ma tran twa nghich déao
a) Phép nhdn hai ma trdgn

Dinh nghia. Cho A la ma tran ¢ mx p, B la ma trdn ¢ pxn. Tich cia hai ma
tran A va B 1a ma tran C ¢& mxn dugc xac dinh bdi cong thirc sau

C=AB, c, Za,, P (1.23)

Chu y. Hai ma tran A va B chi ¢é theé nhan véi nhau duogc khi so ¢Ot clia ma tran A
bang s6 hang clia ma tran B.

Phép nhan hai ma tran khong c6 tinh chét giao hoan nhung ¢6 tinh chat két hop va
tinh chat phan phdi

AB+C)=AB+AC ' (1.24)
A(BC) = (AB)C _ (1.25)
AB = BA | (1.26)
Thi dy 1.2. Cho hai ma trdn A va B ¢6 dang nhu sau
2 4 2 1 1 1
A={-2 -1 -1|, B=|2 2 2
-1 -3 -1 5§55

Hay kiém tra tinh chét (1.26).
Loi giai. Theo cong thirc tinh tich hai ma trin, ta ¢6
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21 21 21 00 0
AB= -9 -9 -9 BA=/0 0 O
-12 -12 -12 0 00
V& phép nhan cac ma tran ta con c6 mét sb hé thirc quan trong sau
(ABC...NY =N"...C’B"A’ (1.27)
det(ABC...N) =det A.detB.detC...detN : (1.28)
Tr(AB) = Tr(BA) (1.29)
b) Ma trn nghich dao
Cho A 1a ma tran vudng cép 1. Néu det A #0 thi sé ton tai mot ma tran A" ma
AA"'=A"A=E

Ma trin A™' dugc goi la ma tran nghich dao ctia ma trin A.
Trong dai so tuyén tinh nguoi ta thudng tinh ma tran nghich dao theo cong thirc

1
Al = adjA 1.30
det A / ( )
Trong d6 adjA 1a ma tran phy trg cda ma tran A va c6 dang
An AZI Am
. Al’ A” o An"
adjid=| =~ 7 . -
A A A

1n 2n nn

A;1a cac phan phuy dai sé cta phan tir a,cua ma tran A.
Ta c6 cic dong nhit thire sau ddy vé ma tran nghich dao
(A) =(AT)" (1.31)
(ABC...N)'=N"...C'B"'A" (1.32)
¢) Ma trdn triec giao

Cho A la m§t ma tran vudng cap n. Ma tran A dugc goi la ma trdn truc giao néu
nhu

AAT=A"A=E (1.33)
Ma trén truc giao c6 cac tinh chit sau

A'=A'

det A = 1

Chu y rang, néu cac cft (va cac hang) cuia ma tran vudng A 1a cac vécto truc chuan
thi A la ma tran truc giao.
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d) Hang ciia ma trin
Dinh nghia. Cho A la ma trdn ¢& mxn

al ] alZ M aln
A= ay Gy o Oy,
aml am 2 b amn

Néu tdn tai mot ma trdn con cép r (ky hiu la A, ) cha ma tran A ma dinh thic cua
né detA, #0, con moi ma tran con cip r+i khac clia ma trin A ma detA,,, =0
(Vi,i21) thihangctamatran Alar

Rank(A)=r (1.39)

Khi m<n, néu hang ciia ma tran A 1a m thi ma tran A dugc got la ma trén c6 hang
day dua theo hang. Khi n<m, néu hang clia ma trdn A 1a n thi ma tran A dugc goi la
ma tran c6 hang day du theo cdt. Poi khi ngudi ta goi tat cac loai ma trin nay la ma
tran ¢6 hang day du.

Thi dy 1.3. Cho ma tran

1 00
A={0 2 4
1 00

s 1 0
Dé dang tinh dugc det A =0, con detA, = 0 2 #0.Viy Rank(A)=2.

Cdc tinh chdt vé hang cua ma trdn:
Cho A va B la hai ma tran cing ¢& thi Rank(A + B) < Rank(A) + Rank(B)

Néu AB c6 nghia thi Rank(AB) <min {Rank(A), Rank(B)}
Rank(A) =Rank(A")

A XA , ! a A A A ’ 5 . W A LA .
Neu 7, 1a s0 toi da céc vécto cot dc lap tuyen tinh ciia A con 7, la s6 toi da cac
vécto hang dc 1ap cia A thi

Rank(A)=r, =1, (1.35)
e) Ma trdn nghich dao suy réng va ma trgn twa nghich ddao
- Cac dinh nghia

Cho A l1a ma trén chir nhat c& mxn . Gia str ing véi ma trdn A ton tai mOt ma trin
X ¢& nxm thoa man cac diéu kién sau
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(1) AXA=A

(2) XAX=X
(3) (AX) =AX (1.36)
(4 (XA)Y =XA

Cac di‘éu kién (1.36) dugc goi la cac diéu kién Penrose (tén ngudi dau tién dua ra
cac diéu kién nay).

Dinh nghia 1. Ma trin nghich dao suy rong clia ma trdn A la ma tran thod mén tinh
chit1 &trén. Ky hidulaX=A"

Dinh nghia 2. Ma tran nghich déo suy rong phan thin cia ma trin A 1a ma tran
thoa man hai tinh chit | va 2 & trén. Ky hi¢ulaX=A"

Dinh nghia 3. Ma tran X thoa min bdn tinh chit trén dugc goi 1a ma tran tua
nghich ddo cia ma trdn chir nhat A. Ta ky hi¢u la X=A"
- Ap dung
Cho hé phuong trinh dai sb tuyén tinh tdng quét

Ax=Yy (1.37)
trong 46 A€ R™", xe R",y € R". Dang tdng quat ciia cac nghiém binh phuong
nhoé nhét cia (1.37) c6 dang

=A'y+(E-A"A)z (1.38)

trong d6 z€ R" 13 mot véc to tuy y, con E la ma tran don vi. Nghiém c6 chuén
nhé nhit trong tap cac nghiém dang (1.38) ¢6 dang

x:A*y (1.39)

- A ” A » Ko
1.5 Céc ma tran cé cau tric khoi

Ma tran con cuia ma trdn A la mdt ma trdn nhén dugc tir ma trdn A bang cach bo di
mot s6 hang va mot sé cot. Ma tran ma cac phan tir cha n6 la cic ma tran con cla
ma tran A duqc goi 1a ma trdn co cAu triic khdi (hoac do6i khi gm tat 12 ma tran
khon) Nhur thé néu ta chia mdt ma tran binh thudng thanh cac khéi bang cac duodng
thﬁng song song vOi cac hang va cac cdt ta s€ dugc mdt ma trdn co cau triic khbi.
Cac khéi 13 nhitng ma trén con. Tuy theo vi tri cia cac ma trén con nay ma ta danh
s6 chung gidng nhu danh sb cac phan tir cia mot ma tran. Tich cia hai ma tran ciu
trac khoi dugc thyc hién glong nhu nhan hai ma tran khong chia khéi, trong d6
mdi khdi dugc xem nhu mdi phin tir ciia ma tran, mién 1a khi cac khdi nhan véi
nhau phai thoa méan diéu kién coa phép nhan hai ma tran. Nhu thé viéc chia mot ma
tran thanh cac khéi la tuy y, nhung chia khdi dé thuc hién cac phép nhan 1a khong
tuy v.
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Thidu 1.4. Cho A 1a ma trdn vudng cép sau, B [a ma tran cot g6m sau phén tir

a, a, a; a, d; amT b, |
Ay Ay Gy Ay Gy g b,
A= Ay Gy Ay Gy Ay Ay b= b,
Ay QA Ay Gy Ay Gy b,
s, 45, G5y Ggy s g, b,
Lam Ag, Qg3 oy Qgs g i _bo J

Neéu ta chia cac ma trdn nay thanh cac khoi nhu sau

ay a, ay; a4, f A5
dyy Ay Gy Ay, Qys Gy
A=) 7 ) h s Ap =)
ay Gy Gy dy | s Ay
[ Gq gy Ay Gy ] Ay Ay |
a a a a a. a
51 sy sy gy 55 Ose
A, = s Ay =
LBt Qg gz gy | Ags  Agg |

b=[b b b b],b,=[b 5]

thi viéc nhan hai ma tran A va b ¢6 thé thuc hién bang viéc nhan hai ma tran cau
truc khoi

All AIZ bI = Allbl AIZbZ
AZ/I A 2 bZ AZlbl A22b2

Néu ta chia hai ma trdn A va b nhu sau

AB= (1.40)

[~

Fan an 4, : a, 4 Qg b
Ay Gy Oy : yy s Gy b,
A= a4y Ay Ay : dyy Qs Oy b= b,
Ay Ay Ay : Ay Ay Ay b,
a5, 45, sy : sy Qg5 Gy b,
[dg g Qg ! agy A g | Lbs_

thi khong theé nhan hai ma trdn khoi véi nhau dugc.

§2 VECTO HINH HQC TRONG KHONG GIAN BA CHIEU

2.1 Dinh nghia vécto hinh hoc

Vécto la mot doan thang ¢ hudng & trong khong gian ba chiéu. Ta quy udc goi la
vécto hinh hoc va ky hiéu a .
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Ta dua vao mot hé toa dé vudng goc nhu hinh 1.1. Trong d6 €, é,, €, la cac vécto

don vi trén cac truc toa dg. Ta ky hiéu hé tryc tog do nay bz"mg {é, ¢, é ). Khido

vécto a co the bicu dien dudi dang
a=aé +a,e, +a,e, 2.1
Trong d6

a=a cos(é,,da)

a)=a cos( ¢, ,a ) (2.2) é,// 5 ?
a;=a cos(é,,d ) / i @
Céc dai lugng cos(é,d), cos(é,,d), ' @
cos(é,,a ) dugc goi 1a cac cosin chi hudng Hinh 1.1 Biéu dién véc 1o
cua véc to d, ala dd lon cua vécto a con
a; (i=1,2,3) 1a cdc toa d cua vécto a trong hé toa dd {é,, é,, €, }.
2.2 Cic phép tinh dai sb vécto
a) Téng cta hai vécto @ va b 1a vécto ¢ xac dinh boi hé thuc
¢=a+b, voi c=artb; (2.3)
Tdng cua hai vécto ¢6 tinh chat giao hoan va tinh chat két hop
d+b=b+d (2.4)
(G+b)+é=a+(b+¢) (2.5)
b) Tich clia vécto @ voi dai lugng vo hudng o la véc to
b=ad, véi b=aa (2.6)
va c6 tinh chét
(o+Pra=oa+Pa
a(d+b)=ad +ab
¢) Tich v6 hudng (ndi tich) cua hai vécto a va b la mét dai lugng vo hudng
ib =d||p|cosp, 0°< o <180° 2.7)

@ 1a goc giita hai vécto @ va b .

Tich vo hudng chia hai vécto ¢6 cac tinh chét sau
a.b=b.a (Tinh chit giao hoan )
(@a+b).¢=a.i+b.¢ (Tinh chét phan phéi)
Mad.b)=(\d).b=a.(\b) ' (Tinhchatkét hop)

Trong dé A 1a mot hing sb.
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Theo dinh nghia tich v6 huéng cia hai vécto ta thdy néu @ vudng goc voi b thi
d.b=0.Tirdota suy ra

.6,=¢,.6,=¢,.¢ =0

0

é.6=¢ .6,=¢.¢ =1

Tir dinh nghia (2.7) d& dang suy ra biéu thirc dai s6 ciia tich v6 huéng

a. 5 =a|b1+ 32b2+ a3b3 (28)
va tinh chét clia cac cdsin chi phuong
cos’(& ,d )+ cos’(é,,d )+ cos’(&,,d )=1 (2.9)

Vai khai niém tich vo6 hudng cha hai vécto, ta cé thé bi€u dién vécto a trong
khong gian ba chieu véi co s R =1{¢,,6,,€,} nhu sau

d = a8 +a,8, + 4,8, = (3,58 +(d,&,)%, +(d,&,)e, (2.10)

d) Tich vécto (ngoai tich) cia hai véc to @ va b 1a mot vécto @ ky hiéu bai

a=ax5=|a||1§| sing & 2.11)
Trong d6 € la vécto don vi vudng goc véi mat phang chira hai ¢=a xb
vécto @ va b va nhin tir mut vécto @ xudng ta théy vécto d -
quay dén vécto b ngugc chiéu kim ddng hd. Noi cach khac cac b
vécto @, b, ¢ tao thanh mot hé quy chiéu thuan. € 4
Tich véc to cla hai vécto cb cac tinh chat sau a
dxb=-bxa (Tinh chét phan giao hoén) Hinh 1.2

dx(b+¢)=dxb+dxé (Tinhchat phan phdi)
AMdxb)y=(Ad)xb=adx(\b) (Tinhchitkét hop dbi v&i vé huéng)
Tir dinh nghia (2.11) ta dé& dang suy ra cac tinh chit sau
dxd=asin0.é=0
|axb| =a*b* ~(a.b)
Ap dung cac két qua trén vao hé cac vécto don vi cha mdt hé toa dd vudng goc
{é,¢6,¢é} tacd '

Do ¢, é,, ¢, la ba véc to cia mdt hé truc chuan nén ta cé cac bicu thic
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3
a=ae +a,e, +a,e, =Za,.e,.

i=l

. 3
b=b@ +be, +be, =) bE
=

Tur d6 suy ra

dxb =iiaibj(-i xéi)=iii(aibj —ab)e (i j=k)

é ¢, ¢
=la, a, a, (2.12)
b b, b

¢) Tich hdn hop [5,5,5] ciia ba vécto @, b, ¢ la mot dai luong vo hudng duoe
dinh nghia bai hé thirc

[d.b,¢] = a.(bxé) (2.13)
Tich hdn hop cua ba vécto c6 tinh chit quan trong nhur sau

d(bxé)=b(éxd)=¢(axb) (2.14)
hay

lda,b,é)=[b,¢,d]=[¢,d,b] (2.15)
Y nghia hinh hoc cua tich hén hop

|[d,5,8]1|= s6 do thé tich ciia hinh hop ¢6 ba canh OA, OB, OC ma OA=d,
OB=h, 0C=¢. axb

Hinh 1.3
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Str dung khai niém dinh thirc cap ba ta c6

[6,6,¢] = a.(bx&)= (b, ~be,) + 4, (b, ~ o)+ a,(be, ~byc )

a a, a,
=16, b, b, (2.16)
G ¢ G

Cha y rang [Ei,b,é] =0 khi ba vécto d,b,¢ dong phang,
J) Tich véc to kép cua ba vécto d, b, ¢ 1a mdt véc to duoc xac dinh bdi cac cong
thic khai trién nhu sau '

dx(bx¢)=(d.¢)b(i.b)é (2.17)
(@xb)x&=(ac)b—(b.é)d (2.18)
Ta ching minh cong thire (2.17). Theo dinh nghia ta ¢6
él él é?
dx(bxé)= a, a, a,

byey=b,e, by, —be, bic, —byc,
=¢ [a2 (b, =b,¢,)— a,(byc, — b,CJ)]

+é, [a3 (b,¢y =bye,)—a, (b, — by, )]

+é, [a, (b, —bicy) —a,(b,c, - byc, )]
=¢ [bl (@, ¢ +a,c, +a,e)—c (ab + a,b, + c13b3)]

+e, [b2 (ay¢, + aye, + aye;)—c, (ab, + a,b, + a,b, )]

+é, [b3 (ac, +a,c, +a,c;)—c, (ab +a,b, + a3b3)]
=é[h(@ae)-cab )|+ é[b(ad) - @b )| +e[bas)-c b )]
=b(d.¢)-é(db)

Cha y 1'5|1g cac cong thire (2.17) va (2.18) con dugc goi la cong thire khai trién

GrafBmann.

Tir cdc cong thire trén ta dé dang chimg minh duge dong nhit thirc Lagrange

(dxb)(¢xd)=(a.¢)b.d)-(¢.b)d.d) ‘ (2.19)
Dac biét khi ¢ =d, d =b tir(2.19) ta suy ra
(@xb).(dxb)=(axb) =(id)bb)-(ih) (2.20)
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§3 VECTO PAI SO TRONG KHONG GIAN BA CHIEU

Nhu trén da thay vécto hinh hoc @ khéng phu thudc vao hé qui chiéu. Bay gio ta
dua ta cach biéu dién ma tran cOt cia vécto hinh hoc va di nhién cach biéu dién nay
phu thude vao hé quy chiéu ta chon.

3.1 Dinh nghia
Cho vécto hinh hoc & trong khéng gian ba chidu. Trong hé quy chiéu
R={é,¢,,é,} vécto d cd thé biéu dién dudi dang

d=a@ +a,é +ae, (3.1)

Ma trin cét cé cac thanh phan 1a cac toa d6 cia vécto hinh hoc @ trong hé quy
chiéu R={¢,,¢,,¢, } duoc goi la vécto dai s0. Ky hiéu la a(cling c6 tai li¢u ky hi¢u
la a)

a=la, =[a,,a2,a3]r (3.2)

a,

Cac dai lugng a,, a,, a; duge goi 1a cac toa d§ cla vécto a trong hé qui chiéu R.
Néu ta quy woc

ol
il
o
B

(3.3)

va goi la mdt co sd trong khong gian ba chiéu, thi ta ¢6 hé thic lién hé giira vecto
hinh hoc a va vécto dai s6 a

=a’é (3.4)
Nhur thé vécto hinh hoc khong phu thude vao viéc chon hé qui chiéu, con vécto dai
s0 phu thudc vao viéc chon hé qui chieu. Vi vay khi can thiét, ta phai ghi roé hé quy
chiéu vao gdc trén bén trai cua vécto dai sO nhu sau

Ra = [ala ay, a}]r
3.2 Khai niém toan tir song ciia vécto trong khong gian ba chiéu

Dé chuan bi xdy dyng cac phép tinh cua vécto dai so ta dua vao khai niém toan tir
song cua vécto dai so a trong khong gian ba chiéu, ky hiéu la a.

Dinh nghla Cho vécto trong khong glan ba chiéu a=[a,, a,, a;]' . Toan tir séng ciia
vécto dai sb a 12 mot ma tran vuong, cap ba va dugc dinh nghia nhu sau



i=|a, 0 -q 3.5)

Chii y. Ma tran a dugc dinh nghia nhu trén con dugc goi 1a ma tran ddi xung léch
tuong Ung voi vécto dai so a.

3.3 Cac phép tinh dai s0 vécto

Ta sir dung cac phép tinh dai sb ma trdn dé tinh toan cic vécto dai sé bdi vi vécto
dai s thuc chat 1a ma tran cot. Didm khéac nhau can nhan manh giira vécto dai s6
va ma tran c6t ndi chung 13 vécto dai s6 phu thudc vao hé qui chiéu. Dudi day ta sir
dung thut ngir “Ngon ngit hinh hoc” dé chi cac phép toan ddi véi vécto hinh hoc
va thuat ngir “Ngon ngir dai s6” dé chi cac phép toan ma tran dbi voi vécto dai sb.

Ngon ngir hinh hoc | Ngon ngir dai s6
Téng cua hai vécto E=d+b c=a+b
Tich v6 huéng ciia hai vécto a=adb a=a"b=b"a
Tich vécto cia hai vécto ¢=dxb c=ab
Tich hdn hop cua ba vécto a =a.(bxé) a=a’ (bc)
Tich véc to kép clia ba vécto d=adx(bx¢) d=a(bc)

3.4 Mot s6 tinh chit cia todn tir séng

Tir dinh nghia (3.5) vé toan tir song cita vécto dai sb & trén ta d& dang suy ra mot sb
tinh chat sau

., 0 g |=-a | (3.6)

aa=qaa 3.7
(a+b)=a+b (3.8)
ab=-ba (dodxb=-bxd) (3.9)
da=0 (do @xad=0) (3.10)
(8a)" =a’a" =-a"a=0=>2"a=0 C (311

Tir nhitng két qua trén ta d& dang suy ra méot s két qua khac
ab=ba" —a’bE, (E, la ma trin don vi cip 3) (3.12)
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(@b)=ba"-ab"=ib-b i (3.13)
ab+ab™=bia+ba’ (3.14)

§4 KHONG GIAN VECTO
4.1 Dinh nghia khéng gian vécto
a) Dinh nghia
Cho mét tdp ¥ khong rdng gdm cac vécto %,7,7,...va mot truong K. Trén tap V ta
xéac dinh phép tinh cdng hai vécto

Xy o> X+yeV, Vi, yeV 4.1)
Giira tdp ¥ va trudng K ta xac dinh mét phép nhan vécto véi mét v6 hudng

a - axieV, VieV,VaeKk (4.2)

Vi hai phép tinh trén, tap ¥ dugc goi la khéng gian vécto trén trudng K, néu céc
phép tinh trén thoa min tam tién dé sau:

M) X+y=yp+3%, Vx,yeV

@ x+(Y+2)=GF+y)+2, Vi, p,zeV

(3) Tén tai phan tir 0e ¥ sao cho ¥+0=% VieV

(4) Tén tai phan tir d6i (-%) sao cho ¥+(=%)=0, VieV

(5)Néu 1 1a don vicuatruong Kthi 1.x=%, VieV

©) (a+pP)x=ai+px, VieV, Va,feckK

(N a(x+y)=aX+ay, Vi,jeV, Vaek

(8) (aB)i = a(B%) = B(aF), VieV, Va,feckK
Chu y. Trudmg K thudng 14 trudng s6 thyc R (hoic trudng sb phirc C).
b) Khong gian vécto hitu han chiéu

Khéng gian vécto ¥ dugc goi 1a khong gian vécto hitu han chidu néu nhu thoa man
thém tién dé chin sau day:

(9) Tdn tai mét sb hiru han cic vécto ¥, %,, ..., X, sao cho bét ky mét vécto nao

clia ¥ ciing biéu dién dugc duéi dang
X=a i +a, %+ +a,%, a,ek
Khi 46 «,,a,,..,a, dugc goi la toa d6 cua vécto eV trong co s&
{x,%,..,%}.
A =X a L A . 7 o 4 ” A , y - - — a A

S0 chieu cta khdng gian vécto 1a sé nhoé nhit cac vécto {x,X%,,...., %} doc lap
tuyen tinh dé€ thoa man tién dé 9.
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¢) Khong gian R" va khong gian Euclide &'

Xét truong hop cac vécto ¥ gdm n phan tir 1a cac s6 thuc. Khi d6 ta ky hiéu khong
gian vécto hiru han chiéu nay béng ky hiéu R". Ky hiéu {é,é,,...,e,} |a mét co s&
cta khong gian vécto R”. Khi dé6 mét vécto hinh hoc trong khéng gian R” dugce
dinh nghia boi cong thie sau

¥=X6 +X,6, +..+xC (4.3)

H lI
Trong do x, (i=1,...,n) la cac toa do cua vécto x trong khong gian R” v6i co so
{é,.¢,,....¢,} . Vécto

X=i (X], X2y ooy Xp€ R” ) (44)

dugce goi la véc to dai so trong R" tuong trng véi vécto hinh hoc ¥ (4.3). Céac so
thue xy, xa, ..., X, dugc goi la cac toa d cha véc to x & trong co sO {‘él,éz,...,é"},
con # 12 s6 chiéu cua no. Nhu the gitra vécto hinh hoc va vécto dai s6 cd mét tuong
trng mot — mét. Trong mot sO truong hop nguoi ta dung hai khai ni€ém nay nhu
nhau.

Hai vécto n chicu x vé y gc_)i 14 bang nhau khi céc toa d6 tuong Ung chia ching
tring nhau x;=y; (i = vy 1),

Dbi véi cac vécto n chleu ta cting xdy dung cac phép tinh cong, trir, nhan véi mét
v6 hudng tuong ty nhu vécto ba chiéu. Chang han di véi cac vécto dai sb ta co

xl -yl 'xl i .yl ixl
X, ¥, X, £y, Ax,

x={ l,y=s|"7| = xxy=| "7, Ax=| .° 4.5)
xn yn xn i— yn ﬂ’xn

Cac phép tinh trén thoa man cac tinh chat giao hoan, ket hgp, phan pho6i nhu trong
céac véc to ba chiéu.

Trong khong gian R" ta dua vao khai niém tich vé hudng cuia hai vécto nhu sau.
Gia str cho biét hai vécto n chicéu

‘c—re+xe+ +x”e”, y= ye+y , +),, .

Tich v6 hudng cia hai vécto duge dinh nghia boi ¢cong thic sau
xy=xy=y' x=xy +xy, t.+txy, -(4.6)

Do 16n cta vécto X, hodc con goi la chiéu dai cia vécto X hay chuan Euclide cta
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no6 dugce dinh nghia bdi cong thic

|%| =\/xTx = \/xl2 +X + X 4.7

Dinh nghia. Khong gian Euclide n chiéu E” 1a khong gian R" trén d6 xay dung
khai niém tich v6 hudng cua hai vécto.

Cung giong nhu céc vécto trong khong gian ba chiéu, tich vd hudng cia cac vécto
n chicu co cac tinh chat sau

iy=pi
(F+7)Z=FF+).2
A(¥.5) = (A5).5 = 5.(A )
P20 o F.5>0

Trong khong gian R” ta chon mét co so {e,e,,...,¢, } nhu sau

1 0 0
0 1 0

e =l. L &= | ., €= 4.8)
0 1_0 1

Co s0 (4.8) cia R" dugc goi la co so tu nhién ciia khong gianRR" .

4.2 Anh xa tuyen tinh va toin tir tuyen tinh

a) Anh xa tuyén tinh

Dinh nghia. Cho V, W la hai khéng gian vécto hiru han chiéu trén ciing mot trudng
K. Anhxa f:V > W dugc goi 1a anh xa tuyén tinh néu f thoa man hai tinh chét
sau:

(1) fGE+P)=FD)+[(), ViyeV
() flai)=af(3), VieV,Vaek
Ta c6 thé gop hai tinh chit trén bang tinh chit sau
flai+ py)=af(@)+Bf (), VijeV, Ya,fek
Chii y. Trong cac biéu thic trén X,7,...1a cac phan tr coa khong gian V, con
f(f),f(j/) ... 1 cac phan tir cua khong gian W.
b) Todn tir tuyén tinh

Dinh nghia. Mot anh xa tuyén tinh f ¥V =V duge goi 1a mét toan tir tuyén tinh.
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¢) Ma trén cua toan tir tuyén tinh theo mét co so
Cho ¥ 1a mét khoéng gian vécto n chiéu. Chon {€,,6,,....,€,} la mét co s& cua V.

Xét anh xa tuyén tinh f:¥V >V . Taco

f(él)=a”é‘ +a2xé2 +e-ta,e,

f(éz) = allél + azzéz +eee anZén (4-9)

f(én) = alnél + aZMéZ +eeet armén

Ma tran
al 1 12 aln
a a a
21 22 2
A= " (4.10)
anl an‘l ann

duoc goi 1a ma trin chia toan tir tuyén tinh f theo co s {6, ¢,,...,€,} .

Khi tinh toan cu thé ta nén chuyén tir biéu di&n vécto hinh hoc sang biéu dién vécto
dai sb.

Thidu 1.5. Cho f(x): R’ > R’ xac dinh bdi cdng thitc sau
X, + X,
f(x)=f(x, x,, x;)={ x, + x,
X, + X,
Hay tim ma tran cha toan tir tuyén tinh f theo co s& ty nhién e, =[1,0, O]T,
e, =[0,1,0]", ¢, =[0,0,1]" cia R*.
Loi giai. Ta tinh
1
f(e)=1(1,0,0)=) 0 |=1e, +0e, +1e,
1

f(e,)=1(0,1,0)=| 1 |=1e, +1le, +Oe,

f(e,)=1£(0,0,1)=| 1 |=0¢, +le, +1e,
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Viy ma trin A ciia toan tr tuyén tinh c6 dang

1 10
A=|0 1 1
1 01

d) Ma trdn ctia dnh xq tuyén tinh
Cho ¥ va W 1a hai khong gian vécto hitu han chiéu (sé chiéu cita chiing c6 thé khac
nhau) trén ciung truong K. Cho {€,é,,...,é,} la co s& cia khoéng gian V,

{8,, 8,5 &,} 1a coso cua khong gian . Néu f:V > W la mét anh xa tuyén
tinh thi ta c6 hé thic

f(él)Zallgl +a2|§2 +“'+amlgm

]7(52) =a12§1 +a22§2 +"'+ang’m (4-11)

f(—én) = alngl +a2n§2 +“.+amn§m

Ma trin
a, 4a, In
a,, a, a,
Azl 9= 20 (4.12)
aml amz amn

dugc goi 1a ma trdn cia anh xa tuyén tinh f theo cac co so {¢,6,,..,€,} va
{8,881} -

Thi dy 1.6. Tim ma trin cia anh xa tuyén tinh f:R*> - R® x4c dinh b&i cong thirc

X, +X,
f(x)=| x,—-x,
2x, - x,

theo cac co sd cia R? va R*.

Loi gigi. Co sé ty nhién cia R? [a

o

Co so ty nhiéncia R® 1a
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Ta tinh

f(e, )— =1g, +1g, +2g,

0 0
g,=|1], g=|0
0 1

fe,)=| -1|=1g, ~1g, -lg,

-1
Vay ma tran A cia anh xa tuyén tinh f 1a
1 1
A=l1 -1
2 -1

§5 TRI RIENG, VECTO RIENG CUA MA TRAN VA MA TRAN XAC
PINH DUONG

5.1 Dinh nghia va tinh chat
a) Pinh nghia
Cho A 1a ma tran vudng cip n v6i cac phan tir a; lacac s& thuc hodc sb phirc. Sb
A dugc gQ’i 1a tri riéng clia ma tran A, vécto X duogc goi la vécto riéng tng voi tri
riéng A, néu nhu phuong trinh sau dugc thod mén

Ai=1x%, x=0 (5.1)
Tu (5.1)tasuy ra

Ai-Ax=0 = (A-AE)X=0 (5.2)
Phuong trinh (5.1) hoac (5.2) dugc goi 1a phuong trinh riéng cla ma trdn A.
b) Cdc tinh cht

-Néu ¥ 1a mot vécto riéng ctia ma trn A thi trj riéng A g vdi nd 1a duy
nhat.

- Néu A la mot tri riéng cha ma tran A thi img véi A cé thé c6 vo s6 cac
vécto to riéng.
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5.2 Phwong trinh diic trung cia ma tran

bé cho hé phuong trinh dai so tuyén tinh thuan nhat (5.2) ¢6 nghiém khéng tam
thuong, dieu kién can va du la dinh thirc cia ma trdn h¢ so cua ching phai bang
khong

det(A — AE) = |A - 1E|=0 (5.3)
Phuong trinh (5.3) dugc goi 1a phuong trinh déc trung cta ma trin A, con dinh
thirc det(A — AE) dugc goi la da thic dic trung clia ma tran A.

Khi A 1a mét ma tran vudng céip n, khai trién dinh thac (5.3) ta dugc mdt da thue
bicn

A +a Al v a, A+ ta, Ata,=0 (5.4)

Phuong trinh (5.4) ¢6 n nghiém trong truong sé phire. Cac nghiém nay co6 thé 1a
cac nghiém don ciing c6 thé 1a cac nghiém boi. Ching c6 thé 1a cac nghiém thuc
(dwong, am, khéng) hodc ciing c¢6 thé 1a cac nghiém phic. Khi ¢6 nghiém phic thi
bao gid ciing co tlirng cdp nghiém phdac lién hop. Cac nghiém cia phuong trinh
(5.4) 1a céc tri riéng ctia ma tran A. Khi biét duoc cdc tri riéng A4, cha ma trén A,
thc vao phuong trinh (5.2) ta xac dinh duge cac véc to riéng tuong tmng. Chi y
ring, cac vée to riéng duoc xac dinh sai khac mét hing sé nhan.

Khi A 1a ma tran thuc doi xirng, ta co cac dinh ly sau:

Dinh ly 1. Khi A 1a ma tran thyuc doi xtmg, cac tri riéng A, ctia nd la cac so thuc.

Dinh Iy 2. Khi A 1a ma tran thyc doi xing, cac véc to riéng rng v4i cic tri riéng
khéc nhau s€ tryc giao nhau.

5.3 Ma tran xac dinh dwong va ma tran xac dinh Am

a) Dinh nghia. Cho A 1a ma trdn vudng cap n, A€ R™". Ma trdn A dugc goi la ma
tran xac dinh duong khi va chi khi

x"Ax>0 v6i x=0 (5.5)
A 1a ma tran xéc dinh khong am (a xac dinh duong) khi va chi khi

x'Ax>0 vdi x=0 (5.6)
A 1a ma tran xac dinh 4m khi va chi khi

X' Ax<0 voi x=0 (5.7)
A la ma tran xac dinh khong duong (4 xéac dinh am) khi va chi khi

X' AX<0 voi x=0 (5.8)

Chir y. B6i khi nguoi ta stir dung ky hiéu qui ude: Khi A 1a ma tran xac dinh duong,
ta qui udc vieét A > 0.
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b) Cdc dinh ly

Djnh Iy 3. Cho AeR™ d6i ximg. Ma tran A 1a xac dinh duong (khong am) khi
va chi khi tat ca cac tri riéng ctia n6 la duong (khong am).

Dinh Iy 4. Cho A e R™" dbi ximg. Ma tran A la xac dinh duong khi va chi khi tat
ca cac tir thire chéo chinh cua n6 déu duong

detA, >0, i=12,.,n 5.9)

§6 PAO HAM CUA VECTO VA MA TRAN
6.1 Dao ham theo thoi gian

Xét vécto ham 3 chiéu a(t)=[q,(),a,(¢).a, (t)]T . Pao ham cua véc to a(t) theo thoi
gian la mét vée to c6 dang

U YO NGRAY) | ©.1)
Tir dinh nghia (6.1) ta suy ra cac cong thirc sau

%(a(:) +b())=a(t) +b(¢) (6.2)
—::—t(a(t)a(t))=da+ ai (63)
d Ty al TY,

;{;(a b)=a"b+a’b (6.4)
—d~(5b)—§b+§b (6.5)
e '
a=a (6.6)

Cho A la ma trdn c6 dang A(¢) ={a,.,( (t)]. Pao ham ctia ma trin A theo thoi gian la
mdt ma trdn ma cac phé"m tir ctia nd ciing dugc dao ham theo thdi gian t

d d A

ZA(O"[E a (t)}—[a,-k 0]=A (6.7)
Tir d6 suy ra

%(A(m B(t))=A+B (6.8)

%(A(z)B(t))=AB+ AB (6.9)
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d . .
p (c(HA()=cA+aA

d . .
Z(A(r)a(z))— Aa+Aa

~ oA oK »
6.2 Dao ham riéng theo bien vécto
Cho x 1a mot véc to n chiéu
xl
X
2 T
x=| 0= x =[x,%,..%,]

xﬂ

Ta quy uéc dua vao cac toan tir sau:

L]

ox,

1
1 - 1 1 1 1

—=| 0%, |, —=|— =,
ox : ox l:axl Ox, ax}

n

1
L ox, |

a) Pao ham riéng cua mét véc to theo bién véc to
Cho a 13 véc to m chi€u, x 14 véc to n chiu

(6.10)

6.11)

(6.12)

(6.13)

(6.14)

a=[a,, a,, ..., a.,,]T x=[ Xy, Xz, «.us x,,]T
Pao ham riéng cla véc to a theo bién véc to x duoc dinh nghTa bdi hé thirc sau
Oa,
Oa
B _gy L _fo|[L 1 1
ox ox Ox, Ox, ox,
aal"
(00 0a  Oa]
ox, Ox, ox,
=| Ox, O, Ox,
o, oo, 2,
| Ox, Ox, ox, |
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b) Dgo ham riéng ciia mdt vé hudng theo bién véc to
Cho o 1a mét vé hudng con x 1a mét véc to n chiéu. Tir dinh nghia trén ta suy ra
biéu thic dinh nghta dao ham riéng ca a theo bién véc to x

é‘a_a 1 _l:aa oo aa}

— =00 .— —_—, yorey — 6.15
ox ox" |ox, ox,  Ox, (6.15)

¢) Pao ham riéng mot dang tocm phirong theo bién véc to
Nhur da biét mot dang toan phuong thuc c6 thé biéu dién dudi dang
Q(x)= x"Ax (la mdt v6 hudng) (6.16)

Trong d6 A 12 ma tran vudng cap n ddi xing (A" = A), x 1 véc to n chiéu. T d6
ta cd cac dinh nghia sau.

Dao ham béc nhat

Ea—(xTAx) =x"A+x"A=2x"A (la mot véc to hang) (6.17)
)
Dao ham bac hai
O _ 2 2x’A)=2A (lam¢ A 6.18

axTax(x Ax)—g;—( x A)=2A (la mot ma trdn) (6.18)
Tir d6 suy ra

%(x’x)szT (6.19)
§7 TENXO HANG HAI

Muc tiéu ciia phép tinh ten xo 1a xdy dung mét cong cu toan hoc dé c6 thé mé ta
mot cach diy di quan hé gitia cac dai luong vat ly va céc dai lugng hinh hoc. Cac
dai lugng nay dugc xac dinh khéng chi qua mot gia tri ma c6 thé qua hai gid tri
(véc to phing), hodc qua hon hai gia tri (tenxo).

C6 hai quan diém trinh by khai niém tenxo. Quan diém thtr nhit xem tenxo nhu 1a
cae dai lugng c6 chi sd, duoc xac dinh qua cac phép bién ddi toa do theo nhitng qui
tc nhat dinh. Quan diém thir hai, xem tenxo nhu cac ham da tuyén tinh. Trong
gido trinh nay ching t6i trinh by khai niém tenxo theo quan diém thir hai.

7.1 Ky hi¢u tenxo mgt cach hinh thic

Ta ky hiéu tenxo mét cach hinh thic béng cac chif cai c6 miii tén & trén. S& lugng
cac mili tén bang hang cha tenxo. Ta quy vdc ky hiéu cac tenxo hang khong va céac
tenxo hang mot bang cac chir cai thudng va nho, ky hiéu cac tenxo tir hang hai tré
1én bang cac chir cai in va to. Cac thi du ve ky hiéu tenxo:

Tenxo hang khong la cac v6 hudng a, b, c, ...
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Tenxo hang mét [a cac vécto hinh hoc @, b, ¢, ...

Tenxo hang hai dugc ky hiéu boi A,D,T, ..., tenxo hang ba la A4, tenxo hang bén
- 4)

la A4, (hoic A4 ), v.v...
7.2 Tich tenxo ciia hai vécto trong khong gian ba chiéu
a) Dinh nghia 1(tich tenxo cua hai vécto). Cho d va b 14 hai vécto trong khong
gian Euclide ba chiéu E’. Tich tenxo (hay con goi la tich dyad hodc tich truc tiép)
ctia hai vécto G va b, ky hiéu a ®b, la mot todn tr tuyén tinh bién dbi ph?ln tr
¥ eE’ thanh phan tir 7 € E* theo quy luat sau
(d®b)i=y=(bi)d, Viel (7.1)
Chii y. Cho {¢,,¢,,¢,} 1a mdt co so clia khong gian E' . Theo cdng thic (7.1) ta ¢
(Ek ® él )ém = (El 'Em )ék = g/lllék (72)
Trong d6 g, la cac hing s6. Néu chon 16, 6,,¢,} la mot co s& tu nhién thi

B 1 khil=m
Eim = 0 khil=m

b) Ma trdn cua todn tie tuyén tinh G ® b
Chon {é,,¢,,é,} lacosécia E*. Ta co cac hé thic
d=aé +aé, +aé,, b=bé +bé, +be
Theo cong thirc (7.1) tacd
(@®b)é =(b.6)d=b (a8 +aé, +ag,)
(@®b)E, = (b.2,)d =b,(ag, +a,@, +aé,)
(@®b)e, = (b.&,)d =b,(aé + a6, +a,)
Theo (4.9) ma tran cla toan tir tuyén tinh d ®b chd dang
ab ab, ab,
A=lab ab, ab, |=ab’ (7.3)
a,b, ab, ab,

Chu y. Ma tran A cia toan tir tuyén tinh @ ® b phu thude vao viéc chon co so
{é,,¢é,,é,} cuakhdng gian[E’.
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7.3 Tenxo hang hai

Tenxo la cdc anh xa da tuyén tinh. Trong gi4o trinh nay ta giGi han xét mét loai
tenxo hang hai don gian. Tenxo nay bieu dieén dudi dang mdt toan tir tuyen tinh.

a) Dinh nghia 2. Cho q,,ad,,...,d, va l;,,l;z,...,l;" la cac vécto trong khong gian

Euclide ba chiéu E* . Tdng cac tich tenxo 4, ®l;k dugc goi la tenxo hang hai
D=>d, ®b, (7.4)
k=1
Trong khéng gian ba chiéu E’ véicosé é=1{¢,é,, &}, hai vécto batky a, b ¢
thé biéu dién dudi dang

3
d=a8 +a@ +a,6, = ag, (7.5)

i=l

b=bé +be, +bé =) be (7.6)

B = y a, ® I;k =ii[iakibk/]éi ® éi
k=1 i=1 =1

Néu ta dua vao ky hiéu
D, = Z a,; b,
k=1
= 3 3
thi D=Y>D,&®¢ (7.7

Cac dai luong Dy dugc goi la cic toa dj cua tenxo D trong co s& & (cha y: cach
goi trén chi 1a mot cach goi tit. That ra tenxo hang hai D 1a mdt phan tir trong

khong gian vécto R’, Dy 1a céc toa dd cua tenxo D& trong co s& {€® €, 1)

Trong céc co s& khac nhau thi cac toa d§ D cia tenxo D ciing khac nhau. Trong

~ A gxt gen N e R « X ~ ,e
mdt so tai liéu, nguoi ta biu dién tenxo D dudi dang sau

-~ 3.3 D, D, D,
D= ZZDy ¢® é.,' =\D, D, D, e® éj (7.8)
R D, D, D,

Nhu thé ta c6 ba cach thirc biéu dién tenxo hang hai 1a (7.4), (7.7), va (7.8).
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b) Tenxo hang hai lién hop
Dinh nghia 3. Tenxo hang hai

D=3 5®ad, (7.9)
k==t

duge goi la tenxo lién hop véi tenxo 13
7.4 Cac phép tinh dai s6 tenxo
a) Phép céng hai tenxo hang hai

Dinh nghia 4. T6ng cua hai tenxo hang hai Ava B la mot tenxo hang hai C dugc
dinh nghia bdi hé thic

C=A+B, Cj=A;+B; (7.10)
HE¢ qua:
1) Tong clia n tenxo hang hai 1a mét tenxo hang hai
D=Y G, ®5, (7.11)
k=1
2) Mdi tenxo hang hai ¢6 thé biéu dién dudi dang
D=Yd,®b,=i®b (7.12)
k=1

Khi chimg minh cac dinh ly ta hay sir dung cong thirc (7.12) dé biéu dién tenxo
hang hai.

b) Tich cua tenxo hang hai véi mét vé huréng

Dinh nghia 5. Tich cha tenxo hang hai 4 v&i mét v hudng la mét tenxo hang hai
dugc dinh nghia nhu sau

D=a A, Dyj=aA; (7.13)
¢/ Tich vé hudng tenxo hang hai véi vécto v € R’

Dinh nghia 6. Tich v0 hudng bén trai cia hai tenxo Dvdi vécto v ba chiéu 1a mot
véc to, duge dinh nghia bai cac hé thic sau

5.D=v.(a®b)=(v.a)b (7.14)

Dinh nghia 7. Tich vo hudng bén phai cia hai tenxo D véi vécto v ba chiéu la
mot véc to, dugce dinh nghia bdi cac hé thire sau

D5 = (a®b).5=d(h.7) (1.15)
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d) Tich vécto cua tenxo hang hai véi vécto v R’

Pinh nghia 8. Tich vécto ciia tenxo hang hai D véi véc to v la mot tenxo hang hai
duoc dugc dinh nghia bdi cac hé thitc sau

ixD = $x(A®b)=(Fxd)®b (7.16)
Dxv = (i®b)xv = a® (bxV) (7.17)

Chii y. Tich tenxo cua mot tenxo hang hai 4 véi tenxo hang hai B 1a mot tenxo
hang 4. Tich vécto cia mét tenxo hang hai v6i mot tenxo hang hai la mot tenxo
hang ba,... Nhitng van dé nay ta khong xét ¢ day.

7.5 Ma trin cia tenxo hang hai

a) Dinh nghia ma trgn cua tenxo hang hai. Chin toa d§ D cua tenxo hang hai D
trong co sO {é,, ¢,, &} 1ap thanh mot ma tran vudng cap ba

Dll DIZ Dl}
pD=|D, D, D, (7. 18)

21 22 23

D3l DJZ D33

Ma train D duoc goi 1a ma trin céc toa dd cla tenxo hang hai D trong co s& é.

Nho ma tran D, tenxo D ¢6 thé biéu dién dudi dang

_ Dn D12 D|3
D=\D, D, D,|=¢D¢ (7.19)
D.u D32 D33 é

Theo cong thire (7.3), néu tenxo D6 dang

D=d ®b +d®b,+..+d, ®b, (7.20)
thi ma tran D chia nd c6 thé biéu dién duéi dang

D=ab +a,b] +..+ab] (7.21)
Nho cong thire (7.21) ta dé dang tinh dugc cac phén tir cia ma tran D cla tenxo
hang hai D cho bdi cong thirc (7.20).
Ma tran cia tenxo hang hai lién hop

D =5®a +b,®d,+..+b ®d, (7.22)
c6 dang

D' =b,al +b,al +..+b,a] (7.23)

n

44



Chii y. Giita tenxo hang hai Dva ma trdn cap ba D c6 mdt sy twong Gng 1-1.
Chinh vi vay trong mét so sach, nguoi ta it phan bi¢t rd hai khai niém nay. Tuy
nhién, can nhd rang khai niém tenxo vé ban chat khac han khai niém ma trin.

Tenxo hang hat Dtheo dinh nghia & trén 1a mét toan tr tuyén tinh trong khong
gian E’, né khong phu thudc vao hé qui chi€u, con ma tran D cua né phu thudc
vao h¢ qui chiéu ta str dung.

b) Cdc dinh ly wong quan
Binh Iy I (Tich vé hudng cuia tenxo véi vécto). Néu d=Dé véi ée R, d € R*, thi
vécto dai sO tuong Gng c6 dang

d=Dé = d=Dc (7.24)
Chitng minh. Thuc vy

d=Dé=(a®@b)=(h)i

= (b.&)a, + a8, +a,é,)

Tir d6 suy ra

d =a(bc)=ab’e, d, =a,(b.é)=ab’c,d, =a,(bé)=ab’c
Biéu thirc trén chimg t6 ring

d=ab’c=Dc.
Dinh ly 2 (Tich hén hop cua tenxo vGi vécto). Néu d=dx (ﬁ.é) voi d,E,J eR’,
thi vécto dai sé tuong tmg c6 dang

d=ix(Dé) = d=aDec (7.25)
Chumg minh. Goi 1;=5.E taco

d=ax(D&)=axh .
Theo dinh ly 1 tacéd b=Dc . Do d6 tacd

d=ab=aDc
7.6 Tenxo hang hai don vi

a) Binh nghia
Xét tenxo hang hai

E=6 Q¢ +6,86,+6 08¢, (7.26)

trong do €, ¢,, é, la 3 véc to don vi cita mét hé qui chiéu. Tenxo nay c6 hai tinh
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chat sau:

- Tinh chdt 1. Ma trin céc toa do cua tenxo hang hai E‘ 14 ma trin don vi cép 3
1 00
E=ec +ee, +ee =0 1 0 (7.27)
0 01

- Tinh chét 2. Tich v hudng bén phai va tich vo hudng bén trai cua tenxo E vé6i
vécto ¥ €R’ thi bang v

Ev=v.E=v (7.28)
That vay, ta cd
E7=(3®8).7+(@ ®8).7+@ ®8).7
=8,(8,.7)+8,(2,.9)+ 8,5,V
=V & +V,6,+V,é =V
Tuong tu, ta ching minh dugc: Tich v6 hudng bén trai cia tenxo hang hai E voi
vécto v € R’ 1a vécto v
5.E=7.(6®8)+7.(3,88)+7.(¢, ®F)
= (7.8)8 +(7.8,)8,+(¥.8)é,
=V, +V,6,+V, &=V

Do d6, tenxo hang hai 1?3 xéac dinh bai hé thac (7.26) duge goi la tenxo hang hai
don vi.

b) Pinh Iy tuong quan tich vécto kép

Dinhly 3. ax(bxv)= (b®d —GBE)y (7.29)
abv=(ba’ —a’bE)v (7.30)
Héqua. ab=ba" -a'bE, (7.31)

Chimg minh. Theo dinh nghia tich vécto kép a x (5 x V) tacd
ax(bx¥v)=(d.v)b—(d.b)v
Mt khéc theo dinh nghia tich v6 hudng cua tenxo hang hai v6i véc to va theo tinh
chat clia tenxo don vi ta co
dx(bx¥)=(d.9)b—(d.b)¥

—(b®d).i-(@5)EF)=(b®i -a.bE)v
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Dang ma tran cua hé thic (7.28) 1a
ibv=(ba" —a’bE)v
Do hé thirc trén ludn ludn ding véi moi véc to v, nén ta cé ddng nhit thirc sau
ab=ba" -a’b E,
Chii y. Cong thirc 7.29 c6 mot vai trd quan trong trong dong luc hoc vat ran va hé
cac vat ran. Sau nay khi ching minh cac dinh ly va cac nguyén 1y co hoc trong hé
nhi€u vt ta hay sir dung cong thirc nay.
7.7 Tém tit mdt vai cong thirc cin nhé

Cho @ va b 1a hai vécto trong khong gian ba chiu. Ta da dua ra ba phép toan:
tich v6 hudng, tich vécto va tich tenxo cia hai vécto. Sau d6 ta dd chirng minh hai
dinh ly: tich v6 hudéng cia tenxo véi vécto va tich hdn hop cia tenxo véi vécto.
Cac phép toan dé dugc thé hién bing “ngdn ngir hinh hoc” va “ngdn ngir dai s6”
trong bang sau day:

Ngon ngir hinh hoc | Ngon ngir dai so
Tich v6 huéng cia hai vécto a=ib a=a"b=b"a
Tich vécto cta hai vécto E=dxb c=ab
Tich tenxo ciia hai vécto D=d®b D=ab’
Tich v6 huéng cha tenxo va vécto d=Dé d=Dc
Tich hén hop cia tenxo véi vécto | d =ax(D3) d=iDc
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Chuong 2
PONG HQC VAT RAN

Pong hoc vat rin 1a phan rit quan trong ciia gido trinh bong luc hoc hé nhiéu vat.
Trong chuong nay ta trinh bay bai todn xac dinh vi tri, vén tbc, gia toc clia vat rén
khéng glan chuyén dong trong mot hé qui chiéu cb dinh. Vi tri ciia vat rén & trong
khong gian dugc xac dinh boi vi tri mot diém dinh vj (position) va hudng
(orientation) cua vat ran doi voi mot hé qui chiéu da chon. Piém dinh vi [a mét
diém xéc dinh nao do cuaa vat rin (thong thuong trong dong luc hoc ta hay lay khdi
tAm cua vat rin lam diém dinh vi). Huéng ciia vt ran dugc xac dinh bang ma tran
cosin chi hudng hojc cac toa dd suy rong xdc dinh vi tri cua vét rdn quay quanh
mot diém cb dinh. Vén toc ctia vit ran la tap hop van toc ctia diém dinh vi va van
toc goc cuia vat 1an Gia téc cua vat rin 1a tip hop gia tdc ctia diém dinh vi va gia
tde gdc cua vat ran.

§1 XAC PINH VI TRi CUA VAT RAN TRONG KHONG GIAN

1.1 Khii niém diém dinh vi va hudng cda vat rin

2]
Pé mo ta chuyén dong cua vét ran B doi voi hé
qui chiéu ¢6 dinh R, ={0,%,5,2,} ta dua vao
h¢ qui chieu R = {le,ylz,} gan chit vao vat
ran B (hinh 2.1). Vi tri cta vat ran B d6i voi hé ~ B
qui chiéu co dinh R, dugc xac dinh béi:

- Vi tri cia diém O, (bat ky) thudc vat ran B,

- Vi tri ctta hé qui chiéu R, ddi vai diem O,.
Ta qui wdc goi vi tri cha diem O, 1a vi tri dieém
dinh vi (Position), coOn vi tri ctia hé qui chiéu
R, d6i voi diém O, 1a hudng (Orientation) clia
vat ran doi voi hé qui chiéu Ry X0 Hinh 2.1

Trong hé qui chiéu Ro vi tri cua diém O, dugc xac dinh bdi vécto

o= v (0) -(0)

Yo, = %01 408" + 24,6, (1.1)
Trong d6 x,,, ¥,,» 2, la cac toa d§ cia vécto ’70, trong hé qui chiéu R,, con

- —(0) -=(0 . . . . ~ , 5 A : cA A ”
el“”, é, ) é, " 14 cac vécto don vi trén céc truc cha hé qui chi€u Ry. Néu st dung

khai niém vécto dai sd, tir (1.1) ta suy ra

R W0 T r
"Toy =T, ‘[AO\aJ’oxaz())] (1.2)

Chii y. Trong mét so tai liéu diém dinh vi ca vat ran con dugce goi la diém curc.

48



Bai toén xdc dinh hudng cua vat ran 1a bai toan xac dmh vi tri ciia vat rin quay
quanh mét diém cb dinh. Ta c6 thé x4c dinh vj tri ciia vét rin quay quanh mét diém
cb dinh bang ba toa db suy rong: ba géc Euler, hoic ba goc Cardan, hodc ba goc

Roll - Pitch - Yaw, v.v... Ta ciing c6 thé xac dinh vi tri cta vat rén quay quanh
mét diém cb dinh bang ba vécto don vi &, &, 8" trén ba truc ciia hé qui chiéu

dong R, gan chat vao vat ran B doi voi hé qui chiu Ry:

g =g O 5(0) ~(0)
=a,e® +a,e” +a, e
& =a,é!” +a,e.” +a,,é” (1.3)
- (4]
e =a,,6"” +a,é!” +a,,&”

Trong d6 a,,,a,,,a, (i=1,2,3) 12 cac hinh chiéu cta vécto don vi é (i=1,2,3) clia
hé qui chi€u dong R, Ién céc truc cua hé qui chieu c6 dinh R,. Cac thanh phan nay
dugc goi la cac cosin chi hudng cia cac truc clia hé qui chiéu dong R, d6i voi hé
qui chi€u co dinh R,.

1.2 Ma tran césin chi huéng

Ta ky hiéu ba vécto don vi trén céc truc chia h§ qui chiéu R, 1a €7, &, &, ba
vécto don vi trén céc truc cta hé qui chicu R, 1a &, &, " (hinh 2.1).

a) Dinh nghia ma trdn cosin chi huong

Ma tran vubng cap ba

5(0) (1)

g0 &M 5O g
el € 1 e2 el e3
~(0) = =(0) = ~(0) =(1
A=|e”e" e,‘o’ &b eneld (1.4)
5(0) ﬂm AR ~u>
é e’ & .8 eh

dugc goi la ma tran c6sin chi hudng cta vat ran B doi v6i hé qui chiéu R,.
Néu ta dua vao ky hiéu
a, =é'. ‘ =cos(é'”, ‘.”), (i,j=12,3) (1.5)

thi ma tran cosin chi huéng (1.4) c6 dang

all aIZ al}
A=|a, a, ay (1.6)
a;; 4y, 4y

b) Y nghia cua ma trgn césin chi huéng

Dé théy rd y nghia ciia ma tran cosin chi hudng, ta xét hai hé qui chié'u RovaR,céd
cung goc toa d¢ O (hinh 2.2). Trong d6 hé qui chiéu dong R, dugc gén chit vao vat
rin B. Liy mot diém P bit ky thudc vét rin B. Vi tri coa diém P duge xac dinh boi
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vécto OP =ii . Néu ky hiéu toa d6 cia diém
P trong hé qui ¢b dinh R, 1a u®,ul®,ul®,

trong hé qui chiéu dong R, 1a u”,u",u" thi
ta ¢6 cac biéu thirc sau:

7= (0) (0)+u(0) ‘°)+u;°)e(°) (17)

i =u"8" +u"e” +ue!” (1.8)

Tir d6 ta suy ra cac vécto dai sb

u(O) R"ll [u(O) (0) (0)]

"

1y (l)]T

u? = fru={u",ul" u

(0)

va ul".

Ta di tim moi quan hé giita cac vécto dai so u
Tir dinh nghia ma trin c6sin chi hudng ta suy ra bang sau

% Y z,
o a, = él(O)'él“) a, e(o) *(l) a, = 1(0) é;l)
Yo a, = éz(o) _él(l) Oy =éz(0)'éz(n a, = e-£0) =)
Z, a,, =és(0)'é:“) a, 253(0)-52(1) | a, = e3(°’. m

Bang 2.1. Bang xdc dinh ma trdn césin chi hucng

Tir bang trén ta dé dang thiét lap dugc cac hé thirc lién hé (1.3). Thé cac biéu thic
(1.3) vao biéu thirc (1.8) ta dugc
) (1

i =(a,u” +a,u" +a,uE” +(a,u +ay,uy +a,u)e”

O]

+(ay,u” + anul’ + a,ul”)e” (1.9)

So sénh cac biéu thirc (1.7) va (1.9) ta suy ra hé phuong trinh sau
Mm

(0

ul all alZ alJ ul

©) | m

U, |=1a, a, a,|lu (1.10)
(0) n

u3 a}l a32 a33 u}

Hé phuong trinh (1.10) c6 thé viét ngén gon nhu sau
u® = Au® 1.1

Nhu thé ma tran cdsin chi huéng xéc dinh vj tri cha vit rin B (hé qui chiéu  dong

Ry) d6i voi hé qui chiéu R,. Tir (1. 11) ta thdy ma tran césin chi hudng A bién dbi
toa d6 ctia diém P tuy y thugc vat ran B trong hé qui chiéu ddng R, sang toa do cia
né trong hé qui chiéu ¢d dinh R,.
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1.3 Céc tinh chit co ban ctia ma trin cdsin chi hwéng

Dé hiéu rd hon vé ma tran cbsin chi huéng ta néu 1én céc tinh chét co ban cia ma
tran ndy.

Dinh ly 1. Ma tran c6sin chi huéng 1a ma trén truc giao.

Clumg minh. Tir cac phuong trinh (1.3) ta suy ra

al 1 a12 a|3

R R
u e(') — a2| , o e(‘) a22 Ry egl) - 023
all aJZ a33

Tir 6, ma tran cosin chi hudng (1.6) c6 thé viét lai dudi dang
A=|:Roe(|) Roe(‘) Rne(l)] (1.12)

Tir (1.12) ta thiy: Ma tran cdsin chi huéng A 13 ma trén c6 ba cdt 13 ba vécto truc
chudn. Do d6 A 1a mdt ma trén tryc giao. Tir tinh chat cia ma trén tryc giao ta suy

ra A= AT Do do tir cong thire (1.11) ta ¢6 bién dbi ngugc

=A"u” =A"u (1.13)
H¢ qua cua d,inh Iy 1. Trong chin thanh phan a; cua ma trdn cdsin chi hudng A chi
c6 ba thanh phan doc lap.

Qua vay, do ma tran cdsin chi huéng A 1a ma tran tryc giao nén ta c6 AA” =E.
Tur d6 ta suy ra sau phuong trinh rang budc 9 thanh phan cia ma trén césin chi
hudng nhu sau

Pyral +al =1 + =0
all alZ aIJ % al la2l al2a22 + a13a23 -
2 2 2 _
@y, +ay +ay =1, a,a, +4a,0, +a,,a,, =0
al, +al,+al, =1, a,a, +a,a,+a,a,;=0
31 32 337 %o 217731 22732 23%33 ™
Do d6 chi con lai ba thanh phan cGa ma trdn c6sin chi huéng doc lap.
Dinh Iy 2. Dinh thirc ctia ma trin cosin chi huéng bing mét, det A = 1.
Chimg minh. Theo biéu thirc tinh tich hdn hop ctia ba vécto & chuong 1
al bl cl
a(bxc)=la, b, ¢ =|a, b, c|
a} b} CJ
va cong thirc (1.12) ta suy ra
M o )] =31 (50 x g
detA=|el, el | = 8" (6" x&") (1)
Do R; la hé qui chiéu thuan nén ta c6

ez(l) % ésm el( ) (2)
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Thé (2) vao (1) ta dugc
detA=¢"e"=1
Dinh Iy 3. Ma trén cdsin chi huéng c6 it nhat mot tej riéng bang 1.
Chung minh. Truée hét ta chirng minh céc tri riéng cia ma tran cdsin chi huéng A

déu co tri tuyét dbi 1a 1. Gia str A 1a tri riéng clia ma trdn A, # 1a vécto riéng tuong
ing. Theo bai toan trj riéng ta c6

- Al = Aii (1)
Tur d6 suy ra

(Adi).(Aii) = (Au)" (Au)=u" A" Au=u"u =|i[ )
Viy  |ad=lal=|E] = |3|=1 @

Bay gio ta chirng minh trong ba trj riéng A, A, A3 cia ma trdn A ¢ mét tri riéng la
1. Theo trén ta c6 M | = M,, = Iﬂj| =1.Do A 1a ma trdn vudng cip ba v6i cac phan tir

la cac s& thuc nén phuong trinh dic trung cia né 1a phuong trinh dai sé bic ba véi
hé s6 thuc

a, A’ +a, A’ +a,A+a, =0 4)
Do d6 cac trj riéng ctia ma tran A c6 thé c6 hai kha nang:

A1, Az, A3 14 céc sb thue

A1, Az, A3 €6 mét tri riéng thuc va mét cap trj riéng phuc lién hop.

Gia sir A, 1a tri riéng thyc cha A. Theo (3) ta thiy c6 hai kha nang xay ra hogc
4 =1 hodic 4 =-1.Néu 4 =1, dinh Iy dugc ching minh. Néu A =-1,taco

detA=ALA =1 = A4=-I s)
Ta thiy c6 l}ai kha nang xay ra: hodc A», A; 12 hai sb ihu'c, hodc A,, A5 12 hai sb phirc
lién hop. Neu A, va A; 14 hai s6 phic lién hop (4, = A, ) ta c6 hé thirc

AAy = A2y = (6)
Hg thirc (6) mau thuan véi (5). Vay A, A; phai 14 hai sb thuc. Do |4,|=|4|=1,
A, A, =—1 nén ta suy ra:

hodc 4, =1, 4, =-1 hodc 4, =-1, 4, =1

«hu the ma trdn cosin chi huéng A ludn ¢6 mot trj riéng bang 1.
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1.4 Dinh ly Euler vé chuyén djng quay hitu han ciia vit rin c6 mét
diém c6 dinh
Xét chuyen déng cha vit rdn B c6 mot diém O c¢b dinh. Chon R, =0x,y,z, 1a hé
qui chiéu ¢d dinh, hé qui chiéu R, =Ox,y 2, 1a hé qui chiéu dong gin lién vao vat
ran B (hinh 2.3). Vi tri ctia vat rin B dbi véi hé qui chiéu cb dinh duoc xac dinh béi
ma tran cOsin chi huéng A xac dinh vi tri cia hé qui chiéu déng R, dbi véi hé qui
chiéu cb dinh R,.
Dinh Iy Euler. Cho R, va Ry la hai hé qui
chiéu c6 chung diém gbc tai O. Hé qui 2 20
chiéu R, gin chit vao vit rin B. A la ma
trdn coOsin chi hudng cia vit rén B déi voi N
hé qui chiéu R,. Ta cé thé quay hé qui
chiéu R, sang hé qui chiéu R, bang mot
phép quay hiru han quanh truc A di qua O. o
Huéng cta truc A [a hudng cla vécto 0
riéng u Ung voi tri riéng A=1 cla ma
tran cosin chi hudng A.

Xo
Chitmg minh. Goi A 1a tri ri€ng cia ma trin B
cosin chi huéng A ma A=1. Theo bai .
toan tri riéng ta cd ' Hinh23
Aii=Aii =u €}

Goi u® 1a vécto dai s6 clia i trong hé qui chiéu Ry, u"” 1a vécto dai s6 cla i
trong hé qui chiéu R,. Tur (1) ta suy ra

Au' =uV (2)
Mait khac tir y nghia ctia ma tran cosin chi huéng ta cé
) _ Au(l) . (3)
Thé (2) vao (3) ta dugc
© — Au® =¥ (4)

Nhu thé hinh chiéu coa vécto # 1én cac truc toa d6 cua hé qui chiéu R, va R la
nhu nhau. Vay vécto & 1a bat bién trong phép quay hé qui chiéu R, sang hé qui
chiéu R,. Vay i la truc quay cla vt ran trong phep quay R, sang R;.

H¢ qua. Chuyén dong quay tirc thdi cia vét rin quanh mot dlem c¢b dinh O 1a
chuyén dong quay quanh mét truc quay tirc thoi di qua didm O ¢6 dinh dé.

Chuy:

1) Do dinh ly Euler, nén ma tran c6sin chi hudng A cia hé qui chiéu R, d6i v6i hé
qui chieu R, con duge goi la ma tran quay hé qui chi€u R, sang hé qui chiéu R;.
2) Tinh khong giao hoan cua cac phép quay hiru han.
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Céc chuyén dong quay hitu han khéng c6 tinh chit giao hodn: Xuét phat tir mot vi
tri cho trudc thuc hién hai chuyén dong quay theo thir ty khac nhau, ta dugc vj tri
cudi cing khac nhau.

Thi dy 2.1. Thyc hién phép quay theo thir tw (u, =e_, B =90")> (u, = e.f= 90°%)

z z ¥
B
A y y ( y
; > <
/év'_/ X
X x C
Hinh 2.4
Néu ta thay d6i thir tw quay (u, =e , 5, =90°) - (u, =e,, 5 =90°), thi ta duoc:
z 1z ' z
C’
4 y r Y y
\
X x
x x
Hinh 2.5

Nhur thé thuc hién hai phep quay quanh cac truc x va y nhirng goc nhu nhau, nhung
thtr ty quay khéc nhau, vi tri cia tim phing A & trong khéng gian khac nhau

1.5 Cic ma tran quay co ban z
Truéc hét ta quy uéc hudng quay duong

quanh mét truc 1a huéng quay nguoc chiéu

kim ddng hd nhu hinh 2.6. Céc phép quay 7
quanh cac truc x, y, z cta hé qui chicu R
dugc goi 1a cac phép quay co ban. Trude
hét ta tim ma trdn cOsin chi hudng cla vat [

ran khi né quay quanh truc x, mét géc ¢ ¢ ) . y
(hinh 2.7). Ma trdn nay dugc goi 1a ma 4

trdn quay cua vat rin quanh mot truc x,

mdt goc ¢. Dya vao cong thirc dinh nghia ~ Hinh 2.6
(1.4) ta dé dang xac dinh dugc ma tran
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cosin chi huéng

1 0 0
A (p)=|0 cosp -sing| (1.14)
0 sing cosg

Ma trdn (1.14) dugc goi la ma trdn quay
co ban ctia phép quay quanh truc xo.
Hé thirc lién hé giira cac toa d6 cua diém
P trong hé qui chiéu cb dinh R, = Oxgyez,
va trong hé qui chiéu dong R, = Oxyyz,
c6 dang

0o 0 x4
© | =

S 0 cosp -sing||y}’ (1.15)
z 1 10 sing cosg ||z
BE‘mg céach tinh tuong tu ta xac dinh dugc ma trdn quay quanh céc truc y, va z,
(hinh 2.8 va hinh 2.9).

20 Yo
Zy 34!
X
o
= X0 -
Yo=EN 4 20 = 2) X0
Hinh 2.9
Hinh 2.8 X
cosy 0 siny
Aw=l 0 1 0 (1.16)

—sinyy 0 cosy

cosd -—sing 0
A (f)=|sinf cosd O 117
0 0 1
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Thi du 2.2. Luc dAu vi tri cia hé qui chiéu dong R =Ax,y,z, gén lién voi ban kep
tay may tring v&i vi tri ciia hé quy chiéu ¢b dinh R, =Ox,y,z, (hinh 2.10a). Tai
thoi diém khao sat vi tri cta ban kep nhu trén hinh 2.10b. Hay xac dinh vj tri diém
dinh vi va ma tran c6sin chi hudng cua ban kep tay may.

ZO yB
Zy =2,
2 2]
AR
Xp
Yo =DVs
n_ y()
2
'xO = 'xB xo
Hinh 2.10a Hinh 2.10b

Loi giai. Vi tri diém dinh vi dugc xdc dinh bai véc to
*r,=[0,2,2]

Ban kep quay quanh truc x géc 90°. Vay ma tran césin chi huéng ctia ban kep c6
dang

1 0 0
A=|0 0 -1
01 0

Thi du 2.3. Dao ham theo thai gian cua vécto
dom vi cua hé qui chiéu dong. Cho R, =x,y, la
hé quy chiéu ¢d dinh. Vécto don vi trén cac
truc 1a &, &%. Cho Ri=Oxyy; la hé quy
chiéu dong, cac vécto don vi trén cac truc la
e, &" (hinh 2.11). Tim dao ham cua céc

m M
s €,

vécto don vi €, &,  trong hé quy chiéu co

dinh R) = x,y,.
Loi gidi. Tl hinh v& (2.11) taco Hinh 2.11

5
€

Y =cosp-&” +sing-&”

M

é" =—sing & +cosp-&”

Dao ham cac vécto trén theo thai gian & trong hé quy chiéu cb dinh Rg= Oxgyo ta
duoc
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é(])

dt
Ro dé’z(l)
dt

= (~sinp&® + cos p2,” ) ¢ = 2"
(1.18)

5(0)

(cos @e'” +sin ¢e(°)) ~pe"

§2 VAN TOC GOC VA GIA TOC GOC CUA VAT RAN

Vién tée gdc cia vt ran la mot trong nhitng dac trung dong hoc co ban nhét cia vat
rin. Van tdc goc cua vat rén cé thé dinh nghia mét cach truc giac 1a sy thay déi
theo thoi gian vé hudng caa vat rén. Tuy nhién trong truong hop téng quat, néu
dinh nghia nhu vay rat kho xac dinh hudng quay caa vat ran mt cach dinh lugng
don gian nhu khi dinh nghia van tdc cua chat diém. Vi vay ngudi ta ¢ géng xac
dinh van téc goc cua vat ran qua dao ham theo thoi gian ciia mot dai lugng dinh
lwong tuong d6i don gian nao d6 cua vat ran.

2.1 Pinh nghia vén téc goc ciia vit rin

Xét m(f)t, vét rin B chuyén dong déi v6i mot hé
qui chieu Ry nhu hinh 2.12. Lay E 1a mdt
vécto tuy y khac khong thudc vat ran B. Do
(¢)* =const nén dao ham theo ¢ biu thirc nay

R,,d< R, dE B

20

- c £ . n
ta duoc ¢é. =0. Nhu the la mét
vécto vudng goc véi vécto ¢. Mit khac do Ry Y0
tich c¢é hudng b=dx¢ la mdt vécto vudng )

c I M TR S ~ A X
goc voi mat phang chira a va ¢. Nhitng nhéan 0

xét d6 da gqi y cho ta xdy dung khai niém
vécto van toc goc cla véat ran nhu sau.

Hinh 2.12

a) Dinh nghia vdn toc goc cua vdt ran. Lay ¢ 1a mét vécto tuy y khac khong cua
vat rdn B. Van toc goc ctia vat ran B d6i voi hé qui chieu Ry 1a mot vécto, ky hiéu
Ru d“

1a ®*®®, ma nhan vécto vdi vécto ¢ ta duge dao ham =
t

Ry g=
) dc R B B
—=""0" X 2.1
” (2.1

b) Chii y
1) Van tdc géc cha vt rin duge dinh nghia boi cong thic (2.1) 1a duy nhat. Thét
vay, gia st *&® khong duy nhat, s& ton tai mot vécto *@'® ma

R
' dc _ Ry 1B

Y ) X 1
= ¢ ()
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Lay biéu thirc (2.1) trir di biéu thire (1) ta dugc

0="@" xc— """ xc=("a" - &) xc )
Do ¢ 1a vécto tuy y khac khong ctia vét ran B va do phuong trinh (2) thoa min véi
moi ¢#0,nénta suy ra

Ru Ry ~18

R — 5z0 = Maf=Pa
2) Ta chip nhén gia thiét v& sur ton tai cia dao ham vécto ¢ theo thdi gian. Tir d6
suy ra sy ton tai cita khai niém van toc goc cia vit ran theo nhu dinh nghia (2.1).
3) Khi khao sat chuyén dong ciia mdt vat ran doi voi

A ~ . « X , 2 ” ” K A »
mot hé qui chi€u, ta ¢d thé bo cac chi so trén & trong Z
ky hiéu vén toc goc va viet mét cac ngén gon la @ .
, . » A A K ” o A M y‘
2.2 Cac dinh ly vé van toc géc cia vat rian
a) Pinh ly xdc dinh vdn toc goc cua vdt ran qua
cdc véeto don vi cua mét hé qui chiéu dong
Ta gan chit vao vét ran B mét hé qui chiéu
vudng goc R, co cac vécto don vij trén cac truc
toaddla v, e, e (hinh2.13).

Dinh ly 2.1. Trong co s& vudng gbc
R ={¢", &, e} gin lién vao vét ran B, van

., e Xo
téc goc cua vat rin B doi véi hé qui chiéu R, Hinh 2.13

dugc xac dinh boi cong thirc

Ry d—v(l) R,
R - - -
nwﬁ ___el“) 2 e(l) +e(1)

—_ 2.2
dt dr } a’t i 22)

Chitmg minh. Trong hé qui chiéu R = {8, &",8"} vécto van toc goc cha vat rin
B c6 thé viét dudi dang
' R"d')B — (R“(Z)B-él”))él(l) + (R,,a-)B —'(l))e(l) +( 4,0) -'(l))—'(l) (1)
Do &, &, &" 1a ba vécto don vi trén ba truc ciia mot hé toa dd vudng gdc nén
ta c6 cong thirc quen biét
g0 =W x 3", gV =" xa", 8" =5V x & @)
Thé cac biéu thirc (2) vao (1) ta dugc
"o =] M (@ xe") |6 +[ Ma" (6" xe™) |8 +[ Ma® (8" xe™) & (3)
Cha y dén tinh chat cia tich hén hop ba vécto

a.(bx&)=b.(cxad)=¢.(axb)
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va dinh nghia van tc gbc cha vat ran (2.1), hé thirc (3) c6 dang

"“a”)"=[e”3“),(""c?)3xéz“’)]e“’+[ D (R 5P m)]ﬂu) [ﬂzm_(&ms m):l ;1)

Ro g=(1) By =n) ~(1)
s 4 oy oo e de, 50
é ——1g" +|e". ——é é é

Pooar | S A 2 g |

(4)

Do tich vé hudng ciia hai vécto ¢6 tinh chit giao hoan, tir (4) ta suy ra cong thirc
(2.2). binh ly dugc chirng minh.

Thidu 2.4. Van toc goc cua vt ran quay quanh mgt truc co dinh. Theo (2.2) biéu
thirc xac dinh van tdc goc ciia vat rin quay quanh mdt truc ¢b dinh c6 dang

o Pde, ). bde, ). bde, ).
w=|—=-¢, |6 + -e, |é, + -6, e, (1)
dt dt } dt Zy, Z
Trong trudng hop vat ran quay quanh mét truc cb dinh, % 2 D
Ro 15 Ry 15
do &, =const,nén % ~0.Con cac dao ham G @
dt dt Ro !
Ro 15 '
va dez duge tinh theo cong thirc (1.18) R &
t O
eﬂ
Ry (lé’] N q)é R déz y é Ry (lES _ 0 (2) E/i‘\
dt 2 g L b
Thé (2) vao (1) ta duoc - B

@=_¢(él'€3)él+(0'él)éz+¢(éz'éz)és 3) Wayl,W
Do &.6,=0, &. =1, nén tanhan dugc biéu thirc x4c dinh 7 A
van toc goc ciia vat ran quay quanh 1 truc c¢6 dinh Hinh 2.14

&= ge, (4) v_
Thi du 2.5. Van téc géc cua vit rin chuyén dong phing. Theo cdng thirc xac dinh

vén tdc gdc cha vat ran (2.2) ta co
Ay

Hinh 2.15
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_ (*de, . (*de, ). (*de, ). 0
= e e, + e e + e |e
dt ¢ )¢ A dt ")

Trong bai toan phing nhu hinh 2.15, theo cac cong thiic (1.18), ta ¢6

tdz, . Mde, o tae ®
= Qe . = —Pe. s — =
e dt e dt

Thé cac biéu thire (2) vao biéu thirc (1) ta dugc:

0= ~(gé. €, )e; +(0.€,)e, +(ge, ¢,)e, 3)

Do eg.e[ =0, e,] e,, 1 ta cd cong thitc vin tbe gdc:

w = pe, 4)
b) Pinh Iy vé xdc dinh vin 16¢ goc cua vt rin qua dgo ham hai vécto thugc vt
ran
Dinh ly 2.2. Gia su d va b la hai vécto khac P

khéng thuoc vat ran B va khong song song vai
nhau. Khi d6 vén toc goc cla vat ran B c6 dang

R"@B ?t — dt (23)
0 fi‘{ =
dr’ Ro Y

Chimg minh. Ldy ¢ 12 mot vécto tuy y khac

khong ctia vat ran B. Ta cd the bicu dien vécto x .

¢ duéi dang Hinh 2.16
c=ad+Pb+yixb (1)

Trong d6 «, B, y la cac toa d§ cua vécto ¢ trong hé qui chiéu dong

R = {é,l;,(“z xb}. Pao ham vécto ¢ theo thoi gian & trong hé qui chiéu cb dinh R,

ta dugc

R gz Ry g Ry - Ry 1= . R, T
d_c:a Q+[3 C—ié+ EI—a—xb+?z>< —‘{{)— (2)
dt dt dt dt t
Ta dua vao ky hi¢u
R”a—)IB — i{’t d, —.dt (3)
“p
dt
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Bay giv ta s& ching minh *@” bang vécto van toc goc cla vat rin B & trong hé
qui chiéu R,,.

Nhén hitu huéng vécto “@? véi vécto ¢ ta duoc
1

oo | ) %a)

@ x¢é= x (ad + Bb + yaxb) 4)
( da/)

/ dt
Chi y dén cac tinh chit cua tich vécto kép
dx(bxé)=(ac)b—(ab)é
(Gxh)x ¢ =(a.c)b —(b.S)i

ta cd

AR ATE A ](R"dEdt]_Kk“d%J }( CARD

Theo gia thiét @ € B nén &.d = const. Tir d6 suy ra

R, -
0 d i. R, g— Ry 1= Ry
dda) _“dd, o tda_,tddL
dt dt dt dt

Tirdo suyra

tda o (6)
dt

Chii y dén (6) biéu thirc (5) c6 dang

R
ib __|{™ab R d
(a8, )2
Mitkhiacdo @ € B, b € Bnén d.b =const. Tir dota cd
R, - R, I
da g b=- ﬂ.& (8)
dt dt

Thé (8) vao (7) ta dugc
()" K IRE (AL A ®

Chia hai vé cua (9) cho E b taduoc
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% dad “ab/ Vg
( adtx dr |14 x5 - dad
=@ xd= — (10)

DAY - dt
( Var)?

Theo dinh ngha van toc goc ciia vat rin (2.1) ta cé

Ry 3=
9 _ ngt i (11)
dt

T (10)va(l1)tasuyra

(&‘d& )x[R"dI; )
R <8 R B dt dt

@ ="w = P (12)
( ' d ).5
dt
Chay b:"mg cach hoan vi vai tro6 ca d vab tacd
(R"dl; )x(’*"da )
dt dt
@ = (2.4)

(R" db/, t).a

Tt dinh ly 2.2 ta suy ra hé qua sau:

Hé qua. Néu blet vi tri ba dlem khong thing hang coa vat rin B thi ta xac dinh
dugc vécto vén tde goc cia vat rin B.

¢) Pao ham ma trdn césin chi huéng

Goi A la ma tran cdsin chi huéng cua vat rin B di véi hé qui chiéu R, (hinh 2.13).
Theo (1.12) tacod

A= [R"e“) R,,em ’*'e‘”:l (1)

Pao ham biéu thirc (1) theo thoi gian & trong hé quy chiéu R, ta dugc

“dA [ Fdel) Fdel el @
dt e’ odt de
Ry g5 (1)
Do c(l;i _ "()(Z)”X“(” (i=1,2,3) néntaco
Rnd ‘l) . .
G _G®Re (i=1,2,3) ©

dt

Trong d6 ©'® 14 vécto dai s6 cia™®” = @ trong hé quy chiéu R,. Thay (3) vao (2)
ta duoc
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0dA ~(0)

Ry Ryg) Ryo()7] . =00
[ ,’ez,'e3]—c) A

Tir d6 ta c6 cong thirc tinh dao ham cia ma

tran cosin chi hudng »n
Ry
aA _ @A 2.5)
dt

d) Pinh Iy xdc djnh vdn toc goc cua vt ran tir
ma trdn césin chi hirong

Dinh ly 2.3. Cho A 1a ma tran c6sin chi huéng
ctia vat rin trong hé qui chiéu R, = {xoyozo}
Khi d6 toan tir séng cua vécto van tbc goc cua

vat rén & trong hé qui chiéu ¢ dinh R, dugc Xo Hinh 2.17
xéc dinh boi cong thirc
o' = AA7 2.6)
Trong d6 0} =| *w! %0 *af ]T , A= “dA :
' " ‘ dt
Chimg minh. Chon P 1a mét diém tuy y thudc vat rén B. Tir hinh 2.17 ta cé
Tp =¥, +ip (M
Dao ham phuong trinh (1) theo thai gian & trong hé qui chiéu cb dinh R, ta duge
fo dr, b dr, W L
== I ~L+dxi, = Vp,=V,+Oxli, 2
Trong d6 & = *@” 1a van tdc goc cua vt ran,
Néu sir dung ky hiéu ma tran thi phuong trinh (2) ¢6 dang
VO =y L GOYO 3)
con phuong trinh (1) c6 dang
r? =rl” +ul) 4
Theo cong thic (1.11) tacod
0 = Au® (5)

Trong d6 u{’ 1a ma tran c6t gdm ba thanh phin 13 hinh chiéu ciia vécto i, trong
hé Oxgyezo, cOn u') 1a ma tran cot gf‘)m ba thanh phé‘m la c4c hinh chiéu cua vécto
u, trong h¢ Axy,z,.

Thé (5) vao (4) ta duge

(0) _ .(0) (1)
" =r, +A“P (6)
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Pao ham phuong trinh (6) theo thoi gian ¢ trong hé R, ta dugc
0 _ ® | Ay
v = v 4 Aul) Q)

Do ma trdn cosin chi hudng la ma trén tryc giao nén tir hé thic (5) ta suy ra

(l) =A" ! (0) ATu(,f)) (8)
Thé (8) vao (7) ta dugc
v =vi + AATu ©9)
So sénh biéu thirc (9) véi (3) ta suy ra cong thirc
@ = AAT (10)

Dinh ly 2.4. Cho A la ma trin c6sin chi hudng cha vat rin B do6i v6i hé qui chiéu
R, = {x‘, yozo} . Khi d6 toan tir song ciia vécto van toc goc ctia vit ran ¢ trong hé
qui chiéu ddng R, gén lién vao vat ran B duoc xac dinh boi cong thic

&Y =ATA (2.7)
R(D
Trong d6 @Y = [ 0, ol P ol :l A= dA
" . o dt
Chitng minh. Tir phuong trinh (2) ta suy ra
VO =v) + &Y ul) (11)

Nhan hai vé cia phuong trinh (11) véi ma trdn A ta dugce

AVY = AVY + Aa P u’) (12)
hay v =viD + A ul) (13)
So sanh cong thirc (13) véi cong thire (7) ta suy ra

A=AdY) > a)=ATA (14)

Cac cong thire (2.6) va (2.7) dugce goi la dinh luét Poisson.

Chii y. Tir cac cong thirc (2.6) va (2.7) ta ciing c6 thé suy ra biéu thiic tinh dao ham
theo thoi gian clla ma trdn cdsin chi hudng trong hé toa d¢ R,. Nhan bén phai
phuong trinh (2.6) v&i ma tran A ta dugc

=0’ A (2.8)
Nhan bén trai phuong trinh (2.7) v6i ma tran A ta cé
A=A (2.9)
Trong d6
FURLLY
dt
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2.3 Mt s6 cach dinh nghia khdc vé vin tdc goc ciia vt rin

Vin toc gbc cua vét rin 1a mdt trong cc dic trung co ban cta vét rén chuyén dong.
Trong myc 2.1 ta d3 dua ra mdt phuong an dinh nghia van tdc goc cla Vit rin (sau
ndy ta goi la phuong an mt). Cach dinh nghia do thuén tién cho viée tinh toan
dong hoc vét ran, nhung gy cho ngudi doc mdt cam giac kho hiéu, vi n6 khong
giong véi dinh nghia vén téc ctia mot diém. Ngoai phuong an dinh nghia van t6c
goc clia vat rdn nhu muc trén, ngudi ta con dua ra mét vai phuong an khac dé dinh
nghia van tbc gbc clia vat ran.

2.3.1 Phiong dn hai
a) Van téc goc dom gian. ?(ét truong hop vit rin 20 w
quay quanh mét truc zz co dinh (hinh 2.18). Goi 7z
é 1a véc to don vi trén truc quay zz. Ky hiéu ¢

la goc quay cia vat rin quanh truc zz ¢6 dinh. 7z

Yo

Pinh nghia. Van téc gbc cia vit rin quay quanh R,
mot truc co dinh dugc dinh nghia bdi cong thic
sau

5= e @i D k28
dt

b) Vin téc géc tong qudt. Xét trudng hop vat rin
chuyen dong tong quat trong khong gian ba
chiéu (hinh 2. 19). Trong phén ndy ta tim cach
xac dinh véan tdc géc cua vat rin qua dao ham
clia mot tap ba vécto don vi gan chit vao vét
ran Cac dao ham cua ba vécto don vi nay cho ta
s6 do vé sur thay dbi vé& hudng cia vét rin.

Dinh nghia. Cho B la mét vat rin chuyen dong
trong hé qui chiéu ¢ dinh R,. Ky hiéu

(1) ) =)

é"’,6 " ,¢e" laba vécto don vi cia mdt h¢ qui

chi€u vuéng géc R, gén lién vao vét ran B. Van

£ . ” ne & Lo g 1A . ok Xi
toc goc cua vat ran B do6i voi hé qui chicu R, 0 Hinh 2.19
duoc dinh nghia bdi cong thic sau
L Ry (1) Ry ()
P del’ . e . e’ .
ho? =gV —2—.&" |+e"| ——.eWi+el"| ——.&" | (2.11)
dt dt dt

¢) Binh Iy. Cho ¢ 1a mét vécto tuy y khac khong ctia vat ran B. Ta ¢6 cong thirc

R, —
()E R g

="v@" x¢ 2.12
dt ‘ ( )
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Chimg minh. Lay ¢ 1a mot vécto tuy y khac khong thudc vét rin B (hinh 2.12).
Trong hé qui chiéu R, gén lién vio vét rén B vécto ¢ c6 thé bidu didn duéi dang

¢=¢e" +c,e" +c,e" 1)

Do ce B nén c,c,,c, lacac héng s6. Pao ham bidu thic (1) theo t & trong hé qui
chiéu R, ta dwoc

Ry, 1= Ry y=(1) Ry 15(1) R, *(l)
*dé " deé ' dé de
=¢ —+c,—2+g¢, (2
dt dt dt dt
Mat khac tir cong thuc (2.11) ta suy ra
R gV R =y R (1)
B - e, - e oy 6" e .
e xeV = (—2-e&M)eM +( —— eMel +( —1-2&")e" |xe" 3)

dt : dt ? dt '
Do ¢!, &, &" 1a ba vécto don vi trén ba truc ciia mot hé toa d6 vudng gée nén
ta c6 cong thirc quen biét
) _ eV, 81 =30 x| M =g x g
é ) % & =e; ' X" , & =€ xX& 4
Thé céc biéu thu’c (4) vao (3) ta duge
2 B o0

B - Roge®™ de'’ _. . _
@ xa" = (2 a0 + (g (5)

Do &".é" =1,8™M.&" =0, nén ta c6 cac cong thirc
Ry gz (1) Ry gz (1) Ry g5(1)
S T ST
a a a
Thé (6) vao (5) ta c6

Ro

6

) Ry =) ~<l>

() de’”’ _. .. Pode™
.e](l))el(l)__}_( dlt .ez('))ez(”+( dt (l)) 1 (7)

déf

R
R“CU Xé(l) (

Cha y rang, néu G la mot vécto bit ky trong khong gian ba chiéu ta ludn cé biéu
dién

i =(d8")e" +(@e)E" + (ae")e ®)

So sanh (7) vai (8) ta suy ra

- u dé-(l)
fP x 8V = d‘ )
t
Tinh toan tuong tu ta ¢6
R() 1~ R() — ])
5 del’ s dé! ,
fpfxel"= =2 hefie = 5o (10)
dt dt
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Thé cac biéu thic (9), (10) vao phuong trinh (2) ta dugce

Rudz.
. B@P x(ce” +¢,8" +¢,e")=Pa" xé (11)
t

2.3.2 Phurong dn ba

Tir dinh ly Euler vé chuyen dong quay hitu

han cia vt ran ¢6 mot diém ¢b dinh, ta suy A
ra hé qua: Chuyén dong quay vo ciing bé

clia vat rin c6 mot didm cb dinh 1a chuyén

dong quay quanh mét truc quay tirc thoi di

qua diém cb dinh. Tir d6 ta suy ra: Chuyén

dong vo cung bé cia vit ran & trong khong

giah ba chiéu (khong gian 3D) duoc xac ,
dinh bai di chuyén v cling bé dF, cua diém 7 >

qui chiéu A thudc vat rin va chuyén dong

quay vo cung bé d¢ quanh truc quay tirc Hinh 2.20

thoi di qua diém qui chiéu A. Vécto dj la

mét vécto thay ddi theo thoi gian ca vé phuong, chiéu va do 16n. Vécto nay dugc
xac dinh bdi hé thiic dg =é(t)dp(t). Trong d6 é(¢) la véc to don vi trén truc quay
tirc thoi A, do 1a gbc quay vo cling bé cha vat rin quanh truc quay tic thai A . Tir
d6 ta c6 dinh nghia van tbc goc cia vat rin nhu sau.

Binh nghia. Van téc gbc cla vat ran B déi voi hé qui chiéu R, dugc dinh nghia bdi
cong thirc sau
Ry =B _ fod @

@ (2.12)
dt

Dinh nghia van téc géc ciia vit ran theo cong thirc (2.12) rét gon va dep vé mit
hinh thirc. Trong cong thirc nay vécto @ thay ddi theo thoi g|an ca vé phuong,

chiéu va trj s8. Do d6, néu ap dung cong thirc nay dé tinh truc tiép van tdc géc cia
vat ran chuyén dong khéng gian tdng quat rat kho khan. Trong truong hop nay
ngudi ta phai tinh cac thanh phin cia vécto van tde gbc ctia vét rin qua ma trin
cdsin chi hudng. Chinh vi Iy do d6 ngudi ta thuong sir dung hai phuong an mot va
hai dé dinh ngha van tdc goc cuia vét rén.

Tir biéu thirc (2.12), trong trwdng hop vat rin quay quanh mdt truc ¢b dinh ta c6
cong thirc quen thude
Ro 3B = do ap

4 6 = o6
o (¢>c) 7
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2.4 Gia toc goc ciia vt rin
a) Dinh nghia. Gia toc géc clia vat ran B ddi véi hé qui chiéu R, 1a mét dai luong
vécto, ky hiéu 1a *@®, bang dao ham theo thdi gian & trong hé qui chiéu R, cua
vécto van tde gdc clia vt rin B

R

kP ={‘1’—j’(""@8) 2.13)

Chiu y. Khi khao sat chuyén dong ciia mot vat rin doi voi mot hé qui chleu ta co
the bo céc chi sb trén & trong cac ky hiéu vén tde goc va gia tde goc va viét mot cac
ngéngon la & va @ .
b) Dinh Iy. Trong h¢ qui chieu R, gan lién vao vt ran B, néu vécto van toc goc cua
vat ran dugce biéu dieén dudi dang

5P =8 + e + 6"
thi biéu thirc tinh gia tdc géc ctia vét rin c¢6 dang nhu sau

Rod' _w(\)e(\) +(1)(‘) (l) +a) 1) (1) (214)

Chimg minh. Theo dinh nghia gia tc goc (2.13) ta c6

R(,d R
R()&Bz (&1@3) (w(l) (\)+a)(\) (\)+w(l) (l))
dt dt
Ry d}'(') Ry d"(l) R, d"(l)
OF (1) Mg mm) (1) ) m 2 ) & ;
=, + @, + + o, o +, = + o, 7 m
de" B - . n .
Do —d’— @ xe™ (i=1,2,3) néntacod
t
Ry d"(l) Ry (1) Ru ()
e de, de,
a)f” 1 +a)(” +a)3 =RgP x(a)(')e(” + a)“’e“’ +a)“) (1))
dt dt dt
=RhaPxf@? =0 2)

Thé (2) vao (1) ta duoc

m (M) (1) (l)

fal =" + ae" + i
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§3 CONG THUC CQNG VAN TOC GOC VA CONG THUC CONG
GIA TOC GOC

Y £ z - A . <K ”
3.1 Pao ham ciia vécto trong cac hé qui chieu khic nhau

Cho vécto ¢ thay dbi theo thoi gian & trong hé qui
chiéu dong R,. Hé qui chiéu dong R, lai chuyén
dong d6i voi hé qui chiéu c¢b dinh Ry (hinh 2.21).
Trong hé qui chiéu dong R, véi &, &, e la ba
vécto don vi trén hé truc vudng goéc xy,z;, ta cod
biéu dién

(l) (1)

= +al”

e(l)+a(l) (l) (1)

Trong d6 a” (i =1, 2, 3) 1a cac toa dd cha vécto
a trong hé qui chiéu R,. Pao ham hé thirc (1) theo

X0

thoi gian & trong hé qui chiéu R, ta duoc Hinh 2.21
Ry g 1) (1) ) Ry =) Ry (D) Ry ety
di da" ., da" ., dal" . dé de de
A M U e N L L4 gl 24 q® 3 )
da dt dt dt dt dt dt
Chu y ring
R R, R
" de™ R - " del" R " del” R
1 — na)Rl 1(” , 2 — Rule X e"“) s 3 - R()a)Rl X e(‘) (3)
dt dt - dt
Thé (3) vao (2) ta duge
R, e R —
"da " da “r -
—= —+Rphxa 3.1

dt  dt

Cong thire (3.1) cho ta mbi quan hé giira dao ham ciia vécto 4 trong hai hé qui
chiéu Ry va R;.

A r A A ‘ 1 4 R4 A \'i
3.2 Cong thirc cong vin toc géc clia vat ran

. . B
Xét mot vécto ¢ = 0 tuy y clia vit ran B. Vit ran B Zi
chuyén dong doi voi hé qui chiéu R;, hé qui chiéu
R, lai chuyén dong doi voi hé qui chieu Ry. Theo b2
dinh nghia vén toc gbc ta cé cac cong thirc Zo R,
R, g—
L [
—="a"xc m
dt *
R s Ro
'dé g g -
—(EZ W XcC (2) Yo
Mat khéc tir cong thac (3.1) ta ¢ phuong trinh X0 Hinh 2.22
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fode M de
—_— —_— +
dt dt
Thé céc hé thic (1) va (2) vao phuong trinh (3) duoc

Bt x ¢ 3

Rt xé =" xi+ Mot xé=(Ra" + M@ )xE (4)

Tir (4) suy ra

bt =%e" + ha® 3.2)
Cong thirc (3.2) 1a cong thirc cng véan tbc goc cua vat ran.
Chuyén déng cua vat
tin B déi voi hé qui | Q
chiéu dong R, duoc goi R, B
la chuyén ddng tuong e Ry

dbi, chuyén dong cua
vat ran B doi vdi hé qui
chiéu ¢6 dinh Ry dugc
goi la chuyén dong
tuyét doi. Chuyén dong
ctia h¢ qui chieu dong Ro
R, d6i va&i hé qui chiéu Hinh 2.23
c0 dinh R, duoc goi la
chuyén dong theo. Ky hiéu *@” =& , (van téc goc tuyét dbi cta vat ran B),
R@® =@, (van tde goc tuong dbdi cia vat ran B), *&™ =@, (van téc gdc theo).
Khi d6 biéu thirc (3.2) c6 dang

o, =0, +0, (3.3)
Dinh Iy 2.4. G mbi thoi diém, van tbe goc tuyét dbi cha vat rin B bang tdng hinh
hoc van toc goc tuong d6i va van tdc goc theo cua no.
Ap dung lién tiép cong thirc (3.2) d6i v6i 1 +1 hé qui chiéu nhu hinh 2.23 ta c6

Bip? = Pph £ Righk o RBegh 4 B8 3.4

3.3 Cong thirc cdng gia toc goc ciia vit rin
Dao ham theo thdi gian cong thire (3.2) & trong hé qui chiéu R, ta duge

d n sy d oy, d a
Z;(R“wa): ;;(R(,wk,)_i_ Ft(lee) (1)

Chi y dén cong thic (3.1) ta 6
RI

1
Rn&RI + _(_ R|&’)B + Rné')kl X Rla_)B 2
dt( ) 2)

Ry B _
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Tir dinh nghia chuyén dong tuyét dbi, tuong dbi va theo ciia vat rin ta suy ra

baf=a,, ha’=a, tat=a, 3)
Thé (3) vao (2) ta dugc
a,=a,+a, +d,xa, (3.5)

Dinh ly 2.5. 6 mdi thoi diém gia tdc goc tuyét dbi cuia vat rin B bang tong hinh hoc
gia tde goe tuong ddi, gia tde gbe theo va gia téc goc phu a,=a,xa, cua vt rén.

Gia téc phu a,=a,xo, con duge goi la gia tdc goc Resal.
3.4 Co ciu hanh tinh, vi sai nén

Trong céc co cAu hanh tinh, co cdu vi sai non cac tryc quay giao nhau tai diém O
(hinh 2.24). Theo cac cong thic cong van tde goc, cong thirc cong gia toe goc &
trén ta cé

O, =0,+d, ()
a,=a,+d, +d,xo, )
Ta chon tay quay lam hé qui chiéu dong, khi d6 cong thirc truyén dong c6 dang
e 3
@,, r z,
Trong d6 o, , @, la van tdc tuong dbi clia cac banh rang 1 va 2 dbi véi hé qui
chiéu dong 1a tay quay, con z,, z, la s6 rang, r, 1, 1 cac ban kinh tuong ing vai cic
banh riang 1 va 2. Trong cong thire (3) dau cong (+) lay khi cac chuyén dong quay

tuong dbi quanh cac truc zo va z ciing nguge chiéu kim dong hd (hodc cling thuan
chieu kim dong ho), dau trur lay trong truong hop nguoc lai.

Thi dy 2.6. Hop truyén dong nhu hinh vé 2.24. Banh

rang 1 lap tron trén truc A, cac ddu mut cua truc nay B

mang truc cuia cdp banh rang 2-2. Banh rang 3 gan Al

cling v&i truc B. Tim van tdc géc va gia tde goc cua 3
N

truc B trong cac truong hop:

a) Truc A c6 van tdc w,, gia toc goc &, con banh | r,_e_zf—:q___,
ng yé C TD

ding yén l w

b) Tr,uc A va banh 1 quay cung chiéu véi o, = 4w, , ~

gia toc géc

a, =4¢,

¢) Truc A c6 van téc o ,» banh 1 quay nguoc chiéu Hinh 2.24
VoI 0= 20,4, gia tbc goc a =2¢,.
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Loi giai. Hé khao sat gom truc ACD, cac banh ring 1, 2, 2, banh rang 3 gan lién
véi truc B. Chon ACD lam hé qui chiéu dong. Céac banh ring 2 va 2’ quay tuong
dbi quanh truc CD. Truc CD quay quanh truc AB ¢b dinh. Hai truc AB va CD cit
nhau tai O. Do do, chuyen dong tuyét dbi ctia cac banh rang2va 2’ la chuyén dong
quay quanh diém O c6 dinh. Cac banh ring 1 va 3 chuyén dong quay tuyét ddi
quanh truc AB.

Khi chon tay quay ACD lam hé qui chiéu dong, cong thirc truyén dong giita banh
rang 1 va banh rang 2 1a

ho0, i @ h

=4, L=t o = 4)

’i a)3 r r2 wSr rl

Do o, = 51 -@,,,0,, =®, —0,, nén tlr(4)tacod
o, — 0, r,
_l _Ic —_ .3 (5)
Wy — @y, h
Trong thidu ndy o, =0,, =o,, ®, =w,, r,=1,. Vay biéu thirc (5) c6 dang
a_)l _a_)A

AP~ (©)

a) Cho biét ,, o =0,tr(6)tasuyra

-0 — — _ —
Ae=-]1 D0, =20,>>0, =20a,.

Wy — D,
b) Cho biét @,, @, =4, tir (6) ta cb

B -8, _4B,-b,

—— —f =1 0, =-20,= 0, =-2a,.
Dy, -0, Wz—00,
c¢) Cho biet @,, @, =—2m,, tir (6) ta c6 hé thic
w—m, —20,-0 _ _ _
L4 = i A=l w,=40,=> a,=4a,.
s — Wy Wy —D,

§4 CAC TOA PQ SUY RONG XAC PINH HUONG CUA VAT RAN

Nhur trong phan thir nhat cua chuong nay ta di néu rd: Vi tri ctia vat rén B déi vaoi
hé qui chiéu R, dugc xac dinh boi vi tri cia mot diém A bét ky thudc vat rin va vi
tri cita hé qui chiéu dong R, ghn lién vao vt rin. Bai toan xac dinh vj tri cia hé qui
chiéu dong R, dugc goi la bai toan xac dinh hudng cia vt rdn. Vé thuc chat day la
bai toan xéc dinh vi tri cia vat rin quay quanh mgt diém cb dinh.
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Céc toa d§ suy rong xdc dinh vj tri cta vat rin quay quanh mdt diém cb dinh
thuong duoc st dung 1a: Céc géc Euler, cac géc Cardan, cac goc Roll - Pitch -
Yaw, cac tham so Euler, cac tham s& Rodrigues. Khi sir dung cac géc quay khac
nhau cin phai quan tim dén thir tw thue hién cac phép quay.

4.1 Cac goéc Euler (Euler Angles)

@) Xdc dinh ma trdn césin chi hudng tie cde géc Euler

Vi tri cia vat ran B quay quanh diém O cb dinh 20

xac dinh boi vi tri cua hé qui chiéu dong Oxyz
(gin chat vao vat rén B) dbi véi hé qui chiéu ¢b
dinh Oxgyozo. Gia sir giao ciia mit phing Oxgyo
(mat phang qui chiéu) va mat phing Oxy (mat
phang dong) la duong OK. Truc OK nay duogc
goi 1a dudng nit (hinh 2.25).

z

Yo
Ta dua vao cac ky hiéu sau Xo

- Goc giira truc Oxo va OK 1a y,
- Géc gilta Ozova Oz 14 6,

Hinh 2.25

- Goc giira truc OK 1a Ox 1a ¢.

Ba géc y, 6, ¢ dugce goi la ba goc Euler. Sir dung céc goc Euler ta c6 thé quay hé
qui chiéu Oxqyyz, sang hé qui chiéu Oxyz bing ba phép quay nhu sau (hinh 2.26):

- Quay h¢ qui chiéu R, = Oxgyozo quanh truc Ozo mét goc t//de truc Ox, chuyén toi
dwdng nat OK. Véi phép quay nay, hé qui chiéu Oxqyez, chuyén sang hé qui chiéu
R] Ox,y,zl vOi OZ() = OZ]

Quay hé qui chiéu R, = Ox\y,z, quanh truc Ox; = OK mét géc 6 dé truc Oz,

chuyén t6i truc Oz, = Oz. Hé qui chiéu Oxy,z, chuyén sang hé qui chiéu Ox,p,z,
véi O)C] OXZ = OK.

- Quay h¢ qui chiéu R, = Ox3y,2; quanh tryc Oz, = Oz mdt goc ¢ dé truc Ox, = OK
chuyen t6i truc Ox. Vi phép quay nay, hé qui chiéu Ox,yyz, chuyén sang hé qui

chiéu Oxyz v6i Oz, = Oz. _ _
Zr=E2Z Z\ =2 =29 y
Y2

20 = Z)

X1 =X

X2
Hinh 2.26
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Nhu thé, bang ba phép quay Euler quanh truc Oz, mdt goc i, quanh truc OK mdt
géc 6, quanh truc Oz mét goéc ¢, hé qui chiéu Oxgyez, chuyén sang hé qui chiéu
Oxyz. Thir tu cia céc truc quay la z-x-z. Cac ma trdn ing v6i phép quay Euler c6
dang

cosly -—siny 0

A_(y)=|siny cosy O “.1)
0 0 1
1 0 0 ]

A, (0)=|0 cosf -sind 4.2)
0 sin@ cosf |
cosp —sing 0]

A (p)=|sing cosp 0 (4.3)

0 0 1

Trén hinh 2.25 biéu dién ci:&]g thoi tza phép quay Euler. Ma trén quay hé qui chiéu
Ox,y,2, sang hé qui chiéu Oxyz bang ba phép quay Euler goi la ma trdn quay
Euler. Ky hiéu 1a A, . Ma trén nay ciing chinh 12 ma trdn c6sin chi huéng cia hé
qui chidu Oxyz déi v&i hé qui chiéu Ox,y,z,. Ta liy mot diém P bat ky thudc vat
rdn B. Theo cong thire (1.11) ta c6

©)

x5 X,
¥ |=Ag| v 4.4)
Z.LO) Zp

Ta ky hiéu x,y,z0 la toa do diem P trong hé qui chieu R =Ox,yz

(i=1,2,3). Theo cong thuc (1.11) ta ¢6 cac hé thic sau

1 e [
2) | _ | (2) 0 | _ (1)
Vo |=AD) Yo || Ye |=A@O| ¥ |5 | ¥p [=A, W]y’ | (A5)
(2) m (2) (0) Q)]
| Zr | Zp Z, Z, Zp Z,

Tir(4.5)tasuyra

r i
xp” Xp

v |= AL WAL O)A(9)] vy (4.6)
| 2 z,

So sanh (4.4) voi (4.6) ta suy ra
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A=A, (WAL (O)A () 4.7
Thé cac ma tran (4.1), (4.2) va (4.3) vao hé thirc (4.7) ta duoc ma tran cosin chi
hudng ( hodc con goi la ma trdn quay) Euler
cosy cos@ —siny cos@sing —cosysing —siny cosfcose siny sinf
A, =|sinycosp+cosycosfsing —sinysing +cosy cosfcosg —cosy siné
sin@sin @ sinfcos @ cosd
(4.8)
b) Xdc dinh cdc goc Euler tir ma trén césin chi huong
Gia sff bié’t dwgc ma tran cdsin chi huéng ciia hé qui chiéu dong Oxyz dbi voi
hé qui chieu c6 dinh Ox,y, z, .
a, G, a;
A=la, a, a, 4.9)
a}l a32 a33

So sanh cac phén tir ciia ma trin (4.8) véi c4c phan tir ciia ma trn (4.9) ta suy ra

cosf=a,,, sin@=1y1-cos’d

a,, ) a,
Cosly =——=—_  siny = 4.10
v sin@ v sin@ ( )
cosq):fli, sing = ?"
sind sind

Tir cac c¢ong thirc (4.10) ta théy O=kr (k = 0,1,2,...) thi cos’@ =1, sin@~0.Gia

tri ndy clia géc @ dugc goi la gia tri tai han. Khi d6 viée tinh toan bing sé sé& rét
kho khan.

¢) Xdc dinh vdn toc goc cua vdt ran tir cde géc Euler

Néu ta sir dung ba goc quay Euler y;, 6, ¢ dé xic
dinh vi tri clia vat rin B quay quanh mét diém O
¢6 dinh, thi ta c6 thé quay hé qui chidu cé. dinh
R,=Oxqyezo sang hé qui chiéu dong R, =0Oxyz
biang ba phép quay Euler (hinh 2.27). Do d6 theo
dinh 1y cong van toc goc, ta c6 cong thirc

J)

Yo
b=, +d,+0, (4.11)

Duéi dang ma trdn cdt cac vécto van tdc goc
thanh phan o, , @,, @, c6 dang (hinh 2.27)

Hinh 2.27
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[0 wsin0sing
o=0| = of=Alo!) = ysinbcosqp
1% yrcosé
_écosq/ fcosg ]
cog))z Osiny | = o) = ~fsing
L 0 0
K} @sinysing |
(of,,')= 0| = mg’)z ~pcosy sinf
@ pcosf

Chiéu déng thue (4.11) 1én cac truc cha hé toa do ¢ dinh R, =0xgyoz, ta dugc

a’f-o) 0 cosy sinysin@ |y
o® = a)ff)) =|0 siny —cosysiné || O 4.12)
o® 1 0 cosd @

Tir phuong trinh (4.12) ta c6 thé gidi ra

W . —sinycos@ cosycosd sinf || 0
6 |= - cosysind sinysingd 0 || o (4.13)
siny —cosy 0 || &

Phuong trinh (4.13) dugc goi la phuong trinh vi phan dong hoc. Khi 6=0,+7,
bidu thirc (4.13) khong c6 nghia. Viéc mod ta chuyén déng quay ciia vat ran quanh
mot diém c¢o dinh 1a “ki di” khi €=0,+ 7.

Chiéu dang thac vécto (4.11) 1én cée truc cia hé toa do dong R, = Oxyz ta dugc

]

o, sinfsing cosg 0|y
0" =0 |=|sinfcosp —sing 0 6 4.14)
" cosd 0 ¢

Tir phuong trinh nay ta dé dang xac dinh duoc phuong trinh vi phan dong hoc

W . sing cosQ 0 || o,

6 |=— 7 sinfcosp  -sin@sing 0 |lo, |’ (4.15)
sin

@ | —cos@sing ~cosfcosg sind || o,
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Chir y:

1) Ngoai ba phép quay Euler zxz nhu trén, l}gu‘(‘)'i ta con thuc hién ba phép quay
Euler zyz nhu sau. Pau tién ta quay vat ran B quanh truc z mdt goc ¢, sau do
quay quanh truc y mot géc @, cudi cling quay quanh truc z mdt goc i . Khi do
ma tran quay Euler c¢6 dang

A=A, (0.0,p)=A(PA,O)A (v)
cosp —sing 0| cosd O siné || cosy —siny 0
=|sing cosg O 0 1 0 siny cosyy 0
0 0 l]j—sind 0 cos@| O 0 1

cosgcosfcosy —singsiny  —cos@cosdsiny —singcosy cos@siné
A, =|singcosfcosy +cos@siny —singoéosé’sinw +cospcosy  singsind
' —sinédcosy sin@siny cosf
(4.16)
2) Cac phép quay Euler zxz (hodc zyz) la nhﬁng thi du vé cach tham s6 hoa dia
phuong ciia phép quay quanh mdt diém cb dinh trong R*. Cac phép quay

Cardan xyz , cac phép quay Roll — Pitch — Yaw zyx (s€ trinh biy trong cac phan
sau) c6 thé xem la céc bién the khac cuia ba phép quay Euler.

4.2 Cac goc Cardan (Cardan Angles)

a) Xdc dinh ma trdn césin chi hweong tir cac géc Cardan

Cac goc Cardan (c6 tai liéu goi la cac goc Bryant) 1a cac goc duogc xac dinh baoi
phép quay Cardan. Ta quay hé qui chiéu cb dinh Ox,y,z, sang hé qui chiéu dong
Oxyz (gén chit vao vat rin B) bing ba phép quay Cardan quanh cac truc X,y,z voi
cac géc a, [,y nhu sau (hinh 2.28).

Hinh 2.28

- Quay hé Ry, = Oxgyozo quanh truc Ox, mdt goc a. Hé Oxgyozo chuyén thanh hé
Ox\y1z, v8i Oxg = Ox;.
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- Quay hé Ox,y,z, quanh truc Oy, mét goc dé truc Oz, chuyén téi truc Oz, = Oz.
Hé Ox,y,zl chuyén thanh hé Oxly222 vOi Oy| = Oyg

- Quay hé Oxy»z> quanh truc Oz, = Oz mdt goc y sao cho truc Ox; chuyén téi truc
Ox. H§ Ox,y»z; chuyén thanh hé Oxyz véi Oz, = Oz.

Cac gbc a, B, y duoc goi la cac goc Cardan (hodc cac goc Bryant). Thir tyr thuc hién
céc truc quay la x — y —z. Cac ma trdn quay tuong Ung v&i phép quay Cardan ¢
dang

1 0 0 |
A (@)=|0 cosa -sina
|0 sina cosa |
[cosB 0 sinf]
ABP=| 0 1 0
|~sinf 0 cospf

cosy -siny 0

A (y)=|siny cosy O

0 0 1
Ma tran quay Cardan tir hé qui chiéu Oxqyo2, chuyén sang hé qui chiéu Oxyz la
A=A (@A (DA (Y) (4.17)

Thé cac ma tran A (@), A,(B), A(y) & trén vao (4.16) ta duge ma trdn cOsin
chi huéng
cos fcosy —cos fsiny sin 8
A, =|cosasiny +sinasin fcosy cosacosy —sinasinBsiny —sinacosf
sinasiny —cosasin fcosy sinacosy+cosasinfBsiny  cosacosf
(4.18)
b) Xdc dinh cdc géc Cardan tir ma trdn cosin chi huwong
Tuong tyr phén trén, néu biét ma trin cosin chi huéng cia hé qui chiéu dong Oxyz
d6i v&i hé qui chiéu Oxgyozo, bang cach so sanh cac phan tir twong rng ciia hai ma
trdn (4.9)va(4.18) tasuy ra

sinf=a,, cosfB=1l-sin>g

. a a
sing =——2*—, cosq=—2 (4.19)
cos cos
H — alZ — al 1
siny =-— , cosy=
cos 3 cos [
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Khi = (2n+1)% (n=0,1,2,..)thi sin’ B~1, cos B~0. Gia trj nay ctia géc 3
dugc goi la gia tri t&i han.

Chii y. Khi phép quay cua vat ran dit nho, cic goc @, B, ¥ noi chung la nho. Do d6
ta c6 the sir dung cic xap xi sina~a, cosa =1, sinfB~ 3, cosf~1, siny~y,
cosy ~1. Trong trudng hop ndy ma tran cdsin chi hudng (4.12) c6 thé thay thé gin
diing bang ma tran

1 -y B
Ac={y 1 -a|=E+9¢ (4.20)
- o 1

Trong d6 @ =[a, S, y]T , @ 1a toan tir séng cia @.

Néu str dung cac goc Euler, tuy phép quay nhé, nhung céc géc Euler y, ¢, 8¢6 thé
khéng nhé. Vi vay trong cac bai toan dao dong ngudi ta it khi st dung céc goc
Euler.

¢) Xdc dinh vdn téc géc cvia vt rin tir cde goc Cardan

Néu ta s dung ba goc quay
Cardana, 83,7 d€ xac dinh vi tri cia
vt rin B quay quanh mot diém O
co dinh’ thi ta c6 thé quay hé quy
chiéu ¢o dinh Ox,y,z, sang hé quy
chiéu dong Oxyz bing ba phép
quay Cardan (hinh 2.29). Theo dinh
ly cong véan toc goc ta ¢o

B=0, +By+0, (421 °

Chiéu (4.21) Ién cc truc coa hé quy

chiéu ¢6 dinh Ox,y,z, ta dugc Hinh 2.29
o 0 ysin 3
fa,=10|, *a,=|Bcosal, "o, = -jsinacosf
0 Bsina ycosacos 3
Tir d6 suy ra
o1 1 0 sin 3 a
" |=[0 cosa -sinacosf|| B (4.22)
@!”| |0 sina cosacosf ||y
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Tir (4.22) ta suy ra phuong trinh vi phan dong hoc

a cosf3 sinasinf ~cosasin || &'”
Bl= 0 cosacosfB sinacosf || o (4.23)
cos 3 , ©
I 0 —-sina cosa ,
Chiéu (4.21) 1én cac truc cia hé quy chiéu dong Oxyz ta dugc
0 Bsiny ccos fcosy
"o, =[0], "o, =|Bcosy|, ‘o, =|-dcosBsiny
7 0 asin B
Tir d6 ta ¢6 hé thue
[, cosfBcosy siny 0] a
o, |=|-sinycosf cosy 0 Vi (4.24)
| @, sin 8 0 17y
Tir (4.24) giai ra ta dugc phuong trinh vi phdn dong hoc
[a | cosy —siny 0 o,
Bl= cosfBsiny cosfcosy 0 | o, 4.25)
.| cos . . :
¥ —sin fcosy sinfsiny cosf || o,

d) Co cdu Cardan (Cdcding)

Co cAu Cardan (hay con goi 1a khop
Cac dang) 12 co cdu bén khau khong
gian (hinh 2.30). Trong d6 khau 1
(khdu CAA”) 14 vat rin quay quanh
truc 1 (truc CO) cb dinh, khau 2
(khdu DBB’) 1 vit rin quay quanh
truc 2 (truc DO) cb dinh. Hai truc
quay 1 va 2 giao nhau tai 0 va tao
thanh mét goc a. Khau chir thap 3
la vt ran quay quanh mét diém O
¢ dinh. Vi vay co cu Cardan con
duge goi 1a co cdu cdu. Co céu
Cardan dugc ding d& truyén chuyén
dong quay giita 2 truc giao nhau

mot géc a. Co cau Cardan dugc ding trong cac xe 6 t6 dé ndi hop toc do & trude
v&i hp vi sai 0 phia sau (cau sau) hodc duge dung trong cac bo phan dicu khién

hudng.
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Goi o, 1a van tde géc cua khau 1, o, 1a van toc goc cua khau 2, @, 14 van tde goc
cta khau chir thip 3 (AA'BB). Xét’chuyén dong cua khau chir thip AA'BB'. Néu
chon khau 1 (CAA") lam hé quy chieu dong, ta co

O, = 0,, + @,, =0, + Oy, m
Néu chon khau 2 (DBB') lam hé quy chiéu ddng, tacod

O, = 0,, + @, =0, + @, @)
Tir cac cong thire (1) va (2) ta suy ra

D, + By, =0, + 0, : 3
Tir d6 ta ¢ cong thie lién hé giira cac van tdc gbc cha co cau Cardan

@, = @, + @y, — Dy, 4)
Thidy 2.7. Hai truc 1 va 2 ciing l}ém trong mot mat ph,éng va ndi v6i nhau bing
khdp Cac dang (hinh 2.31). Cho biét khau dan 1 ¢é vén toc géc @, va goc quay ¢.
a) Xac dinh vén téc goc wx(t) ctia khiu bj din 2
b) Xac dinh sy phu thude gitta goc quay y caa khau bi dan 2 va géc quay ¢ cia
khau dan 1.

Loi giai. Ta tach co cAu Cardan thanh ba vat rin nhu hinh 2.31. Chon hé toa d6 cb
dinh Ox,y,z, c6 mét mit phang toa d6 1a 1a mit phang chira hai truc 1 va 2.

A

L{]

Hinh 2.31

Phuong trinh (4) bay gio c6 dang

. (Z’z =0, + Dy — Dy (5)

Tur hinh (2.31) ta c6
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@, 0
©) _ (@ — 6) _ oK) —
0 =0, = Y » Oyg TWyp =| Wyg
0 0
0 , ®, cosa
(Ky _ (H) _ (H) _ (0) _ :
Oy =0, =1 0 [0, =0 |, ) =|o,sina
Wy 0 0

Vi cach chon cic hé toa dé nhu hinh 2.31, cic ma trin quay (ma tran cdsin chi
huéng) c6 dang nhu sau

170 0
A% =A_(p)=|0 cosg -sing|,
0 sing cosg
cosy O siny
A" =Acw=| 0 1 0 |
—siny 0 cosy
cosf@ —sin@ 0
AM =A, (0)=|sind cosf® 0
0 0 1
Phuong trinh (5) duge viét lai duéi dang ma tran nhu sau
0P =0 + 00 ~0f =0® + A% - A%XA% k) ©)
Do tich hai ma trin A°“A% ¢6 dang
cosy 0 siny
A%A% =| singsing cosp —singpcosy
—cos@siny sing  cos@cosy
nén tir phuong trinh (6) ta suy ra
@, COSQ = @), — Wy, SINY
@, SINQ = W,; COSP + W, SInPCOSY @)

0=w,;smep—a,, cospcosy

T cac phuong trinh (7) ta tim duoc

1
, =0, . .
cosa + sina sin QIgy

@®)
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‘Dé khir s6 hang rgy trong (8) ta sir dung hé thirc
m;o) - AOHm(ZH) - AOGAGKAKngﬂ)
Do
cych —csf sy

ACANAN =| spswcO+cpsf —spsys@+cpchd —spcy

—cpsiycO+spsf  cosysf+spchd  cpcy
(trong d6 ky hiéu c=cos, s=sin)
nén tir (9) ta suy ra
, COsQ = @, cosy cos
w,sina = o, (sin¢sin¢//cos¢9 + cos@sin 0)

0 =, (—cosgsiny cos@ +sinpsin )

©

(10)

\ . P . cosa , .
Tir phuong trinh thir nhat cda (10) ta rit cosé = , sau d6 thay vao phuong
, cosy
trinh thir ba cua (10) ta duge
. cosa cos@sin

singcosy
Thay sin va cos6 vira tim dugc vao phuong trinh thir 2 ca (10) ta cé
1gy =tgasing
Thay (11) vao (8) ta dugc cong thirc xac dinh o,

1
, =, - —
cosa +sinaigasin® ¢

Bién dbi cong thirc (3) vé dang khac ta dugc

) _l-sin’acos’¢
12

w, cosa ,
Do @, =y va w, = ¢, tir phuong trinh (12) ta suy ra phuong trinh vi phan
d 4o

cosa +sinatgasin® ¢

Tich phan phuong trinh (12) ta dugc

y =arctg (l‘gﬂ—)
cosa
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Thi du 2.8. Xét chuyén dong ciia co cu Cardan kép nhu hinh (2.32). Tim quan hé
giira van toc goc khau bi dan o va van tée goc khau dan .

v NN
—

Hinh 2.32

Loi gidi. Véan tbc gbc chia khau bj din theo cong thirc (12) thi dy trén c6 dang

1
W, =, . — (1
cos B +sin ftgfsin” A

Trong d6 A 14 gbc quay ctia phan truc 2b. Gia sir goc quay cua phan truc 2a va géc
quay ciia phan truc 2b khac nhau mét hang sé

A=y+Zie 2
r+s (2)
Tir (1), (2) va cong thirc (12) thi du trén ta c6 quan hé
o, = “ t (3)
(cosa +sinatgasin® ¢){cos,8+ sin Btg Bcos’ [arctg(jf— + gﬂ}
cosa

Khi £ =0va @ =+ miu sb cia (3) biang 1. Diéu kién nay cac k¥ su cin phai chi
y khi ta mudn c6 vét‘t(")c goc cua khau bj din 1a hing sb va bang o; (trong 6t6 va
trong may cong cu can quan tam den dieu ki¢n nay). Hinh (2.33) biéu dién do thj
o,/w, phy thudc vao géc quay ¢ cia khau dan va vao cac tham sb ctia khop
Cardan kép. Trén hinh (2.33) 12 d6 thi w,/w, phu thude vao géc quay @ cia khau
dan va vao cac tham sb ciia khp Cardan kép.
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4.3 Cac géc Roll - Pitch - Yaw (Roll - Pitch - Yaw Angles)
a) Xdc dinh ma trdn césin chi huéng tir cde goéc Roll - Pitch - Yaw
Mot loai cac phép quay khac hay duoc sir
dung trong R6bot cong nghiép va ky thuat
hang hai 1a cac phép quay Roll - Pitch — Yaw
lan lugt quanh céc truc z —y —x (hinh 2.34).
Ta co thé quay l}é qui chiéu ¢d g‘linh OxoVozo
sang hé qui chiéu dong Oxyz bang ba phép
quay Roll - Pitch — Yaw nhu sau (hinh 2.35)

0]
o0
L X, =X
Hinh 2.35

- Quay hé Oxqpozo quanh truc Ozo mét géc ¢ tuy y (géc Roll). Hé Oxgyoz, chuyén
thanh hé Ox,y,z, véi Oz = Oz,.
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Quay hé Ox,y,z; quanh truc Oyl mdt goc 6 (goc Pitch) sao cho truc Ox; chuyén
dén truc Ox. Hé Ox\y,2, chuyen thanh hé Ox;y,2, vGi Oy, = Oy,.

- Quay hé qui chiéu Ox,y»z, quanh truc Ox, = Ox mét goc w (géc Yaw) sao cho
truc Oz, chuyén dén truc Oz. Hé Ox,y,z;, chuyén thanh hé Oxyz.

Céac ma trdn quay tuong (ng vdi cac phép quay Roll, Pitch va Yaw c6 dang nhu
sau
[cosp —sing O]
A, (p)=|sing cosp 0
| 0 0 1
[cos® 0 sind]
A (0= © 1 0
|—sind@ 0 cosé
1 0 0
A (v)=|0 cosy -—siny
0 siny cosy
Ma trdn quay Roll - Pitch - Yaw chuyén hé qui chiéu Oxqyezo chuyén sang hé qui
chiéu Oxyz c6 dang
A=A (A, (OA, W) (4.26)
Thé cac ma tran A(p), A(0), A (v) & trén vao biéu thic (4.26) ta dugc ma
tran cosin chi hudng
cospcosf cosgsindsiny —-singcosy cosg@sindcosy +sin@siny
A =|singcosfd singsinfsiny +cosgpcosy singsindcosy —cos@siny |(4.27)
—-sin@ cos@siny cos@cosy

b) Xdc dinh cdc géc Roll - Pitch - Yaw tir ma trdn césin chi hudng
So sanh cac phén tir twong tmg cla hai ma tran cdsin chi huéng (4.9) va (4.27) ta

suy ra
sinf =-a,,, cosd =+1-sin*

siny = e cosy = s (4.28)
cos@ cosf
M aZl al 1
sing = , COSQ =
¢ cosé ¢ cosé
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Khi 9z(2n+1)% (n=0,1,2,...) thi sin*@=~1, cosd~0. Gia tri nay cta goc &
duoc goi 1a gia trj t6i han. Thong thudng trong cac bai toan ky thuat rébot
—£<6<£.Khi d6 cosd >0.

2 2

¢) Xdc dinh vén téc goc cua vt réin tir céc goc Roll - Pitch — Yaw
Néu ta sir dung ba géc quay

Roll - Pitch — Yaw dé xéc dinh 2 Zy =2
vi tri cua vat ran B quay quanh oz
m@t diém O co din13 thi'ta co v
thé quay hé quy chi€u co dinh ¢ y
Ox,y,z, sang h¢ quy chiéu &
. o , AY,
dong (gan lién vao vat rin) D -
Oxyz bang ba phép quay cac 0 [ N =)
géc ¢,0, (hinh 2.36). Theo x Vs
dinh ly cong van téc goc ta co o a,
 O=0,+0y+ 0, (4.29) x, 9
Chiéu (4.29) 1én cac truc cuia hé toa X, =x
d6 ¢ dinh R, = Ox,y,z, ta dugc Hinh 2.36
0 cosp —sing 0|[07] [-Bsing
fo,=0]|, "o,=|sing cosp O0|/8|=| bcosp |,
@ 0 0 1|0 0
W W cospcosfd
fo ©,=A,|0|=|¥sinpcosd
0 —7sin@
Tir d6 suy ra
o | [0 —sing cospcosd|[¢
o |={0 cosp. singcosd || 6 (4.30)
0”1 |1 0 -sind ||y
Tir phuong trinh (4.30) ta suy ra phuong trinh vi phan dong hoc
[¢ cospsind  singsind cosf || o
0 |= -sinpcosf cospcosd 0 || ol” (4.31)
. cos@ ] ©
L cosQ sing 0 ||

Chiéu (4.29) 1én céc tryc ciia hé quy chiéu déng R = Oxyz ta dugc
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v 10 o 7o 0
*o,=/ 0|, "0,=[0 cosy siny | 0|=| Hcosy |,
0 0 -siny cosy || 0 —Bsiny
0 —@sind
*o,=A,| 0 |=| pcosfsiny
@ @cosdcosy

Tur @6 ta ¢6 hé thuc

0, —siné 0 1y ¢
o, |=| cosBsing  cosy 0| 6 | (432)
. cosfcosyy —siny Oy

Tir (4.32) ta suy ra phuong trinh vi phan dong hoc trong hé qui chiéu dong
[ o siny cosy o,
0= oy 0 cosfcosy —cosfsiny || @, (4.33)
Y 1 sin@siny sinfcosy || w.

4.4 Cic tham s6 Euler (Euler Parameters)

4.4.1 Xdc dinh ma trén césin chi hudémg tir cdc tham so Euler

Trong doan nay sé& thiét 1ap ma tran c6sin chi huéng cia vat rin quay quanh diém
O ¢0 dinh tir cac tham s6 Euler bang cac suy luan hinh hoc. Cho hai hé toa d6
Oxgyozo va Oxyz (gan lién v6i vét ran B). Theo dinh ly quay hitu han Euler, ta c6
thé quay hé qui chiéu Ry = Oxqyozo sang hé qui chieu R = Oxyz bing mét phép
quay mdt géoc @ quanh truc quay c6 vécto don vi la # (hinh 2.37a). Xét viéc
chuyén mét véc to tuy y § cia vat rén B tir vj tri ban diu 5,=OP, sau khi quay
chuyén sang vi tri tirc thoi 5, =O—R. Goi PPN la mit phing vudng goéc véi truc
quay # . Tai N ta dung mot hé toa d6 vudng goc vai cac véc to don vi la IZ,,IEZ,I_C; .

Trong d6 k, ndm trén truc #, k, nim trén trén truc NP, , con k, =k, xk (hinh
2.37a).

Tir P ha dudng vudng géc xubng dudng thing NP, va cit nhau tai Q. Tir hinh
2.37ataco:

§ =0OP =ON + NQ+QP )

Do mit phing PPN vudng géc v6i ON nén ta c6 ON =ii.5, (hinh 2.37b). Tir d6
suy ra

ON =ii(ii5,) @)
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Hinh 2.37
Tir tam giac vécto (hinh 2.37b) ta ¢cd

NP, =5, —ON =3, —ii(ii5,)
Do FQ 1 NP, néntacé cac hé thirc (hinh 2.37¢)

0} oo =| 7

cos @
iQ—P,i = }Nﬁ}sin¢=|7\li’g|sin¢ =i x5, [sing
Vécto @ cung chiéu véi vécto ‘]\—/FO . Do d6, cha y dén (3) va (4), ta suy ra
NQ =[S, —ii(ii.5,)]cos ¢
Véc to QIS, song song vdi vécto EZ =I€3 ><I;l . Chi y dén (5) ta c6 hé thirc
Qﬁ, =i X5, sing
Thé cac biéu thirc (2), (6) va (7) vao phuong trinh (1) ta duge
5, = (ii.5,) +[5, —i(ii.5,)|cosp +u x5, sing
=5, cos@ +1i(ii.5, )(1 - cos @) L X 5,sing
Chii y dén céc cong thirc lugng giac
2 ¢ . : 7) ¢ 2 ¢
I—cosp=2sin" >, sing=2sin-¢cos~, cos@ =2cos’~—
4 S 2 gy F%9 2
ta c6 thé viét hé thirc (8) dudi dang

5, =35, (ZCOSZ%— J+ 2ﬁsin2—(§(ﬁ.§0)+ 2ii x5, sin—gcos%

Bay gid ta dua vao bon thamsé g, ¢,, ¢,, ¢, xac dinh nhu sau
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4 . @ .
9, =COSE , q, =u, smE, q, =1, smE, q, =u, smE (4.34)

Trong d6 u,,u,,u, 1a toa dj cla vécto i trong hé qui chidu Ry =Oxgyezo. Nhur thé
' (4.34) 6 thé viét du6i dang

9, —cosgz’—, q= usmE (q—usm ) (4.35)

Céc tham sb u,,u,,u, va @ dugc goi la cac tham s6 quay.
Dinh nghia: Bén tham sb q,, q,, q,, ¢, xac dinh bdi cong thirc (4.34) dugc goi 1a
céc tham sb Euler.

Chi1 y rdng bdn tham sb Euler khong dgc 1ap nhau. Tir (4.35) ta suy ra

cos? L+ uTusin? L =cos? L +sin* £ =1
2 2 2 2

hay
G +q'q=q, +q; +q; +q; =1 (4.36)

Hé thirc (4.36) dugc goi la phuong trinh lién két chudn hoa cac tham sb Euler.
Ngudi ta thuong viet bon tham s6 Euler dudi dang vécto nhu sau

P=[90:4:4:-0,] (4.37)
Khi d6 phuong trinh (4.36) c6 dang

p'p=1 (4.38)
Str dung bdn tham sé Euler, phuong trinh (9) ¢6 thé viét lai dudi dang

5, =(2q; 1S, +2G(q.5,) +2q,G x5, , (4.39)
Cha y ring sV ="%s,, s"="g ="s =5 ,q="q. Do d6 tir phuong trinh
(4.39)tasuyra

s\ =(2q; ~Dsy” +2q(q"sy) + 2q,ds;”
=[(2¢; -DE +2qq” +24,3 5" (4.40)

Tir d6 suy ra biéu thirc ciia ma tran cdsin chi huéng

A =(2q; ~DE+2(qq" +¢,) (4.41)

Ma tran cdsin chi huéng (4.41) c6 thé viét dudi dang khai trién nhu sau

2(‘1; + qlz) -1 29,9, - 9045) 264,95 +q09,)
A=| 2 +900) 2 +¢) -1 2(9:.9;,—4,q) (4.42)
2((]|(]3 —qo‘h) 2((12‘]3 +(I0q|) 2([1; + [1§)—1
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Chu y. Ta c6 thé bién ddi cong thirc (4.41) vé dang
A=E+2¢,+2qq (4.43)
4.4.2 Xdc dinh cdc tham s6 Euler tir ma trén césin chi huong

So sanh cac phan tir ctia ma tran (4.42) v&i ma trin (4.9) ta ¢6 thé dua ra cac cong
thirc xac dinh cac tham so Euler tir ma trén c6sin chi hudng (4.9). Theo dinh nghia
vét cua ma tran (4.9) 1a

trA=a, +a, +a, (4.44)
Tt ma tran (4.42) ta ¢6

trA=2(q; +q; +q; +¢;)-3=4¢; -1
Tir d6 ta suy ra

2= ’”’; +l (4.45)
Tiép tuc so sanh cac phén tir ctta hai ma tran (4.42) va (4.9) tacé
a, =2 v2g* ~1=2"27 L o
Do d6 q12=1+2a”;trA+l (4.46)
Tinh toan tuong tu, ta dugc
q;=1+2an;trA+l (4.47)
q32=1+2a33;trA+1 (4.48)

Sau khi tinh g, theo cdng thirc (4.45), ta c6 thé tinh ¢,, ¢,, ¢, theo cach khac. Tir
cac ma trén (4.42) va (4.9) ta suy ra

a,, —a
ay, —a,,=4q,q, = ¢ = 2 =
44,
a.—a
a, —a,, =4q,q4, = q, = 2 2 (4.49)
44,
a, —a,
a, —a, =444, = ¢, = 2 2
44,

Néu g, =0, thi ta c6 thé xac dinh 4,5 4, ¢, theo phuong an khac. Ching han tir
cac hé thac

ay +a, =44,q,, ay,+a;=4q4,, a,+a, =4q,q,
ta cd thé giaira q,, ¢,, q,.
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Thi du 2.9. Cho biét ma tran cdsin chi hudng cha vat ran d6i véi hé toa do ¢b dinh
la
0,5449 -0,5549 0,6285
A=| 0,3111 0,8299 0,4629
-0,7785 -0,0567 0,6249
Hay tim bdn tham sé Euler tuong Gng v6i phép bién ddi nay.
Loi giai. Vét clia ma tran A 14
trA =a,, +a,, + a,, =0,5449 + 0,8299 + 0,6249 =1,9997
Theo cong thic (4.45) ta tinh dugc
> 1,9997 +1

0

=0,7499 = ¢, =0,8606

Tir cac cong thirc (4.49) ta co
_—0,0567-0,4629

- ~-0,15
@ 40,866
_0.6285+0.7785 _ o
: 4.0.866
, 0305599
40,866

Tir d6 suy ra
p =[0,866; —0,15; 0,406; 0,25]'

Néu ta léy q, =—0,866 , tinh toan twrong tyr ta nhan dugc
p =[-0,866; 0,15; —0,406; 0,25

Thi dy 2.10. Vat ran quay quanh tryc y v6i goc quay ¢. Xéc dinh céc trj riéng cua
ma tran quay va cac tham so Euler.
Lai giagi. Ma tran quay trong trudng hop ndy c6 dang

0 . A
cosP e | )
A(p)=| O 1 0 ) == B3
—-sing 0 cos
v Hinh 2.38

Phuong trinh dic trung cia ma trdn A
cosp—-4 O sin @
|A-AE|=| 0 1-4 0 |=0
—sing 0 cosp-A4
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Tiu dé suy ra
(cosp—A) (1-2)+sin’ p(1- 1) =(1-A)(A* =24cosp+1)=0  (2)
Cac tri riéng ciia ma tran A
1-4=0=>4 =1 (3)
A*=2Acosp+1=0=>4,, =cosptising=e*" 4)

Dbé xac dinh céc tham so6 Euler, trudc het ta tim véc to riéng (mg vai tri riéng 4, =1
ctia ma tran cosin chi huéng A. Phuong trinh riéng (mg véi 4 =1 c6 dang

cosp—1 0 sing | q 0
0 0 0 a, {=|0 )
—-sing 0 cosp-1}|a, 0
Tu (5) suy ra
a,(cosp—1)+0.a, +a,sinp=0 (6)
—a,sing+0.a, +a,(cosp~1)=0 @)

Nhén phuong trinh (6) véi a,, phuong trinh (7) véi a,1di cong lai ta duge

(a? +a})(cosp~1)=0 (8)
Do cosp—1#0(vi ¢ 1a géc quay bat ky nao do) nén suy ra

al +a; =0=>a,=a,=0 )
Viy véc to riéng c6 dang a=[0, @, O]T . Chuin ho4 ta dugc u = [0, 1, O]T. Tur d6
suy ra cac tham so Euler

qozcos%;%:O;qozsin%;(h:o (10)

4.4.3 Xdc dinh cdc tham s6 Euler tir cdc goc Euler
Tir cong thirc xac dinh ma tran quay Euler ta suy ra
trA =cosy cosp —siny cosdsin g — siriwsin(o + cosy cos@cos@ + cosé
=cosi cos@(l +cos@)—siny sinp(l + cosd) + cosf
=(1+cosB)(cosy cos@ —siny sin@) + cosf

=200$2§cos(¢//+(p)+2coszg—l (1)

Slw_l

76 2 0
=2c08" —|1+cos(y + —1=4cos”—co
2[ v +9)] > 5
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So sanh (1) v6i (4.45) ta suy ra

8 w+eo
= C0S$—COS——— 4.50a
9o 5 2 (4.502)
Bing céch twong ty ta suy ra
q, = singcosw _9
2 2
.8 . w-p
, =sin—sin 4.50b
9 3 7 (4.50b)

6 . y+o
=C0s—Sin———
q, =¢C 7 7

Ngugc lai khi biét cac tham sb Euler ta ciing ¢ thé xac dinh dugc cac goc Euler
cosf=2(q2 +q1)-1

cosQ = _____2(‘72‘:;;0‘10% ) 4.51)
cosy = —2((]2:1;1;%(1')

4.4.4 Xdc dinh van toc goc cua vat réin tir cde tham sé Euler

a) Phdn tich ma trdn césin chi hiedng thanh tich cua hai ma trgn don gian hon

Dé thiét 1ap quan hé giira cac tham s& Euler va van tc gdc ciia vat rén, ta phan tich
ma trén cosin chi hudng (4.42) thanh tich cia hai ma tran don gian hon. Ta dua vao
hai ma tran chir nhdt ¢c& 3x4 nhu sau

=4, 9 -4 4,
G=[-q, G+qkE]l=|-¢, ¢ @& -9 (4.52)
-4, —4, q, q,
—q, 9, q, —-q,
L =[_"q’ _q"'qus]: =4, 9 T 4 4.53)
=4 4, ~4 4
Dinh Iy. Ma trén cbsin chi huéng A ciia vét rin c6 thé phan tich thanh tich cia hai
matran G va IJ
A=GL' (4.54)
Chimg minh. Do tinh chit —§” =§, ta c6

. —-q
GL =[—q, +q,E
[ q, q+4q, 3][(~l 4 quj

= qu +(q+g,E, NG + ¢,E;)
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Cha y dén cong thirc ab=ba” —Ea”b biéu thirc trén c6 dan
y g g

GL = =(2¢; -DE+2(qq” +¢,9) (4.55)
So sanh hé thirc (4.55) voi hé thirc (4.41) ta suy ra
A=GL’

Chii y. Cong thirc (4.54) 1a mdt cong thirc co ban. Tir cong thirc nay ta thiy ma tran
cbsin chi huéng A, ma moi phan tir cia né ty 1¢ bac hai vdi cac tham so Euler,
bang tich hai ma trdn, ma moi phan tir ciia hai ma tran ndy ty 1€ bac nhat véi cac
tham s6 Euler.
b) M¢t s6 tinh chdt ctia cdc ma trgn G va L
Tinh chat 1. M&i hang cia ma trdn G va ciia ma trdn L 1a mét vécto truc giao véi
¢ T

vecto p= [qo"h ’qz’qs]

Gp=0, Lp=0 (4.56)
Chitng minh. Theo dinh nghia (4.52) ta cé

- q - -
Gp=[-q, q+qu3][ﬂ=—qoq+qq+qoq=qq=0

(4q=0 do cixq‘=zzxﬁsin2%=o)
Bé“g cach tuong ty tir (4.53) ta chirg minh dugc
Lp=0

Tinh chdt 2. Cac ma tran G va L 1a cdc ma tran truc giao theo hang ( Cac véc to
cia ma trdn G truc giao véi nhau tirng d6i mét, cac véc to cia ma tran L tryc giao
v6i nhau tirng d6i mot)

GG™ =LL” =E, (4.57)

Chimg minh. Chi y dén phuong trinh (4.36) vé diéu kién lién két ciia céc tham sé
Euler va dinh nghfa cic ma tran G va L ta dé dang chimg minh tinh chat trén bang
cach tinh toan tryc ti€p.

Tinh chdt 3. Tich hai ma trdin G'G 14 ma trén vudng cép' 4 c6 dang
G'G =E, —ppT, LTL=E4 ——ppT , . (4.58)

Chimg minh. Tinh toan tryc tiép tich hai ma trdin G’G ta dwgc ma trén vudng cip
4 c6 dang

GTG = l—q: —quT =E _ppT
-q.9 -qq' +E,|
Tinh toan tuong tu ta dugc
L'L= E,-pp’
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¢) Pao ham cdc tham s6 Euler theo thoi gian

Pao ham theo thdi gian hai vé cia phuong trinh (4.38) ta dugc
p'p+p P=2p"p=2p"p=0

Tir d6 suy ra

p'p=p'p=0 | (4.59)
9 do
pP=[¢% 4 ¢ 4] ;1' =00l + 40 + 420 Y 6 =[40 4 @ 4] q?i |
a4 4,
Pao ham theo thdi gian hai vé clia cac phuong trinh (4.56) va ta dugc
Gp=-Gp (4.60)
Lp=-Lp (4.61)

St dung cac cong thiic dinh nghia (4.52) va (4.53), ta dé dang ching minh dugc hé
thirc

GL/ =GL’ (4.62)
Pao ham hai vé phuong trinh (4.54) va chi y dén cong thirc (4.62) ta co
A=GL +GL =2GL" =2GU/ (4.63)

Tich Lp c6 thé khai trién nhu sau

. . q . -, .
Lp=[-q, ~q+qu]{ﬂ=~%q—qq+qaq (4.64)

Chu y dén céc cong thirc (4.59) va tinh chit coa a ta cé
T .. . T - ~ ~
P'P=04,+9'q=0, 4’ =-,
ab=3ab-bi, ab=ba" —-a'bE,
Do d6 ta c6 thé bién ddi hai vé ciia phuong trinh vécto (4.64) trén thanh cac ma
tran doi xang léch

Lp = 4,8 - a4 + 4,4 = 4,4 — 44 + qd + 9,9
=—¢,§-44+94" —q'qE +q,q
= ’C}uq - q(i + qu + qo‘?oE + qogl

IO ARSI

q+¢,E -q" +¢,E
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Vay tacod

Lp=LL" (4.65)
Bang cac tuong ty ta chirng minh duoc
Gp =-GG’ (4.66)

d) Céng thirc xdc dinh vdn toc géc cua vt ran
Theo cdng thirc tinh van toc gée cha vat ran ta cd

" =ATA
Thé cac biéu thirc (4.54), (4.63) vao biéu thuc trén ta dugc
®" =2LG"GL]

Chi y dén cdng thic (4.58) biéu thirc trén c6 dang
&" =2L(E, -pp” )L =2LL" - 2Lpp' I/
Theo (4.56) Lp =0, nén ta suy ra

& =2LL ' 4.67)
Chii y dén cong thirc (4.65) ta c6
& = 21?6 (4.68)
Tu (4.68) ta suy ra
=2Lp (4.69)

St dung quan hé vécto dai ) trong hai hé qui chiéu ta co
0'” = Ao =2GL'Lp
Thé (4.58) vao biéu thirc trén ta dugc
=2G(E, -pp’)p=2Gp-2Gpp'p
Chiy dén (4.56) Gp=0,tacéd
o =2Gp (4.70)

Do tinh chit truc giao ciia cac ma tran G va L, (cic cong thic 4.57), nén tir (4. 69)
va (4.70) ta dé dang suy ra cac phuong trinh vi phan dong hoc clia cac tham s6
Euler

p:%L’m‘”, p=%G’w‘°) (4.71)
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’ A sn ~ K A .
4.5 Cac so0 siéu phirc bon chi€u (quaternions)
Céc tham sb Buler ¢6 thé xem nhu 13 cac s6 sidu phic bon chiéu (quaternions). Mot
s0 siéu phirc bon chiéu Q 1a mét s6 phiic mé roéng c6 bon thanh phan, dugc xac
dinh nhd mét don vi thyc ¢, va ba don vi 40 12 ¢, e, va e, (phan thuc ¢, ba

phanaola q,, q,, ¢;)
0 =q,8, + q,€, + 4,6, + 58 4.72)
Ta thira nhan cac quy tic sau vé tich cac phan tir don vi ’

e, =€, =1
ee =—¢,=-1, i=1,2,3
ee, =ee =¢, i=1273 4.73)

ee. =—ee, i,j=1,23v6i i#j

[} Je

ee. . =€

i+ i+2°

i=1,2,3 (co tinh chu trinh)
Tur cac dinh nghia trén ta suy ra cic quy tic tinh toan cac sb siéu phirc bén chiéu
nhu sau
a) Tong ciia hai s6 siéu phirc bon chiéu Q va R
S=0+R=(q,8 + g6 + Q,e, + §;8,) +(re, + ¢, + e, + ryey)
= ((]0 + ro)eo + (ql T )el + (qz + rz)ez + (q3 + rs)es (4.74)
=5,8, + 5, + 5,6, +5,€
b) Tich ciia hai s siéu phitc bén chiéu Q va R
S =0R=(q,6, + 4,6 + 4,6, + g,&,)(1,¢, + e, + 1e, + 1ye;)
=(qoTy — Q1 = 4o1, — @31 )e +(Gohi + Qs + @513 — GsTy)e, +
(gohy + 4oty + @1 —qi1)e, + (Gl + @57, + qi1, — 451)e,
=5,€, + 5,6 + 5,6, + 5,8,

(4.75)

So sanh véi phép tinh vécto, mbi s6 siéu phirc bén chiéu c6 thé xem nhu gdm hai
phan: phan thuc g, 1a “phan vo huéng” clia so siéu phirc, cac phan o cioa ¢,,4,,9,
dugc xem nhu l1a “phf‘m vécto” cia sb siéu phirc bbn chiéu. Ta c6 thé viét mdt cach
hinh thirc )
7.0 T

Q=q,+q voi qz[‘h’qz,q;] (4.76)
V6i cach viét hinh thirc nay, tich (4.75) ¢6 thé viét dudi dang

S=0R=(q, +Q)(r+1,)=(q,7, ~q'T)+(q,r +qr, +qr)=s, +s  (4.77)
Do tinh chét khong giao hoan cia tich hitu hudng hai vécto gr = —Fq, tich cia hai
s siéu phirc bbn chiéu ciling khong c6 tinh chit giao hoan QR = RQ . Ciing tuong
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tw nhu c4c s6 phirc théng thudng, ta dua vao khai niém sb siéu phirc bdn chidu lién
hop, dugc dinh nghia nhu sau

0=¢,+q = 0=4,-q (4.78)
Céc tham sb Euler (4.35) c6 thé viét dudi dang s6 siéu phirc bén chidu nhu sau
Q=gq, +q=cos%+usin—(§ 4.79)

Nh&r d6 ta c6 thé bidu dién sy quay cia vécto 5, sang vécto §, bang tich cia cic sb
siéu phirc bbn chiéu (vécto 5, xem nhu mét sb siéu phic v6i phan vo huéng bang
khéng)

s, =0s,0 - (4.80)

Viéc tinh toan biéu thirc (4.80) theo cac quy tic (4.74) va (4.75) dan dén bidu thic
xéac dinh ma tran cosin chi hudng (4. 41).

Chiing ta c6 thé tim dugc cc phuong trinh vi phan dong hoc qua dao ham cua cac
s0 siéu phirc bon chiéu

Q=~;—m(°)Q; Q=%Qm“’ 4.81)

4.6 Cic tham s6 Rodrigues (Rodrigues Parameters)
Trong mot sb tai lidu, nguoi ta dua vao vécto p dinh nghia nhu sau
1
p=utg£=—q (4.82)
2 4,
Trong d6 u 1a véc to dai sb trong hé quy chiéu ¢ dinh R, cua vécto don vj u trén

truc quay, @ 1a géc ma hé qui chiéu ¢ dinh Oxqyoz, quay sang hé qui chiéu Oxyz
quanh truc quay %, q,,q la cic tham sb Euler.

Tir cong thirc (4.82) ta suy ra

£=g‘~, pzzuztgzzg}—, p3=u3tg£=ﬂ. (4.83)
2 4 2 g, 2 g,

Bathamsb p,, p,, p, dugc goi la cac tham s6 Rodrigues.

p, =utg

Bién d6i biéu thirc ma tran cosin chi huéng tir cac tham sé Euler (4.41) ta sé& thu
dugc bicu thirc ma tran cosin chi hudng theo cac tham s6 Rodrigues

A=E,+22 PP (4.84)
I+pp
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4.7 Céac phuwong an chon toa d9 suy rong xac dinh hwéng ciia vt rin

bé két thic doan nay, ta h¢ thong hoa lai mdt s6 phuong an chon cac toa do suy
rong xac dinh chuyén ddng quay cta vat ran quanh mdt diém c6 dinh

Cdc tog dj suy rong cua
ma trdn quay

Cac diéu kién rang bugc
cdc tog dg suy rong

Ba tog do suy rong déc
ldp

9 thanh phén ciia ma tran

6 diéu kién

Thi du:

cosin chi hudng A(¢) AAT =K a”(t), a,(t), a,, D)
4 tham <6 El 1 diéu kién Thi du:
tham sO buler (] . q
’ g +q’q=1 4o (), q,(1), g, (1)
Ath . . 0(0) 1 diéu kién Thi du:
am SO quay u , (ﬂ
qatay wu =1 w, (0), 1, (1), (1)
3 gbc Euler
®),6(), p(t)
W (t), 6(0), (1) v
3 gbc Cardan
a(t), B(), y(1)
al(t), B), y(1)
3 gbc Roll, Pitch, Yaw
(1), 0), w(t)
(t), 0(t), (1) 4

Chu y rang, dé xac dinh vi tri cha vat ran B trong mét hé qui chi€u ta can sau toa do
suy rong. Ba toa d6 suy rong xac dinh vj tri cia mdt di€ém dinh vi cta vat ran, va ba
toa do xac dinh huéng cua vat ran.

§5 XAC PINH VAN TOC, GIA TOC MOQT DPIEM BAT KY THUQC

VAT RAN

5.1 Xac dinh vin téc mdt diém bét ky thude vat rin z
bé xét chuyén dong cia vat ran B & trong hé
quy chiéu R, =0x,y,z,, ta ldy mot diém A bit
ky thudc vit ran lam diém dinh vi (diém cuc).
Dung hé qui chiéu R, = Ax,y,z gin lién vao

vit rdn B (hinh 2.39).

Vi tri ciia diem P duoc xac dinh bdi véc to sau

Fp=F, +1i,

(5.1)

Dao ham theo thoi gian hai vé clia phuong
trinh (5.1) & trong h¢ quy chiéu R, ta dugc
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Ry 12 Ry 1o: Ry 1=
dr, _ ar, . du, (5.2)
dt dt dt
Theo dinh nghia van tbe g6c clia Vét rén ta co
iy ki — i (5.3)
dr F ? '
Thé (5.3) vao phuong trinh (5.2) ta duoc
Ry 1= Ry 3=
()drp (»drA _ ~ - _ - .
—4L = +oOxu =DV, =V, +@ XU (5.4)
dt dt ? P F
Chiéu phuong trinh véc to (5.4) 1én hé quy chiu R, ta ¢6:
v =v) + &) (5.5)
Chiéu phuong trinh véc to (5.4) 1én hé quy chiéu R, ta dugc
v =v) +o"ul) (5.6)
Cht y rang:u = Au').
5.2 Xic dinh gia t6c mgt diém bat ky thude vit rin
Dao ham theo thai gian biéu thic (5.4) & trong hé quy chiéu R, ta duge
R, 15 Ry g Ry 1 Ry g
Dy 2, 24O (5.7)
dt dt dt dt
Tir @6 suy ra
G, =d, +Exil, +x(Dx1l,) (5.8)

Chiéu phuong trinh véc to (5.8) 1én hé quy chiéu Ry ta c6 phuong trinh ma tran

(0) _ (0) | (00 1(0) o =(0) ((=(0)(0)
a, =a,) +g"u)) +@® (u) u,,)

©) _ 2(0) , (2(0) | =(0)=(0), (0) (5:9)
a, =a +(a +0"d )uP
Chi€u phuong trinh véc to (5.8) 1én hé quy chiéu R, ta dugc
a(,l’ - aﬂ,” + é‘”u(,l’ + o0 ((;)u)u(,p)
(5.10)

m _ 5 sy | =)= () (1)
a,’ =a, +(s +0® )u,,
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Chuwong 3
PONG HQC HE NHIEU VAT

Trong chuong nay ta gi6i thiéu mot s6 khai niém co ban nhu cdu trac cdy va chu
triic mach vong cua hé nhiéu vat, sb bac tu do va toa do suy rong t6i thiéu cua hé
nhiéu vit, cac dleu kién rang budc trong hé, nhiéu vat ¢ cdu tric mach vong. Sau
do trinh biy mét s6 phuong phap tinh toan dong hoc hé nhiéu vat: Phuong phap ma
trin cosin chi hudng, Phuong phap ma tran Denavit-Hartenberg, Phuong phap ma
tran Jacobi, Phuong phap hinh chiéu vudng géc v.v...

§1 CAC MOI QUAN HE PONG HQC CO BAN CUA HE NHIEU VAT

1.1 Sw phan loai cic hé nhiéu vit

1.1.1 Dinh nghia chudi dong

Mot hé nhiéu vat lién két v&i nhau bang cac khép duoc goi 1a mot chudi dong. Néi
céach khac chubi dong 1a mot hé nhi€u vat chiju lién ket.

Nhu thé mdt hé nhidu vat c6 thé 1a mot chudi dong va cling c6 thé khong phai 1a
mot chudi dong. Trén hinh 3.1a 1a so d6 mét hé nhiéu vét chju lién két (chuoi
dong), con trén hinh 3.1b 1a hé nhiéu vat khong chju lién ket (khong phai 1a chudi
dong). Trong d6 cac khuyén tron nho la ky hiéu tuong trung cho cac khdp, con cac
hinh tva elip 1a ky hi¢u tuong trung cho céc vat ran. Trong cubn sach ‘nay ta chi
nghién ciru cac hé nhiéu vat chiu lién két. Mot hé nhidu vat chiu lién két c6 thé 1a
mét chudi dong va ciing c6 thé gdm nhiéu chudi dong.

Hinh 3.1a. H¢ nhiéu vdt cd lién két Hinh 3.1b. Hé nhiéu vit khong cé lién két

1.1.2 Sir phdn loagi t6p6

Vé phuong dién top6 ta phan chia hé nhiéu vat chiu lién két (chu01 dong) thanh hai
loai : Hé nhiéu vét c6 cu tric cay (cac chudi dong hd) va hé nhiéu vat co cAu tric
mach vong (cac chudi dong kin).
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¢) Pinh nghia co cdu. Co cau la mot chudi dong kin, trong d6 ¢6 mdt khau cb dinh
la gia dd.

Nhu thé co cdu 1a mot hé nhiéu vat ¢ cu tric mach vong.

1.1.3 Sy phdn loai dong hoc

Duya trén dic didm chuyén dong ciia cac vat thé tao thanh chudi dong, ngudi ta
phan cac chudi dong thanh ba nhom : cac chudi dong phing, cac chudi dong cau,
cac chudi dong khong gian.

a) Cdc chudi dong phing (hé nhiéu vét phing)

Néu tit ca cac diém cua cac vat thé tao thanh chudi dong déu chuyén dong song
song véi mot mat phang quy chiéu thi chudi dong dugc goi 1a chudi dong phang.
Cac chuyen dong tuong doi cha cac vat thé tai cac khdp dong hoic 1a chuyen dong

tinh tién hoac la chuyén dong quay quanh mot truc vudng géc vai mat phing quy
chiéu,,

b) Cdc chuo”~i dong cau (hé nhidu vt cdu)

O cac chudi dong cau quy dao cia mdi diém ciia mot vat thé ndm trén mot mat ciu
xac dinh nao d6 ¢6 tam la diém co dinh. Moi vat thé trong chudi dong cau thuc
hién ba chuyén dong quay quanh cac truc giao nhau va khong thyc hién chuyén
dong tinh tién.

¢) Cdc chudi dong khong gian (hé nhiéu vit khéng gian)

0] cac chubi dong khong gian, cac vt thé c6 thé thyuc hién cac chuyén dong khéng
gian tong quat, bao gdom ba chuyén dong quay quanh céc truc giao nhau va ba

chuyén dong tinh tlen Chuyén dong trong d6i cta cac vat thé & cac khop dong
trong trudng hop tdng quat 1a cac chuyén dong khong gian.

1.2 Cac khép dong trong cic hé nhidu vat
1.2.1 Khop dong va bdc tw do cua khép dong

M3i vt rén ty do chuyén dong trong khéng gian ¢6 6 bac ty do. Nhu thé néu hai
vt ran khong ndi ghep v6i nhau, gitra ching sé ¢6 6 chuyén dong tuong ddi. Khi
hai vét ran noi ghép véi nhau bang mot khop dong, tiy theo két cau clia khdép mot
s6 chuyén dong tuong dbi gilta chling s& bi can trd. S6 chuyén dong tuong dbi gitra
hai vt rén bj han ché do ndi khép vaéi nhau duoc goi la sb rang budc cta khép
dong. Trén co sé khai niém sb rang budc chuyén dong tuong dbi giira hai khau nbi
khép ta dua ra cong thirc dinh nghia s bac tw do ctia khép dong nhu sau

Si=6-

Trong d6 r; 1a sé rang budc chuyén dong ciia khép thir i con f; 1a bac ty do cua
khop thir i. Thi du khép dong mét béc tu do 1a khép ndi hai vat rin, chung chi ¢6
thé thuc hién mét chuyén dong quay tuong ddi (hodc chuyén dong tinh tién tuong
dbi ) dbi vdi nhau.
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Vi tri twong di cta hai vat thé ndi vé6i nhau bang mot khép c6 thé mé ta qua cac
toa do khép B,. Céc toa d6 khép thuong l1a cac géc quay S, =06, hodc cac dich
chuyén dai B =5,

Khop téng quat 1a khop dinh &¢ (Helical). Cac loai khép khac nhu khép quay
(Revolute) budc h=0, khép tinh tlen (Prismatic) budc h=o cé thé xem la cac
truong hgp dic biét cia khop dinh ¢ (hinh 3.3). Khép quay va khop tinh tién dugc
xem la hai loai khé'p co ban.

Cac khop 6 s6 béc ti do 16n hon mét 1a cac khop tru (Cylindrical), khép Cardan,
khép cau (Spherical) va khép phang (Eben). Céc khop nay co thé xem nhu téng
hop tir hai loai khép co ban 1a khdp quay va khép tinh tién (hinh 3.4).

1.2.2 S phan logi cdc khép dong trong Iy thuyét co cdu

Trong ly thuyét co cau nguoi ta phan loai cac khép thanh cac khép bac thap (lower
pais) hodc con goi la cac khép chudn va cac khdp bic cao (higher pais) hodc céc
khép phiuc tap.

a) Cdc khop bdc thép

Cac khop bac thap la cac khdp ¢o tiép xic mit. Ngudi ta phén ra sau loai khép bac
thap (khép chudn) nhu sau :

Tén khop Mt tiép xiic

Khép quay R) Mat tron xoay

Khép tinh tién (P) Mit bao cta hinh lang try
Khoép try ©) Mait bao hinh tru

Khép cau (S) Mit ciu

Khép phang (E) Mit phing

Trén cac hinh 3.3 va 3.4 gidi thiéu mot s6 loai khép bac thap.

AR,
%/

2,

s=hp

Khép dinh bcs=h 8 Khop quay (h=0) Khép tinh tién (h =)
Hinh 3.3. Cdc khdp c6 béc tur do bing mét ( £, =1
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Khép Cardan

f,=2

Khé6p ciu

fi=3

Khép phang

f,=3

Hinh 3.4. Cdc khdp c6 bdc tw do 1on hon mot ( f, >1)
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b) Cac khép bdc cao
Cic khép béc cao (hoic con goi la cac khép phire hop) 14 cac khép tiép xic dudng
hodc diém. Trén hinh 3.5 gi6i thiéu mot sb loai khép bac cao.

Hinh 3.5. M¢t s6 co cdu co khop bdc cao

1.3 So béc tw do va cdc toa d6 suy réng cia hé nhiéu vit
1.3.1 H¢ nhiéu vt héloném va hé nhiéu vét Phi hdléném
V& mit co hoc mbi hé nhidu vat 1a mét h¢ co hoc. Cac hé nhidu vat dugc phan
thanh céc co hé tu do va co h¢ khéng tu do. Cac hé nhidu vét ty do 13 cac co hé ma
vi tri va vén toc (bao gom vén toc gbe va van tde mot diém qui chiéu coa vat ran)
cua cdc vit ran thude hé ¢ thé nhan céc gia trj tuy y. Nguogc lai hé nhiéu vat duoc
8oi 1a khéng ty do (hogc h¢ nhi€u vat chju lién két). Trong k¥ thuit ta thuong gip
cac hé nhi€u vat chiju lién két.
Céc co hé nhiéu vat chiju lién két duoc phén thanh co hé chi chju céc lién két hinh
hoe (hay con goi 1a cac lién két h616ném) va cac co hé, ngoai cac lién ket hinh hoc,
con chju céc lién két dong hoc khéng kha tich (con g0i 1a cac lién két phi
hé16n6m). Céc hé nhiéu vat chi chju cac lién két hinh hoc dugc goi 1a hé nhiéu Vit
h616ném, cac hé nhiéu vat, ngoai cac lién ket hinh hoc, con chiu cac lién két dong
hoc khéng kha tich dugc goi la céc hé nhiéu vat phi héi6ném.
Trong chuong nay ta gigi han chi xét cac hé nhiéu vat h6léndém. Cac hé nhiéu vat
phi h6l6ndm sé& dugc ban dén trong chuong nam. Di véi cac hé nhi€u vat h616ném
viéc x4c dinh s bac tu do va cac toa do suy rong twong dbi don gian,
1.3.286 bdc tw do cuia mét co cdu
Xét mét co cau khong gian bat ky. Ta dua vao céc ky hiéu:

p:isd lugng céc khau dong cua co cdu (khéng ké khau cé dinh),

n, :sb lugng cac khép trong co céu,

f,; i bac tu do cia khép dong thir .
Dinh Iy Griibler: S6 bac tr do clia mét co ciu khong gian gdm p khau dong va n ,
khép dong c6 cac béc tu do tuong img la f, (i=1, 2,...,n,) duge x4c dinh béi cong
thirc
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iy n;

f=6p=2(6~f)~T=6(p=n)+ 3 fs-To (1.3)

Trong d6 f,, 1a so bac tu do thira ciia co cau.

Chiing minh. Dé tranh dai dong, ta chi néu y tudng cia chimg minh. Trong mdi co
cau ¢ mot khau co dinh duge goi 1a gia dd va p khau dong. Trong khéng gian co6
thé c6 toi da 6p chuyén dong riéng. Tuy nhién cac khau dugc ndi ghép v6i nhau
béi n, khdp dong. Moi khép lam giam béc tu do tai d6 tir 6 xudng 6- f,. Do d6
mbi khdp lam giam s béc tu do cia hé tir 6p xudng 6- Sy Vivéytacod

"y "y

f=6p—Z(G*fﬁ):G(p_”J)'*‘Zfﬂ

Mit khac mdi khau clia co cAu ¢o thé ¢6 nhung chuyén dong, ma né khéng lam
thay ddi vi tri cila co cdu. S bac tur do tmg vai cac chuyén dong nay dugc goi la
cac bac tu do thira. Néu ky hiéu téng céac bac tu do thira ctia mdi co ciu a £y, thi
cong thure thirc xac dinh so bac tu do cua co ciu c6 dang nhu cong thie (1.3).

Néu goi n, la s6 vong ddng hoc trong mot co cAu, theo cong thire (1.2) ta cé

n.=ny-p
Thé biéu thirc nay vao cong thirc (1.3) ta duoc
f=ZfJf —6n, ~ fy (14)

Trong ly thuyet co cAu, cong thirc (1.3) hodc (1.4) dwoc goi la tiéu chuan Griibler.
Tiéu chuan nay thudng duoc diing dé xac dinh s6 bac tu do cia co cAu.

Nguoi ta thuong phan biét cac truong hop sau:

f>1: cocau(cohécorang bufc),
f=0: kétcautinh dinh,
f<0: kétcau siéu tinh.

Cha y ring cac cong thie (1.3) va (1.4) cho két qua sai doi voi cac ket ciu siéu
tinh. Tir cac cong thire (1.3) va (1.4) ta suy ra cac cong thirc xac dinh sb bac tu do
ctia co cAu cau va co ciu phing.

Hy

f:3(p_”J)+Zf/i (1.5)
fzifji_3”L (1.6)
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Thi du 3.1. Xac dinh s bac tu do ctia co cdu bon khau phéng nhu hinh v& 3.6.
Loi giai. Trong thi du nay ta c6 p = 3, n_. = 1, A B
n=4, f;; = ), = fj3= i, =1; Theo céngrth(rc (1.9)

hodac (1 .Q) ta dé dang xac dinh dugc so bac tw do  @o
clia co cau nay 0

= Ay+4 = ~ 7
f=334+4=1. Hinh 3.6

S
@]

Vay co cu bdn khau phfmg ¢é mot bac tu do.
Thi du 3.2. Cho co ciu bdn khau khéng gian nhu hinh 3.7. Hay xac dinh sb bac tu
do ctia co ciu nay.

Loi gidi. S6 khau dong 1a p = 3, sb khép dong 1a ny = 4,56 vong dong hoc n =1.
Trong co cAu na cé hai

khép B va C 1a hai khop 5 c
cau (bic tur do cua mdi \O
khop 1a 3) va hai khop quay

O va D (bac tu do cua mdi

khop 1a 1). Theo cong thuc

(1.4)tacod IZM 0 D ﬁ
f=6(3-4)+8=2 7 Hinh 3.7 E

Trong co ciu nay cé mot
béc tu do thira (phép quay tuong dbi ctia khau BC quanh truc BC). Do d6 ta ¢6 sé
bac tur do dan dong clia co cau la 1.

1.3.3 Cdc tog do suy réng

a) Khdi niém toa dg suy réng

Nhur da biét trong céc gido trinh vé Co hoc giai tich hodc Co hoc k¥ thuat, vi tri ctia
mot hinh phang (vat ran phang) dugc xac dinh boi ba toa do, vi tri ctia mot vit ran
khéng gian dugc xac dinh boi sau toa do. Néu mot hé nhi€u vat gom p vat rin
khong gian va gitta chiing ¢6 r diéu kién rang budc hinh hoc (va gia thiét hé chi co
rang budc hinh hoc) thi s6 bac twr do cia hé 1a f= 6p - r. Dé xac dinh vi tri cia mot
hé nhicu vat doi vai mdt hé quy chiéu nao do ta can phai st dung cac tham so6 dinh
vi. Cac tham s6 dung dé xac dinh vi tri cia mdt co hé doi vdi mdt hé quy chiéu
dugc goi 1a cac toa d6 suy rong. Trong cudn sach nay, ta ky hi€u cac toa d§ suy
rong bang ¢q,,q,...,q, (hodc bang s,,s,,...,s, ). Thong thudng cac toa d) suy rong la
cac goc quay hodc cac d¢ dai. Cé nhiéu cach khac nhau chon céac toa dd suy rong.
Trong thi du 3.3 ta dua ra vai kha ning khac nhau lga chon cac toa d6 suy rong
trong mét hé nhiéu vét,

b) Cdc toa dj suy réng du va cdc tog do suy réng co duwr

SO toa d6 suy rong doc 1ap it nhat da dé xac dinh vi tri coia mot hé h616ndém duogc
goi la cac toa do suy rong du. Nhu thé doi véi hé holonom so cac toa d§ suy rong
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du bang s6 bac ty do cia co hé. Bbi voi co hé holondm cé f bac ty do, ta ky hiéu
c4c toa suy rong du bang q,,4,,...,q, -

Trong mdt s tai lidu ngudi ta goi cac toa do suy rong du la cac toa do 16i thiéu.
D4i v6i hé nhidu vat c¢6 chu triic cay ngudi ta thudng sir dung cac toa d9 i thiéu
q, dé xac dinh vi tri cia co hé. DSi v&i hé nhiéu vat holdondm ¢ ciu tric mach
vong nguoi ta cd thé str dung mdt trong hai cach sau dé xac dinh vi tri ctia co hé:
- Str dung cac toa d§ suy rdng tdi thiéu GysGasesqy - Sé lugng céac toa dd nay
dhng b?ing sb bac tu do cua hé.
- Str dyng céc toa d§ suy rong c6 du. Trong truong hop nay s6 lugng céc toa d6
suy rong lon hon s6 bac tu do ctia hé.
Néu ta si dung n toa do suy rdng co du (n > f) dé xac dinh vi tri cfxa co hé, thi ¢d
r =n - f toa d§ suy rong phu thudc va ftoa d suy rong doc 1ap. Néu can phan biét
o toa d6 suy rong doc lap va toa dd suy rong phu thudc thi ta sir dung cac ki hiéu
sau :

Gi:925-9; la c4c toa d6 suy rng dde lap,

2,,2,,...,2Z, lacéc toa do suy rong phu thude.

Nhiéu khi dé d& phén biét, ta dung s, (i=1,...,n) dé chi céac toa do suy rong c6 du.
Taky hiéu

s=[s,...8, ]T , q:[ql,...,qf :lT ,Z =[z‘,...,zr]r (1.7)

<= [ﬂ} (1.8)
z

Chi y. Trong trudng hop khong can phan biét toa dd suy rong doc lap va toa do
suy rong phu thudc ta c6 thé sir dung q,(i=1,..,n) lam céc toa d¢ suy rong du cho
phu hop véi cac ki hiéu d& quen dung trude day trong cac gido trinh Co hoc k¥
thudt hodc Co hoc giai tich.

Th{ du 3.3. Cho co cu bdn khau B

phang nhu hinh vé& (hinh 3.8). VY
Hay trinh bidy mdt vai phuong
an lya chon toa d§ suy rong dé
xac dinh vi tri cia co cu nay.

C,(x,,¥,)

————— e ———— >

: G(x;,
Loi giai. Ta trinh bay ba phuong C(x, ) (%3, 3)

an lya chon toa dd suy rong xdc O/l oo oo MY >
dinh vi tri ciia co cau bon khau
nhu hinh veé.

Hinh 3.8. Co cdu bon khdu phing
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a) Hé nhiéu vt cé cdu tric cdy (cdc chudi déng ho)
O cac hé nhiéu vat c¢6 cAu triic cdy, con dudng di tir mot vat thé nay sang mot vt
thé khac bét ky dugc xac dinh mot cach duy nhét. Nhur thé ung véi moi vat thé, ta
¢6 thé xac dinh mot cach duy nhét kh(rp truée n6 va vt thé truée né. Néu ta chon
mdt vat thé nao dé 1am vat thé quy chiéu cia chudi dong va ky hidu n , la s& khop
dong, p la sb vat thé dong (khong ké vat thé quy chiéu), ta c6 cong thirc :
n,=p (1.1)
b) Hé nhiéu vt c6 cdu triic mach vong (cdc chudi dong kin)
Néu ta thém vao chudi dong hé mot khép phy, ta s& duge mot chudi dong I,(in hay
mét mach vong doc 1ap. Tu phuong trinh (1.1) ta suy ra hé thirc xac dinh s6 lugng
cac mach vong doc lap, ky hiéu la n, , ciia mét chuoi dong kin
n,=n,-p (1.2)

Cac chubi dong kin duoc phén thanh cac chudi dong kin toan phén va cac chudi
dong kin tirng phan.
Mot hé nhiéu vit ¢ cdu trac mach vong tao thanh mét chudi dong kin ting phén
néu c6 mot trong hai dac diém sau:

- C6 mét hodc vai hé con la chudi dong ha,

- Céc hé con la chudi dong kin, nhung lai ghép néi véi nhau khong kin.
Mot he nhiéu vét c6 cAu tric mach vong tao thanh mot chudi dong kin hoan toan
néu nhu thoa mén ca hai diéu kién sau:

- M&i vt thé 12 mot phan tlr cia mdt mach vong,

- M&i mach vong cd it nhat mot vat thé néi véi mach vong khac.
Trén cAc hinh 3.2a, 3.2b va 3.2¢ 1a cc 5o db biéu dién céc loai chudi dong . Hinh
3.2a la chudi dong ho, hinh 3.2b la chudi dong kin tirng phan, hinh 3.2¢ la chudi
dong kin toan phan.

T ﬁ/(i:){
O 0% O

?\\ Pﬁ\(’ Nﬂ | \

\f e ’ \’(\~—>\\ | \}/ —

N N 7 N \_J

77 4477 7
Hinh 3.2a Hinh 3.2b Hinh 3.2¢
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a Phwo‘ng an mjt
Co céu khao sat gdm ba khau dong. Mdi khau 1a mot vat rén phing. Vi vay ta ¢6
thé chon chin toa d6 sau lam céc toa d6 suy rong.

q=[xl’yw¢1’xz’yz’¢z, 3’y3’¢3] (D

Chin toa d6 ta chon tuy xac dinh dugc vi tri cia co cdu, nhung khong dgc 1ap nhau.
Ta c6 tam diéu kién rang budc nhu sau.

Vi tri cita khéi tam C,

l I .
X = ;COS(Q )a = "2LSIn(¢1) (2)
Vi tri khéi tam C,

x, =1 cos(p,)+ %cos((pz )

3)
=1 sin(g,) + sm((p2 )
Vi tri khéi tam C,
13
x, =1, cos(@,) +1,cos(p, ) + 2 cos(p,)
2 @

. . [ .
Y= ll Sm(¢|) + lz sin (¢2) + .35m(¢3)
Ngoai ra do cac khau OA, AB, BC néi v6i nhau va ndi véi gia d& bang cac ban 18
nén ta c¢6 hai phuong trinh rang budc chuyén dong cia cé khau:
I cos(,) +1, cos(p,) -1, cos(p,) -1, = (5)
l sin(g,) + 1, sin(gp, ) -/, sin(g,) =0 (6)
Trong cac phuong trinh trén ta ki higu /, = A —[OC| Nhu

thé chin toa do (1) bi rang budc bdi tam phuorng trmh (2), (3), 4), (5), (6).
b) Phuong dn hai

Ta chon toa d§ suy rong tbi thiéu 1a goc ¢,. Véi cach chon q = ¢, ta hoan toan xac
dinh dugc vi tri cia co ciu bdn khau OABC. Biét goc quay ¢, ta xac dinh dugc vi
tri cia diém A. Liy A lam tdm vé mét cung tron ban kinh 7, , 14y C lam tdm vé mot
cung tron béan kinh /;, giao cua hai cung tron niy xac dinh vj tri cta diém B.

¢) Phirong dn ba

Chon céc géc ¢, @,, ¢, 1am ba toa d6 suy rong

a=[e..0.0] )

111



Khi d6 giira ba toa d suy rong nay ta c6 hai phu’ong trinh rang budc (5) va (6).
Trong gido trinh Co hoc ky thuat ta da biét: sé bac tu do ctia mot hé ho6londom biang
sO toa do suy rong doc lap du dé xac dinh vi tri cua hé. Trong co cau bdn khau ta
chi can mot toa do suy rong doc 1ap di dé xac dinh vi tri cia co cAu. Do d6 co cu
bdn khau phing c6 mét bac tu do.

1.4 Cic diéu kién rang budc trong hé nhiéu vit ¢é ciu tric mach vong

Khi nghién ciru ddng hoc hé¢ nhiéu vét co cau triic mach vong, ngudi ta thudng sir
dung cac toa do suy rong du s, (i =1,...,n) dé xac dinh vj tri ciia co hé. Khi d6 s&
xut hién cac didu kién rang budc chuyén dong cla cac vat rén trong mot co hé

nhidu vat. Cac diéu kién rang budc nay duoc mo ta boi cac phuong trinh lién két.
Sé lugng cac phuong trinh lién két bang ) luong cac toa d§ suy rong phu thude.
1.4.1 Cdc diéu kién rang budc trong mot mach vong

Ta xét mot mach
vong gdm p vat ran
ndi v6i nhau bing
cac khop dong. Dé
don gian ta xét cac
mach vong ma cac
vat rin ndi v6i nhau
bang cac khop quay
(khép R) va khop
tinh tién (khop P).
Cac khop nhiéu bac
tw do co thé bién dbi
vé cac khép quay va
khop tinh tlen bing
cich sip xép thich
hop (xem hinh 3.4).
Ta ki hiéu cac toa
do khép bang cac
chit cai s,. Trén
hinh 3.9 s, =6, (dbi
véi  khép quay), :
s,;=d; (d6i  voi Khop quay

khdp tinh tién). Hinh 3.9

Khop tinh tién

Khéc véi chudi dong ho, cac toa do khép trong mot mach vong khong phai la cac
toa do suy rong doc fap. Néu nhu ta tuéng tugng tach doi mot mach vong bing mot
mit cit tai mot vat ran nao do thudc mach vong, thi ta s& nhan dugc mot chudi
dong ho va sdu diéu kién rang budc cac toa do khop.
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Cac di’éu kién rang budc nay thuong dugc biéu hién dudi dang céc phuong trinh
lién ket hinh hoc. Tir sau dieu kién nay ta suy ra : Trong mo6i mach vong khong
gian ta co thé bidu dién tdi da sau toa do khép qua cac toa d6 khop con lai. Trong
s6 n toa d6 khép cuia mot mach vong s, (i=1,...,n) ta phan ra : sdu toa do khop phu
thudc ki hiéu 1a (zy,...,z) va n-6 toa do khop doc lap, ki hiéu 1a qu,...,q¢

Néu ta dua vao cac ki hiéu vecto dai sé

T

s=[s,,...,s”]r, q=[ql,...,qf]T, z=[z,...,2] (1.9)
thi ta ¢ hé thire

sz[ﬂ} (1.10)
z

Chui y. Cac toa d6 khop doce 1ap con duoce goi la cac toa d khop tbi thiéu ca mot
mach vong.

Gia sir cac diéu kién rang budc cé dang

f(@00nrys200002,) =0, (i=1,..,r) hay f(z,@)=0 (1.11)
Néu tir cac biéu thirc (1.11) ta giai ra dugc
2 =2,(q4;) (1.12)
thi biéu thire (1.10) ¢6 dang
q
s=|—— (1.13)
L(q)}

Néu ta tim dugc cac biéu thire (1.13) bang phuong phap giai tich thi viéc phan tich
dong hoc hé nhleu Vit ¢6 cAu tric mach vong sé rat thuan tién. Viéc tinh toan s&
tiét kiém duoc rit nhiéu thm,glan va cg kha ning chp ta bidt tat ca cac nghiém z
cua hé phuong trinh dai so phi tuyén (1.11). Néu khéng tim dwoc quan hé
z=2z(q) bang phuong phép gidi tich, ta budc phai tim z(q) bang phuong phap so.
Khi tinh toan bang sO (chang han sir dung phuong phap Newton-Raphson) ta
thudng chi c6 thé tim dugc mot nghiém gan ding voi gia tri dau da chon trudc.
Trong cac bai toan ky thut, viéc tinh toan bang s6, néi chung, ciing dat dugc yéu
cau mong muon.

Chii y. Trong mdt mach vong phéng ta c6 thé thiét 1ap t6i da ba phuong trinh lién
két.

1.4.2 Thiét ldp cdc phirong trinh lién két

Ta’ c6 thé tach mot mach vong tai mot mat cat hodc b?lng cach tach khop. Khi d6 ta
bién mdt mach vong thanh mot chudi dong ho.
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a) Phicong phdp mdt cdt

Hinh 3.10
Mot mach vong ¢ thé chuyén thanh mot chudi dong ho béng mot mat cét tai mot
vét rin ndo d6 cua mach vong (hinh 3.10). Ta goi hai nira cia vit rin bj tuong
tuong tach doi la phan A va phan B.

Ta gin chat vao phin A hé toa d6 R ,=(Oxyz),, vao ph?m B hé toa d¢
R, =(Oxyz), . Cac diéu kién rang budc duoc thiét Iap tir cac diéu kién twong thich:
Hai ntra A va B cia vat rn phai c6 cling vécto dinh vi xac dinh diém 0, va O, va
phai c6 cling ma tran cdsin chi hudng. Cac yéu cdu d6 duogc thé hién bang cac hé
sau (hinh 3.10)
F =7 (1.14)
A=A (1.15)
Trong d6 7, vécto dinh vi diém O,, 7, vécto dinh vi diém O,, “A 1a ma trén
cosin chi huéng hé quy chiéu R, =(Oxyz), dbi v6i hé quy chiéu quén tinh R,, con
%A 1a ma tran csin chi huéng cta hé quy chiéu R, =(Oxyz), dbi voi hé quy
chiéu quén tinh R, .
Phuong trinh vécto (1.14) tuong duong v&i ba phuong trinh vd hudng rang budc
céac toa do suy rong. Phuong trinh ma trén (1.15) tuong duong véi chin phuong
trinh vO hudng. Tuy nhién trong chin phuong trinh d6 chi ¢6 ba phuong trinh doc

1ap. Nhur thé tir cac phuong trinh (1.14) va (1.15) ta nhan dugc sau phuong trinh
lién két :

S (@002 2000002,) =0 (i =1,...,6) (1.16)
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Chii y. Khi tach dbi vét rin béi mot mat cit nhu hinh (3.10) tir mot vat rén ta tao
thanh hai vét rin méi. Nhu thé hé ban dau c6 p vat ran trd thanh hé co p+1 vat ran.
Vi vay can phai c6 thém ba toa do suy rong dé xac dinh huéng cia vit rin méi
hinh thanh. Do d6 néu ta van sir dung céc toa d goc, thi du cac géc Euler, chung
cho ca hai nira vt rin, thi ta chi con lai ba phuong trinh lién két (1.14).

Veé phuong dién van toc va gia toc ta c6 cac dieu kién rang budc sau:

RO 4 RO _ B RO 4 RO 8B
W w 0 £ £ 0
RO | ro = *l Ro | #o = (1.17)
v, \ 0 a, a, 0
Trong d6 dé cho gon ta ki hiéu
Mv,o=v s Mvg=v, (1.18)
Nhu d3 biét, van tbc goc, gia tde goc, van tbc géc toa do, gia tde géc tao d6 cua cac
hé quy chiéu R =(Oxyz), va R,=(Oxyz), la cac ham cua cic toa dQ suy rong.
Mot nhugce diém caa phuong phap mat cit 1a viéc xéc dinh gié{ tich cac toa d phu
thubc z rat kho khin, boi vi tat ca cac toa d0 phu thugc z déu c6 mat trong sau
phuong trinh lién ket (1.11) (1.12).
b) Phuong phdp tdch khop

Hinh 3.11

Mot mach vong trd thanh mot ’chuf)i dong h,(’)' néu ta tach ra tai m(f)‘t khép nao dé
(hinh 3.11). Trong hinh vé ta gan hé quy chiéu R =A4x, y,z, vao phan bén trai cia
khép bi tach va gan hé quy chiéu R,=4'x,y,.z,. vao phan bén phai ciia khop bi
tach. Do khép c6 bac tu do nén hai hé qui chiéu nay khac nhau.
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Gia sir s6 bac tu do ctia khép duoc tach 1a £, . Khi d6 cac toa do phu thude z dugc
phan thanh hai nhém:

ZII

Trong d6 z, : (6 f,,) toa d0 khép tai cac khop khong tach,

z,: f, toado khop tai khop tach.
Khac v6i phuong phap mat cit, & ddy ta chi can phai giai hé 6- f,, phuong trinh
lién két (cac phuong trinh dai s6 phi tuyén). Dang cac phuong trinh nay phu thugc
vao dang cia khép tach (xem hinh 3.13). H¢ cac phuong trinh lién két (1.11) dugc
phan thanh hai h¢ con :

f(z,,q) =0, 6— f,, phuong trinh (1.18)

f,(z,.,z,,9)=0, f,, phuong trinh (1.19)
Hé 6— f, phuong trinh phi tuyén (1.18) chira 6~ f,, 4n 14 cac toa do phu thudc
z, . Sau khi da biét z, , ta xac dinh dugc z,, &n tir cic phuong trinh (1.19).
U diém ctia phuong phép tach khép 1a s6 lugng céc phuong trinh lién két giam tir
6 phuong trinh xuéng con 6 - f,, phuong trinh. Nhuge diém cta phuong phap nay

1a viéc thiét lap cac diéu kién rang budc phu thude vao dang ctia khép tach, nén doi
khi kha phirc tap.

1.4.3 Cdc thi du dp dung Y
Thi dy 3.4. Xét md hinh
robot phang 3 khéu ma dau P(x,y)
P cta né chuyén dong trén
mdt dudng cong cho trude O
nhu hinh 3.12.
Ki hiéu(x,,y,) la toa do cua diém P trong hé toa d¢ Oxy. Gia st phuong trinh cua
duomg cong C c6 thé biéu dién dusi dang

x,=x,(t),  ¥,=y,() (1

Trong d6 t 1a tham s6. D& don gian, gia thiét ] =1, =1, =1 . Khi d6 cac phuong trinh
lién két c6 dang

I[sing, +sin(p, +@,) +sin(g, + 9, +@,)]=x, (1) 2)

—I[cos g, +cos(, +@,) +cos(p, + ¢, + ;)] =y, (t) (3)

Céc phuong trinh (2) va (3) la cac phuong trinh ¢6 dang nhu phuong trinh (1.18).
Chiing la cac phuong trinh lién két h616ndm. Néu cb dinh P, x, = const, P= const
thi robdt 3 khau bién thanh co cAu bén khau quen thugc.
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Cdc diéu kién rang

Khép cdu bugc
rﬂ' - rn = 0
fi=3
Khép phing
T
(ru ra) ezu = 0
f/ = 3 e;'e.m = 0
e;' ya 0
Khop
Cardan
rﬂ' _ru =
fi=2 e'e =0
Kho’.p frlj (ru' ra)T em = O
T
r.—r,)e =0
f] — 2 ( « ll) ya
e:l' xa = 0
T —
e:u' ya
Khép quay r,-r, =
f/ =1 T =0

za' ya




§2 PHAN TiCH DONG HQC HE NHIEU VAT BANG PHUONG PHAP
MA TRAN COSIN CHI HUONG

Ma trén césin chi hudng c6 mét vai tro quan trong trong phén tich dong hoc va
phan tich dong luc hoc hé nhiéu vat. Trong chuong hai ta da néu ra cong thirc vé
quan hé giira toan tur séng cta vén tbc goc chia vat rin va ma tran cosin chi hudng
cta nd

R()
" =AAT, @ =ATA, A, = aA, (2.1
dt
Mit khac tir quan hé u!® =A,u{”, ngudi ta da chimg minh dugc hé thirc
(0) A ﬁ(I)A (22)

Trong doan nay, dua trén co s¢ khai niém ma trn cdsin chi hudng, ta s€ trinh bay
phuong phap truy hdi va phuong phap tryc tlep xac dinh van toc _goc cua cac vét
ran trong mot hé nhiéu vét. Sau dé xac dinh vi tri, vén toc, gla téc chia mot diém
thudc vat rin trong hé nhidu vat c6 cu tric cdy. Ta ciing c6 thé ap dung phuong
phép nay tinh toan dong hoc hé nhiéu vat c6 ciu truc mach vong.
2.1 Xdc dinh van téc goc cira cdc vit rin biang phwong phép truy hoi
Xét hé gém p vit rin (hinh 3.14). Goi A, 1a ma tran c6sin chi huong cia vat rin
thir i d6i v6i hé quy chiéu quén tinh R,, T, 1a ma tran césin chi huong cua vt rén
thir i dbi voi hé quy chiéu R, gfm lién vao vat ran tha i-1. Nhu thé ta c6

A =TT,..T T =A_T (2.3)

=T'Al,, T'=AA,, (2.4)

i1
Dé tién phﬁn biét ta goi “* A, =T, 1a ma tran cosin chi huéng twong doi, * A, = A,
la ma tran c6sin chi huéng tuyét doi.

Hinh 3.14
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Thé biéu thirc (2.3) vao phuong trinh (2.1) ta duoc
Rad

d‘)ti) = AiTAi = (Ai-lTi )T _d_(AHTi ) = TiTAiT-IAi-l’I:' + TiTAfT~|Ai~1Ti

¢
&0 =Tl T +T'T,

!

25)

Ta quy u6c goi @,,,, 1a vén toc géc tuong ddi cia vat rin B, doi voi hé quy chiéu

Ri.;. Nhu thé ta ¢6
&P = TirTi

irel

Thé (2.6) vao biéu thirc (2.5) ta dugc

= () _ T (-1 =)
mi _Ti mi—l T: +mi,rcl
Theo cong thirc (2.2) ta cé
@ =A,6AT
Nhan bén trai biéu thirc nay voi A,.T , nhan bén phai vé§i A, tadugc
& = ATG"A, = AT (A 0] )A,
Tuong ty ta ¢6
=) _ AT (% D
('oi—l - Aivl (Ai~lmi—l )Ai—-l

o? = AT (Amf” )A4

irel irel

Thé (2.8), (2.9), (2.10) vao biéu thirc (2.7) ta duoc

irel

Al (A0l ), =T7AT, (A0l )A T, + AT (A0 )a,

Nhén bén trai phuong trinh trén véi A, nhan bén phai véi Al taco

M _ EURGE
Aiwi —Ai-lwi~l +Ai0‘)i.rcl

Tir d6 suy ra
0 _ (i-1) @)
Ao”=A_ 0" +A6

i1 irel
Nhén bén trai phuong trinh (2.11) véi A7 ta dugc

o =ATA, 0" +0?

i-1 irel

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

@2.11)

Cha y dén (2.4) tir cong thirc trén ta suy ra cong thic xac dinh truy hdi van téc gdc

cua vt ran B,

m?i) — T,~T('),(~:I) + mgi)

irel

2.12)

Tir d6 suy ra quy tac xac dinh truy hoi véc to van tée goc chia vat ran thudc hé

nhi€u vét c6 cdu tric vong dong hoc nhu sau:
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Budoc 1: Xac dinh toan tir séng " cia vat rdn B, theo cong thirc (2.6). Khau 0

gén lién vao hé quy chiéu quan tinh nén & = 0. Nhu thé theo (2.7) ta c6

. . . u(lT

! dt

Budc 2: Tinh ma tran T,, sau d6 tinh todn tir song®@'?, =T/ T, . Tir d6 suy ra @', .

el
Budc 3: Tinh van toe géc khau thir i theo cong thirc (2.12)

(l) TT (l l)+m(l)
!

irel
BirGe 4: Tiép tuc qua trinh truy hoi tinh toan tir budc (i) sang bude (i+1).
Qua trinh xac dinh vén téc goc theo phuong phap truy hdi khé thuan tién néu ap
dung cong cu tin hoc tu dong hoa qua trinh tinh toan. Da4i vdi cac bai toan don gian
ta ap dung cach tinh truc tiép nhi€u khi thuan tién hon.
Thi du 3.5. Cho co cu rdbdt nhu hinh v& (hinh 3.15). Hay xé4c dinh van tbc goc
tirng khau cua robot bang phuong phap truy hoi. C
Loi gigi. Cac ma tran cosin chi S
hudng dia phuong c6 dang
cosq, -sing, 0
T =|sing, cosq, 0
0 0 1

cosq, 0 sing,
T,=| O 1 0
~-sing, 0 cosg,

[cosq, 0 sing,
T,= 0 1 0

| —sing, 0 cosgq,

Vin tdc goc tuyét dbi ciia khau mét la Hinh 3.15
cosq, sing, sinq, —cosq, 0
&V =T'T =q,| —sing, cosqI cos g, smql 0
0 { 0
0 -1 0 0
& =411 0 0 =a"=|0 (1)
0 0 0 q,
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Vén toc géc tuong doi chia khau hai d6i véi khau mét
cosq, 0 -sing, || —sing, 0 cosgq,

o>, =T/T,=¢,| 0 1 0 0 0 0
sing, 0 cosq, ||-cosq, 0 -sing,
0 0 1 0
By =G:(0 0 0| =, =4, &)
-1 00 0

Van toc géc tuong doi cua khau ba doi véi khau hai 1a

cosqg, 0 -sing, |[-sing, 0 cosg,
&), =T/T,=¢,| 0 1 0 0 0 0
sing, 0 cosq, ||-cosq, 0 -sing,
0 0 1 0
@), =q¢, 0 0 0 = e, =4, 3)
-1 00 1 0

Ap dung cong thirc (2.12) ta tinh dugc vén tbe gdc tuyét dbi cua khau hai va khau
ba

[cosq, 0 -sing, |[0 01 [-gsing,
0 =To"+ol,=| 0 1 0 |0+g = ¢ |&
|sing, 0 cosq, | ¢, 0] | ¢cosq,
[cosg, 0 -sing, |[—¢,sing,| [0
o =T/o?+al,=| 0 1 0 g |+ 4
|sing;, 0 cosq, || ¢ cosq, | | O

-, (sing, cosq, +sing, cosq, ) —¢,sin(q, +q,)
4, +4; g, + 4, (5)
ql (COS(]Z €054, _squ Sinqs) (L COS((]Z +q3)

) _
w, =

2.2 Xic dinh vén tdc goc ciia cdc vat rin bing phwong phap trye tiép
Phuong phap tryc tiép tinh toan van toc géc dua trén cong thirc tinh van tdc goc
cua vat ran qua ma tran cdsin chi huéng

" =AAT, d" =ATA, (2.13)

Do do viéc tmh todn rd rang va sang sua hon so v6i phuong phap truy hoi. Tuy
nhién ma trdn césin chi huéng A, cua vat ran B, ddi voi hé quy chiéu quan tinh

thuong c6 dang phuc tap hon ma trén cosin chi huéng dija phuongT, cua vt ran
B, doi voivatran B, . Chiy rang
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A =A_T (2.14)
Néu sir dung cac h¢ chuong trinh cé phén,tinh toan ky tu (MAPLE, MATCAD,
MATHEMATICA) thi viéc tinh toan van toc goc theo cong thirc (2.13) kha thuan
tién.
Thi du 3.6. Tinh vén tc goc cac khau ciia robdt trong thi du 3.5 bing phuong phap
truc tiep.
Lai gigi. T cac ma trdn c6sin chi hudng dia phuong T, (i=1, 2, 3) trong thi du 3.5
ta dé dang tinh dugc ma tran cdsin chi huéng A,.
cosq, -sing, 0
A =T =ising, cosq, 0 (1)
0 0 1

cosq, -sing, 0| cosq, O sing,
A,=AT, =|sing, cosq, 0 0 1 0

0 0 1]l —sing, 0 cosgq,
cosq,cosq, —sing, cosg,sing,
A, =|sing,cosq, cosq, sing,sing, )
—sing, 0 cosq,
A, =AT, 3)

Theo cong thirc (2.13), dé xac dinh cac van toc, goc o, ta phai tinh dao ham cac ma
trdn cosin chi huéng A, theo thoi gian. Nho cac phan mém da ning (ching han
MAPLE, MATCAD) ta dé dang tinh dugc A, va dao ham cda ma trén nay. Ta ghi
lai két qua tinh nhd phan mém MAPLE nhu sau

0 ”ql Ccosq, qz —(], sin q,
a‘);;)) = AZTAZ = (]l cos qZ 0 (}] Sin []2 = m;Z) = q'z
=, —q,sing, 0 q,c08q,

14 L3 . ‘ r R4 F 4 A -’1
2.3 Xdc dinh gia toc géc cia cic vat rin
Gia téc goc cua vat ran B, trong hé nhiéu vat c6 thé tim mot cach tuong dbi don

gian bing cach dao ham tryc tiép vén tdc goc cia né theo thoi gian. Néu sir dung
phuong phap truy hoi thuong rat phire tap. Dao ham theo thoi gian biéu thic

o =AJA,
ta duoc

3" =6 =ATA +ATA, (2.15)
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2.4 Xac dinh vin toc trong tim cua cac vit ran

Bén canh viéc xac dinh céc vén téc goc, ta ciing cén phai xac dinh van téc cac diém
ctia vat ran trong hé nhiéu vat. Trong muc nay gidi han xét bai toan xac dinh vén
toc trong tdm cua vat ran. D€ tinh védn toc trong tAm cha vat ran ngudi ta cd thé sir
dung phuong phap truy hoi. Pé don gian, trong doan nay ta chi xét cac hé nhiéu vat
lién ket véi nhau béi cac khép quay va khop tinh tien, va giira hai vat chi c6 mét
khop noi. B

a) Phuong phdp truy héi doi vii khop quay il

Trén hinh 3.16 biéu dién so dd hai vat rin thi
i-1 va thir i ciia mot hé nhiéu vat n6i voi nhau
bang khdp quay. Cac ky hiéu cho trén hinh
v€. Vi tri trong tdm cla vat rain B, dugc xic
dinh boi cong thirc

F=F_ +i_ -5 (2.16)
Biéu thirc (2.16) c6 thé viét lai dudi dang ma
tran nhu sau

KO =r + A ul —As) (2.17)

Pao ham phuong trinh (2.17) theo thoi gian ¢

trong hé quy chiéu ¢6 dinh R, ta dugc Hinh 3.16

FO =i+ A _ul " —As? (2.18)
Chu y dén cong thirc (2.9) trong chuong 2 ta c6 hé thic

A =A6" (2.19)

Thé (2.19) vao (2.18) ta dugc cong thic xac dinh van tde trong tdm vt rén theo
quy tac truy hoi
O =5 4 A ¢ u) - A GYs (2.20)

1

Thi du 3.7. Ap dung phuong phép truy hdi tim van téc trong tdm cac khau cia
robot xét trong thi du 3.5.

Loi giai. Cac ma tran cosin chi huéng A, A, va A, da tim duoc trong thi du 3.6
cosqg, -sing, 0
A =T =|sing, cosq, 0
0 0 1
C0sq,C0sq, -—sing, co0sq, sing,
A, =| sing,cosq, cosq, sing,sing,

—sing, 0 cosq,
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cosqg, O sing,
A, =AT =A, 0 1 0
—-sing, 0 cosg,
Theo (2.20)tacd
cosq, —sing, 00 —-¢ O} O 0
i’ =-A46"s" =~|sing, cosq, 0|lg 0 0} 0 |=|0]| (1)
0 0 1{0 0 O} -a 0
Két qua nay la duong nhién, vi trong tdm C, nim trén tryc quay z, cua hé quy

chiéu ¢d dinh nén van toc cia n6 phai bang khong. Dé tinh vén toc trong tdm cia
khau thir hai, tir hinh v&€ 3.16 ta suy ra

u” =[0,0,a,], s =[-,,0,0]
Tir d6 sir dung cong thirc (2.20) ta co

0| |cosq, —-sing, 0[O0 —-¢g, OO0
" =|0{+|sing, cosq, Of¢ O O[O0 -
0 0 0 10 0 Ollq
cosy,cosq, —sing, cosg,sing, { 0 —(, cosq, q, -a,
sing, cosqg, cosqg, sing,sing, || §,cosq, 0 g,sing, || 0
-sing, 0 €0s(q, -q, —q,singq, 0 0
[cosq cosg, —-sing, cosg,sing, 0

=-—|sing,cosq, c€o0sq, Sing,sing, || —a,q,cosq,
—-sing, 0 cosq, a,q,
-a,q,sing, cosq, —a,({, cosq, sing,
,) = | a,§,cosg,cosq, ~a,q,sing, sing, (2)
L _azqz €0sq,

Bing cach tuong tu chung ta c6 thé tinh dugc

b) Phutong phdp truy héi déi vai khép tinh tién

Néu hai vat rin B, va B, dugc ndi voi nhau bang khép tinh tién (hinh 3.17) thi
chuyén dong tLrong déi cia B, ddi v6i B, la chuyén dong tinh tién. Chon hai hé
quy chleu dong gan vao hai vt ran niy c6 cung huéng, khi d6 cong thirc xac dinh

van toc trong tam phuy thudc vao toa do suy rong c6 dang tuong dbi don gian. Do
ma tran cOsin chi hudng dia phuong 7, 1a ma tran don vi, nén ta co

124



A=A, T =A E=A,_ (221)

Véc to xac dinh doan Cj.; dén C;la
d=C_C, (2.22)

Tir hinh v& 3.17 ta ¢ cong thirc xac
dinh vi tri trong tdm cna vat rin B
biéu dién qua vi tri trong tdm vat
tin B,

P=F, +d, (2.23)
Biéu thirc (2.23) ¢6 thé viét dudi
dang ma trdn nhu sau

O =r%+A d" (224) Hinh 3.17

Pao ham theo thoi gian hé thuc (2.24) ¢ trong hé quy chiéu cb dinh R, ta dugc

B =i +A, d"+A, d? (2.25)
Thé (2.19) vao (2.25) ta dugc cong thirc xac dinh vén téc trong tAm vét rin B, theo
quy téc truy hoi nhu sau

i.i(O) = i‘i(—ol) + Ai—lagi) + Ai»l(bn(‘i_ll)df'i) (2.26)
Chui y. Thong thuong tai khop tinh tién ta chon toa do suy rong ¢; la d6 doi doc
theo truc x,_, nhu hinh v&. Khi d6 ta cé

q,' qi
d?=(0|, d?=|0 (2.27)
0 0

Thi dy 3.8. Xac dinh vén téc trong tAm céc
khau r6bét cure nhu hinh vé& 3.18.

Loi giai. Ta ky hiéu ¢ =¢q,, u=g,. Tir hinh
vé3.18tacd
I cosq
r'” =| I sing
0 o

cosq, —sing, 0
A =A,=|sing, cosq, O
0 0 1

Hinh 3.18
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Tir d6 dé dang tinh dugc van tbc goc va van tdc trong tam C, . Do khop tai O la
khép quay, ta ¢o

(1 ¢,sing, | 0
i'lw) =| Lg,cosq, |, wl“) =0 (1
0 gy

Ta xac dinh van td¢ trong tim C, theo cong thic (2.26)

-_ll(]lsinqu €os¢, -sing, 0| g,

i =| 1,4 cosq, |+|sing, cosq O} 0
o0 J Lo o 1fjo
(cosq, —sing, 0] 0 —¢, O [q,
+|sing, cosq, Ollg 0 00
| o o 1Jjo o o]o
~1g,sing, +{,c0sq, — ¢,q,sIng, W
i” =| 1,g,cosq, +§,sing, +¢,g,cosq, (2)
0

2.5 Xac dinh gia tbc trong tim cua cac vit rin

Khi da biét van tdc trong tAm céac vat rin coa hé nhiu vat, béng cach dao ham vén
tdc trong tim chia vat ran theo thoi gian o trong hé quy chieu cd dinh ta dé dang xac
dinh duoc gia toc trong tim cua vat ran. P6 1a cach nhanh nhat va thuan tién nhat.
Véi muc tiéu trinh bay mt cach tron ven, trong doan nay ta néu ra cac cong thuc
xac dinh gia toc trong tdm vat ran cua mot hé nhiéu vat bang phuong phép truy hoi.
Ciing nhu doan trén ta_gia thiet cac vat ran dugc ghép ndi vaoi nhau bang cac khop
quay hoac khép tinh tién.

a) Phuong phdp truy héi doi véi khop quay

Pao ham theo thoi gian biéu thirc (2.20) & trong hé quy chiéu ¢8 dinh R, ta nhén
dugc cong thirc

B0 _E0 LA G+ A_G " - ASYS) -AGPS”  (228)
Thé biéu thic (2.19) vao (2.28) ta nhan dugc cong thirc truy hoi tinh gia tbc trong

tam cla vat ran B, trong mot h¢ nhiéu vat

B0 S 4 AL G + AL 06 A GO - AG ! (229)
Cong thirc (2.29) tuy rit rd rang nhung kha phic tap. Néu ta sir dung céc phan
mém tinh toan ky tw (MAPLE, MATCAD, MATHEMATICA) thi sir dung phuong
phap nay kha thuén tién.
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b) Phuong phdp truy hdi dii véi khép tinh tién
Tuong tu nhu trén, dao ham theo thdi gian biéu thirc (2.26) & trong hé R, ta durge
PO =F0+ A A"+ A d+ Ao+ A e - A _ el Al (2.30)

i-1
Thé bidu thuc (2.19) vao (2.30) ta duoc cong thuc truy hoi tmh gia tc trong tim
cta vatran B, trong hé nhiéu vat
i =F% +A_ e +A_d" +A_od" + A 6 e"d" - A _ 6! d”

1
EO =80+ A (65" +6! 0" )d +24, 6, "d")+A Ao 2.31)

Céng thirc nay ciing rat phirc tap. N6i chung ta chi nén sir dung (2.31) khi lap trinh
tinh toan.

§3 PHAN TiCH PONG HQC HE NHIEU VAT BANG PHUONG PHAP
MA TRAN DENAVIT-HARTENBERG

Mot trong cac phuong phéap hay dugc sir dung dé phan tich dong hoc va dong luc
hoc hé nhleu vat rin ghép ndi véi nhau bing cic khép, chi yéu la cac khép quay va
khép tinh tién, 1a phuong phap ma tran Denavit-Hartenberg. Phuong phap nay cé
wu diém 1a tuong d8i don gian, d& lap trinh trong phan phan tich dong hoc. Tuy
nhién khi tinh toan dong luc hoc phuong phap nay khong thuan tién bang mot s6
phuong phap khac. Trong hiu hét cac sach vé Ky thuat rébét, ngudi ta hay trinh
bay phuong phap nay.

3.1 Céc toa d§ thuin nhit va cic ma trin bién d6i toa d thuin nhit
Y tuéng co ban cia viéc dua vao cac toa do
thuan nhat va cac phép bién déi thuan nhat la
nham muc tiéu két _hop hai phép bién dbi tinh P
tién va phép bién ddi quay thanh mot phép bién 1
don mai, ma ma tran cta phép bién ddi nay co &
cap 1on hon mét. .
a) Pinh nghia cdc toa dj thudn nhat O & y

-

Binh ;gghz”a. Vi tri cia diém P & trong hé toa do é
ba chiéu Oxyz duogc xac dinh bai véc to sau Hinh 3.19

ZA

~y

F = xé, + yé, + 28, G.1)

Gia sir 6 1a mot dai lugng v6 hudng khac khéong tiy y. Toa d thudn nhat caa diém
P duoc dinh nghia badi hé thirc sau

r=[0'x oy oz O']T 3.2

Trong k¥ thuat, ngudi ta thuong chon o = 1. Khi d6 toa d6 thuin nhét bdn chiéu
cta diém P dugc md rdng tir cac toa dd vat ly ba chiéu ciia diém P bang cach thém
vao thanh phan th{r tu nhu sau
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T

r=[x y z 1] (3.3)
Chit y. Trong truong hop didm P chuyén dong trén mot mat phéng, toa do vét ly
cua diem P la

P =X +yé,.
Khi d6 toa do thuin nhit cua diém P co dang

T

r=[ox oy o]
b) Y nghia cua khdi niém tog do thudn nhat
¢ Gia sir cac toa d§ cia diém P trong m{t mat phéng 1a (x,y). Goi 0=¢ 12 mot s6
thyc bat ky khac khong. Ta thuc phép bién dbi sau

-] 1
a y ‘ (1
Khi d6 toa do thuin nhat cta diém P 1a (£,7,5) - Thi dy mot diém P c6 toa do vat
ly 1a (x=1,y=2). Toa do thudn nhét cia didm P c6 thé 1a (1,2,1), hodc (2,4,2), hoic
(6,12,6), v.v...

Bang cach do ta c6 thé chgyén mot da thire bét ky cta hai bién (x,y) thanh mot da
thirc thuin nhit cia cic bién (£,7,4) .

Thi du 3.9. Cho da thirc

f(x,y)=x’y+3x’y-2xy+5y =0 ¥))
Da thirc (2) khong phai 1a mot da thirc thudn nhét. Thyuc hién phép d5i bién s6 (1)
ta co :

s &

2
YT Bty =351

43
én n
2xy=-227, 5 =51
42 ’ 4

Thé (3) vao (2) rdi nhén ca hai vé voi ¢* ta dugc

f(é,n,§)=§’n+3§2n4—2§néz +514° =0 (4)
DPa thirc (4) 12 mot da thic thun nhit bac 4 ciia cac toa do thuln nhét.
Nhu thé biing cach dua vao khai niém toa do thuin nhét, ta c6 thé bién ddi mot da
thirc kl‘léng t,huz‘m nhét caa cac toa do vat ly vé mot da thirc thudn nhat coa cac toa
d6 thuén nhat.

3

¢ Nho khéi niém toa dd thudn nhét trong khong gian bbn chidu ta cb thé chuyén
bai toan cong hai ma trén cdt trong khong gian ba chiéu thanh bai toan nhan ma
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tran trong khong gian bon chiéu. Cho @ va b 1a hai véc to trong khong gian ba

chiéu, ta co

a b, a, +b

!
a+b=|a,

a

+| b, |=|a,+b,
s b a, +b,

(3.4)

Ta chuyén phép tinh cong (3.4) sang phép tinh nhan hai ma tran nhu sau

a, +b 1 0 0 gq
a,+b,| 10 1 0

1 0 0 0 1

bl
a, (|1 b
a, +b, 1o 0 1 a, || b

)

(™

1

(3.5)

¢) Ma trdn bién doi toa do thuan nhdt va phép bién déi thudn nhat

Xét vat rin B chuyén dong trong hé
qui chiéu cb dinh R, =Oxpyyzo. Liy
mot diém A nao d6 coa vat rin B lam
diém dinh vi, va gfm chit vao vat rdn
hé qui chiéu R, = Axyz (hinh 3.20).
Léy P 1a mot diém bat ky thude vat
ran B. Trong hé toa d6 vat ly Ox,y,z,
taco

Fo =F, +1i,

(3.6)

Phuong trinh (3.6) cé thé viét lai
dudi dang ma tran nhu sau

(0)
‘xP

(0)

e
0)
ZP

0)
X,

— (0)
= Va

(0)
ZA

+

1S
<

Q
8

[

32

Trong d6 A 1a ma tran c6sin chi hudng cia vat rin B,

2y

~(0)
5

o

//Eu(o)

Xo

[

a13 uP\'
U]
ll,,y

(O]
Qys j| Up:

aZ}

=(0)
<)

Hinh 3.20

(3.7)

ay ()

M 14 A o
Up, Up,, Up, la toa do cuia

diém P trong hé qui chiu Ax,yz, . Néu sir dung céc toa do thuan nht, phuong
trinh (3.7) ¢6 thé dyoc viet lai duéi dang

(0) (0) )
Xp a4, 4, a; X, |[|Up

10) (0) )
Ye | _|Qu Gy Gy Y, Uy,

o |~ (0) Q)
Zp ay Ay 4y Z, Uy,
1 0 0 0 1 1

Néu ta dua vao ky hiéu ma tran
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(0)
a, a, Gz X4

(0) Ry
a a,, Q,, Y A "r
T: 21 22 23 A =[ A} (39)
;0) OT 1

0o 0 0 1
thi phuong trinh (3.8) ¢6 thé viét lai dudi dang

B TA B B,
Ve o

Dinh nghia. Ma tran (3.9) dugc goi la ma tran bién ddi thuan nhat, con phép bién
dbi (3.10) duoc goi 1a phép bién doi thudn nhét

Chii y. Phuong trinh (3.7) 1a mot anh xa tuyén tinh khong thuan nhat. Phuong trinh
(3.8) 1a mot anh xa tuyén tinh thuan nhét.

d) Mét vai tinh chdt ciia ma tran bién doi thuan nht

- Ma trén bién doi thudn nhit T chira thong tin vé huéng cua vt rdn, mo ta boi ma
tran cdsin chi huéng A, va thong tin vé diém dinh vi (diém cyc) cua vat rén, mo ta

bdi véc to dai s “r,.

- Dinh thirc cia ma trén thudn nhat béng 1

det T =det A=1. (3.11)
- Ma tran nghich dao ctia ma trén thuan nhit duogc xac dinh bdi cong thirc
AT AT Pr
T'= 4 3.12
v | G1)

Viéc ching minh cong thirc tinh ma tran nghich dao (3.21) tuong dbi don gian. Gia
st ma tran T™' ¢c6 dang

i |B D
0" 1

Thuc hién phép nhan ma tran ta dugc

L A Fr, B b AB Ab+%r, | [E 0
T = T T T T
o0 1 j[0 1 0 1 o7 1

T d6 suy ra
AB=E =B=A"=A’
Ab+%r,=0 = b=-A""r,=—A""r,
e) Cdc ma trdn quay co ban thudn nhdt v ma trdn tinh tién thuan nhat

Céc ma tran quay co ban (1.14), (1. 15) va (1.16) & trong chuong 2 md& rong ra
trong hé toa do thuan nhét bdn chiéu va c6 dang nhu sau
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1 0 0 0
0 cosp -—sing 0
T =Rot(x,0) = 3.13
(0)=Rot(x0)=| = 0 cosp O (3.13)
0 0 0 1
[ cosyy 0 siny 0
0 1 0 0
T, =Rot(y,w)=| . 3.14
) (»v) —siny 0 cosy O (3.14)
0 0 0 1
cos@ -sind 0 0
sind cosd O O
T (6)=Rot(z,0)= 3.15
(O)=Rau(z0)= "0 (3-13)
0 0 0 1
Ngoai ra ta dua vao khai niém ma tran tinh tién thudn nhét co dang
1 0 0 «a
T (a,b,c) 0 1045 (3.16)
rans (a,b,c) = .
0 01 ¢
0 0 01

Trong d6 ta thuc hién chuyén dong tinh tién theo huong truc toa d6 x mét doan a
a, theo hudng truc toa do y mét doan 1a b, theo hudng truc toa d6 z mébt doan la c.

3.2 Cic tham s dong hoc Denavit-Hartenberg va ma trin Denavit-
Hartenberg
a) Cdc tham sé déng hoc Denavit- Hartenberg

Trong doan nay ta chi xét hé cac vat rin ndi ghép vai nhau bang cac khop quay va
cac khop tinh tién. Khi d6 quan h¢ vi tri gitra hai khau ké tlep nhau c6 thé dugc xac
dinh bai hai tham s6 khop. Trén hinh 3.21 khau i-1 ndi véi khau thir i bing khép i.
Truc z;,, dugc chon la truc cua khép thir i. Tham sb thir nhit €, dugc goi la goc
khop, 1a gbc quay truc x;.; quanh truc z;, dén tryc x; // x; . Tham s6 tha hai d; , 1a
khoang cach giilra truc x; va truc x;. Néu khép i 1a khop quay thi @ 12 bién con d;1a
h:‘?mg s6. Néu khop i 1a khop tinh tién thi khoang cach d; 1a bién, con B1a h?mg $6.
Dbi véi cac robbt cong nghiép, Denavit-Hartenberg (1955) da dua ra cach chon
céac hé truc toa dd c6 goc tai khop thir i nhu sau (xem hinh 3.22)
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—Ish(')pi X;
________ T
T Khau i
d,‘ Zil
X’,‘
Xig = Khaui-1| "
Hinh 3.21

1. Truc z;; duge chon doc theo hudng cua truc khdp dong thir i.

2. Truc x;,; duoc chon doc theo dudng vudng goc chung, cua hai truc z» va zy,
huéng di tor truc z;, sang truc z;,. Néu truc z;, cét truc z;, thi hudng cua truc x;
dugc chon tuy y.

3. Gée toa 46 O dugce chon tai giao diém cha truc x;., va tryc z;.,.

4. Truc y;., dugc chon sao cho hé (Oxyz), 1a hé qui chiéu thuan.

Hé toa d6 (Oxyz);., dugc xic dinh nhu trén trong mét sb tai liéu dugc qui udc goi
la hé toa d§ khop. V&i cach chon hé toa do nhu trén, doi khi h¢ toa dd khéop
(Oxyz);., khong dugce xac dinh mét cach duy nhat. Vi vy ta can c6 mét s6 bd xung
thich hop nhu sau.

5. Di v6i hé toa do (Oxyz), theo qui wdce trén ta mdi chi chon dugc truc z, con
truc xo chua cé trong qui udce trén. Ta cd thé chon truc xo mot cach tuy y, mién la x,
vudng gdc voi z,.

6. Déi voi hé toa dd (Oxyz),, do khong c6 khdp n+1, nén theo qui udc trén ta
khAng xac dinh dugc truc z,. Truc z, khéng dugc xac dinh duy nhit, trong khi truc
x, lai dugc chon theo phéap tuyén cia tryc z,.,. Trong truong hop nay, néu khép n la

khop quay ta ¢ thé chon truc z, song song véi truc z,.,. Ngoai ra ta ¢ thé chon
tuy y sao cho hop ly.

7. Khi hai truc z;, va z;; song song véi nhau, giita hai truc nay c6 nhiéu dudng
phéap tuyén chung, ta co6 thé chon truc x;; hudng theo phap tuyén chung nao ciing
duoc.

8. Khi khép thir i 1a khop tinh tién, vé nguyén tic ta co thé chon truc z;, mot cach
tuy y. Tuy nhién trong nhi€u truong hop nguoi ta thuong chon truc z;; doc theo
truc cta khép tinh tién nay.

Hinh 3.22 minh hoa cach chon cac hé toa d6 khdp theo y tudng cua Denavit-
Hartenberg.

Vi tri ciia hé toa dd khop (Oxyz); dbi véi hé toa d6 khop (Oxyz)i., dugc xac dinh
bdi bon tham so6 Denavit-Hartenberg 6, d;, a;va o; nhu sau:
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- 6 :gbc quay quanh truc z;, dé truc x;., chuyéll dén truc x'; (x'; /7 x;)

-d;: dICh chuyen tinh tién doc theo truc z;, dé goc toa dd O, chuyen dén O, ;» glao
diém cia truc x; va truc z;,;.

- a; : dich chuyén tinh tién doc theo truc x; dé diém O'; chuyén dén diém O,

- @ : gbe quay quanh truc x; sao cho truc 2% (z,, //z,_,) chuyén dén truc z..
2
Khéu i+1

b <> Khau i

Zi-t

Zi2
f 01

Khéau i-1

Khép i-1 K

O Xi-1

Hinh 3.22: Biéu dién cdc théng s6 Denavit Hartenberg cua khép quay

Trong bdn tham sé trén, cac tham sé a; va o ludén ludn la cac hang so do6 1on cua
chung phu thudc vao hinh dang va su ghép ndi cac khéu thir i-/ va tha i. Hai tham
s0 con lai 6 va d; , mot la hang s, mot 1a bién sb phu thudc vao khép i la khop
quay hay khép tinh tién. Khi khop i 1a khép quay thi & la bién, con d; 14 hing sb.
Khi khép i 1a khép tinh tién thi d; 12 bién, con @ 1a hang sb.

b) Chii y vé viéc xdc dinh hé tog do khop tai khdp tinh tién. Trong trudng hop khop
i 1a khép tinh tién, ve nguyén tic ta c6 thé chon truc z;., mot cach tuy y, do do viéce
xac dinh cac tham s Denavzt—Hartenberg phu thudc vao viéc chon hé toa do. Trén
hinh 3.23 dua ra mét phuong én chon hé toa d6 khép. Tuy nhién ta ¢6 thé Iua chon
cac phuong an khéc.
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Zj
Khau 1+1

Zjj

6 rj Khau i

f Zi.2
-1

Khéu i-1

Khép i-1 <

O

Hinh 3.23 Biéu dién cdc thong sé Denavit- Hartenberg cua khop tinh tién

¢) Ma trén Denavit-Hartenberg
Ta 6 thé chuyén hé toa do khép (Oxyz)., sang hé toa d3 khép (Oxyz); bang bdn
phép bién doi co ban nh sau:

- quay quanh truc z;.; mot géc &

- dich chuyén tinh tién doc truc z,; mot doan d,

- dich chuyén tinh tién doc truc x; mdt doan a;

- quay quanh truc x; mdt goc a;

Ma tran ciia phép bién dbi, ky hiéu 1a H;, 1a tich ctia bén ma tran bién ddi co ban va
¢6 dang nhu sau

cosd, -sing 0 0f{1 0 0 O0(i1 0 O 4|}l 0 0 0
| sin@ cosg 0 0110 I 0 0]{0 1 0 010 cosg —sing; 0
oo 0 10/{0 01 4]|{0 01 0]|0 sing, cose O
0 0 0 10 0 0 1}(0 0 0 1}(0 O 0 1
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cos@ -—sinfcosa, singsing; acosé,

sing, cosf cosa; ~—cosésina; a;sing
i . 3.17)
0 sing; cosa, d,
0 0 0 1

Dinh nghia. Ma tran H, dugc xac dinh béi cong thic (3.17) duoc goi la ma tran
Denavit-Hartenberg.

Ma trén Denavit-Hartenberg H;, 1a ma tran chuyén toa d6 mot diém tir hé qui chiéu
(Oxyz);.; sang h¢ qui chiéu (Oxyz)i. Chinh xac hon ta phai ky hiéu ma trdn nay
bang "'H, . Dé don gian cach viét sau nay ta sir dung ky hiéu H; v6i nghia "' H,,
con ky hiéu D; dugce dung véi nghia °H, .

3.3 Phwong trinh xac dinh vi tri khiu thao tac (ban kep) ciia robot

02 .., On-2
On.
O, %
Oo P

Hinh 3.24. R6bét n khdu

Xét mo hinh co hoc ctia mét rébot n khau dong nhu hinh 3.24. Theo trén, ma trin
Denavit-Hartenberg H, cho ta bict:

- Vi tri diém O, trong h¢ qui chiéu R,,

- Huéng ciia vt ran B, d6i voi hé qui chiéu R,.
Tir d6 suy ra khi biét ma trén Denavit-Hartenberg H,, ta biét duoc vi tri cia hé
qui chiéu R, =(Oxyz),d6i v6i hé qui chiéu R_ =(Oxyz), .
Ap dung lién tiép cac phép bién dbi (3.17) dbi vi robdt n khau ta c6

D,="H,="H'H,--"'H =HH, --H, (3.18)

Ma trén D, cho biét vi tri ciia diém P va hudng ctia khau thao tac (ban kep) clia
R6bot ddi véi hé qui chiéu cb dinh R, .
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3.4 Cic thi du 4p dung Y2
a) Thi du 3.10. Hinh 3.25
la so dd robdt phing hai
khau. Hay thiét lap ma tran
Denavit-Hartenberg D, va
phuong trinh xac dinh
diém P ca ban kep.

X2

P(x,y,z)

Loi gidi. Tt hinh v€ 3.25
ta dé dang thiét 1ap bang
caic tham s6 dong hoc (@
Denavit-Hartenberg  cho

thi du nay. Trong do ky 7 Hinh 3.25

hi¢u ¢,=6,, ¢, =0,

Truc 7 d a p
1 q 0 a, 0
2 Q> 0 a, 0
Ap dung cong thuc (3.18) ta tinh ’duo'c ma tran D,
¢, =5 0y qC||C, =S, 0 aC,
S C 0 aS|S, C, 0 aS,
D,=HH, = o
0O 0 1 O 60 0 1 o0
0 0 0 1 0 0 0 1
C, =S, 0 qaC +a,C,
D. = S, €, 0 a$+a,S,
1o 0 1 0
0 0 0 1

Ba thanh phan dau tién cilia cot cudi cung ciia ma tran D, chinh 13 céc toa do cia
cac diém P. Vay ta ¢6
0 _
x, =aC +a,C,,
0 _
yP - alSl + aZSIZ

Trong thi du nay ciing nhu céc du sau dé don gian cach viét ta sir dung cac ky hiéu
sau

C, =cosgq, S, =sing;
C, =cos(q, +q,),S,, =sin(q, +q,)
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b) Thi du 3.11. Phan tich djng
hoc robdt khong gian ba bac tu
do. Hinh 3.26 1a so dd mét loai
robSt khéng gian ba bic tu do.
Hay thiét lap ma tran Dy va
phuong trinh xac dinh céc toa d6
diém thao tac P.

Loi giai. Tir hinh vé ta dé dang
xac dinh bang cac tham s dong
hoc Denavit-Hartenberg cho thi
du nay

Tryc | @ d; a Q
1 ql dl 0 7t/2
2 q> 0 [42) 0
311 0 1 a | 0| Hnnize

Ap dung cong thirc (3.18) ta tinh duge ma tran

CI Czs _Clst Sl CI (asczs + azcz)

S|C23 —S|S23 .—Cl Sl (asczs +a2C2)
Sy Cy 0 aS;+a,S,+d,
0 0 0 1

D,=HH,H, =

Viy toa do diém P c6 dang
xy) =C, (a,Cyy + a,C, )
¥ =S, (a,C,, +a,C,)
2V =a,S,, +a,8, +d,

Thi du 3.12. Cho md hinh r6bot Scara 4 bac tu do nhu hinh 3.27. Cac kich thude
cho trén hinh v&. Xac dinh van toc trong tdm cac khau va véin toc goc cac khau.
Lai giai. Chon toa do suy rong nhu sau

a=[6,6,.6,.4.] =[¢, 0.9, 9.1 . )
Tir hinh v& ta suy ra bang tham s dong hoc Dennavit-Hartenberg
link 0 d a o
1 q, d, a, 0
2 q, 0 a, 0
3 q, 0 0
4 0 q, 0 0
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d4

a

=

Cac phép bién dbi thuin nhat

Cl

S,
D, =

@)
Zg
g1
="

Hinh 3.27
=S, 0 aC
C, 0 alf,
0 1 d |
0 0 1
—SIZ 0 alCl +azC12
CIZ 0 a|S1 +azS|z
0 1 d,
0 0 1
"Sm 0 alCI + azclzT
Cn 0 4S5 +a,S,
0 -1 d
0 0 r |
~Sl::s 0 aICl + azcnz-
Co 0 aS +aS,
0 -1 dl —4,
0 0 1
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Chui y dén cot thir ba cia cic ma trn trén ta suy ra vi tri trong tdm khau thir nhét
aCl [c, =S 0~ -1)] [iC
.. =S (+|S ¢ 0 0 =115, 2)
d, 0 0 1 0 d,

Pao ham biéu thic trén trong hé qui chiéu cb dinh ta duge van tbe trong tdm cia
khau thir nhat

—16,sin 6,
Ve =t = 1,6,cos6 3)
0
Tuong tu ta xac dinh dugc vi tri trong tam khédu thit hai
alCl + azcxz sz _SIZ 0 _(az _lz) alCl +12C12

I, = asS +a,8, |+|S, C, O 0 =| a,S, +1,S, @)
d, 0 0 1 0 d,
va van tbc trong tdm khau tha hai
_alélSl _IZéIZSl;'
Ve, =l"c2 = aIHICl +120|2C12 &)
0

Vi tri trong tam khau thir ba
aICI + aZCIZ CIZ _SIZ 010 alCI + aZCIZ

T, = as +a,S, 1+|S, C, 0]01=|4aS5 +a,5, )
d, 0 0 -1(0 d,
Vin tc trong tam cua khau thi ba.
_al.ngl _lzélzsxz
Ve, =i'c_, =| a6,C +1,6,C, ' D
0

Vi tri trong tdm khau thir tu

a,C, +a,C, G, -S. O 0 a,C, +a,C,
re, =| a8, +a,5, +|S, C, 0| 0|=]qaS$ +aS, (8)
d1 -4, 0 0 -1 -, dl —4, +1

Vian tbc trong tam cuta khau thir tu
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_alélsl _IZ.Q'IZSIZ
c, :l;c4 =| ¢6,C, +1,6,C, )
0

v

Tir cac ma tran Denavit-Hartenberg ta suy ma tran cosin chi huéng cia khau thir
nhat. P4 1a ma tran vudng cap ba & goc trén bén phai cia ma trén D,

C, =-S5 0
A=lS C 0 (10)
0 0 1
Tuong ty ta ¢6 ma tran cdsin chi huong cua khéu thir hai
¢, =S, 0
A=S, C, O (11)
0 0 1
va ma tran cosin chi hudng cia khau thir ba va khau thir tu
Cm _Sm 0
A, =A,=S,, C, O (12)
0 0 -1

Tir cac ma tran cdsin chi hudng, ta dé dang xac dinh dugc cac todn tir sdng cila cac
vécto vén toc goc cia khau thir nhat

G- ATA

C, S 0 —é,S, —é,c, 0 |0 -0 0 (13)
=-S, C 0} 6¢C -6S 0=l 0 0
0 0 1 0 0 0 0 0 O
Tir d6 suy ra van tdc géc khau thir nhat
o = [o 0 9] (14)
Toan tr séng cua vecto‘ van tdc goc cuia khau thir hai
CIZ Slz 0 ".0'|2S|2 _éIZCIZ 0 0 _912 0 (15)
=-S5, C, 0] 6,C, -6,5, 0|=6, 0 0
0 0 1 0 0 0 0 0 0
Tir d6 suy ra van tdc goc khau thir hai
0P =[0 0 9,2] (16)
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Toan tir sdng cla vécto van tdc goc cua khau thar ba va khau thir tu

~(3) __ ~(4 _ AT A
W, =0, _A3A3

Cm Sl23 0 —éIZ}SIZS —éIBCIZ 0 '0 —9123 0 (17)
= _S123 C:zs 0 9123C123 _gmsm 0= 0|23 0 0
0 0 -1 0 0 0 0 0
Suy ra van toc goc khau thir ba va khau thi tu
. T
o =0 =[0 0 4,] (18)

§4 PHAN TICH PONG HQC HE NHIEU VAT BANG PHUONG PHAP
MA TRAN JACOBI

4.1 Hg nhicu vit ¢6 cau truc cay
Xét hé p vat ran va ¢6 f bac tu do. Ky hiéu tép céc toa dd suy rong tbi thidu 1a

a=[4,:¢200, | (4.1)

Vi tri cia m&i vét rin duoc xac dinh bdi cac vécto dinh vi khdi tam rl.‘o) =1, vama
tran cosin chi huong A, .
r=r(qt) A =A(q.) (4.2)
Dao ham vécto r, theo thoi gian ¢ trong hé quy chiéu ¢d dinh R, ta dugc van téc
khdi tam cuia vat rn
dr, or, .  or
=—t= +

Vit T o 43
"ot 8qq ot (4.3)
Ta dua vao céc ky hi¢u
o o o]
dq, 0q, q,
@ |on or or,
J(IO)(q,t)zJT(q,[):ar’ = _';.‘_. _C"‘_ i (44)
' ' oq | dq, oq, oq,
o on .. o
oq, Oq, oq,
or'®
Vi (@) == 45

Biéu thic (4.3) bay gio c6 dang
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v, =0 =3O (q,0)q + ¥ (q,1) (4.6)
Matran J (TO’ 14 ma tran chit nhat ¢& 3xf va dugc goi la ma tran Jacobi tinh tién ctia
vét ran B..
Ta goi @, = ¢/” 1a vécto dai s6 cia véc to quay @ . Khi d6 van tdc goc ciia vat rin
B; c6 dang

o = 4o, _ %, + %,

7 “7)
ciing twong tw nhu phan trén, ta dwa vao cac ky hiéu
0p, dp,  dp,]
o,  0q, oq,
3D (@) =T, (qr) = 2| 2 D0 OO @)
' ' 9q | 9q, Oq, oq,
d¢. Op.  Op,
| 94, 94, o4, |
89 (q.1) = %‘:—' (4.9)
Khi d6 biéu thirc van téc géc ciia vat rin B, ¢6 dang
0 =J9 (q,1)q+ " (q.1) (4.10)

Ma tran J$’ 1a ma trin chit nhat c¢& 3xf va duoc goi 12 ma trin Jacobi quay cla vét
ran B, .

Do @, la vécto ma cac thanh phf”m clia nd 1a céc tya toa do, tirc 1a ban than @,
trong trudng hop tong quét c6 thé khong xac dinh dugce, nhung dao ham ciia né
theo thoi gian ludn cé thé xac dinh duge. Chinh vi vay ma tran Jacobi quay thudng
duoc xdc dinh theo cich khac véi dinh nghia & trén. T biéu thac (4.10) ta suy ra
cong thirc xac dinh ma tran Jacobi quay

[60® 60 o™ ]

2, o, 4,
ST e A S S @.11)
' aq dq,  9q, aq,

00® 00"  ow®

o4, oq, o, |
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Chii y. Dé thuén tién tinh toan sau nay ta dua vao cac ky hiéu

N (i) (0) al',»(o) .
J7 (q t)— q, J, (q,0) = Fr (i=1,...,p)

(i) (0)

; am a(()i .
I (@) =——, JI(qt)=—"—, (i=1,....p)
oq oq

Theo cong thirc (1.9) chuong 1 ta c¢6 hé thirc
I7 (.0 =AJP(q,1)
I (@) =AJ7(q,1)

Chii y. Khi khong so' nham In ta c6 thé viét tat J\ = J, LI =T,

(4.12)

(4.13)

(4.14)
(4.15)

Thi du 3.13. Xac dinh cic ma tran Jacobi quay va cdc ma tran Jacobl tinh tién cua

cac khiu ctia robdt trong thi du 3.5.
Loi giai. Theo thidy 3.5 tacé

0 0 0 0} g,

o”=/0(=10 0 0 q, =J§¢")q

¢] [1 0 0] 4,
[-4,sing, —-sing, 0 0| ¢,
o= ¢ |=| 0 1 0|4,|=J?q
| ¢,cosq, cosq, 0 Ojq, '

42 +‘L =
| gycos(g, +¢;) cos(qa +4s)

Tir trén ta suy ra

F“qx sin (qz + QJ) —sin q, + q3 :l

0 00 -sing, 0 0
JP=[0 0 0,J2=| 0 1 0|, I =
1 00 - cosg, 0 O
Theo cong thirc (4.15) ta cé
cosq, -sing, 0[O0 0 O 00
I, =AJ =sing, cosq, 0][0 0 0|=|0 0
0 0 1|1 0 0 1 0
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=39

cos(q, +q,)

[=J i

—sm(q2+q3) 00
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[cosq,cosq, -sing, cosq,sing, ||-sing, 0 0
Jo =AJy) =|singcosq, cosq, sing,sing, 0 1 0
| —sing, 0 cosq, cosq, 0 O

[0 —sing, O

=0 cosq, O

|1 0 0

Tinh toan tuong tu ta s& ¢
— 3)
JR, = AsJR,

Theo hginh vé ta suy ra

0 -a,sing,cosq, -a,cosq,sing, 01 ¢,
r,=|0], f, =| a,cosq,cosq, -—a,singsing, 0] ¢,
0 0 —a, cos(, 01{ q;
T d6 suy ra
000 -a,sing,cosq, =—a,cosq,sing, 0
J, =10 0 0, J, =| a,cosq cosq, -a,singsing, 0
0 0 0 — 0 —a, cosq, 0

Tinh toan tuong tu ta duoc J, .

4.2 Hé nhiéu vit ¢6 cau triic mach vong
Xét hé nhiéu vat holoném cé cau tric mach vong gf‘)ﬂ] p vat ran va f bac tu do. Ky
hiéu cac toa do suy rong ddc lap du (cac toa df toi thieu) 1a ¢,,¢,,....q,, cac toa d6

suy rong phu thudc (cac toa d6 du) 1a z,,z,,...,z, (f+r=n). Ta dua vao cac ky hiéu
sau

T

qz[q,_qzi...,qf]r, z=[z,_zz‘...,z,,:l (4.16)
Vi tri ctia mdi vat rin B, thudc hé dugc xac dinh boi véc to dinh vi khéi tam r,
(hodc véc to xac dinh mdt diém dinh vi nao dé) va ma tran cosin chi hudng A,
(hodc véc to quay ¢,)

r,=r(q,zt), 1=L,..p. 4.17)

A =A(qz1),1=1,..p. (4.18)

Trong do véc to cac toa dd suy rong phy thudc z thuong la ham 4n cta cac toa do
toi thieu q va thoi gian t

z=2(q,t) 4.19)
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Pao ham biéu thirc (4.19) theo thoi gian t & trong hé qui chiéu cb dinh R, ta duoc

oz . oz .=
1=—q+—=J,q+2 4.20
2q q 5 U4 (4.20)
Trong d6 ta dua vao ky hi¢u
J _& 4.21)
oq

Ma tran J; duoc goi la ma trdn Jacébi mach vong. Ma trdn J; 1a ma trdn c&
rx f . Pao ham biéu thirc (4.20) theo t & trong hé qui chiéu ¢b dinh R, tacd

i=Jg+I,q+% 4.22)
Trong do
- hg_
i=——1
dt

Van tdc khdi tdm cua vat rin thir i cia hé duge xac dinh bai cong thirc
, _[ar,. Lo 62}. or, or, oz

“dt | oq oz dq ot oz ot
o, on | on onoe
= —+—Js e
oq oz ot 8z8t
=3,(q,2,35)q+,(q,2,,1) ‘ (4.23)

Vén toc goc cha vt ran thir i ciia hé co dang

_do. |00 Oe 2|, 00 092
dt 0q 0Oz oq o oz ot

|90, 90y 14400, 002
oq oz o oz ot

=J, (9,2,J)q+©,(q,2,2,1) (4.24)

i

Pao ham tiép tuc biéu thic (4.23) va biéu thic (4. 24) theo t & trong hé qui chiéu cb
dinh R0 ta dugc cac bidu thirc xac dinh gia toc khdi tim a, va gia tbc gbc a,cla
vat rin thir i.

145



§5 PHAN TICH PONG HQC HE NHIEU VAT BANG PHUONG PHAP
CHIEU VUONG GOC

5.1. Ngi dung co béan ciia phrong phép chiéu vuéng géc
5.1.1 Phép chiéu song song

a) Dinh ng]ﬁa. Cho mot ,d\rc‘mg thing s goiﬂ 1a A
phuong chicu, mot mat phang E; goi 1a mat phang

hinh chiéy. Qua diém A trong k]léng gian, vé mét S
dudng thang song song voi s, cit E; tai A;; A; goi

1a hinh chi¢u song song ciia A theo phuong s Ién

mat phang E; (hinh 3.28).

b) Tinh chat. Phép chiéu song song cé cac tinh \Ai

chit sau:

- Hinh chiéu song song cia mdt duong thing Ei
g sang son v phuen i m6 525

- Trong mét phép chiéu song song, hai duong thing song song chiéu thanh hai
duong thang song song (hinh 3.30): AB/CD=AB//CD..

- Trong phép chiéu song song, ti s6 don ctia 3 diém bang ti s6 ctia 3 diém hinh

chiéu cta ching (hinh 3.31). AB:BC=AB;:B;C; B

A

Ai Di

G=Gi
Hinh 3.29 Hinh 3.30

s \B)C( A[ ls

Bi Ci Ai
Ai Ei // E,’

Hinh 3.31 Hinh 3.32
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5.1.2 Phép chiéu vuong goc

Trong phép chiéu song song, néu huéng chiéu s vudng géc vai mit phing hinh

chiéu E; thi phép chiéu dugc goi la phép chiéu vudng goc (hinh 3.32).

Phép chiéu vudng goc 1a mot trudng hop dic biét cua phép chiéu song song. Do do6

phép chiéu vuéng géc c6 moi tinh chit cia phép chiéu song song. Ngoai ra phép

chiéu vudng géc con cé nhiing tinh chét riéng. Ta dic biét chil y t&i 4 tinh chat

quan trong sau day:

a) Hinh chiéu vudng géc clia mot duong thing vudng géc véi mit phing hinh chiéu
1a mot diém (hinh 3.33).

b) Hinh chiéu vudng géc ctia mét mat phing vuéng goc véi mat phing hinh chiéu
la mét dudng thfmg (hinh 3.34).

¢) Hinh chiéu cia mét doan thing khong vudng goc vai mat phéng hinh chiéu 1a
mot doan thing

AB, = ABcosf3.
Trong d6 S 1a goc giira AB va mit phing hinh chiéu (hinh 3.35).
d) Hinh chiéu cta mot gbc vudng cé it nhit mot canh song song véi mat phing

hinh chiéu, canh kia khong vuéng géc véi mat phang hinh chidu, 1a mot goc
vudng (hinh 3.36).

Géc ABC=90° va AB//E; thi A;B:C;=90".
S
B
A;=B;
E;
Hinh 3.33 Hinh 3.34
B y C
p S A B
A
V
Aj Aj B;
Hinh 3.35 Hinh 3.36
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5.1.3. Dimg phép chiéu xuéng géc d@é giai bai todn phdn tich déng hoc co cdu
Str dung dinh nghta va nhiing tinh chét cia phép chiéu, c6 thé dat duoc muc dich:
- Chon bao nhi€u toa d9 suy rong va nhiing toa do suy rong nao dé 6 thé viét duoc

phuong trinh lién két va biéu dién cac dic trung dong hoc dudi dang giai tich
mot cach dé dang.

- Chi v&i nhiing kién thirc don gian nhét cia phép chiéu, c6 thé giam bét cac toa do
suy rong, do do co thé giam bt mire dg phirc tap cuia bai toan phan tich dong hoc.

Qui trinh nhu sau:

- M6 hinh hoa co hé (béng mo hinh co hoc)

- Chon hé truc toa do Descartes ¢6 dinh Oxyz (bét ky hodc co6 chu y giam cac toa
do suy rong du).

- Chiéu toan bd co cau lén mat phing xy.

- Chon toa do suy rong phéng 1a cac goc trong mat phflr,lg Xy va cac goc dinh vi cha
cac khiu cna co cau so voi truc z va cac toa dé dai (néu co).

- Thiét lap cac phuong trinh lién két.

- Xac dinh céc ma tran cbsin chi huéng.

- Viét cac biéu thie xac dinh vi tri cac trong tam cda cac vat ran.

Tir 46, giai bai toan phan tich dong hoc mot cach dé dang.

5.2 Phin tich dong hoc co cAu bén khiu bin I& phiing
Thi dy 3.14. Cho co céu n3

bdn khiau OABC véi cac
kich thudc va cac ky hiéu

nhu hinh 3.37. Cho bié Y
chiéu dai clia cac khau la
L, B3, 13, Cho K la mot
diém cia khau AB. Tay
quay OA quay quanh O
theo qui luat ¢o(t). Hay
xac dinh:

O gl
Hinh 3.37

- Cac gdc o3, @4 va cac van toc goc cha cac khau AB va CB,

- Toa d6 diém K va vén toc, gia toc clta diem do.

Loi giai. Ta khao sat dong hoc co cAu bdn khau OABC. Co hé gdém ba vt ran:
khau OA va khau CB chuyén déng quay quanh mét truc cb dinh. Khau AB chuyén
dong phang. Trudc hét ta xac dinh cac phuong trinh lién két cua co hé. Tir hinh
3.37 ta co6 hé thic véc to

[+l —[ I =0. (1)

Chiéu phuong trinh véc to (1) 1én truc Ox va Oy ta duoc cac phuong trinh lién két
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Ji=1,cosp, +1,cosp, —1,cosp, -1, =0

Lo =hLsing, +1;sing, I, sinp, =0 2
Pao ham cac phuong trinh (2) theo bién ¢, ta dugce

~l,sing,.p, +1,sing,.p, =1, sing, )

I, cos@,.0, —1,cosp,.¢, =1, cosp,
Hé phuong trinh (3) 1a hé hai phuong trinh dai s tuyén tinh dang -

[—13 sing, I sing, }{%}:[ I,sing, } @

Licosp, —l,cosg, || o, -1, cosgp,
Tir (4) ta dé dang tinh dugc @;, @, . Sau d6 ta tinh @,,¢,theo cong thirc
=00, Oy =P, &)

Ta lai dao ham h¢ phuong trinh (3) theo bién ¢,, sau d6 xap xép lai ta duoc hé phu-
ong trinh dai s6 tuyén tinh

[—Qsm% [,sing, ]{q’%}:iidl] ©
licosp, -l cosq, || @, d,
Trong d6

d, =1,cosp, +1,cosp,.0] —1,cosp,.p;

d, =1 sing, + 1 sing,.p; —1,sing,.p;
Gidi hé phuong trinh dai sb tuyén tinh (6) ta duoc ¢;,¢; . Sau dé ta tinh §,, ¢, theo
cong thirc

G =00, +0,.9,, (i=3,4) (7)

Céc gbc 3, ¢4 c6 thé xac dinh gan dung theo cong thirc khai trién Taylor
, I, . 2 .
(), +a0]=(0),+(0), a0 +2(0), 000 +.. (=B34 ®

Néu can tinh toan chinh xac hon, ta c6 thé ldy cac gid tri ciia cac ham 93, P4 x4C
dinh bai cong thirc (8) lam céc gia tri dau dé giai cac phuong trinh dai s6 phi tuyén
(2) bang phuong phap Newton-Raphson. Vi¢c xac dinh ¢,,¢,,0,,9,, ¢,,¢, tuong
ddi don gian néu sir dung cac phin mém MATLAB ,MAPLE, MATCAD.

Bay gid ta chuyén sang bai toan xac dinh toa do, van téc, gia toc diém K. Tir hinh
(337 tacd

X | _ IZC?S(/)2 N C?S% ~sing, :fx Q)
Vi l,sing, siIng,  CcosQ, Mk
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Neéu str dung ky hiéu ma trén c6sin chi hudng

A - cos@, —sing,
*“|sing, coseg,

thi phuong trinh (9) c6 dang

R, X PE
T || OSP4 | s (10)
Y1 L l,sing, L
Dao ham phuong trinh (10) theo thoi gian ta dugce
(%, 1 [~Lsing, |. ... e
=] ‘}%w}l A, ft‘} (b
| Yk ] LLcoso, K

Trong d6 ta dua vao ma trén

. [0 -1
I =
1 0
Dao ham phuong trinh (11) theo thoi gian ta co

X, —IZSin¢7 . _[7 cos®, | ., Jra— .2
[,_“}:{ Z}oz{ : ']%‘*‘(%1 -$E)A, (12)
Vi 1, cosg, l,sing,

5.3 Phién tich ddng hoc co ciu tay quay con trrgt khong gian

Trong viéc phan tich dong hoc co ciu khong gian, bai toan dau tién la xac dinh vi
tri clia co cau d6i véi mdt hé qui chiéu cb dinh nao d6. Vi tri ciia co cAu hoan toan
xac dinh bdi cac toa d6 suy rong du véi s6 luong béng s6 bac tu do cia co cdu. Tuy
nhién dé dé dang thiét 1ap cac phuong trinh dong hoc ciing nhu cac phwong trinh
dong luc hoc cia co cdu khéng gian dudi dang biéu thire giai tich, ta dua thém vao
cac toa do suy rong du. Khi d6 bén canh cac phuong trinh chuyén dong, sé& c6 thém
cac phuong trinh lién két. S& lugng cac phuong trinh lién két dung bang sb toa do
suy rong du.

Vin dé dat ra & day 1a chon hé truc toa do cb dinh, chon cac toa do suy réng du va
du sao cho cic phuong trinh lién két d& thiét 1ap, don gian, thudn loi cho céc budc
tiép theo va ddng thoi c6 tinh truc quan.

Thi dy 3.15. Phan tich dong hoc co cAu tay quay con trugt khong gian bang phuong
phép chiéu vudng goc. Cac kich thudc dong hoc cho trén hinh vé 3.38.

a) Thanh ldp cdc phicong trinh lién két bing phirong phdp chiéu vuéng géc

Co cdu tay quay con truot khong gian (hinh 3.38) laco c4u khong gian don gian va
hay dugc dung trong ky thuat. Khéu SAB la vat ran quay xung quanh tryc ¢ dinh,
con trugt C la vat ran chuyén dong tinh tien, thanh BC la vat ran chuyén dong
khong gian. Ddt AB=l,, BC=l,.
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N1 2" Hinh 3.38

Ta chon hé truc vudng goc O,& ¢, gén voi khau SAB nhu sau: O,=A, hudng {, 1a
huong AS, hudng &, 1a huéng AB, hudng n; duge chon sao cho 0,1, tao thanh
mot hé qui chiéu thuan.

Ta x4c dinh mot mit phang E nhu sau: Qua diém C v& mot duong thang song song
vOi truc quay SA cua khau 1 va mot dudng thing song song v6i phuong chuyén
dong ctia con trugt CD. Hai dudng cit nhau nay xac dinh mat phang E.

Qua O;, v&€ mé{t dudng thang vudng goc voi mat phing E va cit E tai O, néi cach
khac, O chinh 14 hinh chiéu cia diém O, 1én E. Chon hé truc Oxyz véi: Goc O la
hinh chiéu ctia A 1én E, truc z hudng theo OO, ,truc x theo hudng song song véi
CD, tryc y dugc chon sao cho oxyz tao thanh mét hé qui chiéu thuan. Nhu vay xoy
nam trén mit phing E. Goi khoang cach tir tryc x dén CD la d, khoang cach tr O
dén O, 1a h. Cac khoang cach ndy hoan toan xac dinh dbi véi mot co cdu cu thé.
Chon hé toa do 0,&m,8, gin véi BC va ¢6 O,=B, &, 1a huéng BC. Chon n, sao
cho mit phing 0,1, ludn vudng géc voi miat phang E. Chon hé toa do O; EsM38;s
tinh tién ciing con trugt: O3=C, &; hudéng theo CD, 1; huéng theo Oz.

Nhan xét: Khau SAB (vudng goc voi truc quay AS) quay quanh truc c6 dinh SA
nén ludn nim trén mat phéng Q di qua A va vudng goc vai truc quay SA. Mit
phang Q chira OALE nén Q vudng goc voi E. Theo tinh chat ciia phép chiéu vudng
goc thi hinh chiéu cia mat phang Q Ién E la mét dudng thing Qg , tao vdi truc y
mdt goc khong ddi . Hinh chiéu ciia mot diém bt ky trén AB €Q 1én E ciing ndm
trén dudng thang Qg nay.

Theo dinh ly Griibler ta c6
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ny

f=2f,i -6n, - f,, (1)

Véi f 1a s& bac ty do cia khop iy la s& lwong khop; ny la s mach vong trong
chudi, fy, 1a sb bac tu do thira. DOI véi co cu nay, ton tai mét bac tu do chuyén
dong cia khdu BC quay quanh truc cua chinh né. Béac tu do (,huyen dong nay
khong anh huéng gi dén mdi quan hé dong hoc giira diu vao va dau ra cia co hé.
Vi vy ngudi ta goi bac tu do d6 la bac ty do thira. Trong trudng hop nay ta co:
f=(1+3+3+1)-6-1=1. Nhur vy, sb bac trr do chuyén ddng clia co chu f=1.

Ta chon toa d6 suy rong du la ¢, chon céc toa do suy rong du la B() va y(¢). Tir
hinh v& 3.38 ta c6 phuong trinh rang bude chuyén ddng ctia co cau dang véc to

OA+ AB+BC +CO=0 )
Chiéu phwong trinh vécto (2) lén cac truc toa do X, y, z ta dugc

];singsina + l,sinycosp —x. =0

-1,singcosa + ,sinysin8~d =0

h+1,cosp ~1,cosy =0
Tir ba phuong trinh trén ta suy ra hai phuong trinh lién két
f, =h+1,cosp —1,cosy =0 3)
f, =-l;singcosa + Lsinysinf-d =0
va phuong trinh x4c dinh chuyén dong ctia con trugt C
X = l,singsina + L,sinycos 4)
b) Xdc dinh toa dg suy réng die, van toc va gia téc cia ching
DPao ham (3) theo ¢ ta nhan dugc
4 =—/ sinp+/Ly'siny=0
do
df, , . . ©)
b; =-l cospcosa +1,y' cosysin f+1,['sinycos =0
Sir dung cach biéu dién ma tran, phuong trinh (5) c6 dang
[l2sin¢ 0 }[}/' } _ [llsin(p ] ©
l,cosy sin l,sinycos || f' l,cosgpcosa

Neéu ta dua vao céc ky hiéu

, 7 J Lsing 0 d l;sing
s = y J o = R . s =
yig Lcosy sinB Lsin ycosB |’ ' |1,cosgcosa

thi phuong trinh (6) c6 dang
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Js'=d,. @)
Tir d6 suy ra biéu thirc x4c dinh vén tdc cac toa do suy rong du

é=%=5—;.%=s'¢=£'d,(p (8)
Dao ham phuong trinh (6) theo ¢ ta dugc

y"lLsiny + 1,y *cosy —l cosp =0

y"Lcosysinf+ B'l,sinycos S~ Ly *sinysinf + 2,y F'cosycos B —

~1,8"sinysinfB +l,cosasing =0

hodc viét dudi dang ma trén

l,siny 0 7
l,cosycosf l,sinycosf || B° -

' )
—L,y'cosy + I cosp
[lzy’zsinysinﬂ -2L,yB'cosy + 1,3 sinysinf3 - l,cosasinqp}
Néu ta dua vao céc ky hiéu

. |7 —L,y'cosy +1lcosg
= [ﬂ”} T2 {:lzy'zsin}/sinﬁ— 2Ly'B'cosy +1, B sinysinff — l,cosasin(pjl
thitir (9) tacod
Js'=d, (10)

Sau d6 tim dugc gia téc cac toa d6 suy réng du theo phwong trinh
" ’

§=sg’+sg (11)
Cac ham ¥(9), B(p) duoc x4c dinh gin ding theo khai trién Taylor nhu sau

[ 1 ” 2
(@, +AQ)=y(@) +y (%)Aw;y (P)AQ™ +....

B0, +A0) = B(py) + ﬂ’((oo)AW%ﬂ”(%)Acoz ‘. (12)

Str dung cac gia tri trén 1am diéu kién dau cho phép lip Newton, ta s& duoc cac gia
tri chinh xac hon cha cac toa d6 du nay.

¢) Xdc dinh vi tri, vn téc, gia téc khdi tam, vdn toc géc va gia téc géc cdc khdu
cua co cdu

& Vi tri khéi tam cua cdc khdu

Goi C, la diém khdi tdm cia khau SAB, toa d6 cua C, trong hé toa d¢ O,&m,¢, 1a
(&11,M11, 0). Toa d6 diém C, trong hé toa do co dinh Oxyz xac dinh boi phuong trinh
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Xe, = &, singsina —7,,cos@sina
Yo = —&,,singcosa + 77, cospcosa (13)
z,, = h+ & cosp+n,sing
Goi C, 1a diém khc"')i,tém ctia khiu BC, toa d6 cua C, trong hé toa d6 O.&,m:8; 1a
(&22, 0, 0). Toa d¢ diem C, trong hé toa d¢ c6 dinh oxyz xéac dinh bdi phuong trinh
Xe, = lsingsina + &,,sinycosf
Y, =—l;singcosa + &,,sinysin (14)
ze, = h+lcosp—£,,cosy

Goi C, 1a diém nam trén con truot, trung vai diem C. Toa dé cua C; trong hé toa do
o dinh xac dinh theo phuong trinh

Xcy = lsingsina + |,sinycosf
o =d (15)
Ze,= 0
& Vin téc khéi tam cdc khdu

Pao ham céc biéu thic (13), (14), (15) theo thoi gian ta c6 biéu thic tinh van téc
khéi tam Cl, C,, C3 ctia co cau nhu sau

o) = ¢, ,pcospsina + 1,,@sinpsina
Ve, = =€, ,9c0s@pcosa — I, PSingcosa (16)
20, ==C,,P8ing + 1, pcosp
Xq, =lpcospsina+&,,(ycosycos f— ,Bsin}/sin y))
Yoy =—lpcospcosa +&,,(ycosysin f+ [sin y cos f3) a7
2o, =—L@sing+ &, ysiny
Xq, =l @cospsina +1,(ycosycos B~ PBsinysin f3)
Yes =0 (18)
20, =0
¢ Gia téc khéi tam cdc khdu
Pao ham cac phuong trinh (16), (17), (18) theo t ta dugc
¥, = @(& cospsina + 1, singsina) + ¢* (=&, singsina + 77, ,cos@sina)
Ve, = —@(&, cospeosa + 1, singeosa) + ¢ (&, singeosa — 1, cospcosa) (19)
Zoy = G(=£,,sing + 17, c059) — 9 (&,,c0s @ + 17, SINQ)
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Xo, =l gcospsina - @*singsina + &, (Fcosycos S — 7*sinycos 8 —
2yPcosysinB-PsinysinB - Fsinycos )

Yoy ==l gcospcosa + 1 ¢’singcosa + &, (feosysing - 7’sinysinf+  (20)
253cosycosf3 + Psinycosf — Bsinysinf)

Ze, == (gsing + @’cosp) + &, (Fsiny + 7 cosy)

¥o, =l pcospsina -1 ¢’*singsina + 1, (fcosycos — 7 sinycos 3 —
2}?/?cosysinﬂ-ﬁsinysinﬂ ~ B*sinycos3)

¢ Vin toc goc va gia téc géc cdc khdu cua co cdu

€2y

Gia st khau dan quay véi van tée goc o, = ¢, gia tbe g =¢, tur hinh v€ 4.36 ta co

o, cosa coa
0, =\, |=|sina |¢, g =|sina |¢ (22)
o, 0
y'sinf y'sinf3 y"sinf + y3'cosf
®, —{(uz‘ = —}/ ‘cosf @, €, =| -y'cosf |@+| —y"cosB+ yB'sinf |’ (23)
s B
=0, g, =0.
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Chuong 4
PONG LUC HQC VAT RAN

Trong chuong nay trudc hét ching ta trinh biy cac biéu thirc tinh tenxo quan tinh
khdi cua vat ran va cac biéu thirc tinh cac dai luong dong luc co ban nhu dong
lwong, mdmen dong lugng, dong nang cua vét ran. Trén co s& dinh ly chuyén dong
khbi tam va dinh ly bién thién momen dong luong, thiét lap cac phuong trinh vi
phin chuyén dong ciia mot vat ran trong khong gian. Cubi chwong trinh bay bai
toan thu gon hé luc quan tinh ctia vat ran chuyén dong tity y trong khong gian.

§1 TENXO QUAN TINH KHOI CUA VAT RAN

dm
1.1 Pinh nghia va biéu thire tinh )
. . . z
@) Dinh nghia. Liy mot diém A bit ky 7
thuoc vat ran B (hinh 4.1). Tenxo quan
tinh khoi cua vat ran B dot voi diém A
dugc dinh nghia bai hé thic sau

I, = [@E-a®mdm  (L1)
B

o]

Trong d6 i la vécto tir diém A dén diém P Yo

tuy y ctia vat rdn, £ 1a tenxo hang hai don

vi, dm 12 khdi luong mét phan td nho cia
b Jng mot p Hinh 4.1

vat ran. X0

Theo dinh nghia (1.1), tenxo quan tinh khéi cta vat rin dbi véi diém A 1a mot

tenxo hang hai.

b) Biéu thirc tinh. Gia str trong hé toa dé R, gan vao diem A cila vat ran, vécto dai
4 ”, rr , N — ’ T
sdu'” twong ang véi vécto hinh hoc i c6 dang u® =[u,,uz,u3] . Theo chuong 1,

ma trin cac toa do cua tenxo quan tinh khoi cua vat ran doi véi diém A trong hé toa
d6 nay c6 dang

I) = J.(u“)ru“)E3 —uu"")dm (1.2)
B
Chu y dén cong thirc (7.26) chuong 1, ta c¢6
ab=ba” ~(a’b)E,. (1)
Tir d6 suy ra
ﬁ(l)ﬁ(l) _u(l)u(l)T ( (I)Tutl))E (2)
3
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Thé (2) vio cong thac (1.2) ta duoc
19 = [d"a"dm (1.3)
B

Do @ =—1i1, nén biéu thirc (1 .3) o the viét fai dudi dang sau

1Y = fa"d"dm (1.4)
B
Nhu thé ta c6 ba cong thirc (1.2), (1.3) va (1.4) d& tinh ma tran I'V. Nho cong thic
(1.4) ta dé dang tinh duoc

~

0 wy —u, il 0 -—u, u,
.
1) = j ~u, 0w fu, 0 —u |dm

luy, —u 0 ||-u, u 0
2 2

(uz +uy -y, —u,

2 2
:I ~uu,  uAu; —u,u,, |dm

B 2 2

R TR TR TR S TR

Neéu ta dua vao cac ky hiéu

1, = I(uf +ul)dm, L, =1, =—|uu,dmn

B
1,=1, = —J‘u,usdm , L, = J.(u32 +ul)dm (1.5)
B B
1, = J.(u|2 +ui)dm, I,=1,= _[112113(1111
B B
thi ma tran (1.4) c6 dang
[ll Il'.’. 1!3
I,) = Ly 1, I, (1.6)
[31 ]32 [33

Sau day doi khi ta s& goi tit ma tran céc toa do cua tenxo quan tinh khoi cua vat tén
dbi véi diém A trong hé qui chiéu R, 1a ma trdn quan tinh khdi cia vét rén tai diém

A. Ma tran nay phy thudc vao hé qui chiéu R, . Néu h¢ qui chiéu R gan lién véo
vat rin B thi I 1a ma tran c6 cac phan tir 1a cac hang s8. Néu hé qui chiéu R
khéong gin lién vao vat rin B thi I/ 1a ma trin c6 cc phan tir 1a cic ham cia cac
toa d6 suy rong. .

Chii y. Trong hé toa do ¢ dinh (hé qui chiéu quan tinh R) dé don gian ta ky hiéu

u” =u vadoddky hidu IV =1,
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1.2 Phép dich chuyén song song cac hé qui chiéu

Gia sir i,, la tenxo quan tinh khdi ciia vat rin B ddi v6i diém A cua vat ran B, fc
la tenxo quan tinh khéi cua vat rin B ddi voi khédi tAm C cia né. Ta tim cong thirc
lién hé gitia fA va 1}. Theo cong thic dinh nghia (1.1) tenxo quan tinh khéi cia
vat rén B déi voi khdi tam C cia né duge biéu dién bdi cong thirc (hinh 4.1)

= [(P*E~p® p)dm
B
Tir hinh v& (4.1) ta c6 i =i, + . Tir d6 ta d€ dang tinh dugc

I,= [@E-ii@i)ydm= [[(i, + PYE — (i, + P)® (i, + p)]dm
B B

= [z + 215+ PHYE—(ii, @i, +ii. ® p+ p®ii, +p® p)]dm
B8

[(B°E~p® p)dm+iE [dm~ (i @) [am +
p B

B

+2ii, ( [Bdm)E ~ii, ® [Bdm~( [pdm) @i
B B B

Theo dinh nghia kh&i tim vt rén ta c6 [ﬁdm =p.m=0.Do d6 tacd
B

I,=I.+m@lE —ii,. ®ii.) (L7
Ta phét biéu két qué trén dudi dang mét dinh 1y cho d€ nhé nhur sau:
Dinh ly Huyghen-Steiner: Tenxo quan tinh khéi cia vat rin dbi v6i mot diém A tuy
y thudc vat ran va tenxo khdi cua vat rin ddi v6i khdi tim C cia né lién hé voi
nhau bai hé thiae (1.7).
Khi tinh toan cu thé, ta thudong gén vao diém A mot hé toa dd vudng goc va gén
viao C mdt hé toa dd vubng goc cb cac canh song song voi cac canh cia hé toa do
gan vao A. Khi d6 dang ma tran ctia phuong trinh (1.7) trong cac h¢ toa d6 nayla

I,=I.+m@uuE, —u.uy) (1.8)
Theo qui u6c & doan trén, ma tran cdc toa do cua tenxo quan tinh kh01 clia VAt ran

(1.8) duoc goi tit 13 ma trdn quan tinh khéi ciia vét rén. Dang chi tiét cia ma trén
(1.8) 1a

4 4 4 c c c 2 2

In 112 113 In 112 113 Uey tUey  —Uglic, Uil
4 A A4_| yc c c _ 2 2 _

I I, Iyi=|1; L, Ij|+m| —ucle Uey+ug UcalUcs
4 4 4 c c c 2 2

131 132 133 13| 132 133 —Uesle Uy,  Ue TU



Néu ta dua vao céc ky hiéu
2 2 2 2 __ 2 2 2 _ 2 2
h = wuc,+ugy,  hy=u; +us, b= u, +ul, (1.9
thi tir phwong trinh ma trn trén ta nhan dugc cong thirc Huyghen-Steiner quen biét
I! =I5 +mh

1.10
I"—IC —mu ( )

clbg  (khii= j)

1.3 Phép quay cic hé qui chiéu

Cho R, va R, 12 hai hé qui chiéu cing gbc 13 4

(hinh 4.2). Gia str ¢ 1a co s& ciia hé qui chiéu €Y

R,, €7 1a co s& cua hé qui chiéu R,. Theo cong () B

thire (1.13) chuong 2, hé thirc lién hé gifra hai )

co sO nay la '
e? =ATe" (1.11) y

Trong d6 A 1a ma tran quay hé R, sang hé R, . 6}

Theo cong thirc (1.1), tenxo quan tinh khéi caa
vat rin B dbi v&i diém 4 1a hé thic (1)

I,= j(er —ii ®ii)dm (1.12) (2 Hinh42
B

Ta ky hiéu ma tran cac toa d6 cua tenxo quén tinh khéi fA trong hé qui chiéu R, 1a

1,, trong hé qui chidu R, 1a L%, Theo cong thirc (7.18) chuong 1, ta c6 cac cong
thirc sau

I, =80T wg0 (1.13)

P r (1.14)
Thé biéu thirc (1.11) vao (1.14) ta dugc

f =g AIDATE (1.15)

Tir cac h¢ thuce (1.13) va (1.15) ta suy ra cong thirc li€n hé gilta ma trén céc toa do
clia tenxo quén tinh khi trong hai hé qui chiéu c6 cing gbc A

IP = AIPA7 (1.16)
Nguoc lai ta ¢6 hé thirc
IP=ATIVA (1.17)

Thi du 4.1.Cho biét R, = Ax,y,z,1a h¢ toa d0 vubng gbc cd géc dat tai A va ba truc
1a cac truc quéan t'inh chinh. Hay tim ma’trén quén tinh cua vat rén déj vc’ri’ diém A
trong hé quy chiéu R, = Ax,y,z,. Cho biét ma trn quan tinh cta vat rin d6i v6i hé
qui chiéu R, = Ax,y,z, va céc gbc giita hai hé truc la a;, B, v; (i=1,2,3) (hinh 4.2).
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Loi giai. Theo gia thiét R, 1a hé truc quan tinh chinh, ta c6

1 0 0
=0 I® 0 (1)
o 0 I?

Bang xéc dinh ma trin cosin chi huéng cé dang nhu sau:

X Y2 Z
Xy COSQLy cosP COSY)
Yi COSQLy cos3; COSsY;
Z COS0L3 cosf3; coSYs3

Ma tran cdsin chi hudng cua hé quy chiéu R, déi v&i hé quy chiéu R, 1a
cosq, cosfl cosy,
A=|cosa, cosf, cosy,
cosq, cosf, cosy,
Theo cong thirc (1.16) ta co
1010 10 [eosq, cosff cosy, ||} 0 0 |lcose, cosa, cosa,
T

M gm o pm )
) ;) I. cosa, cosf, cosy,|| 0 O L% jcosy cosy, cosy,

Il

cosa, cosf, cosy, | O L7 0 |cosf cosfl, cospf

cosa, cosf cosy, || 17 cosa, I{¥cosa, I{Ycosa,
=lcosa, cosfB, cosy, || I cosB, IPcosB, I, cosf
cosa, cosf, cosy, | I cosy, IPcosy, I;”cosy,
T d6 suy ra:
I =1 cos? @, + I cos® B + 11 cos® y,
IV =I? cos® a, + I, cos® B, + I, cos’ y, (1.18)
1Y = I cos® a, + I cos® B, + I, cos’ 7,
1V =1 =1 cosa, cos, + 13 cos f3 cos f, + IP cosy, cosy,
IO =19 = 1P cosa, cosa, + 117 cos B, cos B, + I;” cosy,cosy,  (1.19)
1V =10 =1 cosa, cosa, + 11 cos B, cos 3, + 1,7 cos y, cosy,
Chii y: Trong gido trinh nay ta sir dung dinh nghia
I, = —Ixydm s I, == \xzdm; I = —Jyzdm
B B

xz
B
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Néu ta sir dung dinh nghia
I, = jxydm ;1= szdm; I, .= jyzdm
B B

B
nhu mét s6 tai liéu khac, cong thirc (1.19) sé co déu nguoc lai
I) =1 =—I" cosa, cosa, — IL? cos B cos B, — I¥) cos y, cos y,
IO =10 =—1% cosq, cosar, ~ I cos B, cos B, ~ I{? cos y, cos y,  (1.20)
I =10 =-IP cosar, cosa, — I? cos B, cos B, — I cos y, cos y,
Thi du 4.2. Cac truc toa d0 y va z cua hinh tru tao thanh vdi truc quan tinh chinh
cac goc B,,y7, va B,,y, (hinh 4.3). Hay xac dinh I; va I,,.

Nr o aae a1 < . T o
Loi gigi. Tir hinh vétacd o, =a, =—. St
2

4
dung cong thirc (1.18) ta c6 r_(
I, =1 cos’ a, +1,cos’ B, + I, cos’ y, .
3
I, =1 cos’ g— +1, cos’ (% —7,] +1, cos’ y,
7 . . .
Do cos(; - 73) =siny, nén ta cod
I =1I,sin’y, + I, cos’ y, (D
Ap dung céng thirc (1.19) ta ¢6
I, =-I cosa,cosa, —1I,cos B cos B, — I, cos y, cos y,
I, =-0-1, c:os(lzr——}g)cos;/3 ~1I,cosy,cosy,
7 . n .
Do cos(—z— +7,)=-siny, , COS(E —y;)=siny, ,tasuyra
I, =-I,siny,cosy, +1,cosy,siny,
Véy ta dugc
IL-1, .
I, ==—%sin2y, ¥)

Déi v6i hinh tru tron khéi lwong m, ban kinh r, dai /, ta c6 cac cong thirc xac dinh
mdmen quan tinh khoi
r

L=im 1 =m —2+£ 3)
P2 4 12
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Thay (3) vao (1) ta duge

7 - mr*  ml* mr? mr’
z 4 12 },3 2 73

2

mr 2 2 mr*  ml®
== (cos’ y, +sin’ y,) - sin® y,

4 12
2 4 12 7
Thé (3) vao (2) ta duge
1 mr* mr* ml? m( , I*).
[ =—(———————)sin2y,=—| r —— [sin2 4

§2 PONG LUQNG, MOMEN PQNG LUQNG VA PONG NANG CUA
VAT RAN

2.1 Biéu thirc dong lwgng cia vat ran
Biéu thirc dong lugng cua vat ran B trong hé qui chiéu R ¢6 dang
p= [vdm = j (¥, + @xii)dm
B B
p=v, Idm + @ % Iﬁdm
B B
=mv, +moxi. =m(V, +Oxu,)

p=mv, 2.1
Nhu vay, dong lugng cua vat rin la mot dai luong vécto bang tich khdi lugng ciia
vat ran voi van tdc khéi tim cia vét ran. B

Z
2.2 Bleu thirc mémen dong lwong vat °

rin ciia d6i véi mot diém thude vat
Trong muc nay ta thiét Iap biéu thic tinh A
mdmen dong lugng cia vat ran B doi vai mot
diém A nao do cta vét ran (hinh 4.4). Momen

Ky

=

dong luong cua vat rin B d6i voi diém 4 duoc R, 8
dinh nghia boi biéu thic sau (0] Yo
iA = jii X vdm (2.2)
B
o C e o, , Hinh 4.4
Do céng thircv =V, + @ xu nén ta cd X0
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i = J.iix(\") + @ xi)dm

_[txv dm+ u><(a)xu)dm
B

( udmyxv, + ju x (@ x u)dm
' B

= mz?c XV, + |ix(wxi)dm 2.3)
:4

Theo cong thirc (7.29) chuong 1

dx(bxv)=(b®d—-abE)y
tacod
i x(@xii)=—ii x (ii x @) = (i°E - i @ ui).&

Do d6 sb hang cudi trong (2.3) ¢ dang

irx(@xitydm = { [@E-i ®ﬁ)dm}.a§ =1, 2.4)
B B

Thé biéu thirc (2.4) vao biéu thirc (2.3) ta dwgc biéu thirc mémen dong lugng cia
vat ran B d6i vai diém A thudc vat

I =mii.xV,+1 6 2.5)

Ta xét mot vai truong hop riéng:

- Néu ta chon diém 4 1a khéi tAm C cla vat rén B thi . =0. Khi d6 biéu thic
momen dong lugng cua vit ran B doi véi diém C cé dang twong d6i don gian nhu
sau

[ =1 (2.6)

- Khi vét rin B chuyén dong quay quanh mét diém O cb dinh, ta chon A la diém cb
dinh O. Do v, =0, nén biéu thiic mémen dong lugng cla vat rin B quay quanh
mét diém O cb dinh c6 dang

=1, 2.7)

Chiéu céac phuong trinh vécto 1én hé toa d§ R = Axyz gén lién vao vit ran B, cac
biéu thirc (2.5), (2.6) va (2.7) c6 dang ma tran nhu sau

l(l) _ "1"(1) (l) +I(|) () (2 8)
¢ .
19 =1V (2.9)

1V =1V (2.10)
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Bidu thirc (2.9) ¢6 thé viét lai du6i dang ma tran thong thudng nhu sau

le, 1. 1, I ||o

xx Xy Xz X

I, |=|1, 1, L.||e, (2.11)
lCz I zx I zy I = a)z

Theo (2.11) vécto mdmen dong lugng cia vat ran dbi v&i khéi tam C cioa nd 1a anh
xa clia vécto van toc goc voi ma trin cua phép anh xa ndy 1a ma trén céc toa do cla
tenxo quén tinh. Néu ta ky hi¢u é é,,é. la cac vécto don vi trén cac truc toa do

2"y
(x,y,2) g:?'m 1idn vao vat rén, ta co thé viét lai biéu thirc mémen ddng luong cua vét
rén B quay quanh mét diém O c6 dinh dudi dang

I I I llo

xx Xy xz X
L=[e ¢ &l|I, 1, 1.|o 2.12)
IZ.V IZ} IZZ a)z
2.3 Biéu thirc mémen dfng lwong vit rén ciia d6i véi mot diém khong
thujc vat
Trong mét sb bai todn nghién clru va ung Zo
dung ta cin thiét tinh mémen dong lugng B
clia vét ran B doi v6i mot diém O co dinh u
khong thugc vat ran (hinh 4.5). Momen A
dong luong cua vat rdn B doi yéi diém O
¢ dinh duge dinh nghia bdi biéu thirc sau 7
- A
I, = [Fxvdm (2.13) R,
B 0

Do cong thic7 =7, +1, V =V, + @xu nén Hinh 4.5

~Ni

Yo

ta cod
. o Xo
[, = [ +@)x , + GxiD)dm
B

il

% [, + @xii)dm +( fadm) 7, + it x (@xii)dm
B B B

=F, x(V, + @xic)m+mid. XV, + i x(@dxu)dm (2.14)
B

Theo cong thirc (7.29) chuong 1-
Gx(bxv)=(b®d—abE)y
ta cd 7

i x (@ xil) = —ii x (i x &) = (i°E — i @ ).

2

(2.15)

164



Do d6 sb hang cudi trong (2.14) c6 dang

[ax @xiydm= [ [@E-i® ﬁ)dm}.a*) =16 (2.16)
B B
Thé biéu thirc (2.16) vao biéu thirc (2.14) ta dugc biéu thic mémen dong luong
cua vit ran B doi vai diém O co dinh khong thude vit ran

[ =F,x(, + @xily)m+mi.x, +1 & 2.17)
Ta xét mot vai truong hop riéng: )

- Néu ta chon diém 4 1a khéi tim C cia vét ran B thi i.=0.Chiy dén cong
thirc (2.6) ta qé biéu thirc mémen d6ng lugng cha vat ran B dbi v&i diém O cb dinh
& ngoai vat ran

l:,=chrnﬁc+fc.@=chrzzﬁc+iC (2.18)

- Khi vét rén B chuyén dong quay quanh mot diém O c¢b dinh, ta chon A 1a diém
cb dinh*0. Do 7, =0, ¥, =0, tir (2.17) ta suy ra biéu thiic mémen dong lugng ciia
vét rin B quay quanh mét diém O c6 dinh ¢6 dang
L=I,& (2.19)
2.4 Biéu thirc djng ning caa vit rin
Déng nang cua vit rén la dai lugng v hudng, dugc xac dinh bdi céng thirc sau

1 1 ¢ 1
T=— [V*dm=— |Fdm (2.20) ~v’dm
|t e 2
Liy mot diém A tuy y thudc vat rin B B
(hinh 4.6), ta c6 cong thirc u
Fev=v,+dxi 221) p 4
Trong 46 ¥, 1a van téc cia diém 4, & l1a F
vén tdc géc cia vat rdn B tinh trong hé R, 4
qui chi€u quéan tinh R,, u 1a vécto dinh Yo
Vi cﬁav chét diém tiy y thudc vat ran dbi Hinh 4.6
voi diém A4. X0
Thé biéu thirc (2.21) vao biéu thirc (2.20) ta dugc
r=l [, +@xiiydm =1 |7 + 29, (@xdi) + (@ xii)* Jdm
2 B. 2 B
——2—vA é[dm+vA.(a)xJud;n)+§!(wxu) dm (2.22)
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Chii y dén céng thic (2.15) chuong 1
(@xb)c=d.(bx?)
tacod
(&xi) =(@xii)(Dx1u)=@.[tx(@xi)]
Str dung cong thirc (7.29) chuong |
ix(bx7)=(B®d-abE)
tacd
ii (B x i) = —ii (i x @) = (i°E i @ i)
Vay s hang cudi ciing clia biéu thirc (2.15) c6 dang

-;- !((amydm =%a3. E[(ﬁlé—ﬁ@ﬁ)dm.@ =%

o ,.& (2.23)
Thé bidu thirc (2.23) vao (2.22) ta nhan dugc biéu thirc dong nang cta vat ran

T= %mﬁj +mi (X, )+ %@.(f,, B) (2.24)

Néu ta chon diém 4 1a khéi tam C cuia vat rén thi ii. =0. Do d6 biéu thirc dong
ndng 7 cla vat ran (2.24) ¢6 dang rat gon

T= —;—mﬁé +%5).(f;.a‘)) . (2.25)

Trong hé qui chiéu ¢6 dinh R, bidu thire dong niang (2.25) ctia vét rin B ¢6 thé viét
dudi dang ma tran nhur sau

1
T=—;—mv§vf +—2—(nTICm (2.26)
Trong hé qui chiéu déng R, gn lien vao vat rén ta c6
T= -!z-mv‘c‘”v(c” + %m“"l‘c”m“’ (2.27)

Trong d6 v.,®,I. 14 hinh chiéu cia véc to V.,& va tenxo /. 1én hé qui chieu co

. \ \ sy A , . ~ = A La
dinh R, con v’ @™, 114 hinh chiéu cia cac véc to v.,@ vatenxo I. 1én h¢

qui chiéu dong R, gan lien vao vat ran.
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2.5 Thi du ap dung

-Thi du 4.3. M6t dia tron dong chit khéi lugng
m, ban kinh r, dugc lip vao tay quay nim
ngang OC = b. Dia chuyén dong tuong dbi
quanh truc OC véi van tde g(’)c @, (hinh 4.7).
Truc OC quay quanh truc thang dirng Oz, lam
cho dia 1an khéng truot trén nén ngang E cb
dinh. Hay xac dinh véc to mémen dong lugng
cia dia ddi v6i khdi tam C ctia n6 va ddi voi 5
diém O cb dinh. 0 C
Loi giai. Chon dia tron B 1am vat ran khao sat. @
Chuyén dong cta dia 1a chuyén dong quay
quanh diém O ¢ dinh. Chon cac truc quan "
tinh chinh cua dia la Cx, Cy, Cz, tacd Hinh 4.7 P

RY

1 1
I.=1.=—=mr’; [ =—mr’ (N
4 T2
Ky hiéu ¢, é,, é, lan lugt la cac vécto don vi trén céc truc cia hé dong Cxyz gan
chit vao dia. Tirhinh vétacé o, =w, é,, V. =, bé,

Do v,. =0 nén OP’ 14 tryc quanh tire thoi. Vi vay

w b r ~ roo
—=—De,=—0,, O, =——0,¢,
®, r b
Van tbc goc tuyét dbi caa dia la
O =0, + 0, = 0,€, -%w@
Theo cong thitc (2.11) ta co
le 1.r 0 0 a)x
l, =10 1, 0| o (2)
[ 0 0 [/ jo
Tir (1) va(2)tasuyra
lo=lo =0l =10 =—mno
3
1(' =1'_(0_:—lmr2£(01=—mr 19
T b 4b
Vay ta cé
= oomrs . omr
le = 1€2 — w,€, ()
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Theo cong thirc (2.18) ta co
l; = l} + P XMV, C))

Trude hét ta tinh

é'l éz éS
Foxmi.=| 0 b 0|=-mb’w,e, %)
mw,b 0 0
Két hop (3) va (5) ta dugc
- mrt L omr’ _ omrt . omr(r? .
L == 08— 08 -mb*w,8, =g Z+b2 (@& (6)

§3 PINH LY BIEN THIEN PONG LUQNG VA DPINH LY BIEN THIEN
MOMEN PONG LUQNG

3.1 Dinh Iy bién thién dong lrgng cia vit rin dF
Tir dinh luat Newton 2 2y B
4 (vdm) = dF* + dF’ (3.1) i
dt ~ A
ta suy ra r
ji (vdm) = 4 vdm= 4 (mv,.) R() g R
S dt dt ; dt >
. L Yo
= [dF* + [dF' = F+ F' Hinh 4.8
B B : X0
Do Jdﬁi =0 nén ta suy ra dinh ly bién thién dong lugng cua vat rin
B
mi, = [dF* = (3.2)
B

3.2 Dinh ly bién thién mémen dfng lwong ciia vit rin
Theo dinh nghia biéu thic mdémen dong lugng cua vt rin B dbi v6i diém A thudc
vat c6 dang
i.4 = Iﬁxﬁdm 3.3)
B

Pao ham bidu thirc (3.3) theo thoi gian & trong hé qui chiéu R, ta cd

Ry di:q _ j—- " Ry di)’
a dt

R() 57
dm+ G dm (3.4)
Jdr
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be don gian ky hiéu, ta qui udc viét dao ham trong hé qui chiéu ¢b dinh nhu sau

Ry 17 - Ry g= . Ro g |
dl, _i, dvzﬁ’ du:ii (3.5)
dt dt dt
Vi céc ky hiéu do biéu thic (3.4) ¢6 dang
1= i xcidm + [i x5 (3.6)
B B
Do vdm = dF , hén
J'ﬁ XV dm = J.ﬁ xdF = m, (3.7)
B B

Tiuhinh vé 4.8 ta cd

=F,+U D>F=F+uU

~i

+

Dodé ii=F-F =v-¥, (3.8)
Thay (3.7) va (3.8) vao biéu thirc (3.6) ta dugc
[, =i+ [(5=9,)xVdm =i, ~5,x [vdm
B B8
Viay cudi cung dinh Iy bién thién mémen cia vat rin dbi voi mot diém A thude vat
cé dang

ly=m,—mv, xv, (3.9)
Tromg d6: m 14 khéi luong cia vat rin
m, 1a mdémen chinh léy dbi v6i diém A cha hé cac ngoai luc tac dung
1én vit rin
¥, 1a van téc diém A iy trong hé qui chiéu R,
V. lavan t6c cia khdi tim C ldy trong hé qui chiéu R,

Cht y ring V. =¥, + @xii. nén biéu thirc (3.9) c6 thé viét lai dudi dang

[, =i, —mv, x(@xi,.) (3.10)
Dé nhan dugc cac cong thie thuan tién sir dung sau nay ta tiép tuc bién dbi cong

thirc (3.10). Cha y dén cong thirc (2.5) I, =mii. x¥, +1,.@, biéu thic (3.10) ¢6
dang

RU g - R() - .
l, =—;(IA‘a))+—;it—(muC xV,)
=g, ~myv, x(@x1i.) (3.1YH
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Chu y dén cong thic lién hé dao ham clia mét vécto trong cac hé qui chi€u khac
nhau

R“ 1
da “da LR X G
dt dt
ta co
Ry 1.3 R g5 R
A0 _ 240 | svi=—92 (3.12)
dt dt dt
Chi 'y dén biéu thirc (3 12), tir biéu thirc (3.11) ta suy ra
I a)+a)><(1 @)+ mii,. ><; =, (3.13)

Néu ta chon diém A 1a khéi tam C cua vat rén thi . =0.Tu biéu thac (3.10) ta
suy ra

Cha y dén cong thirc (2.6) ta nhan dugc dinh ly bién thién mémen déng lugng cia
vat rin d6i voi khoi tam C.

R,
) d[ Ry d = . 3
L.o+ax(I.d)y=m 3.14
At dr O)=1c. (ew)=me G149
Dang ma tran cta phuong trinh (3.14) trong hé toa do R, gin chat vao vat rin B 1a
Yo" + 0" Ve =m (3.15)

Néu ta chon hé toa do R 1a hé tryc quan tinh chinh cta vét ran tai khéi tam C cia
nd thitir (3.15) ta co

I, 0 0 , me,
I=10 7, 0 |, 0"=aw,|, mY=m, (3.16)
0 0 I, o, Mgy

Tir phuong trinh (3.16) ta nhan dugc cac phuong trinh dong luc Euler quen biét
Lo -, -1,)o,0, =m
Lo, -(I, -1)o,o, =m, (3.17)
Lo, -, -1,)o0, =m.,
Thi du 4.4. Xét chuyén dong lan klléng trugt cia mot banh xe cla méy nghién
(hinh 4.9). Truc mang banh xe quay déu quanh truc thang dimg véi vén tdc wy. Cho
biét cac moébmen quan tinh chinh cia banh xe J,, J; =J,;, ban kinh banh xe la r,

khoang cach OA 1a R. B6 qua khdi lugng cia tryc OA. Tim ap lyc cta banh xe [én
nen.
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14

o
~41
N
Qe

Hinh 4.9 N

Loi giai. Banh xe tham gia hai chuyén dong quay quanh hai truc giao nhau tai O.
Chuyén dong theo ciia banh xe la chuyen dong quay quanh truc thing dimg cung
truc OA véi van toe goc w, = w,. Chuyen dong tuong ddi cha banh xe 1a chuyén
dong quay quanh truc OA véi van tée goc 13 o, goc quay la o . Piém P la diém
banh xe tiép xtc v&i mat dudng. Do d6 ta c¢6 v, = 0. Xét diém A ta suy ra

@;r = Re,. Tir hinh 4.9 ta suy ra cac thanh phan ciia vécto vén tde goc cua banh xe

0, =W,C08, @, =-0,asina=wnan, n
W, =-,SiNa, ©,=-wEcosa =-w,
Phuong trinh dong lyc Euler doi véi chuyen ddng cia banh xe c6 dang

M, 1‘1;‘: +(I, - 1,) 0,0,

M, =1,

L+ (1 - 1) o, ()
M, =152 d“’ — (- 1)oo,

The (1) vao (2) ta duoc biéu thirc x4c dinh momen clia cac ngoai luc tac dung lén
banh xe

M, =0
, R .
Mz:(ln+]z‘[3)a).(03=-1,a)0—sma 3)
’
. R
M, =(-I,+1, - 1) o0, =-1,0} —cosa
-

Tir (3) ta suy ra ngiu lyc tac dung 1én banh xe c6 do 16n

M=\M;+M: —Ia)zf (4)
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Ngéu luc nay nim trong mit phing vudng géc v6i truc O4 clia banh xe va song
song v&i mat phing ma banh xe lan trén d6. Ngau luc nay tao nén phan lyc déng
phu & khép O va ép luc 1én mdt duong. Do d6 4p luc dong cia banh xe lén mit
dudng la

=M _Lo

R r
ap luc toan phan la
1,03
r

N=G+ &)

Trong d6 G la trong luong banh xe.

Thi du 4.5. Su 6n dinh chuyén dong ctia Gyrdscdp tir do. Nhu doan trén déd viét,
Gyroscop 1a mot vt rén c6 thé quay tly y quanh diém O ¢b dinh. Xét trong hop
diém O c¢b dinh trung v6i khdi tdim C cua né. Néu vecto chinh mdémen ciia cic
ngoai luc tac dung 1én Gyrdscop triét tiéu, Gyréscop khi dé doc goi 12 Gyrdscop
khéng cé ngau luc ngoai tac dung, hoic Gyrdscop tu do. Do M; = 0 (i = 1,2,3) , tir
cac phuong trinh dong luc Euler (3.17) ta suy ra:

Lo, —(I, - 1,)w,0,=0
]2@2—(13—]l)a)3(1)l=0 )
Lo, (I, - 1,) o0, =0
Gia st w,= oy = const, @,=w;=0. Tl cac phuong trinh (1) tasuy ra @, =0, @, =0.
Khi d6 truc 1 la truc quay ¢6 dinh. Bai toan thuc té dwoc dat ra nh sau: gia s co
mot 1}hiéu dong nho tac dyng vao Gyrdscop, 1am anh hudng dén w; va ws, khi d6
chuyén dong ciia Gyrdscop s€ thay doi nhu the nao?
Dao ham phuong trinh thir hai ciia (1) theo thoi gian ta dugc
L, =(1, - 1,) w,0,
Thé @, tir phuong trinh thi ba ciia (1) vao phuong trinh trén ta dugc
1,10, ="’(I| _13)(11 "Iz)wozwz
hay @, +a’w, =0
Trong d6 ta ky hiéu

2 =(1\ _IZ)(Il 'Is)a)z

LI, 0

@

Khi &’ >0, nghiém ciia phuong trinh trén c¢6 dang
@,(1) = A cosat + 4,sinat
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Khi t—>, wy(t) gi6i ndi. Chuyén dong ciia Gyroskop 6n dinh. Khi o <0, ta dit
b =-a’>0, nghi€ém cia phuong trinh (2) c6 dang

@,()=B,e" + Be™ (b>0)
Khi t—>00, wy(t) -0 Chuyén dong cia Gyroskop khong én dinh. Vay khi I, > I, va
I, > 15 suyraa’> 0, chuyén dong ciia Gyroscop &n dinh

Khi Iy<I,val,>Ishoacl,>I,val, <1y, chuyén ddng cua Gyroscdp s& khong
6n dinh.

Két lugn: Sy bn dinh cia Gyroscop tu do phu thudc vao su phén b6 khbi lugng cua
né.

§4 CAC PHUONG TRiNH VI PHAN CHUYEN PONG CUA VAT RAN

4.1 Cic phwong trinh vi phan chuyén d9ng caa vit riin

a) Dang don gian ‘

Cho vit rin B chuyen dong trong khong gian 3 chiéu nhu hinh 4.10. Lay mét diém
A bét ky thudc vat ran 1am diém qui chiéu. Ky hiéu khdi tdm vat ran 1a diém C.
Cac luc (E, 2,...,F,, ) tac dung 1én vat rin c6 véc to chinh 1a f , momen chinh cua
hé lyc nay déi v6i diém A 1a m,, d6i voi khdi tam C las,

F=XF, m=Ymn(F), f.=>m(F)
k=1 k=1 k=1

Ap dung dinh Iy bién thién dong luong, 7
cong thirc (3.2), va dinh ly bién thién 20 2 F,
mdmen dfng lugng, cong thirc (3.14), ta co C .- B
- U
ma. = f @1 ~, 4
= . = ’-':
[.o+adx(I.8)=m, (4.2) P 7
Cac phuong trinh vi phin (4.1) va (42) Id g T4 "

céc phuong trinh chuyén déng Newton-Fuler

_cua vat ran khong gian. Yo

b) Dang téng qudat Hinh 410
Trong mdt s truong hop ta ¢6 thé chon mot 0
diém A bat ky thudc vét ran lam diém dinh vi.

Khi d6 tir hinh v&€ 4.10 ta co

F.=F, +i, ' (4.3)
Pao ham biéu thirc trén theo t & trong hé qui chiéu c¢b dinh R, ta dugc

r.=Fr,+t, V.=V, +Oxi, 4.4
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Tir d6 ta suy ra

i. =v. =V, +OX, +OXil, =V, + X, +BX(Dxii,) 4.5)
Thé (4.5) véo (4.1) ta duoc
mv, + & xii. +dx(dxii )] = f (4.6)

Céc phuong trinh (4.6) va (3.13) tao thanh hé phuong trinh vi phan chuyén dong

mv, +&xi, +&x(@xi.)] = f 4.7)
f[’f)+(bx(; (?))+mﬁc><\;1 =m, 4.8)

Céc phuong trinh (4.7) va (4.8) la cac phuong trinh vi phan chuyen dong cna vat
rén trong khéng gian. Ching dugc goi la cac phuong trinh chuyén dong Newton-
Euler.

'4.2 Cic phwong trinh vi phin chuyén ddng ciia robot dudi nwée

R6b6t dudi nudce 1a mot vat rin sau bac tir do. Vi tri ctia robdt duge xac dinh béi vi
tri diém qui chiéu O va hudng quay robdt duge xic dinh bdi ba goc Roll-Pitch-
Yaw. Khi thiét 1ap phuong trinh vi phan chuyén dong chia robdt, theo truyén thong,
ngudi ta thuong str dung hai hé toa d¢. Hé toa do co dinh R, =(Oxyz), va hé toa do
dong gén 1ién vai rabdt R=(Oxyz) (hinh v& 4.11). Vi tri clia robdt dugc xac dinh
bai vécto dinh vin=[n] n11, véi n, =[x » z] eR’ 1a vécto xac dinh vj tri
diém qui chiéu cia hé dong trong hé qui chiéu R va n,=[¢ 6 w] eR’ Ia
vécto chira ba goc Roll-Pitch-Yaw, xac dinh huéng cua robét.
Goi v=[v/ v[]" la vécto van tdc suy rong cla robdt trong hé R gin lién vat.
Trong d6 v, =[u v w]" la van toc diém O cia robdt, con v,=[p ¢ r] la
van téc goc cuia robot.
Pao ham theo thoi gian vécto dinh vi trong hé cb dinh, giita 1 va vécto van téc v
¢6 quan hé nhu sau

n=Jv, voi J(n) = diag{J,(w) J,(n)} (1
Trong do

cweld —sycg+cysOsdp  sysg+ cycgsd
J(n,)=|swchd cypch+spsOsy  -cysp+sOsycd |,

-s6 cOsg cgctd
1 sgtd  coté
J)=|0 ¢ -sp ©)

0 s¢/cl co/ch
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Ap dung phuong trinh Newton-
Euler ta nhan dugc phuong
trinh chuyén dong cia robdt
dudi nudc dudi dang nhu sau 4,
(xem Nguyen Quang Hoang
(20006))

M v+C,(VIv=T1,.

Trong doM,, la ma tran khoi
lugng cida robot, C,,(v)v chia
céc luc Coriolis va lyc ly tim.

Cac ma tran trén c6 dang nhu
sau:

Hinh 4.11: M6 hinh rébét dudi nirée

Ma trén khoi lugng

m 0 0 0 mz,  —my.
0 m 0 -mz, 0 mx,
M, :{M“ MIZ:I; 0 0 m my, ﬂmﬁc 1 0
M, M, 0 -mz. my,. I, -1, ° =1,
mz, 0 -mx, =1, I, -1,
-my. M, 0 Y I ]

7 T .. I . ’ Lo on 5 At A A = <A A
trong d6 r. ={x. y, zc] la vécto vi tri khoi tim cha robot trong hé gan lién vit.

Ma tran C,,(v) c6 dang

0 —C
Crs(v) =[ o :l ,
RB 5 g

A ¢, =M v, +M,,v,, ¢,=M, v, +M,,v,
Vecto T, chua tat ca cac ngoai luc tac dung Ién r()bét nhu lue diéu khién do cac
canh tuabin quay tao ra, luc thay dong luc, luc thiy tinh, luc do day cap

T, =T, +T,+g(+1,.+7. 3)
Luc thuy dong tac dung lén robot gém:
- Luc khdi lugng phu

Khi rébdt chuyén dong trong nudc cac phan tir nude bao quanh robbt cling bj tang
toc do d6 né tao ra mot lyc tac dung trd lai robét, luc nay ti 18 voi gia tde cua robdt,
biéu thirc ctia né duge viét nhu sau

=-M v-C (v)v 4
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Trong d6 M, 1a ma tran khdi lugng quan tinh phuy, cac phén tir ciia n6 phu thude
vao hinh dang va kich thudc cta robdt. Thong thuong thi ma tran quan tinh phu
nay dugc xac dinh béng thyc nghiém. Ma tran C,(v) dugc tinh toan tir ma tran
M

- Lyc can

, vavéctov, tuong tu nhu khi tinh ma tran C,,(v) .

Lyc can tac dung I€n robbt thuong dugc tinh toan ti 16 bac mét va bac hai dbi véi
van tbc cia robdt. Phuong phép thuong dugc ding dé mo6 ta luc can nay la tinh luc
can riéng r& ting chuyén dong, ching han nhu

+ luc can chuyén dong theo phuong x clia hé dong
T, =du+d, |u|u
+ mdmen can chuyén dong quay quanh truc z ctia hé dong
Ty =dr+d, |r|r
Cachésbcan d,,, .. d, dugcxicdinh bing thuc nghiém.
Gop lai ta co thé viét dugc biéu thirc luc can nhu sau
T, =D(v)v.
Néu sir dung phép bién dbi
n=Jpv o v=J3"(i
i=Jyv+imy o v=I"@[H-ImI (i)
ta s& thu dugc phuong trinh vi phan chuyén dong duéi dang
M, (wWn+C, (v.on+D, (vyn+g, (M) =7,
v=J"(ni |
Trong d6 D(v) la ma tran can. Ma trdn nay la ma tran xac dinh duong
D(v) =diag(d d,.,d d,)

lu> lv’ tw> ¥1p> lq’

+diag(d,, |ul,d,, |v|,d,, |w],d,, | pl.dy, 11, dy, | 7))

)

- Lyc thuy tinh: luc ndy do trong lugng g=[0 0 G]' =[0 0 mg]" dit tai trong
tam ciia robot va luc ddy Archimeches b=[0 0 —B] = [00 -p,gVY dittai tim
ndi r, = [xB Vs Zy ]T . Trong hé toa do gz"m lién vat, luc nay dugc tinh nhu sau
fo()+f,(n)
g = —[ : ’ ,
re xfo () +1; xf; ()

voi
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0 0

fC (“2) = J;‘ (“Z) 0 * fB (IIZ) = _JI_I(I]Z) 0

G B
- Lure diéu khién T: gia st rang mdi canh quat khi quay tao ra luc déy u, , nhu vy
khi c6 p canh quat quay ta se c6 mft vecto chira cac lyc déy nay,

T s o -3 X s AL AL eop R P
u= [u, u, .. up:] . Khi d6 luc diéu khién cua robot c6 thé dugce tinh nhu sau
7 =Bu (6)

& do Be R®” la ma trin hang s6 phy thufc vao viéc bo tri cac canh quat trén than
ctia robot. Ma tran B nay con goi 1a ma tran phéan phoi luc, vi rang khi biét luyc diéu
khi€én T ma trén B nay s& dugc dung dé tinh luc day cho tirng canh quat w, .

Thé tht ca cac lyc néi trén vao phuong trinh (2) ta thu dugc phuong trinh vi phan
chuyén dong cho robot dudi nude nhu sau

Mv+C(v)v+D(v)v+g(n)=Bu. @)
Trong d6

M=M,,+M,, C(v)=C,,(v)+C, (V) ®)
Neéu dung phép bién doi

n=J()v & v=J"(i

i=dv+day o v=I"'@[a-ImI" ()
ta thu dugc phuong trinh vi phan chuyén dong ca robdt du6i nuée nhu sau
M, Wi+ C, (v, n+D, (v,n)i+g, (M) =1,

&)
v=J"(wn

Trong d6
M, () =3 ()MI™ ()
C, (v =J7 ()] Cv)~MI" (mI(m) |3 ()
D, (v,m) =7 (mDW)I" () (10)
g,(m)=J"(mgmn)
T, =3"(pr
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§5 THU GON HE LUC QUAN TINH CUA VAT RAN CHUYEN PONG

5.1 Quan h¢ giira lyc quin tinh thu gon va cic dai lwgng dong lyc cia

vat rin
Trudce hét ching ta xay dyng cac biéu Z0 B
thirc xac dinh vécto chinh va m6émen .
chinh d8i véi mot diém cua hé lyc quéan u c
tinh cha vat ran. 7
Tir biéu thire dinh nghia lyc quén tinh -~
cia chat diem r,
-, . R, >

dF =—Fdm 19} »
ta suy ra cong thic xac dinh vécto 0
chinh cua h¢ lyc quan tinh cua vat rin
chuyén dong X0 Hinh 4.12

F* =— [Fdm 5.1

B

Tir biéu thirc dinh nghia mémen quéan tinh dbi véi diém O cua luc quan tinh cia
chit diém

dIVI " = —F xrdm
ta suy ra cong thirc xac dinh mdmen chinh cia h¢ lyc quan tinh cua vat rén chuyén
dong dbi voi tam O cb dinh va d6i v6i khdi tdm C cia vat rin

M, =~ |F xFdm ,M¥ = - |ii x ¥dm (5.2)

B B
Bay gid ta dua ra cac cong thirc vé quan hé giita vécto chinh, mémen chinh déi véi
mot diém cia h¢ lyc quan tinh cua vat rdn va cac dai lugng dong luc co ban cia vat
ran
R«»dﬁ -, R dio . Rodi

Fr=r"2 M, =- , M. = ¢ 5.3
dt ° dt ¢ dt :3)
Ching minh. Theo dinh nghia ddng lugng ctia vat rdn

p= |rdm

B

ta cod

Ry . .

9 _ [Fdm=-F

dt

B
Theo dinh nghia momen dong lugng cia vt rin déi vai didm O
fo = I? x Fdm

B
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ta co
R"di SRS ST ST —~
Q= |\Fxrdm+ |Fxrdm= Irxrdm =-M,
dt B B B
Cudi ciing theo dinh nghia ta c6
ic = Iﬁ x Fdm

B

Pao ham biéu thirc trén theo thdi gian & trong hé qui chiéu ¢b dinh R, ta dugc

Ry dl
e I(u X F +i xF)dm = J(a)x i) x Fdm + I(u x F)dm
Ta xét s6 hang tnch phan thir nhét cia biéu thic trén

I(cbxii)x?dm = j[(a";xa)x (¥, + @ xii)dm

= I(E)xﬁ)xiz'cdm=a3x(fﬁdtn)x§c =0
B B

Vay tacd
odl

= I(uxr)dm =-M

5.2 Thu gon hé luc quan tinh ciia vét rin chuyén dong vé khéi tam
Thu gon hé lyc quan tinh cia vat rin chuyen dong vé khéi tdm C cua né ta dugc
mét liuc va mdt ngau lyc. Lyc duge bidu dién bé’mg vécto chinh cia hé lyc quéan

tinh, con ngau lyc c6 mémen bing mémen chinh dbi véi khéi tdim C cia hé lyc
quan tinh. Theo cac cong thire (5.3), va (2.1) taco

T dﬁ —
F =———=-mad 54
0l c (54

Theo cong thuc (5.3) va (3.14) tasuy ra

— * di = 2 —_- = —

M, =—T:=—[Ic.a)+wxlc.a)] (5.5)
Dang ma trin cuia cac phurong trinh (5.4) va (5.5) & trong hé qui chiéu c6 dinh 1a

F =-ma, (5.6)

M, =—(I.6 +6l.0) 5.7
Dang ma trén cta cic phuong trinh (5.4) va (5.5) & trong hé qui chiéu dong R 1a

F'O =—mal (5.8)

MY =-1%a" + 2 IPe") 5.9
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Chuong 5

MQT SO NGUYEN LY CO HQC VA CAC PHUONG
TRINH VI PHAN CHUYEN PONG CUA HE NHIEU VAT

Trong chuong nay truée hét trinh bay moét s Nguyén ly co hoc hay sir dung trong
Dong luc hoc hé nhiéu vat. Do 1a cac Nguyén ly d’Alembert-Lagrange, Nguyén ly
Jordan, Nguyén ly Gauss. Sau d6 trinh bay viéc ap dung cac phuong trinh Newton-
Euler, Phuong trinh Lagrange loai hai, Phuong trinh Kane thiét lap cac phuong
trinh vi phan chuyén dong cia cac hé nhidu vat holondm c6 cdu tric cay. Khi thiét
1ap cac phuong trinh vi phén chuyén dong ciia cac hé nhiéu vat holondm cé ciu
tric mach vong ngudi ta thudng hay st dung cac Phuong trinh Lagrange dang
nhan tir. Viée thiét lap céc phuong trinh vi phan chuyén dong cua céac h¢ nhiéu vat
khong holondm 1a mot véan dé kha phurc tap nén chi duge de cap voi mot mic d6
vura phai.

Trong Pdng luc hoc hé nhiéu vat thuat ngit Dang thirc (Formalisme) dugc dung dé
chi viéc thiét 1ap cac nguyén ly co hoc hodc cac phuong trinh chuyén dong ciia hé
nhiéu vét bang phuong phap ma tran cho phép dé dang xac dinh bang phuong phép
thudt toan cac ma trdn c6 mat trong cac nguyén ly hodc trong cic phuong trinh
chuyén dong tir cac tham s6 hinh hoc va cac tham sb dong luc ciia m6 hinh co hoc.
Dé chuyén tir cac dang thirc sang cac chuong trinh tinh ¢ hai con dudng:

- Cdc chirong trinh tinh todn bdng sé. Cac ma trin ¢ mit trong cac phuong trinh
chuyén dong duogc tinh tir tdp cac sd liéu mo ta trang thai ctia hé & ting thoi diém,
sau d6 tich phan phuong trinh vi phan mé ta chuyén dong cta co hé. -

- Cdc chuong trinh tinh todn bc%ng ky ne. Ty dong hoa thiét 18p cac ma trin c6 mat
trong cac phuong trinh chuyén dong. Tur do c6 thé tu dong hoa thiét lap cac
phuong trinh vi phén mé ta chuyén dong dudi dang cac ky tu. Sau do néu can thiét
méi tién hanh tinh toAn mé phong sb.

. £ ’ . < , 5 Z
§1 MOT SO KHAI NIEM VA PINH LY CO BAN >

1.1 Di chuyén 40 ciia vat riin
Trong chuong hai ta da biét chuyén
dong tdng quat cta vat ran duoc
xac dinh bai chuyén dong clia mot
diém dinh vi (diém cuc) clia vat
rén va chuyén dong quay tuong dbi
clia vat ran quanh mét truc quay
tirc thoi di qua diém dinh vi da
chon. Tir d6 ta cé dinh nghia sau
day.

X0 Hinh 5.1
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a) Pinh nghia 1.1. Di chuyén o cia vat rin la nhitng di chuyén vo cung bé tuong
tugng ciia VAt ran tir vi tri dang xét sang cac vj tri lan can ma phu hop véi lién két
tai thoi diém khao sat. Nhu thé, di chuyén 4o ctia vét rén B bao gbm dd doi a0 or,,
clia diém dinh vi A cua vat rén va do quay 40 0@, quanh tryc quay tirc thoi di qua
diém dinh vi.

Khai niém d6 doi o da dugc trinh by kha ky trong céc gido trinh Co hoc giai tich
hoac Co hoc ky thuét. Trong doan nay ta s gidi thich rd hon khai niém do quay ao.
D¢ quay 4o ¢, dugce xac dinh boi cong thirc

09, =€"5p, +¢&,"5p,, + " 5p, (1.1)

"(l) (1)

Trong do ¢ ¢’ 1a 3 vécto don vj trén ba truc cia hé toa do Ax,y,z gan lién
vao vit ranB tal dlem 4., con 8¢,,8¢,,,6p, 1a hinh chiéu cua vécto 5(p trén ba

truc cua hé toa do do. Tir cong thirc (1.1) ta suy ra cong thirc xac dinh toén tir song
cua véc to quay ao

0 _5¢13 5¢i2
(%i = 5¢/3 0 _(5¢/| (1.2)
_‘5(”:'2 5(/’” 0

Chii y. Sau nay ching ta thuong hay chon khéi tim C, ctia vat ran lam diém dinh
vi va ky hiéu dé doi ao cua khdi tam C laédr, .
b) Cdc thi du vé dp quay ao ciia vt rin
Vit rin quanh mét truc ¢d dinh (hinh 5.2). Khi dd ta ¢co

op=é5p

Vit rin quay quanh hai truc cit nhau (hinh 5. 3). Céc phép quay ao quanh 2 truc
nay la

op = é|5:3| + éz(sﬂz
Ta c6 hai phép quay ao doc lap 58,, 56, .

e

Hinh 5.2
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Cac phép quay ao quanh 3 truc quay tuy y giao nhau (hinh 5.4) 1a
0p=¢05p + €,0p, + €,64,
Ta c6 ba phép quay ao doc lap 84,, 9f,, 86, .

29 P’.

T
Q

= 5B, X
Hinh 5.4 Hinh 5.5

1.2 Di chuyén 0 ciia mjt diém bit ky clia vit rin
Vi tri ctia diém P thuge vét rin B dugc xac dinh bai vécto

P=t i (1.3)
Tir(1.3)tasuyra

o1, = 6F,, + 6, = JOr, =8r,, + 5, (1.4)
Tir phan dong hoc, ta da biét

%=a”)‘. x i, = dii, = &, xil,dt =d, xii,
Tir d6 suy ra

Ou, =8¢, x i, = Su, =M,u, (1.5)
Thé (1.5) vao (1.4) ta dugc:

| o, =6rCi+&bi“i (1.6)

1.3 Di chuyén #o va s bic tw do ciia hé cdc vat riin
a) Di chuyén do cua hé cdc vdt rdn
Dinh nghia 1.2. Di chuyen 40 cla hé cac vét rin la nhirng di chuyen vO cuing bé

tudng tugng cla cac vat ran thudc hé-tir vj tri dang xét sang cac vj tri lan cdn ma
phi hop véi lién két tai thoi diém khao sat.
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Nhu thé, di chuyén ao cua hé p vit rin B bao gc“)m p d6 doi ao cia cac diém dinh vi
4, ctacac vat rén va p d6 quay ao quanh céc truc quay tic thoi di qua cac diém
dinh vi

or,, 6¢, (i=1,...p).
Déi voi hé cac vat rin holéném giir va dimg, di chuyén thuc v6 cling bé cua hé 1a
mét trong cac di chuyén 4o cia hé.
b) S4 bdc tw do cua hé cdc vt rdn

Dinh nghia 1.3. S6 bac tu do cta hé cac vat rin chju lién két 1a sb tbi da céc di
chuyén o doc 1ap tuyén tinh ciia hé.

Chu y. P6i voi hé nhiéu vat holondm, sb tbi da cac toa dd suy rong doc lap tuyén
tinh di dé xac dinh vi tri cia co hé ciing bang sb tdi da céac di chuyén ao doc lap
tuyén tinh ciia co hé. Con ddi véi hé nhiéu vét khong holonbm, sb ti da cac toa do
suy rong doc 1ap tuyén tinh, da d& xéac dinh vi tri ca co hé c6 thé 16n hon s6 bac tu
do ctia co hé.

1.4 Dinh ly trwe giao
Pinh ly. Chob la mét vecto trong khong gian R”, b=[bl,b2,...,b"]7. Diéu kién
cin va du dé cho b=[b,,b,,...5,] =0 1a
s’b=0, VseR" (1.7)
Ching mink. Diéu kién can b=[,,b,,....b,] =0, suy ra s’b=0, Vse R". Day la
diéu hién nhién, vi b=[0,0,...,0]", thi
s'b=sb, +5,b, +....+5,b, =0.
Didu kién di: s’b=0, Vse R" =>b=[b,,b,,..,b,] =0. Ta chon vécto s, c6 dang
5, =[0,0cees Lo, 0]

Vécto s, ¢o cac phén tir déu bing khong, ngoai trir phin tir & hang thir i thi bang 1.
Theo gia thiét ta c6

Cho i chay tir 1 dén n, ta suy ra b=[b,,b2,...,b,, ]T =0.
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1.5 Dinh ly nhén tir Lagrange
Dinh ly. Cho b=[bl,b2,...,b"]r 13 mot vécto trong khong gian R”, A 13 mdt ma
trn chir nhit c& mxn. Néu véi moi vécto s € R” ma ta co hai diéu kién
s’b=0 : (1.8)
As=0 (1.9)

thi tdn tai mot vécto AeR™, dugc goi 1a vécto nhdn tr Lagrange, thod man
phuong trinh

b+A’A=0 (1.10)
Néu ma tran A c¢6 hang déy du theo hang, Rank(A) = m, thi vécto AeR” la
duy nhat.

Chimg minh. D& dinh y, ta gia st n>m. Khi do ta c6 thé phan tich ma train A,
cac vécto s va b nhu sau

A=[C,D], s=[:}, b=m )

Trong d6 Cla ma tran vudng cip m, u va d la cac vécto c¢6 m phan tir. Theo gia
thiet (1.9) ta co

u
As=[c,1)][ ]zCu+Dv=0 )
v
Tir (2) ta suy ra
Cu=-Dv (3)

Khi hang cia ma tran A 1a m, thita co thé chon C 1a mot ma tran chinh qui. Tir
(3)suyra

u=-C"'Dv (4)
Theo gia thiét (1.8) ta c6
a1
sb=|u” v’ =u'd+v'h=0 5
[ N (5)
Thé (4) vao (5) ta duge
[-Cc'Dv] d+v'h=0 (6)

Do d6 tacod
V7 [-D’ (C'Yd+h]=0 )

Hé phuong trinh (7) ding v6i moi vécto v. Theo dinh ly truc giao & trén ta suy ra
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h=D"(C")'d (8)

Néu ta dwa vao ky hiéu

p=—(C""d 9)
Thi tir (8) ta suy ra:
h=-D"p (10)

Nhan hai vé cia phuong trinh (9) v6i C” ta duge
d=-C'p (11

Hai hé phuong trinh (11) va (10) ¢6 thé viét gop lai nhu sau:

b{ﬂ:-[g}p:—[c D] p | (12)

T (12) tasuy ra
b+A".=0.Trongdé A=p. (13)
DPinh ly dugc ching minh xong.
1.6 Ap dung dinh ly nhdn tir Lagrange thanh lip phuong trinh xic dinh
phén lwe lién ket ly twéng

Cho mét chat dicm chuyeén dong trén mét duong hodc mdt mat cong nao do.
Phuong trinh lién ket c6 dang

f(r,))=0 (D
Pao ham biéu thirc (1) theo t ta duge
af of . of
—=—Ft—=
dt or ot
Tir (2) ta suy ra:

0 Q)

dfzﬂerrﬁ(lt:O 3)
or ot

Tir (3) ta suy ra phuong trinh bién phan dédng thoi Hinh 5.6
of = ﬁar =0 4
or
Néu ta dua vao ky hiéu:
_ af
'
Thi tir (4) ta suy ra phuong trinh ring bugc bién phan
Fér=0 ' )

&)
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Ap dung dinh 1y nhan tir Lagrange tim céng thirc xac dinh phan luc lién két ly
tuong. Ta co

SA =0r"F =0, Fdor=0 (7
Chon s=dJr, b=F, A=F, . Theo dinh ly nhan tir Lagrange ta c6

FC-F/A=0 8
Tir (8) suy ra cong thirc xac dinh

FC=F2 ©)

Trong d6 A la nhéan tu Lagrange.
Pé minh hoa, ta xét chat diem m chuyen dong trén dudng cong

£(r)=[£(4,9.).£(q,4,)] =0.Khi do

a4 % (&) [%
C _ 6(1' aql 21 _ aql aql _
i A [ﬂz]_ LA E A G (10)
oq, O, aq, aq,

§2 NGUYEN LY D’ALEMBERT - LAGRANGE, NGUYEN LY JORDAN
VA NGUYEN LY GAUSS

2.1 Nguyén ly d’Alembert- Lagrange
a) Hé n chat diém
Xét hé gdm n chat diém vai cac lién két tuy y. Theo tién dé Newton 2 ta c6
md,=F'+F°  (i=1,,n) (2.1)
Trong d6 m, la khéi luong, 4,1a gia tdc ctia chat diém thir i, [7;" la lyc hoat ddng,
E° 12 luc lign két ly tudng tac dung 1én chat diém thir i.
Tir phuong trinh (2.1) ta suy ra
—Ef =F'-mgd, (22)
Nhan vé huéng hai vé ctia phuong trinh (2.2) véi di chuyén 40 67 cia chit diém
thir i, roi cng lai ta dugc:

=Y ESF =) (F' —ma,)oF, (2.3)
i=l i=1

Do F° lacac lyc lién két ly tuéng, nén theo dinh nghia ta c6
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Do d6 tir phuong trinh (2.3) ta suy ra
C D (F-ma,)oF =0 (2.4)
i=l

Biéu thtic (2.4) 14 nguyén Iy d’Alembert- Lagrange di v6i hé n chit diém. Dang
ma trén cia phuong trinh (2.4) la

Z(F,." -ma) or,=0 2.3)

i=|
b) H¢ p vt rén
Xét hé gom p vat ran. Ta dua vao ky hiéu toan tir nhu sau

[ -y | (2.6)

(5) k=13,
Vi ky hiéu trén ta cd cac ky hiéu
Idﬁ" = IZ J‘d*", I?'dm =IZ J.l:‘:dm
) k=1 pg, (8) k=1 p,
Xuét phat tir tién dé Newton 2
dma = dF* + dF*
ta suy ra
—dF* =dF" —dm .
Nhin v6 hudng 67 rdi ldy tich phan trén toan bd hé cac vat rén ta dugce
~ [dF*.67 = [(dF" - dmd).57
() )
Do tinh chat ctia lién két ly tudng ta cé
— [dF<.87 =0
(&3]
Tir d6 suy ra
[F* - dm#) 57 =0 Q2.7
(5)
Biéu thirc (2.7) la nguyén ly d’ Alembert- Lagrange déi véi hé p vt rén.
2.2 Dang thirc ciia nguyén ly d’Alembert- Lagrange d6i véi hé nhidu vat
Nhu doan trén da trinh bay, di chuyén 40 cla vat ran B, bao gbdbm d6 doi 4o cia
khdi tim va d quay a0 quanh truc quay tirc thoi di qua khdi tim 3¢, . Xét h¢ gdbm
p vt ran chiu lién két tuy y. Ap dung dinh Iy chuyén dong khdi tim cua vat rén ta
cod

mdc =F +F, (k=1,..,p) (2.8)
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Ap dung dinh ly bién thi€én mé men dong luong cha vat ran doi v6i khoi tim C,
cua né ta duoc

= —aq

Loy-&,+@, <1, &, =Mé + Mg, (k=1,...,p) 2.9)
Céc phuong trinh (2.8) va (2.9) c6 thé viét lai nhu sau

Fi —mA - Fi (2.10)

M, =(’1',.k -a*)kuakx?” @)~ M, Q2.11)

Nhan v6 hudng biéu thac (2.10) véi d6 doi do cia khoi tdm vt ran (Wq , biéu thirc

(2.11) v6i 46 quay ao d¢, cua vat rin B, roi cong lai, ta duogc

Z(F 87y + M, - 58,) = Z{(m‘aa f).&}k+(ka-cf)k+(Dk><fa‘(})k—]t7[gk).§¢k}

k=1
(2.12)
Theo dinh nghia lién két ly tuéng clia hé cac vt rin ta co
P - .
D (Fy -8t + M, - 85,) =0 2.13)
k=1

Tir (2.12) va (2.13) ta ¢6
/7

m,d -OF, + I & +@, %1, @ —M" 6¢, 1=0  (2.14)
«Yox T Ck k k Ck k Ck k

k=1
Plurcmg, trinh (2.14) 1a dang thac cua nguyén ly d’ Alembert- Lagrang,e ddi véi hé p
vat ran. Dang ma trin cGa phuong trinh (2.14) trong hé qui chiéu R, 12

»

Z[(nzka“ ~F;) or, +(I, @, + @10, - M, )T 5q>x:| =0 (2.15)

k=1
2.3 Nguyén ly Jordan
a) Hé n chat diém
Xét hé n chét diém c6 cac lién két tuy y. Theo tién dé Newton 2 ta ¢6

ma, =F'+F (i=1,..,n) (2.16)
Tir (2.16) ta suy ra
F=ma -F" (i=1,..,n) (2.17)

Ky hi¢u 67 la di chuyén 4o cia chat diém thir i, con 67 =5v, 1a van toc ao clia
chat diém thir i. Cho hé cac van toc do 6V, (con 67 =0). Nhan vo hudng hé thirc

(2.17) voi 6?, roi cOng lai ta duoc
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D E-8, =) (md, - F")- 5, (2.18)
i=1 i=1

Theo gia thiét vé lién két Iy tuong ta c6
Y FC-6v,=0 (2.19)
i=1

Do do tir (2.18) ta suy ra phuong trinh
D(F ~md,) 67, =0 (2.20)
i=1

Phuong trinh (2.18) la nguyén 1y Jordan ciia hé n chit diém.

b) Hé p vt rin

Xét hé gdbm p vit ran. Néu ta dua vao cac ky hiéu

. 1id . o

j dF' v =Y f dF" 57, j dmii. 5V =y j dma.sv (2.21)
$) k=1 B, (5) k=1 8,

thi tir tién dé Newton 2
dmd =dF* + dF*

1ap luan twong ty nhu trén ta suy ra

j (dF* — dmd).5v =0 (2.22)

)
Biéu thiic (2.22) la nguyén ly Jordan dbi voi hé p vat rén.
2.4 Dang thirc ciia nguyén Iy Jordan d6i véi hé nhidu vat

Xét c6 hé gdm p vat ran Thu gon céc luc hoat dong, cac luc lién két va céac luc
quén tinh ciia mdi vat rin vé khdi tim caa né ta dugc

ﬂ =m,d,, —F,“ (k=1,..,p) (2.23)
M(r‘k:jfk.é)k+i)kXiCk'(Z)k~Mgk k=1,..,p) (2.24)

Nhan vé huéng phuong trinh (2.23) véi van toc o oV, , phuong trinh (2.24) voéi
van tdc goc 4o d@, rdi cOng lai ta duoc

- L (= . = -
ZF‘ (stAJrZMCA 8, = Z(mkﬁq—FZ')-&?(.k+Z(1Ck-&°)k+cf)kxla-c?),‘—M&)-é'(Z)k

k=l k=1
(2.25)
Theo dinh nghia lién két ly tudng ta cod
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Lo, P
D E; 8V + Y M, 86, =0 (2.26)
k=1 k=1

Do d6 tir (2.21) ta suy ra phuong trinh:
r ~ Lo(= . = —~
> (mydi o =Fy ) 50, + Z(Ia B, 48, x Ty B, ~ M, ) .68, =0 (2.27)
k=1 k=1
Phuong trinh (2.27) 1a dang thirc ciia nguyén Iy Jordan cia hé nhiéu vat. Trong hé
qui chiéu R, phuong trinh (2.27) c6 thé viét lai du6i dang ma tran nhu sau

L T d . . T
Y (mag —F) 6vg + Y (10, +8,Jq0, ~-My ) s, =0 (2.28)
k=1

2.5 Dang thirc ciia nguyén ly Gauss d6i véi hé nhiéu vit
L&p luén hoan toan tuong ty nhu doan trén chi khac thay b’ién phén vén téc bing
bién phan gia tdc ta thu dugc nguyén ly Gauss ciia hé p vat rén
2 - LA . b= .
> (md o—F)-0dg + Z(ICk @, + @, Ty B ~ M, ) 6@, =0 (2.29)
k=1

k=1
Dang ma tran ctia nguyén ly Gauss trong hé qui chiéu R, 1a

i(mkaﬂ ~F;) Sa,, + i(larbk +@,J,0, -M, ) &, =0 (2.30)
k=l

k=1

§3 CAC PHUONG TRINH NEWTON-EULER CUA HE NHIEU VAT

3.1 Nhic lai khai ni¢m ma tréin Jacobi
Xét co hé gdm p vét rén chiu r lién két holondm. S6 bac ty do ciia hé 1a f=6p-r. Goi
cac toa d¢ suy rong toi thiéu la:

a=[d.q0, ] 3.1)

Vi tri cia mdi vét rén dugc xac dinh bdi vécto dinh vi khdi tim 7 =7, va ma trén
cOsin chi hudng A,

r=r(qz), A =A/(qr) (32)
Tir (3.2) ta c6
dr, Or, or,
=L =—»_g+—L=] 1+ V, .
v, ™ q+ 5 = (90,£)q+7,(q,0) (3.3)

Trong (3.3) ta dua vao cac ky hiéu
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A

oq, 0q, Oq,

-\ or. bér.  or
J, (q,t =ﬁ= Sy Gy i (3.4)

oq |oq, oq, &g,

o On  on

_aql aqz aqf_j

or,

v.(qt)=—+= 35
(a1)=7 (3:5)

Ma trdn J,, (q,t) 1a ma trdn chit nhat c¢& 3xf va duoc goi 1 ma trgn Jacobi tinh
tién.
Néu ta g0i @, la vécto quay, khi d6 vat téc géc vit rin B, c6 thé biéu dién dudi
dang

o 2.0, 00,

= i+ 36
S T I, (a,1)q+®,(q,z) (3.6)

Trong d6, ta dwra vao khai niém ma tran Jacobi quay J, dugc dinh nghia mét cach
hinh thirc nhu sau

oq, oq, 0q,
| 0p. Oop, oo,
3 (a0) =22 | 20 20 00, (3.7)
o 9q, 0Oq, aqf
a¢iz a@z e a¢l:
i oq, oq, oq, ]
Ma trdn J, 12 ma tran chir nhit ¢& 3x S . Trong (3.6) ta ciing quy dinh
op
o0, =—- 3.8
= (3.8)
Tir phwong trinh (3.6) ta suy ra
%o, _%9, (3.9)
0q Ooq

Tir d6 ta c6 thé xac dinh ma trgn Jacobi quay theo cong thirc sau
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a(L a(] 2 aqf
dw. Ow,. ow,

J Jg)= = v 3.10
dw. Ow, ow,

|0 04, oq, |

Pao ham biéu thirc (3.3) ta xac dinh duoc gia téc cua khdi tam vat réan thir i

v, d T e
ai=E—=E[an+vi]—an+J7;q+a, (3.11)
Trong do
V.
a=—>= 3.12
= (3.12)

Tuong tu, dao ham h¢ thirc (3.6) ta ¢4 bidu thire xac dinh gia toc cta vat ran thirc i

) . —

=2 ) q+o, = q+d,. q+a, 3.13

o == r="J, J=d,8+3,4+7, (3.13)

Trong d6 ta dua vao ki hiéu
)

= (3.14)
dt

3.2 Cac phuong trinh chuyén dong Newton-Euler

Trong chuong 3, ta da thiét 1ap phuong trinh Newton-Euler cho mdt vat réan. Ap
dung cac ket qua do, ta c6 phuong trinh vi phan chuyén dong cho vét rdn thir i cua
hé nhiéu vit

ma, =f, =f" +1f; (i=1,...p) (3.15)

la, +6Lo, =1 =1 +I (i=1,...p) (3.16)
Thé cac biéu thire (3.11), (3.13) vao cac phuong trinh (3.15) va (3.16) ta dugc:

md (q)ii+m,..'I,’ (q+ma, =f"+1/ (i=1,....,p) 3.17)

13, (@)d+ 13, (a)a+1@ +olo, =+ (=1,...p) (3.18)

Trong cac phuong trinh trén I, 12 ma trén cua tenxo quan tinh cua vét ran tha i doi
v&i khdi tam cia n6 trong hé quy chi€u quén tinh R, .

Cho i chay tur | dén p va viét gop cac phuong trinh (3.17), (3.18) lai, ta duoc
phuong trinh ma trén sau
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M(q,0)§ +k(q,4,)=Q(q.4,)=Q" +Q° (3.19)
Trong d6 ta sir dung céc ki hiéu

[ nllJTl _} —fla b —-fl(‘ N
M= m,:er 9’ = fl‘,' o - f; (3.20)
q5 - I]JRI s - ll,, L] - Ilc H ' .
LIpJRP ] Ll;:_ ‘ _l;_
I m,.jﬂq +m,a, 1
— mJ_q+ma
k(q,q,t) = @, (3.21)

1J.q+1a +6 Lo,

|1,J,q+1,8,+0, 1,0, |
Chit y: Do mJ, va 1J, la cac ma trén cg 3x f nén M(q,?) la ma trin co
6px f.
3.3 Khit ciac phan lic lién két ly twéng, dwa phuong trinh chuyén dgng
vé dang toi gian

Dé khir cac phan lyc lién két ly tudng Q° trong phuong trinh (3.19) ta dua vao ma
tran Jacobi ¢& 6p x f dugc xac dinh bai h¢ thirc sau

—_ T

Yan=[J}, .. I, I . I ] (3.22)

Nhan bén trai phuong trinh (3.19) véi ma tran Jacobi chuyén vi J7c& 6px [ ta
duoc

I™Mi§+JTk=3"Q"+J'Q" (3.23)
By gid ta phai chirmg minh hé thic
J'Q =0 (3.24)

Theo dinh nghia ta ¢6

or, =.ai§q =J,5q (1)
aq
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29,
&Pi = __5(1 = JRI§q
oq
Mat khac tir dinh nghia {ién két ly tuong ta c6 hé thiic

i _ ~
S (S SE+17.56)=0
i=l

$(on) 5+ 1)-0

i=1

Thé cac biéu thic (1) va (2) vao phuong trinh (4) ta dugc
Y
5q" Y (Iff +I54)=0
Tu (5)suyra

r -
DU+ ) =3Q =0

i=1

Ta dua vao cac ki hiéu

M(q,/)=3"M, k=J'k, h=J"Q’

(2)

3)

4

)

(6)

(3.25)

Do J  lamatriancd Gpx f nén M lamatran c¢& px f nén matrain M la ma
tran ¢ f x f hay ma tran vudng cdp /. Tuong tu ta cé k va h 1a cac vécto ¢d f

thanh phan.
Phuong trinh (3.23) bay gio c6 dang

M(q,1)d3+k(q.9,r)=h(q,q,7)
Trong d6 M la ma tran vuong cap f. Chiy rang fla
sO bac tu do ctia hé nhiéu vit.
3.4 Cac thi du ap dung
Thidy 5.1. Cho md hinh con lic vat Iy nhu hinh (5.7).
Cho biet khoi lugng con lac la m, khoang cach tr O
dén khdi tdim C 1a OC = a, mémen quan tinh ddi voi
truc di qua khi tam va vudng goc voi mit phang con
lac 1a I.. Ap dung phuong trinh Newton-Euler, thiét
1ap phuong trinh vi phan chuyén dong ctia con lic. Sau
d6 tim bi€u thuc xac dinh phan luc lién két tai O.
Loi giai. Chon ¢ lam toa d§ suy rong. Cac phuong
trinh chuyén dong ctia con lac vt ly (hinh 5.7) ¢6 dang

my ¢+ md, =1 +f (1)
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1, p+1d,0=1"+I (2)

Tu hinh vé taco

X, asin(p)
r.=|y, |=|—acos(p) (3)
z, 0
Tu (3) tacod
acos(p) —asin(p)
3, =% | asin(p) |=>J, = 9| acos(p) @)
op
0 0
Dé dang tinh dugc van tde gbc clia con lic vat ly
0 0 0 0
0={0(=0|¢ :>JR=Z—(;=O =J,=/0 5)
P 1 1 0
Tir hinh vé ta dé dang xac dinh dugc
0 - X, 0 0
f'=|-mg|, =Y, |, 1"=[0}|, I'= 0 (6)
0 0 0 —X,acos(p)— Y,asin(p)

Thé cac biéu thirc (4), (5), (6) vao cac phuong trinh (1), (2) va bd qua cac hang
toan s& 0 ta dugc ba phuong trinh vi phan chuyén dong cia con lic vat ly theo
Newton-Euler:

macos(p) —masin() 0 X,
masin(gp) | +| macos(p) |¢° =| —mg |+ Y, 7
I 0 J 0 -X,acos(p)—Y,asin(p)

Pé khir cac phan luc lién két X,, Y,, dua phuong trinh (7) vé dang tbi thiéu, ta
dua vao ma trin Jacobi

J=[acos(p) asin(p) 1] (8)
Nhan bén trai phuong trinh (7) véi ma tran J” ta duoc
(ma’cos’ @ + ma*sin’ @ + I.)§ + (—ma’ sin pcos @ + ma’ cos @sin @)@’

=-mgasing +(aX,cosp +a¥,sinp—aX,cosp—a¥,sing)  (9)

=0

(ma* +1.)p+mgasing =0

195



Chii y. Trong mot sb bai toan ngudi ta tim cach xac dinh cac phan luc lién két ly
tuéng. Mudn vay ta viét lai phuong trinh (7) duéi dang

macos(g)

—masin(g) 0 1 0 X
masin(@) |@ +| macos(p) (¢ +| mg |= 0 1 [ YO jl (10)
I 0 0 —acosg -asing |-’

Bay gio ta dua vao ma trén M theo cong thirc

M = diag(mE,..,m E1,,...,1) (11)
Trong d6 E la ma tran don vi cép ba. Trong thi du nay ma trén M c6 dang
1 0 0
m 0 0 m |
M= m 0|=>M'={0 — 0 (12)
0 0 I "
0 0 —
| . -[(. -
bé don gian cach viét, ta ki hiéu ma tran hé sb vecto phan luc lién kétla H
1 0
H= 0 1 (13)
—acosg -—asing
Tir (12) va(13) tacéd
1 0 0 1
m — 0 ——cosg
r=, |1 0 —acosg 1 m .
HM' = , 0 — 0 (14)
0 1 -asing m 1 .
1 0 — ——sing
0 0 — meo L
L IC _

Pé tim phan luc lién két ta nhan bén trai phuong trinh (10) v6i ma trén H'M".

Tinh toan trung gian ta dugc

2

2

1 0 —Zcosp 1 0 —+L costp Lsingcosy
HM 'H=|" ‘ 0 L 1.
0 1 a sing . - a . a .,
- - —acosp —asin —sinpcosp — +—sin
m 1 1% o 7 pcosg m 1 4

c
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macos g
HM™'| masing =[
1

¢

acos@ —acosy o
asing—asing -

Tir d6 ta suy ra phuong trinh xé4c dinh phan lyc lién két
2 2
2 a .
—+—C0s" @ —sin@Ycosy

m I I X, -asing | , |0
) = 9+ (15)
a 1 a  , L5 acosg g
—sgingcosp -—+—sin“p
1 m I
Ta dua va ky hiéu
—+a—2cos2 iI—Z—Sin(ocosq)
N@) m I v I,
¢ =
a—zsin cos 1 + -ciz—sin2 )
1 peosy m 1

c c

Tur phuong trinh (15) suy ra

X B —asing | _, ~ 0
[Y‘)}:N '((o){ }¢'+N ‘((p)[ } (16)
f acosg ‘ g
Thidu5.2 Thiét lap phuong trinh vi phan
chuyén dong cia con lac kép toan hoc
(hinh 5.8) bang phuong phap Newton-
Euler. Cho biét OA=1; AB=1,. Khdi
lwong chat diém A 1a m, , chét diém B 1a
m, . Bé qua trong luong cac thanh.
Loi gidi. Chon hé toa d6 suy rdng
q=1[9g,,q,) . Céac vecto xac dinh vi tri cia
hai chit diém A, B co dang
0
r,=04=| [ sin(gp) |,
=l cos(¢,)
0
r,=| [ sin(g)+/,sin(g,)
~I, cos(¢,) -1, cos(¢,)

Cac vécto luc co dang

(D

Hinh 5.8 mzg
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0 ] 0
f=| 0 [|+|-Ssing +S,sing, 2)
—-mg S, cosg, — S, cosg,
0 0
f,=| 0 sing, 3)
-ng L S, cos @,
Tu (1) ta dé€ dang tinh duge cac ma tran Jacobi tinh tién
0 0 0 0
J; =Z—;’= lcosp, 0], J,. 2%: licosp, [, cosp,) 4)
lising, 0 lsing, I sing,

Do hé chi gém cac chit diém nén o,=0(J, =0). Céc phuong trinh Newton-
Euler cia con lac toan hoc kép c6 dang

md g+ ml.ir‘q =f +f
md. g+ mz.i,:q =) +1;

(%)
(6)

Thé cac biéu thirc (2), (3) va (4) vao phuong trinh trén ta dugc:

0 0. 0 0. 0 0
m, |l cosp, 0 {(o, :l +m| ~lg sing, 0 [g/}, } = 0 |+| -8 sing +S,sing,
. 2 . 2
| /sing, 0 Ly cosp, 0 -ng S, cosg, — S, cosg,
[0 0 . 0 0 , 0 0
m,| lcosg, I, cosg, {(ﬂ' }+ m,| =@ sing,  ~1,¢,sing, [(p, } = 0 [+ =§,sing,
. . @, . , @, )
| sing,  Lsing, [-7° [@gcosg  Lpycosp, |77 | —mg S, cosp,
Gop hai hé phuong trinh trén ta dugc
[0 0 ] [ 0 0 T o 7T 0 ]
myl, cos g, 0 —md\p, sing, 0 0 —-S,sing, + S, sing,
myl, sing, 0 @, N mlp, cos g, 0 ?, _| e N S, cosp, — S, cose,
0 0 @, 0 0 @, 0 0
myl cosp,  m,l, cosg, -l @ sing,  —myl,p, sing, 0 =S, sing,
Ll sing, myl, sing, | L Mol cosp L, cosg, | | =1, | S, cosg, ]
(7)
Phuong trinh (7) c6 thé viét gon duéi dang
M@ +k(@.9)=Q" +Q ®)
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Pé khir cac lién két dua phuong trinh vi phan (7) vé dang don gian nhit, ta dwa vao
ma tran Jacobi xac dinh theo cong thirc sau
3 =[] by r- 0 lcosp, [lsmep 0 [cosp | s%n ?, ©)
' 0 0 0 I cosp, [sing,

Nhan bén trai phuong trinh vi phan (7) véi ma tran Jacobi chuyén vi ta dugc
phuong trinh vi phan chuyén déng ctia con lac kép toan hoc dang don gian nhit

(m, + 1;13)11" m, 11, cos(p, —¢,) || @ . mzlllzq)z' sin(, — @,)
m,ll, cos(p, — @) m,l; o, —m,1 1! sin(p, — ;) |

(10)

—(m, +m,)gl sm(p,)

B —m, gl, sin(¢, )
Thi du 5.3. Cho mo hinh con lic
vét ly kép nhu hinh 5.9. Cho bict
khoi lugng cua cac vat ran la
my, m,, moémen quan tinh cua

chung dbi véi cac truc vudng goc
hinh v& va di qua khoéi tam tuong
ung la [, 1, . Cho biét cac khoang
cach OC, =aqa,, AC, =a,, OA=1.
Gia tée trong truong la g. Thiét lap
phuong trinh vi phdn chuyén dong
cia hé bang phuong phap cac
phuong trinh Newton-Euler.

Loi giai. Ta chon toa do suy rong

=01, ¢2]" (1)
Véc to toa do khéi tam cua khau |

Hinh 5.9
a,sin(p, + @)

r =|—a,cos(p, + ) (2)
0
Vécto toa dd khdi tam cia khau 2
Ising, + a, sing,
r, =l -lcosp, —a, cosg, 3)

0

T (2) va (3) ta dé dang tinh duoc cac ma tran Jacobi tinh tién
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a,cos(g, +a) 0 -@a sin(g, +a) 0
r, ) . .
I = 5; =| a;sinfp +a) 0| J, =| gacos(p +a) 0

0 0 0 0
[cosg, a,cosp, -¢lsing, —@,a,sing,
Jr, =—a—§— =|lsing, a,sing, | J,,=| ¢lcosp,  @,a,cosgp,
0 0 0 0
Tir hinh v& 5.9 ta xac dinh dugc cac véc to van tbe goc
0 0 10 -¢ 0 0 -9, 0
0,=0|,0,=(0,d={¢g 0 0|, d=l¢ 0 0
?, @, 0 0 0 0 0 0
Ttr d6 suy ra cac ma tran Jacobi quay va cac dao ham cua ching
0 0 00
JR,_aa“;'=o 0|, J,=[00
1 0 00
0 0 0 0
JM:aa‘:’; =0 0f, Jn,=/0 0
0 1 0 0
Tir d4u bai ta ¢6 cac ma tran quan tinh khoi
0 0 0 00 O
I.,=/0 0 Of; I,=/0 0 O
0 0 I, 0 0 I,

Tir hinh 5.10 ta dé dang xac dinh cac vécto luc va cac mémen ngau luc

Hinh 5.10

200

“)

)

~

6)




0 X, +X, 0 -X

A

fi=|-mgi+| Y,-Y, |, f,=|-mg|+| Y, (10)
0 0 0 0
0
I = 0 (11)
(X, —X,)a cos(p +a)+(Y, Y, )a sin(p, +a)+ X [cosp, Y Ising,
0
I, = 0 (12)

X,a,cosq, —Y,a,sing,

Tlleo,céc cong thie (3.17) va (3,18) cac phuong trinh vi phdn Newton — Euler cia
con lac kép vat ly co dang

M(q,)§+k(q,4,)=Q

Trong do
mJ;, md,q f
_ md., | — . m,J .q —~ |f
M@= * " | k@qgn= . " . Q=
IClJRI ICIJRIq+(DIICI(‘°1 Il
ICZJRZ ICZJRZq—*.(I)ZICZmZ l—
Thé cac biéu thic tir (4) dén (12) vao (13) ta nhan duogc phuong trinh
i cos(p, +a) 0 7 —m,a, sin(gp, + )]
ma, sin(g, + ) 0 m,a, cos(g, + o)y
0 0 0
m,lcosg, m,a, cos e, —m, (l sin @@} + a, sin,¢; )
mylsing, m,a, sin g, m, (l cos @@’ +a, cos gbngj)
0 0 (f' . 0 _
0 0 0, 0
I, 0 0
0 0 0
0 I,
L 2 . L 0
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X, +4X,
-mg+Y,-Y,
0
-X
_ng'*‘YA
0
- 0 (14)
0
(X, -X,)a cos(p +a)+(Y, Y, )asin(p, +a)+ X Icosp —Y Ising,
0
0
X ,a,cos9, =Y ,a,sing,

A

Ta tién hanh khtr cac phan luc lién két ly tudng dé dua phuong trinh vi phén (14)
vé dang toi gian bang cach nhan bén trai phuong trinh (14) véi ma tran Jacdbi
chuyén vi

jT(GJ)=[J;I,J;z,J2nJ;:]
_ | acos(p +a) q sinfp, +a) O Jcosg, Ising O O O 1 O 0 O (15)
0 0 0 a,cosp, a,sing, 0 0 0 0 0 O 1

Keét qua ta thu dugc hé phuong trinh vi phan chuyén ddng dang toi gian cia mé
hinh con lac kép vat lynhu sau

ma +my* + 1, mya,lcos(p, —@,) || ¢ . n,a,l; sin(p, — @,)
m,a,l cos(p, — ,) nma; + 1, @y | | ~mya,le; sin(p, —¢,)

(16)

| —ma,gsin(g, + o) —m, lgsing,
- ~-n,a,g sin g,

§4 PHUONG TRINH LAGRANGE LOAI 2 CUA HE NHIEU VAT
4.1 Thiét 1ap phwong trinh Lagrange loai hai
a) Mot vai céng thirc déng hoc can thiét
Gia sir vi tri ciia mdi chét diém thude hé la ham cua cac toa dd suy rong va thoi
gian

F=7(q,,qyq,01) s ¢, =q,(t) (i=1..,m) 4.1)
Pao ham h¢ thirc (4.1) theo thoi gian ¢ ta dugc
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< OF
=250

t
Tir d6 suy ra
& _o
aq, ) g,
Do v="0q,...q,.q45,.q,,t) va o _ o
9; g,
oo & O . O

P q; +
dq, =0q,0q, 9q,0t

J

o) e FF o
=) g, +
dt 6(] i 09,0, 0q 0t

So sanh hai cong thirc ta rit ra hé thac

AR
dt 0(1 Oq,\dt) 0q,

b) Thiét Iip phzrong trinh Lagrange loai hai cho hé n chat diém

—((]p---,q,,,t) nén ta cod

(4.2)

(4.3)

Xét hé holonom gdém n chit diém va ¢6 fbic ty do. Nhu thé co hé xac dinh bo:f
toa do suy rong di: 9159259, - Nguyén ly d'Alembert - Lagranoe ddi v6i hé n chit

diém c6 dang

n

> (F-md, )7 =0

k=1

T (4.1)tacod

. Lo
51’,( = Za—‘aql
i=1 i

Thé (4.5) vao biéu thirc (4.4) ta dugc hé thic

L o OF, Lo d o
;(ZF 3 j& Z[sz i o

k=1 q; k=1

Theo dinh nghia lyrc suy rong ta cé

. O
Q=) F. -~
; “og,
Bay gid ta bién ddi biéu thuc
n dzi: a’ n
K =) m—%+ k= mr
=2 dr* "oq, dtz *

k=1

i
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Cha y dén cac cong thirc (4 2) va (4.3), biéu thirc (4.8) c6 dang
= ~kavk ZInkvk 4.9)

i

, < e s R S 1&
Céc dao ham riéng theo ¢, va g, cua biéu thirc dong ning T =—Z:m,(vk2 co dang
k=1

—87_2 7, ;" , kavk . (4.10)
Chii y dén cac cong thirc (4.10), bleu thirc (4.9) c6 dang
| d[arj ar @1
"odr\ 9q 6(]

Thé (4.7) va (4.11) vao phuong trinh (4.6) ta duoc

§[afor) ar_
<\ dt\ag, | oq, =

Do cac bién phan 8¢, (i =1,..., f) doc 1ap v6i nhau, nén ta c6

d(oT) or .
dt[an—E; O (i=l..f) (4.12)

Trong d6 Q, la cac luc suy rong. Cac phuong trinh vi phan (4.12) duoc goi la
phuong trinh Lagrange loai hai, mo ta chuyén ddng ctia cac hé holoném.

Néu sir dung dinh nghia dao ham cGia mot v huéng theo bién vécto (cong thirc
(6.15) chuong 1) hé cac phuong trinh (4.12) cd thé viét gon lai dudi dang ma tran

nhu sau
T T
4 a—T— (o) o g (4.13)
de\ 0q oq
hay
dfor or _ g (4.14)
dt aq 6q
Trong do ta dua vao ky hicu
q, i o )
q=| : |, g=|: (4.15)
9y LY
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Néu ta phan cac luc tac dung 1én co hé thanh céc luc ¢ thé va cac luc khong co thé
thi luc suy rong Q, duoc tinh theo cong thirc

) ____2_1; Qv (4.16)
Trong d6 O 1a luc suy rdng ung vdi cac luc khong co6 thé.
Trong trudmg hop luc tac dung 1én co hé déu la cac luc c¢6 thé thi Q" =0. Khi do
phuong trinh Lagrange loai hai c6 dang
d [GT) or _ o
dt\ 0q, 6q, 8q
Néu ta da vao hé thac
L=T(qsq;5Gsq,1) —11(g,5-,q,)
thi phuong trinh (4.17) c6 dang

Sl il PR o | i=1,..., 4.18

¢) Thiét Idp phirong trinh Lagrange logi hai cho hé p vt rdn

Xét h¢ holonom gbm p VAt ran va c6 f bae tu do. Vi tri cud co hé dugc xéc dinh boi
ftoa do suy rong di: q,,q,,....q, . Nguyén ly d'Alembert - Lagrange doi v&i hé p vat
réin c6 dang

, (=1 f) (4.17)

i

j (dF" — dmi).5F =0 (4.19)
(s)

Tir(4.1) tacod
57 = ﬁ—aiaqi (4.20)

i=l i

Thé (4.20) vao biu thic (4.1 9) ta dugc hé thirc

f - —
z IdF“.a—r Idmd :.ar q,=0
i=1 $) aq, i= l (8) d aqz

Theo dinh nghia luc suy rng ta co

= OF
Qi = |dF"'.—
(SJ; oq

i

Bay gio ta bién ddi biéu thirc
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ar _[dmr—— Idm d 8_/
dt' 6(], Td 0q, “dt 0q,

5) ($) (S)

Chi'y dén cac c()ng thirc (4. 2) va (4.3), biéu thire trén c6 dang

K, =— jdmv —_—— Idmv _61 4.21)
L aq, () aq,

. \ “a 3 \ - * R , ~ - 1 —2 s
Céc dao ham riéng theo ¢, va ¢, cua biéu thirc dong nang 7 =— Idmv“ c6 dang
(5)

= [ami 2, o= [, ki (4.22)
a(Il (S) (11 6(11 (5) aql
Cha y dén cac cong thirc (4.21) va (4.22) ta suy ra
= 4 6?" or (4.23)
dt\ 0g, aq,

Thé (4.20) va (4.23) vao phuong trinh (4.19) ta dugc

Lldfar) or
L[5 g, -
| dt\ 9, ) Oq,

Do cac bién phan 0q,(i=1,..., f) la doc lap nhau, nén ta cé

dfor) or
dt| 2,

!

=0, (=L../f) (4.24)

o~

3,

Trong d6 Q. 1a céac luc suy rong. Néu ta phan cac luc tac dung lén co hé thanh cac
luc ¢6 the va cac lic khong c6 the thi luc suy rong O, dugc tinh theo cong thic
oIl

= _a +Q (4.25)

i

Trong d6 Q" la lyc suy rong ung véi cac luc khong thé. Khi dé phuong trinh

(4.24) c6 dang

dfor) or adi ,
= " (i=1,.. 4.26

dt( aq,) +Q > f) (4.26)

5, aq
Cac phuong trinh vi phan (4.26) dugc goi la phuong trinh Lagrange loai hai, mo ta
chuyén dong ctia cac hé nhiéu vat hléném. Chi y rang ta c6 thé viét hé phuong
trinh (4.24) dudi dang ma trdn (4.13) hoac (4.14).
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4.2 Dang thirc Lagrange loai 2 ciia hé nhiéu vit

Xét co hé gdbm p vit ran, chiu rlién két holondm. SO bic tu do coa co hé 1a
f =6p—r. Trong doan nay dua trén khai niém ma trin Jacobi, ta thiét lap dang
thuc Lagrange loai 2 cho hé nhiéu vat holénom.

Ky hiéu cac toa do suy rong tbi thiéu la

a=[qq, ] 4.27)

. ] R 29
Vi tri cha moi vét ran B, & trong hé quy
chiéu cb dinh R, =0x,y,z,dugc xéc
dinh boi vécto xac dinh vi tri khéi tam va -
ma tran cosin chi hudng cua vét ran.

r. =r.(q.), A ,=A/(qr) (428)
Dé don gian, dudi diy ta chi xét cac hé
holonom gilt va dung. Khi do biéu thic x Hinh5.11
(4.28) c6 dang

r.=r.(q). A, =A(q) 429

Trang thai van toc coa vat ran B, dugc xac dinh boi van toc khoi tAm va vén toc
gdc cia no

Ro Yo

dr. or, .
v, =—t=—04, B, =AA] (4.30)
Codt 0q
Theo doan trén ta cé
or om.
J, =, J, =2 (4.31)
T 0q Toq
Van toc khdi tam vat ran va van tde goc cua nd theo trén co thé viét dudi dan g
v, =J:(q)4 o, =J,(q)4 (4.32)

Trong chuong 3 ta da thiét lap biéu thirc tinh dong nang cua mot vat ran. Tir d6 ta
suy ra biéu thirc dong ndng cta hé p vat ran.

P P P
T=>T, =é—2miv: v, +%Zmi’1im, (4.33)
i=l i=1 i=1

Trong (4.33) I, 1a ma trdn cla tenxo quan tinh cia vat ran thir i d6i vai khoi tdm
C, ctano o trong h¢ qui chiéu ¢6 dinh R, .
Chii y. Trong tinh toan thuc hanh co khi nguodi ta thay viéc tinh biéu thic

P
Y /Lo, bang tinh biéu thic > oI’ . Trong d6 11" 1a ma tran cia tenxo

i=1
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quan tinh cGa vat ran doi v6i khoi tdim C, cia n6 & trong hé qui chiéu dong
Cx.yz gan lién vao vat B, con o 13 véc to dai so cua @,trong hé qui
chieuCx,y,z, .

Thé cac biéu thire (4.32) vao biéu thirc (4.33) ta dugc

:%im’,(JTiQ) Tq+lz(J q) I,.JR,_(']
i=l

P
- % i {Z(m,.J;JTi +IT1d, )}q (4.34)
i=1
Bay gio ta dua vao ky hiu
M(q)=i('"iJ§,Jn + 3,10, ) (4.35)
i=l

Biéu thirc (4.35) duoc goi 1 ma tran khéi lugng suy rong. Khi do biéu thirc dong
ndng cua hé nhiéu vat c6 dang rat gon nhu sau:

1. .
T =§qTM(q)q (4.36)
Trong do .
n, (q) eomyy (q) q, 4 gy
M(q)=| - - - Lgq=]ia=| | d=] (4.37)
mfl(q) mf/(q) q; (If qj
Biéu thirc dong néng (4.36) c6 thé viét lai dudi dang nhur sau
T—-—E:ZmlJ (q,, ,qf)q,q, (4.38)

i=1 j=1
Dao ham biéu thirc dong ning (4.38) theo cac van téc suy réng ¢ , va céc toa d§
suy réng g, ta duge
L aT 1LY 6mk,
8qj kz e 0, 2;; q; :
Tt d6 suy ra

L. L Om
dt( J ;mjqu Z

k=1 I=1

Thé cac biéu thirc trén vao phuong trinh Lagrange loai 2
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d{aT]-aT Moo (j=lf) (4.39)

dt\ 0q; | 9q; 6q ;
ta dugc
. /S S . .
ﬁ”’_;k‘h ZZ(/}: mA, ,jqkq, +QJ.’ (] =1..,f) (4.40)
k=1 1 /=t aq, )
Trong d6 ta st dung cac ky hiéu
om ., )
m,, = 5 Ly m, ;= am“’
q, q;
Do ma tran khdi lugng M(q) !a ma trin d6i xting, nén ta cé My, =m,  =m, .
Do do
phuong trinh (4.40) c6 thé viét lai dudi dang nhu sau

Lo ﬁ: . e
E m, g, + E my, +mg m,‘,,‘j)qkq, =—£+Q,” (j=1.../)(4.42)
k=1 i

klll

(4.41)

Phuong trinh (4.40) va (4.42) thuong dugc goi 1a dang thirc Lagrange loai 2 cia hé
nhi€u vat.

4.3 Cac thi du ap dung

Thi dy 5.4. Thanh lap phuong trinh vi phéan
chuyén ddng ciia con lic kép toan hoc bang
phuong phap dang thic Lagrange loai hai. Cho
biét m,, m,, I, 1, (hinh v& 5.12)

Loi giai. Chon cac gbc, lam céac toa d§ suy
rong ta co

T
a=[.¢,]
Tirhinh v& 5.11 ta cé
[, sing, I sing, +1,sing, Hinh 5.12
r,=|-lcosp, |, r, =| -l cosp, —1L,cosp, (1)
0 0
Tir (1) dé dang tinh dugc cac ma tran Jacobi tinh tién
lcosp, 0O 5 lcosp, Icose,
J, = l,sing, 0}, J, L l,sing, 1,sing, 2)
1 aq 2 aq “
0 0 0 0
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Ma tran khdi lugng suy rong
M(q)=37mJ, +J7mJ,

(m, +my)I} mylLcos(@, -, )
= > (3)
m,ll,cos(¢, —,) m,l;
Thé (3) vao biéu thiic dong ning ta dugc
1. :
T=24'M(a)q
1 2 . . . 2 .2
= E[(ml +m,) ) IE9 + 2myl L cos(p, — @, ) ., + mzl;(o;] 4)
Tir hinh v& (5.12) ta d& dang tim duoc biéu thirc thé ning cua hé
I =-m,glcosp, —m,g(l,cosp, +1,cosp,) €

Thé cac biéu thirc dong ning (4) va (5) vao phuong trinh Lagrange loai hai (3.14)
ta dugc h¢ cac phuong trinh vi phdn chuyén dong cta con lac kép.

(m, +my)) 126, + mL L, cos(@, — @, ) + mylL,p; sin(o, — @, )+ (m, +m,) gl sing, =0
myl L@ cos(p, — @, )+ m, 12, —m Lo} sin(g, — )+ m,gl,singp, =0

Thi du 5.5. Cho mé hinh co hoc rébdt phing hai khau nhu hinh 5.13. Cho biét khi
luong cac khau l1a m,, m, , d6 dai cac khau l1a /,/,, mémen quan tinh ctia cac khau

(6)

doi voi truc di qua khoi thm va vudng goc v6i mit phang hinh vé 1a 1, I, . Khoi
tdm cta mdi khau nim & gitra khau. Luc diéu khién la P, P, nhu hinh vé&.

Hay thiét 1ap phuong trinh vi phan chuyén dong cia Robbt bang dang thirc
Lagrange loai 2. Chon céc toa d6 suy rong tuong doi nhu hinh vé.

Hinh 5.13
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Loi gidi. Néu chon céc toa d6 suy rong 1a cc goc quay tuyet dbi nhu thi du 5.4 thi
tinh toan don gian hon. Tuy nhién trong bai ndy do yéu ciu ctia dau bai ta phai

chon céc toa do suy rong twong dbi nhu hinh 5.13, q = [q, ,qz] .

Tu hinh 5.13 ta dé dang xéc dinh vj tri khi tdm

%IICOSQI I,cosq, +%lzcos(ql + (]2)
1, ing + L1 si
r = El, sing, |, 1, =|/ sing, +Elz sin(g, +4,) v
0 0

Tir (1) ta tinh dugc cac ma tran Jacobi tinh tién

T ]
_Ell sing, 0
or, 1
J, =a—(;= EllcosqI 0 )
0 0
[ 1. 1, . ]
-l sing, —-512 sin(g, +9,) —512 sin(g, +¢,)
or, 1 1
J. = 5Ci =| I cosq, +512cos(ql +q,) —2-12cos(ql +q,) 3)
0 0

Tir hinh vé dé dang x4c djnh vén tbc gbc cua cac khau

0 0
o =0} w,={ 0 “4)
4, 4 +4,
Tir (4) suy ra cac ma trdn Jacobi quay cia cac khau
0 0 0 0
JR1=66—“;'= 0 0], JR::a;::: 00 (5)
10 11

Cac ma trdn clia cic tenxo quan tinh cua cac khau do6i véi khoi tAm cia ching co
dang
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00 O 00 O
IL=[0 0 0] L=[0 0 0 (6)
0 0 ]zl 0 0 1:2

Theo dinh nghia biéu thirc ma trén khdi lwong suy rong c6 dang

M(q)=dmd, + I md, + I, 13, + 3 LT, (7

Thé céc biéu thic (2), (3), (5), (6) vao biéu thirc (7) ta dugc

2 2 2

m, %- +m, (lf + % + l,lzcosqz] +1,+1, m, (% + %cosqzj +1,
M(q)= , ; (8)
m [i+&cos +1 m £+I
24", q, 22 27, T

Thé (8) vao biéu thirc dong nang

1. .
T=5qTM(q)q

1 I , b : L 2
T= E{{m, _AII +m, (ll‘ + " + lllzcosqz) +1,+1, }qf + [mz Z +1, ]q;
12
+| m, (j + l,lzcosqz) +21, 4.4, 9)

Biéu thirc thé ning cua co hé c6 dang

ta duogc

1§ =—;-mlgll sing, + ng{l, sing, + %lz sin(qg, + qz)] (10)
Cong 4o cua cac luc suy rong khong co thé

§A=16q +1,6q,-Pb6x,—PSy, )
Tir hé thac

x, =1,cosq, +,cos(q, +¢,)

y, =1 sing, +1,sin(q, +q,)
ta suy ra ,
Ox, =[—l, sing, -/, siri(q, + qz)]éql ~1,sin(q, +4q,)5q,
Sy, =|:llcosql +1,c08(q, +qz):|§ql +1L,cos(q, +4,)5q,
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Tu d6 suy ra
" =1, + P [l sing, +1/,sin(q, +q,) ] P, [1 cosq, +1,cos(q, "”‘17):' (12)
" =1,+Pl, sm(qI +q,) Pl COS(Q. +q,) (13)

Thé cac biéu thic (9), (10), (12), (13) vao phuong trinh Lagrange loai hai ta dugc
céc phuong trinh vi phan chuyén dong cia robdt phing hai khau

I’ IS 2. I LI ..
T, =£[:| +1., +m,ll cosq, +h§h+ mzl"jq‘ +(1:2 + m;- +ﬂé¥cosq2jq2

(a,+ qz)}

S 1 . m, myl,
~m,l l,q,q,sing, ~ 5 —m,lLg sing, + gl > +m, |cosq, + é

-P, I:ll sing, +/,sin(q, + qz)] +P, I:I,cosql +1l,cos(q, + ‘12)] (14)
= (]:2 . mzlz‘ L 2l,l2 COSqZJ(A ([:2 . mzlz' inz
1 2 1
+5mzlllzq; sing, +Englzcos(qI +q;) (15)

~Pl,sin(q, +q,)+ Plcos(q, + q,)

Thi du 5.6. Cho md hinh con lac
vat ly kép nhu hinh 5.14. Cho
biét khdi fuong clia cac vat rin 1a
m,,m,, mdémen quan tinh cua

ching ddi véi cac truc vudng goc
hinh vé& va di qua khéi tim tuong
ing la 1,7,. Gia téc trong
trudng 1a g. Cho biét cac khoang
cach OC, =a,, AC, =a,, OA=1.
Thiét 1ap phuong trinh vi phén
chuyén dong ciia hé bang phuong
phdp cac phuong trinh Lagrange
loai hai.

Loi giai. Chon toa d¢ suy rong

o T
q=[¢1, 9]
Tur hinh 5.14 ta co thé xac dinh céc vi tri khéi tdm céc khau. Véc to toa do khéi tam
cua khau 1
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[ a,sin(g, + a)
v =] —a, cos(p, +a)
i 0
Véc to toa do khéi tim caa khau 2
[ Ising, +a,sing,
r,=|-lcosg, —a,cosg,
0

Tir (2) va (3) ta tinh dugc cac ma tran Jacobi tinh tién

a,cos(p +a) 0
I, =2 =| g sin(p, +a) 0

0 0
[cosp, a,cosg,
Jrs = Ising, a,sing,
oq .
0 0
Céc véc to van toc goc
0 0
0,=0|, w,=|0
?, P,
Cac ma tran Jacobi quay
0 0 0 0
JR,=%‘;L= 00 ,Jm:aa";’= 00
1 0 0 1
Cac ma trdn momen quan tinh khéi ¢c6 dang
00 0 0 0 0
I,=|{0 0 0, I.,,={0 0 O
0 0 1 0 0 I,

Ma tran khoi lugng

M= J;l’”lJTI + J;2”12Jr2 + J;IICIJRI + J;ZICZJRZ
Thay (4), (5), (7), (8) vao (9) ta thu dugc ma tran khdi lugng
_li ma; +nm,l* +1,  mya,lcos(p, - ,)

mya,l cos(p, —¢,) mya; + 1,
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Pong nang

T-2d'Mq (1)

Thay (1) va (10) vao (11)taco
T= %((pfmlaf +@iml* + @l + 2¢,¢,mya,l cos(p, — ¢,) + @im,a; + gi)zzlz) (12)
Thé nang
11 =—m,ga, cos(p, + o) — m,g (I cos g, +a, cos @) (13)
Tinh cac dao ham

d| oT ) . ..
_(;;(8_@ = (m,a; +m,l + I,)(pl +m,la, cos(o, — 9,)d,
~myla, sin(p, — ¢,)@,¢, + m,la, sin(p, — @,)@?

—d—[g— = m,la, cos(p, — ¢, )P, + (mya; +1,),

di\ aq,

— myla, sin(p, — @,)@; + myla, sin(p, — @, )@@,

oT . > 2
= —mZIa2 sin{gp, — ®, )¢1 ?,
aq,

=m,la, sin(p, —¢,)P,@,

5

or7 .
— =m,ga, cos(¢, + a)+m,glsing,
1

= m,ga, Cos P,

Thé céc biéu thic trén vao phuong trinh Lagrange loai 2
d{er) or oIl
E[EEJ ]
ta thu dugc h¢ phuong trinh vi phan dao déng cta co hé nhu sau

(mlal2 +m,l* + [l)¢1 +myla, cos(¢, — 9,)@, + m,la, sin(p, — @,)@;

+m,ga, sin(@, + ) +m,glsing, =0

(14)
myla, cos(¢, — @,)@, + (mya; +1,)@, —m,la, sin(p, — @,)@;
+nm,ga,sing, =0
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Thi du 5.7. Cho md hinh robSt SCARA 4 béc ty do nI)u hinl] vé 5.15. Trong d6
cac khép 1, 2, 3 1a cac khép quay, khop 4 12 khp tinh tién. Khoi luong cac khau la
m,,m,,m,,m,. Cdc mémen quén tinh chinh ctia cic khau trong hé qui chiéu gin
lién vao cac khau ta 7,1 ,1 . (i=1,2,3,4). Cac kich thude cho trén hinh 5.15. Hay

ix?%iy?

thiét 1ap phuong trinh vi phéan chuyén dong ctia robét.

92 * Z &3
> >,

a
/ Y

Xy

a

Hinh 5.15. M6 hinh r6bot SCARA 4 béc tw do

Loi giai. Chon toa suy rong ( toa do tuong dbi) la:
T T
q=[9,,92,93,d4] :[(11’ (12’(13"]4] .

Tur hinh v& ta xac dinh:
- Bang tham s6 Denavit-Hatenberg

Link 0 d a o
1 qi d a, 0
2 qz 0 a 0
3 o 0 as 0
4 0 Q4 0 0

- Bang md ta vi tri trong tdm khoi luong va moé men quan tinh khéi cia timg khau
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Vi tri trong tdm

(so véi gbe toa do

Mo men quéan tinh khoi tirng khau

Khéi (tinh ddi véi hé toa do dit tai trong tam

Khéu gin trén mdi khép) | lugng | timg khau va song song véi toa do khop)
Xc Yc Zc Ixx Iyy Izz Ixy Ixz Iyz

1 -(al-ll) 0 0 my I]x Ily I‘z 0 0 0

2 -(ag-lz) 0 0 m- ng Ip_y Igz 0 0 0

3 -(33-13) 0 0 ms I3x I3y I3z 0 0 0

4 0 04| m | L | L, | L.]olol]o

Str dung hé chuong trinh ROBOTDYN ciia B6 mdn Co hoc tng dung, Truong dai
hoc Bach khoa Ha Ngi, ta xac dinh dugc cac ma tran Denavit-Hartenberg nhu sau

Cl
S,

D, =

L

D, =

L

0
0

C

~

~

S
0
0

Cizs

Sizs
0
0

Cin

Siz

0
0

-5, 0 gC,
¢, 0 aS,
0 1 d,
0 0 1
=S, 0 aC +a,C,
C, 0 aS +a,8,
0 1 d,
0 0 1
~-S,, 0 aC +a,C,+aC,,]
C, 0 aS +aS,+a)s,,,
0 -1 d,
0 0 1
-8, 0 aC +a,C,+a,C,, |
C,, 0 a8 +a,5,+asS,,
0 -1 d —q,
0 0 1

(M

()

3)

4

Cht y rang trong thi du ndy va thi du sau, can quan tdm dén cac hé qui chiéu dong
qui dinh nhu sau:
- H¢ qui chiéu khép Oyx,y,z, 1a hé qui chiéu dong goc tai O,, xdc dinh thao qui tic

Denavit-Hartenberg

- Hé qui chicu khdu Cx]y'z] 1a hé qui chieu dong gan va vat ran B,, gdc tai C,co

cac truc song song voi cac truc clda hé qui chieu Ox,y,z,
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Tir d6 dé dang xac dinh dugc cac vi tri cac khbi taim. Vi tri khdi tim khau thir nhat
a,C, C, =S 0l —(q-1) 1C,
r.="r. =qS |+|S C 0 0 =18, (5)
d, 0 0 1 0 d,
bao ham biéu thuc (5) theo thoi gian & trong hé qui chiéu ¢ dinh ta dugc van tdc
khoi tam cua khau thur nhat
~1.6,sin§,
Vi =f. =| 1,6, cosf, (6)
0
Vi tri khdi tam khau thir hai
aC +a,C, ¢, =S, 0| —(a,-1) aC +1,C,
=laS +a,S, |+|S, C, O 0 =l as +1LS, (7
d, 0 0 1 0 d,

r.,

Vian tdc khéi tam khau thir hai
_alélsl _126"12512
Ve, :i‘rl =| a6,C +10,C, (8
0
Vi tri khéi tdim khéu thi ba
alCl + aZCIZ + GSCIB |—C|23 —SIZB O _(aS _13) aICl + aZCIZ +l3C123
re = aS, +a,S,+a,S,, |+1S, C, 0 0 =| @S, +a,5, +1.S,,,
d, 0 0 -1 0 d,
9
Van tde khdi tam cia khau thir ba
_alélsl _12912512 _139123S123
=l‘-q = alelcl +129|2C|: +130123S|23 (10)
0

VC]
Vi tri khéi tim khau thi tu
q,C +a,C,, +a,C,,, Cou —Su 0] 0 a,C, +a,C, +a,C,,
Ie, = a8 +a,8,+a,5,, |+ S, Cpy 0 0 |=| 4 +a,5,+a,S, [(11)
d —q, 0 0 -1, d—-q,+1,
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Van toc khdi tm ctia khau thir tu
_al‘glsl _az‘glzsn _as‘glzssm
Ve, :i‘q =| a,6C, +a,6,C; +a,6,,C (12)
0

Ciing tir cac ma tran Denavit-Hartenberg ta xac dinh dugc cdc ma tran cdsin chi
hudng ciia cac khdu. Ma tran ¢6sin chi hudng cua khau thir nhat

¢ =S 0
A=lS ¢ 0 (13)
0 0 1
Ma trdn c6sin chi hudng cua khau tha hai
rClz —SIZ 0
A, =18, G, O (14)
L 0 0 1
Ma trén cosin chi hudng cua khau thir ba va khau thu tu
_CIZS _Sm 0
A, =S5, Gy 0 (=A, (15)
0 0 -1

Toan tir séng cuia vécto van tde goc ctia khau thir nhét
o =ATA,
C, S 0 —Q,S, —0’_,0‘ of o -6 16)
=-S5, C, 0] 6C -6S 0/=6 0 0
0 0 1 0 0 0 0 0 0

Tir d6 suy ra van toc goc khau thir nhét trong hé toa d6 khau thir nhat la

o = [o 0 0] (17)
Toan tir song cia vécto van toc goc ciia khau thir hai
A= ATA,
c, S, 0)-6+6)s, -4 +6,)C, 0 —6,+6,) 0
=|-S, C, 0| (6,+6,)C, —(6,+6)S, 0|=|(b +6,) 0 0
0 0 1 0 0 0 0 0 0
(18)

<
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Tir d6 suy ra vén toc géc khau thir hai
o?=[0 0 6+6,] (19)
Toén tir song clia vécto van toe goe cla khau thi ba
@) =0 =AlA,
Cow Sy 0][~(6,+6,+6)S,, ~(6+6,+6)C, 0
=|=S; C. 0| (6,+6,+6,)C,, —(6,+6,+6,)S,, 0

0 0 -1 0 0 0
0 —(6,+6,+6,) 0

=1(6,+6,+86,) 0 0 (20)
0 0 0

Tir d6 suy ra van toc goc khau thir ba va khau thir bdn
o =0 = [0 0 6 +6, +9] 1)

Cac ma trin mémen quan tinh cua céc khéu, tinh doi v6i hé toa do dia phuong dat
tai trong tdm cua tirng khau va c6 cac tryc song song véi hé truc toa do khop

O.x,y,z,, c6 dang nhu sau
. 0 0 I, 0 0
I"=10 1, 0}, =0 1, 0},
|0 0 I 0 0 I,
(1, 0 0 I, 0 0
=10 1, 0|, I’=(0 7, 0
|10 0 I, 0o o0 1,
Pong nang cta khau thir i
T = ;m VeVe + ;m“’rl“) o\ (i=1..4) (22)
Biéu thirc dong nang cta ca hé
T=T+T,+T,+T, (23)
Biéu thirc thé ning ciia hé c6 dang
=[0 0 g]{m Ie +M,T +IE + r“} (24)

St dung chuong trinh ROBOTDYN ta thiét 1ap dugc cac phuong trinh vi phén
chuyén dong ciia robst SCARA bon bac tu do
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"lll(.jl + ’"lzqz +m|3('1.3 +m|42]"1 —-q ((12 +(]3)((]z + 2‘71 +(}3)(”13[3 + "l4a3)5in(q2 +‘b)
—a,sing, (a,m, +a,m, + m,l,)¢; —(m,l, +m,a,)sing, (24, + q'_,)azq3
—2(a2 sing, (m,l, +m,a,) g, + §,a,sinq, (a,m, +a,m, +m,l, )) g, =1, (25)
My, Gy + My, + My, + g, +a,ql (ml, + /;14(13)sir1((12 + ‘13) +

((m‘1 + 1113)a2 +m,l, )a,q,2 sing, —2singq,a,q, (/)1313 +m,a, )c]‘ -

(m3l3 +m,a, )sin q;(q, +24,)a,q,=1, (26)
My, G, + Mgy, + MGy + my,g, +a,ql (m313 + 1114413)sin(q2 + q3)+

a,sing, (¢, +4, )2 (myly + mya,) =1, (27)
MG, +my,G, +mud, +m, g, —m,g =1, (28)

Trong d6 cac thanh phan cua ma tran khot lugng cé dang nhu sau
_ 2 2 2 a2
my,=1_+1, +I, +1,_+ml +ma; +2m,al,cosq,+n,l; +ma, +2mu,a, cosq,
+2ma,l, cosq, + nya’ +2mal, cos(q2 +¢,)+ml; + ma; +2m,a,a, cosq,

+2m,a,a, cos(q, + ¢, )+ m,a; +2m,a,a, cosq, +ma;

2
m,=m, =1, +1, +1, +m,al,cosq, +m,l,
2 2
+ mya; + mya,a, €08 q, + 2mya,ly cosqy +myla, cos(q, + g, )+ myl;
2
+m,a; +2m,a,a, cosq, +m,a,a,cos(q, +q,) + m,a; +m,a,a, cosq,
m=nmy,=0; my,=m,=0; m,=m,; =0

2 2 2 2
my, =1, + 1, +I,_+ml} +ma; +2ma,l, cosq, +ml; +m,a; +2m,a,a,cosq, +m,a;
2 2
m,, = my, = I, +1, +mla,cosq, +ml; +ma; +m,a,a, cosq,

_ 2 2,
my, = I, +mly +1, +ma;; m m

33 4 = My

Thi du 5.8. Cho m6 hinh robdt PUMA 3 bac tu do nhu hinh vé 5.16. Trong d6 cac
khép 1, 2, 3 1a cac khop quay. Khoi lugng cac khdu 1a m;,m,,m,. Cac mdémen quan
tinh chinh cta cac khau trong hé qui chiéu gin lién vao cac khau la I, 1.1,
(i=1,2,3). Céc kich thudc hinh hoc cho trén hinh v&. Hay thiét lap phuong trinh vi
phan chuyén dfng cia robot.

Loi giai. Chon toa suy rdng (trung vai toa d¢ khdp) la

q:[@l,ﬁz, HJ]T :[qw 9,5 4, ]T'

Tir hinh vé ta xac dinh:
- Bang tham s6 Denavit-Hartenberg
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STT 0 d o Bién khép | Loai khép
1 0, d, 0 /2 0, quay
2 0, 0 a, 0 0, quay
3 0, a; 0 0, quay

- Bang m6 ta vi tri trong tdm khoi luwgng va m6 men quan tinh khoi cia tirng khau

o . M6 men quan tinh khdi timg khau
Vi tri trong tdm R . )
& A £ (tinh d61 v&i hé toa do dat tai
(so voi goc toa do gan trén Khoi Ay N
STT mi khop) lyone | rONg tim timg khéau va song song
P e véi toa d6 khép)
Xci Yei Zci L Iyy I, Ixy L, Iyz
1 0 -(d]—ll) 0 m I]x Ily I]Z 0 0 0
2 *(ag-lg) 0 0 m, ng IZy I?.z 0 0 0
3 -(33-13) 0 0 ms I3x I3y I3z 0 ' 0 0

St dung hé chuong trinh ROBOTDYN ta xac dinh dugc ciac ma trdgn Denavit-
Hartenberg nhu sau

Hinh 5.16. M6 hinh rébét PUMA 3 béc tir do
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[c, 0 s 0
S, 0 -C 0
Dl = l (1
0 1 0 d
00 0 1
[cc, -CS, S, dC +a,CC,
SC, =SS, -C, dS +a,5C
I)2 — 12 12 1 11 a2 i~2 (2)
S, C, 0 a,S,
| 0 0 0 1
rC1C23 -GS, S dC +a,CC,+a,CC,,
SCy =58, -G dS +a,5C, +a,S,C,,
D, = 3)
Sy Cy 0 4,8, +a,S,,
0 0 0 1
Tir d6 dé dang xac dinh dugc vi tri khdi tim khau thir nhét
[0 [, 0 s 0 0
r,=| 0 1+|S 0 -C|—(d-14)|=|0 4)
d] |0 1 0 0 l

Dao ham biéu thuc (5) theo thoi gian & trong hé qui chiéu ¢b dinh ta duge van téc
khoi tdm ciia khau thir nhat

Ve =F. =|0 (5)

Vij tri khdi tdm khau th{ hai
dC +a,CC, | [CC, -CS, S |[-(a,-1)] [dC +1LCC,
| r., =|dsS, +a,S5C, |[+|SC, =SS, -C, 0 =| d,S, +1,5,C, | (6)
| a,s, S, C, 0 0 LS,
t Vian tdc khdi tam khau thir hai
_dlélSI _IZélSlCZ —lzézclsz
Ve, =‘.'(:: = dlélcl +1291C|C2 _12925152 (7
IZH'ZCZ
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Vi tri khdi tdm khdu thi ba
d,C, +a,C\C, +a,CCy, GG, -GS, § —((13 -13)
re =| d,S, +a,5C, +a,5,C,; |+ SIC23 =58, -G 0

a,$, +(I3S23 S23 C23 0 0

dC +a,CC,+1,C,Cyy
=| d.8, +a,5,C, +1,5,C,, (8)
a,S, +1,S,,
Van tbe khéi tam khau thir ba
-d6,S, —a,0S,C, -a,6,C,S, -1,6,S ,C,, —1,6,,C,S,,
Ve, =t =| d6C +a,6C,C,-a,0,5S, +1L6,C,Cy; -1,0,,5,5,, 9)
al’éZCZ + 13923C23

Ciing tir cdc ma tran Denavit-Hartenberg ta xac dinh dugc cdc ma trdn cdsin chi
hudng cta cac khau. Ma tran cosin chi huéng ciita khau thir nhat

c, 0 5
A=lS 0 - (10)
01 0

Ma tran c¢dsin chi hudng cua khau thir hai

[cc, -GS, S,

A, = 8C, -§S, -C (11)
S, C, 0

Ma tran ¢6sin chi hudng cia khau thir ba

rcc,, -GS, S

A, = 5C; -5S,, -C (12)
| Sy Cy, 0

Toén tir song ctia vécto van te goc cua khau thir nhat
o= ATA
c, S 0]1-6s 0 4c¢
=0 0 1[|]|6Cc 0 s (13)
S -C 0 0 0 O

hay
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0 0 6 0 -, o

01y

6)51) = 0 O O = wO]: 0 _wou

—9| 0 0 —Wy,,, Wy 0

Suy ra vén tdc goc khau thir nhat

o=[0 4 o
Toén tir séng ciia vécto vén tdc goc cha khau thi hai
@ =AJA, ’
cc, SC, S,1(-65C,-6,CS, 6S,S,-6,CC,
=-CS, -SS, G || 6cc,-6,5s, -6CsS,-6,5C,
S, -C, 0 6,C, -0,S,
hay
9 ) "éz ‘9'|.C2 0 — Wy @, y
6)(22) 0, 0 -6S, |=| @y, 0 — Wy
_‘91Cz 9|S2 0 W), Dy 0
Suy ra van tbc goc khau thir hai
o =[4s, 6c, 6,
Toén tir séng ciia vécto van tdc goc cia khau thir ba
oY) = ATA
C|C23 S1C23 st _élSICZS - 923C1S23 élslszs - 923C|C23
- _CISZJ —S1S23 C23 : glclcza _923S1S23 —élCISZS - 923S1C23
Sl "Cl 0 6.23C23 _ézsszs
hay
9 6, éI.CZJ 0 -o o3,
@ =| 6, 0 63y, |=| @y 0 -y,
—9|C23 élS23 0 Wy,  Wosy 0

Suy ra vén tdc goc khau thir ba
. . . T
(')53) = [61 Sy 6Cy 6, ]

Dong ning cia khau thir i

L= ;m Ve Ve + ;m"”l"’ @ (i=1..3)
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Biéu thirc dong nang clia ca hé

T=T+T,+T,
Biéu thirc ham thé ning cua hé
Thé ning ciia hé

n=(0 o gf {m,rCI +mx + mjrq}

Str dyng chuong trinh ROBOTDYN ta thiét 1ap dugc phuong trinh vi phén chuyén
ddng ciia robot nhu sau:

Phuong trinh |
mn‘in + mlz‘.jz + mlS‘.jJ + (IZ.r —12)' "'mzlzz 'msazz)qlq.z Sin(2q2)
+4, Sm(z‘b + 2%)(13x -1, - mslsz)(qz + qs)

- (2‘]2 + qs)"’sqlazls sin (2‘12 +4; ) —myq,q;l,a, sing, =7,
Phuong trinh 2

My, g, + My g, + My, _(2‘12 + ‘h)‘hlsaz sing, +_2'(12y ~I, + "’2122)‘]12 sm(2q2)
+ —;-qlz (13}, — I, +m]l} )sir\(2q2 +2q,)+1/2m3g}a; sin(2q,)

+ m,t],zazl3 sin (2(12 +q, ) + (n1212 +m,a, )gcos q, +m,gl, cos(q2 +q, )=1’2

Phuong trinh 3

s\ + Moy + s+ q; (I, ~ I, + mJ; }sin(2q, + 2q,)

+myla, (qzz + %qf)sin q +% mygla,l,sin(2q, +q,)+mygl,cos(q, +q,)=r,
Trong d6
my, =1, +1I, sing} +1, cosq; + 1, sin(q, +q,)" +1, cos(q, +¢,)’
+ (mzlj +imn,a; )cos q; +myl, (a2 cosq, +a,cos(2g, +q, )+ 1 cos(g, + ¢,)° )
m, =m, =m, =m, =0
my = L, + L +ml; +m (I} +a} +2a,l,cosq, )
my, =my, =1, +ml} + ma,l, cosgq,

_ 2
my = Iy, +ml;
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§5 CAC PHUONG TRINH KANE CUA HE NHIEU VAT

Céc phuong trinh Kane tuy méi dugc thiét 1ap vao nhiing ndm 60 cta thé ky 20,
nhung so6m c6 mét vi tri trong nghlen clru dong luc hoc hé nhiéu vat. Trong doan
nay, trugce hét gi6i thidu cac khai niém van tdc riéng cia diém va van tdc goc riéng
ctia vat ran, sau d6 trinh bay bidu thirc tinh luc hoat dong suy rong va lyc quan tinh
suy rong. Trén co s& cac khai niém do thiét lap cac phuong trinh dong luc Kane
cho hé hé p vat ran. Lac dau Thomas R. Kane, giao su Trudong Pai hoc Stanford
(Hoa Ky), goi phuong trinh ma ong thiét 1ap 12 dang Lagrange cia nguyén Iy
d’Alembert. Sau ndy moi ngudi lay tén ong dat tén cho phuong trinh nay.

5.1 Cic vén tdc riéng cia diém va cdc vin téc goc riéng cia vat rin
a. Cdc vdn tc riéng cuia diém (Partial velocities of points)
Xét mot hé gdbm p vt ran tuy y. Gia sir vi tri cia
hé¢ duogc xac dinh bdi m toa d§ suy rong
4,5@5>-q,, - N6i chung m 16n hon sb bac ty do z
cia h§. Gia sir P 1a mot diém bat ky thuge vat
ran B cGa h¢ (hinh 5.17). Vi tri cha dieém P dyoc

xac dinh béi véc to dinh vi 77 7P
Fr :F”(t,ql,qz,...,qm) (5.1 )
Dao ham theo thoi gian vécto 7 " & trong hé quy R
chiéu R, ta duoc X Hinh 5.17
R =P  RAzP R AP
. ) 1o/ & CoFT
RGP — ar - r +Z a g, (5‘2)

dt ot = 0Oq

k

Trong doan nay dé cho gon ta ky hiéu *v* =v

ky hiéu méi

P, *a" =a” . Bay gio ta dua vao cac

R =P R
PO i a’ (k=1,...,m) (5.3)

q,

! ot
Vi ky hiéu trén, biéu thirc (5.2) c6 thé viét lai du6i dang

vl =p* +Z\7(,’Zék (5.4)
k=1

Dinh nghia 5.1. Vécto ¥ dugc goi 1 véan tdc riéng theo bién t ctia diém P trong hé
quy chiéu R. Vécto i)'{Z (k=1,...,m) dvoc goi 1 vécto van téc riéng theo bién q,
cta diem P trong hé quy chieu R . w

Phuong trinh (5.2) biéu dién su phu th~ucf)c tuyén tinh (fﬁa van toc *
suy rong ¢, . Tir phuong trinh nay ta dé dang suy ra biéu thirc

v* vao van toc
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. Rovt  RgFP

A (5.5)
* oq, g,
b. Céc van téc goc riéng cua vdt Féin (Partial angular velocities of bodies)
Gia thir B 12 mdt vat rén bat ky cia mot hé
nhiéu vat. Lay ¢ la mot vécto tuy y cla vat ran 7
B (hinh 5.18). Vécto ¢ 1a ham cua céc toa do
suy rong q,, q,,.--,q,, vat
¢=0(8,9,:q5-4,) (5.6) B
Theo dinh nghia van tdc goc ciia vat rin trong y
chuong 2 ta cé R >
R 33—~
jtc VTN 57 X Hinh 5.18

Dao ham vécto ¢ theo thoi gian t & trong hé quy chiéuR tacéd
R 1= R ~— m R Az ’
dc_"% 3 %4 rahxe (5.8)
dt ot o 0q,

Béy gio ta dua vao cac ky hiéu

R A -
0C p.p_ RO p.p -

o x¢, ="@’ x¢é 5.9
Ot ' oq, o 9)
Thé céc biéu thirc (5.9) vao phuong trinh (5.8) ta dwoc
R 4= m m
a‘;c =* @"xé="@ xE+) (") xE), =(Ra7,” +ZR(T){£quxE (5.10)
k=1 k=1

Do ¢ la mdt vécto tuy y khac khong cta vat rin B va do phuong trinh (5.10) ding
v6i moi vécto, nén ta ¢ hé thic

"@' ="af +) @) g, , (5.11)
k=1
Tir cong thire (5.11) ta suy ra
R_ B
09 g (5.12)
0, ' |

Dinh nghia 5.2. Vécto &’ duge goi 1a véan tc goc riéng theo bién t ciia vat ran B
trong hé quy chiéu R. Vécto Rc?),.i dugc goi la vécto van tdc goc riéng theo bién q,
clia vét ran B trong hé quy chiéu R.
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Chit y. Tuong tu nhu dinh 1y 2.1 trong chuong II, ta c¢6 thé chimg minh céc cong

thirc sau
Ry A=) Ry n—(1) Ry A= (1)
ngp =50~ g | a0 2% pol ol 20 sol (513
ot ot ot

ko @ﬁ =" (Rﬂ_aA_Z(‘_)_ e ] +é" (E_aﬂ) ] +& (% 'ész (5.14)
g, g, g,

¢) Cdc thi du dp dung

Thi du 5.9. Cho mdt diém P chuyén ddng
trong khong gian ba chiéu. Hay tim céc vén P (x,y,2)
tbc riéng cia diém P theo cac toa do
Descartes vudng goc.

Léi gidi. Tur hinh 5.19 ta ¢6 s r
F=x& +yé +z¢, (Y] ’ 8 y
V=1Xé + e, +z€, (2) 8, y 0 - ~
Nhu thé trong thi du ndy ta ky hiéu X
g, =X, q,=y,q9, =z . Theo cong thic (5.3), Hinh 5.19
tu (1) tasuyra
V,=0, v, =€, v, =¢, V. =&, (3)

Trong thi du nay cdc vécto van toc ri€ng theo cac bién x,y,z 1a cac vécto don vi
trén céc truc clia hé toa d§ vubng goc.

Thi dy 5.10. Cho mét diém P chuyen dong y
trén mat phang Hiy tim cac vén tdc riéng P (x,y)
cta diém P trong hé toa do curc.
Lgi giai. T hinh vé 5.20 ta co - T
€

F=ré, o ’ o
Dao ham biéu thirc (1) theo t & trong hé toa C X
d6 ¢o dinh ta duoc 0]

V=Fé, +r0¢, ) Hinh 5.20
So sanh (2) véi (5.2) ta co

v,=0, v,=¢, v;=ré, 3

3 \ e A A A - 3 r - 3 r ~ A
Trong truong hop nay vécto vén toc riéng v, 1a vécto don vi €., con vécto van toc
riéng v, khong phai 1a vécto don vi v; va c6 thir nguyén khac voi thir nguyén cia

vg-.
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Thidy 5.11. Cho con lic kép chuyén dong
“trong mit phang thang dimg nhu hinh v&
5.21. bé don gian gia thiet khoi tam cac
thanh nam & gilta cac thanh. Cho biet
chiéu dai cac thanh OA= [, AB = [,.
Hiy xac dinh cac véan tbe riéng cuiia céc
khoi tdm va cac van tde goc riéng ciia cac
thanh.

Loi giai. Ta chon cac vécto don vi
é.,6,,6, nhu trén hinh v& Thanh OA la
vét rin B, thanh AB la vit rin B, Tur
hinh 5.21 ta c6 toa do cac khdi tam C, G,
la

Hinh 5.21

—.Cl

7 =—12‘—(sin6,é'2+cosﬁ,é,)’

7@ =1 (sin6é, +cos6é )+ %(sin 6,6, +cos6,é,)

(1)

@

Dao ham céc biéu thirc (1) va (2) theo thdi gian t & trong hé quy chiéu ¢6 dinh ta

duoc

e =’5'ér, (cos8, —sin6,é,)

7% =10, (cos6é, - sin 6’,6,)+%6’2 (cos8,é, —sing,é)

Tu hinh vé 5.21 tacd

=B _ A= =B, _ Nz
ot =6e, o™ =0,
Tir (3), (4), (5) ta suy ra cac van toc riéng va cac vén toc goc riéng
/
50 2L 5 —af > 56 —
Vi = 2(cos@,e2 singé,), Vo, =
o, - e, L Lo
v,* =1 (cosgé, —sin6g ), v, —E(cosé?ze2 —sin6,é)
~B 5 B 5B =B _ >
w, =&, @,'=0, =0, W, =€

|
d. Hinh chiéu cua cdc vécto vdn toc viéng cua diém trén cdc truc toa do
Theo cong thirc (5.4) van toc géc cua diem P c6 dang

i

P =P =P .
TN
k=1
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Xét chuyén ddng cta vét rin B & trong hé quy chiéu R{é,,é,,é,} (hinh 5.22). Khi

do ta c6 thé chiéu cac vécto \7,P . V; Ién cac tryc cia hé toa do nay

v =vie +ve +vie \ (5.16)

v —vqk é +v 26, +vq 16 5.17)

Trong d6 v/ la hinh chiéu cta vécto riéng ¥ 1én truc & con vq, 2 hinh chiéu
cta vécto riéng v, 1én truc €. -
Thé céc biéu thirc (5.16), (5.17) vao phuong trinh (5.15) ta dwoc

i)"’:(v,’l’+2v(;,(]kjé,+[v + vlzq,(je2 ( +z ]qujq (5.18)
k=1 .

k=1

Dé don gian ta xét trudng hop co hé chiu lién két dimg, 7" =7 (q,,...,qf) phuong
trinh (5.18) c6 dang
v = ( vﬁl‘)k ]él +( v{ﬁZq.k )éz + [Z"(quk )és (5.19)
k=1 k=1 k=1

Dao ham piéu thirc (5.19) theo thdi gian & trong hé quy chiéu R ta dugc vécto gia
toc cua diem P

m
—~p
a _Z( (/quk +V{,A|‘Ik)e|+2( Vi oy + qszh)ez’*‘Z( Vi, Gy + qkqu)e3 (5.20)
k=1
e. Hinh chiéu cua vécto vdn téc goc riéng cua vat rén trén cdc truc toa do
Theo cong thirc (5.11), biéu thirc van téc gbc ciia vat rin cé dang

n

a) +z ’lk

Trong hé quy chieu R={¢,é,,é} cac vécto van toc goéc rieng *&f, *a;
(k=1,...,f) chia vét ran B c6 thé biéu di&n dudi dang z
R=B _ R _B= , R B=
& ="wje + fahe, + fafe,  (5.21)
R =B R B = - R_B =
W, ="w, &+ w 26, + "0, 1€, (5.22)
B
Trong d6 " 1a hinh chiéu cia van tc goc n
" A o ~ ’ " )Y e
rleng @ trén cac truc toa d9, con } - y
R e
w;; (i=1,2,3) 1a hinh chiéu ciia van téc goc ]
rieng *@; trén cac truc toa do . € Hinh 5.22
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Thé cac bidu thitc (5.22), (5.23) vao biéu thic (5.11) ta dugc
Ro® = ( Rl + i "o, 4, JE‘ + [ Rl + i *o7 14, )‘éz + (Ra),’; + i *o; 4, ]é} (5.23)
k=1 k=1 k=1
Trong trudng hop co hé chiu céc lién két dimg, biéu thirc (5.24) c6 dang
Re® = (i "o g, )él + (i Ra),szqk ]éz + (i Rw{;‘:3qk )53 (5.24)
k=1 k=1 k=1

Dao ham theo thdi gian & trong hé quy chiéu R biéu thirc (5.24) ta nhan duoc vécto
gia toc goc cua vt ran B

m m m
R =8 __ R _B - R B - - R_B - R B - - R_B o R B - -
a —Z( Dy Je + w‘]k‘q")e‘+2( @y 2i + “’mzqk)ez‘*Z( @34, + “’msqk)es
k=1 k=1 k=1
(5.25)

5.2. Luc hoat dgng suy réng va lyc quan tinh suy rong

a) Luc hoat dong suy réng cua hé cdc vdt rdn

Thu gon cac lyc hoat dong tac dung Ién vét ran B, vé khdi tam C; cua né ta duoc
mot lue Fk" va mot ng?lu luc M;’.

Dinh nghia 5.3. Luc hqat dbng suy rong ciia hé p véat rdn ung vdi toa do suy rong g;
dugc dinh nghia bdi bi€u thire sau

o

LA
Qi ZZ;(Fka

Thi dy 5.12: Cho thanh thing ddng chét dai |, quay quanh mét diém O ¢b dinh. G
dau thanh c6 16 xo xodn vGi hé so cung 1a k. Chon toa d6 suy rong la géc quay 6.
Tim lyc suy rong tuong rng.

~  0®
+ M —
x 6'.)

i i

p — —
=Y (F Vi + M8}, (=1,...,m)5.26)
k=1

Loi giai. Tir hinh v& 5.23 ta c6 vécto xac dinh vi

tri khoi tdm coa thanh 0 k _
1 e,
=C _ 15 -
FC=2le, (1) | f< g,
bao ham hé thirc (1) theo ¢ & trong hé quy chiéu : T l'g €,
¢d dinh ta duoc :
i
=C _ 1 A
Vo= —ilﬁeo ) mg y

Vin tdc goc cilia thanh la

el Hinh 5.23
@ =0e, 3)

Tir d6 ta d& dang tinh dugc van tdc riéng ciia khdi tim va van tdc goc riéng clia
thanh
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—c 1,

vy = Ele(,7 , ;=€ 4
Luc hoat dong va ngiu luc hoat dong tac dung Ién thanh la
F*=—mgé, M" = k6@, (5)
Tir d6 suy ra luc hoat dong suy rong (rng vdi toa d6 suy rong 6 1a
Q, =—mge .\7; —kOe..i0; =—5mglsing — k0 6)

b) Lurc quan tinh suy rgng cua vdt rin
Thu gon hé luc quan tinh cua vat ran B, vé khéi tam C, cta nd ta dugc mot luc E
va mit ng?iu luc M ,:
17“; =-m,a (5.27)
M, =-I,.d -d,x(.,.3,) (5.28)

Trong d6 m; 1a khéi lugng cua vat rin By, I ¢, 12 tenxo quan tinh khéi cta vat ran
d6i véi khdi tim C, cha né, o, l1a van tbe gbc cua vat rin, a, la gia tbc cua vt
rén, % la gia téc khéi tim C; cha vat rin.

Chii y. Trong trudng hop vét rn phing chuyén dong trong mit phéng cta nd biéu
thic M, c6 dang kha don gidn nhu sau

M; = (5:29)

Dinh nghia 5.4. Luc quan tinh suy rong cua he p Vit rin g véi toa d6 suy rong g;
duoc dinh nghia bai biéu thirc sau

o Z(F' CAvH %“’*) Z(F FOAMLGR)  (=1,.m) (5.30)
Thi duy 5.13. Cho }no hinh con ‘lac vat’ ly don nh’u
hinh 5.24. Cho bi€t thanh OA dong chat dai 1, thiét
dién khong d6i, khoi lugng 1a m. Tim bié€u thirc luc
quan tinh suy réng (ng véi toa d6 suy rong & .
Loi gidi. Theo thidu 5.12 tacd

=116%, M)
DPao ham (1) ta dugc
a‘ =116¢é,-116% ()

Hinh 5.24

Tir hinh v& 5.24 ta c6 biéu thirc x4c dinh vén tdc goc
va gia toc goc cua vat ran
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w=06, a=0e €)
Tu (2)va(3)tasuyra

F' =—md = -1milfe, + 1 ml6’e, 4

M" =-I.G=-Lml’0¢ )
Tir (1) va (3) ta suy ra biéu thirc van tdc riéng va van tbc goc riéng ing voi @

V=16,  @,=é (6)
Biéu thuc (5.30) trong thi du nay c6 dang

Q,=F" 3 +M @] (7)
Thé (4), (5), (6) vao (7) ta dugc biéu thic xac dinh luc quan tinh suy rong

Q;:vg.ﬁw@./\z‘:—%é—%é:—% ) (8)

Thi du 5.14. Cho mé hinh
robét phing hai khau nhu
hinh 5.25. Cho biét chiéu dai
cac thanh OA= [/, AB =/,.
Cac thanh thing 51611g Chf:it
thiet dién khong doi c6 khoi
lugng tuong ung la m, m,.
Hay xac dinh cac luc quan
tinh suy rdng tuong ung voi
cac toa d6 suy rong 6,,0, .

Loi giai. T hinh v&€ 5.25 ta
tinh duoc van téc va gia tdc

cac khéi tam ciia cac thanh la Hinh 5.25
v =116¢é,, M
i =116¢é,-116%, (2)
Ve =168, +11,6,6,, (3)
d“=16¢,-16%, +11,6,6,-11,6%6, 4

Van tbc goc va gia tbe goc cua thanh OA (vt rén B, ) va thanh AB (vat ran B,)la
oh =6, o™ =6, (5)
ab =de,, a* =0, (6)
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Quan hé giira cac vécto don vi cia cac hé quy chicu dong va vécto don vi cia hé
quy chiéu co dinh (¢,,é,,¢;) c6 dang nhu sau

e, =cos(d, —0,)é, —sin(fd, —6)é,, =cosfé, +sinbé, @)
€, =sin(fd, —6,)é,, +cos(b, —8,)é,, =—sinbé, + cosb,é, &)
é,, =cos(8, —0,)e, +sin(0, - )é, =cosb,é +sinb,e, )
é,, =sin(@, — 6,)é,, —cos(d, —6,)é,, = —sinb,é, +cosb,é, 10)

Thu gon hé luc quan tinh cta thanh O4 vé khdi tam C, cua no6 ta duoc mot luc 17"I
va mot ngau lyc M,

E =-md" :%m,ll@'fé“ —é—mll,ééw , M =-1.0¢, an
Thé céc biéu thirc (7), (8) vao (11) va thay I. = ém,[,2 ta duoc
E =-ma“ = %m,l, (0} cos @, + 6 sinb)é, +%m,ll (0] sin6, — 6, cosf))e, (12)
. 1 o
M, =—Em,1f¢91e3 (13)

Thu gon hé lyc quan tinh cia thanh 4B vé khéi tdm C, ctia n6 ta duge mot luc ﬁz
va mot ngau luc M,

E) =—m,a® =m,1,0%¢, —m,l,6,é,++ml0%é, —tml,0,6,,M, = ——Iqézé3 (14)
Thé (7), (8), (9) va (10) vao (14) ta duoc

*

F, =m, [l, (67 cos B, +6,sin0,) +L1,(6; cos 6, + b, siné, )]é,

. y : . (15)
+m,[ 18] sin6, - 6 cos6)) + 11,(6; sin 6, - 6, cos8,) |,
M, =-I.d,= —%mzljézég (16)
Tir cac cong thic (1), (3), (5) ta suy ra cac van tbe riéng va cac van tdc goc riéng

Vil =316, =11 5in0¢ +1l cosBe,, V' = (17)
v;? =16, =~1,sing¢ +/ cosb¢, (18)
V.t =10,8,, =-11,5in0,6 +31,c050,¢, (19)
c?)[f =0, *5:1 =é,, d};‘ =é,, *0.”:' =0 (20)
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Thé cac biéu thirc trén vao cong thirc tinh luc quan tinh suy rong
2
0 =2 O F +ap M), (=12
k=l
ta duoc

0, = ;(m +3m,)I*6, - 2m 11,6, cos(6, 0)+ m,l 1,02 sin(6, - 6,) (21)
0, = m 126, - 5 m 11,6, cos(8, —6) +— mzl,lzéf sin(@, —6)) (22)

5.3 Thiét 1ap cic phwong trinh Kane cho hé nhiéu vat
a) Cac phép bien doi chung
Thu gon hé cac luc tac dung 1én vat rin B, vé khéi tim C, cua n6 ta dugc mat lyc
E va mot ng?lu lucM,(
F,=F'+F  (k=l..p) (5.31)
M,=M!+M; (k=1,..p) (5.32)
Thu gon hé cac luc quan tinh cda vt rén B, vé khéi tam C, cua no ta duoc ta duge

mot lyc quan tinh F, va mdt ngu lycquéan tinh M,

F =-m,a, (5.33)

M =-1.6,-& x(U,.3,) (5.34)
Theo nguyén ly d'Alembert ta co

E'+F+F =0 (k=1,..,p) (5.35)

M +M{+M,=0 (k=1,..,p) (5.36)

Nhén v6 huéng phuong trinh (5.35) véi d§ doi ao 67, cua khéi tam, phuong trinh
(5.36) v6i d6 quay do J¢, cua vat rin B, 1di cong lai ta duoc
Z(F“+F‘+F ).OF, +Z(M"+M‘+M ).0¢, =0 (5.37)
k=1
Theo gia thiét lién két ly tudng ta co
f(ﬁ;‘.&fk + M .55,)=0 (5.38)
Phuong trikr:;l (5.37) bay gio c6 dang
Z(F“ +F).6F +Z(M" +M;).6¢, =0 (5.39)

k=1
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Tir phin dong hoc ta c6 cac quan hé
Be =1 (@15 s G50

@k =¢k(qp---,qm,t)
Tir 46 suy ra

m m a{)’
OF, =y —+8q,=» —*5q, (5.40)
* ; g, ; 0q,
. 09 2 0@
op, = k5qi =) =0 i (5.41)
* ; g, ; oq; 1
Thé céc biéu thirc (5.40) va (5.41) vao phuong trinh (5 39) ta dugc
Z(ZF" s, a“’*)5 +Z(ZF 1280950 —0  (5.42)
i=1 k=l g, =l k=l aq;
Theo dinh nghia luc hoat ddng suy rong va luc quan tmh suy rong
p —
0= (F Tk Fe b1 2% (=1, m) (5.43)
pam 0q, g, ‘
o Z(F grk 2% =1, m) (5.44)
Do d6 phuong trinh (5.42) c6 dang
2.0 +0)5q, =0 (5.45)

i=1
b) Cdc phurong trinh Kane cho hé nhiéu vdt rin héloném
Déi v6i hé cac vat ran holoném f bac ty do, ta chon céc toa d6 suy rong doc lap
5q

i

(cac toa dd suy rong téi thiéu) 459,54, Xac dinh vj tri cia hé. Do cac
(i=1,....,f) ddc 1ap tuyen tinh, tir (5.45) ta suy ra cac phuong trinh Kane cho hé nhiéu
vat h616ném

0.+0 =0 (i=1,..,[) (5.46)
¢) Cdc phieong trinh Kane cho hé nhiéu vit rén phi héléném
Xét hé p vat ran . Vi tri caa h§ duge xac dinh bai m toa d§ suy rong du
4,549,559, - Gia st hé chiu r lién két h6l6ném

£(9,,955..,4,,8)=0 (i=1,2,...,r) (5.47)
va s lién két phi h616n6m tuyén tinh

Yaug+a,=0 (j=12,..,5) (5.48)
k=1
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Tir (5.47) va (5.48) ta suy ra cac phuong trinh rang bujc cac bién phan Sq, (cac di
chuyén 40)

Z%&/k =0 (i=12,.,r) (5.49)
o 0q,

> a,6q,=0 (j=12,..5) (5.50)
k=1

Ta dua vao cac ky hiéu
b=0.+0;,  (k=1,...m) (5.51)
Khi do ta co

b ¢,
b=|: | s=| : (5.52)
b, oq,
Phuong trinh (5.45) c6 thé duoc viét lai duéi dang
s’b=0 (5.53)
Bay gio ta dua thém vao ky hiéu
-
o, aq,
of, of.
A= 20, 20, (5.54)
a, - a,
La, oa, |

Véi cac ky hiéu trén hai hé phuong trinh (5.49) va (5.50) c6 thé biéu dién dudi
dang ma tran nhu sau

As=0 (5.55)
Theo dinh ly nhan tir Lagrange, tir (5.53) va (5.55) ta suy ra
b+A"A=0 (5.56)
Trong do
T
A=A A s 18, (5.57)
13 cac nhan tor Lagrange. Tur biéu thic (5.56) ta suy ra
R/ R
0, + 0 +le,%+'2#‘,¢” =0 (k=12,.,m) (5.58)
i= ks
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Heé cac phuong trinh (5.58) duoc goi 1a cac phuong trinh Kane dang nhén tir cho hé
nhiéu vét phi h6loném véi cac lién két phi holoném tuyén tinh. Cung véi m
phuong trinh vi phén (5.58) ta con c6 r phuong trinh lién két holoném (5.47) va s
phuong trinh lién két phi holoném tuyén tinh (5.48). Nhu thé ta ¢6 hé m+r+s
phuong trinh vi phan dai s6. Ching dugc sir dung dé xac dinh m toa dd suy rong
du, r nhan tr A va s nhén tir u,.

Chii y. Trong trudng hop hé chiu cac lién két hdloném cac phuong trinh Kane dang
nhan tir cé dang

O +Ql+iﬂiﬁ=0 (k=12,..,m) (5.59)
i=l a(]k
f;‘(ql’q‘_)_’"'iqm’t)zo (i=1,2,"'9r) (5.60)

5.4 Cac thi du ap dung

Thi duy 5.15. Cho mé hinh con lic toén, hQC7 kép toan
hoc nhu hinh Ve. Khoi luong cac chat diem tuong
tng 1a m,, m, . Ap dung cac phuong trinh Kane, thiet
1ap cac phuong trinh vi phan chuyén dong cia co hé.
Loi gidi. Vitri cua co hé dugc xac dinh bai hai toa d6
suy rong doc 1&p 6, 6, . Tu hinh 5.26 ta d& dang xac
dinh vi tri cac chit diém

0 |
r'=| [sing, Q) :
~heost, Hinh 5.26 B
inh 5.
0 i 0
r’=r"+| Lsin@, |=| Isin6 +1,sin6, )
—l,c080, | |l cosé ~1,cos0,
Tir (1) va (2) ta tinh dugc céc van tbc riéng :
RarA O ] RarA O
5= v licosf, |, v; = o 0 (3)
: l;siné | : 0
0 0
R B R B
g = o licosf, |, v; = o _ l,cos0, 4
T 06, _ * 06, .
{ sing, l,sind,
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Dao ham hai lén theo thoi gian cac cong thirc (1) va (2) ta xéac dinh dugc gia tbe
ctia cac chat diem A vaB

-

R der . 0 .
a’t= s ~1,sin6,6 +1,cos6,6, )
| J,cos68] +1,sin64
R der ( . . 0 . "
a® = = ~15in6,62 +1, cos8,6, - 1,sin0,0,” +1, cos 6,6, (6)
| 1, cos88 +1,sin66, +1,cos 6,6,2 +1,sin 6,6,

Cac luc hoat dong tac dung Ién chit diém 1a céc trong lugng cua chiing

0 0
F; = 0, F; = 0 @)
—-mg -m,g
Céc lyc quan tich tic dung Ién céc chit diém 1a
a 0
F =-ma*=m,| [sin68} -1 cos6 ®)
~1 cos0? -1, sin6,6,

0
F, =-m,a® =m,| |sin6,6} —1 cos66, +1,sin6,6,” -1, cos 8,8, )
1, cos8? +1 sin6d, ~1,cos0,6,” —1,sin 6,6,
Luyc hoat dong suy rong tng vai toa do suy rong thir nhét 0;:
a T A a T B
0, =(F1) vy +(F) v

0 0
0, =[0 0 -mg]|lcos6 [+[0 0 -m,g] [ cosb,
/,sin6, / sin6,
Oy =—(m +m,) gl,sin§, (10)

Luc hoat dong suy rong tmg véi toa d6 suy rong thir hai 6,
a T A a T B
0, =(F2) va, +(F5) va

0 0
0, =[0 0 mg]|0|+[0 0 m,g] L cosb,
0 l,sin@,
Oy, = ~m,gl, sinf, 11
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Luc quan tinh suy rdng Uing vdi toa dd suy rong thir nht 0,la
* A T * B T *
Oy =(v9-l) F, +(v5,l) F,
0
Q, =m [0 [ cos6, Isinb] Isin66] -1 cosff,
—1,c0s6,67 —1,sin 8,4,
0
+m, [0 [ cos6, [sing] [ sin66’ -1 cos6f, +1,sinb,6; -1, cos6,8,
~1,c0s 6,87 —1,sin6,6, 1, cos 8,67 — 1, sin 6,6,

0, =—| 1 (m, +m,) 6 +11,m,0} sin(6, - 6,) + 11,m,8, cos (6, - 6,) ] (12)
Luc quan tinh suy rdng (g véi toa d§ suy rdng thir hai 6, 1a
0, =(vi) o +(v) ¥,
0

0, =m0 0 0] /sing6 -/ cosbé
—1, cos6,6 -1 sin6,6,
0
+m,[0 L cos6, [ sinG]| I sin66; ~I cos86, +1,sin6,6; -1, cos6,,
~1,c0s6,87 ~1,sin6,6, —1, cos 8,02 -1, sin 6,6,
Q;, =-my,[ 11,6, cos(6,-6,)~ 11,67 sin(6, - 6,) + 136, | ' (13)
Thé céc biéu thirc trén vio phuong trinh Kane
0 +Q =0,i=1.2 (14)
ta dugc hai phuong trinh vi phan chuyén déng cta con lic kép toan hoc
L (m, +m,)6, +1,m,0; sin(6, - 6,) + Lm0, cos(6, - 6,) + (m, + m,)gl, sin6, =0(15)
1,6,cos(6, —6,)~ 1,67 sin(6, - 6,) + 1,6, + gsin8, =0 (16)

Thi dy 5.16. Cho hé con léc kép vat Iy nhu hinh 5.27. Cho biét 04 = I, OCI = an
AC; = a;, khdi lwgng cac khau m,, m,, mémen quan tinh dbi véi cac truc thang
dimg di qua khéi tam la I}, I,. Ap dung cac phuong trinh Kane thiét 1ap cac phuong
trinh vi phan chuyén dong cia hé.
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Hinh 5.27
Loi gidi. Tir hinh vé& 5.27 ta dé dang xéc dinh vi tri khdi tdm C,; va vi tri khéi tam
G

% =" = a,(sing,g"” - cosp &™) 1)
i = 0A + AC; =[Isin(g, - )8 — lcos(p, — @) ] +[a,sing,E” — a,cos,8"] (2)
Tir (1) dao ham theo thoi gian & trong hé qui chiéu cb djnh ta dugc van tdc khéi
tam C,

F

—-C, _ - . —.(0) . . _.(0)
vt = : =qcosp@e, +asing@e,” 3)

Tir (3) suy ra cac van tdc riéng ctia khbi tim C,

Vo =——=a,cos; +asing Y
o9, @)
—QCI
.c, OV
Voo === 0
P 0,

Tir (4) dao ham theo thdi gian & trong hé qui chiéu cb dinh ta dugc gia tbe khbi tim
Cl
=C,

_¢, _dv . L o . )
30 = = (a,(,cosp, —a,¢’sing, )€™ + (a,@;sing, + a,plcos@ >  (5)

y
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Vi tri khéi tdim C, duogc xac dinh bai phuong trinh (2). Tién hanh tinh toan tuong tu
nhu trén ta duogc

*‘(
5C = ddt =1, cos(p, —a)e? +1¢,sin(p, - @)E\” +a,@, cos 9, +a,¢, sinp,e.” (6)
=C,
K a9, leos(oi - —@)é?” +1sin(p, —@)e”";  V,* =a,cos0,€" +a,sing,e” (7)
I
TR @ 5 " L2 . o 4
a%=— = (I, cos(gp, — @) + a,$, cos g, ~ 1] sin(p, —a) ~a L¢3 sin @, Jé!

+[1$, sin(p, — @) + a,(, sin @, + 1} cos(p, — &) + a,¢; cos p, e, (8)
Tir hinh 5.27 ta dé dang x4c dinh dugc cac vécto van tbc goc

o™ =¢,e”; @™ =g,el” &)
T d6 suy ra

&P =8 &b =0 (10)

2}

Dé thiét 1ap cac phuong trinh Kane ta cin phai xac dinh cac lyc hoat dong va cac
ngau luc hoat dong. Trong thi dy nay ta c6

1:“1" =-mg, Ii” =-m,g, an
Cong thirc xac dinh cac luc hoat d9ng suy rong co6 dang
Q,=F'3+F3:, Q, =K} +F 5 (12)

Thé bidu thirc (4), (7) va (11) vao biéu thirc (12) ta dugc céc luc hoat dong suy
rong Umg vai cac toa do suy rong la

0, =-mga sing, —m,glsin(p, - a) (13)

Q,, =—mga,sing, (14)
Luc quan tinh suy rong ctia h¢ vat rin dugc xac dinh boi cong thic

o Z( F 5 + Mo} (15)

Trong thi du nay luc quan tinh cta cic khau cé dang
E =-ma%, F =-m,d® (16)
Thay biéu thirc (5) va (8) vao cac biéu thirc (16) ta duge
E =(ma,@] sing, —ma,p,cosp)e” —(ma,@ sing, +ma,p} cosg,)é” (17)
F =m,[1¢} sin(p, — ) + a,¢? sin @, ~ 1, cos(p, — ) — a,, cos ¢, 16 —
—m,[1 sin(p, — @) + 19} cos(p, — &) + a,@, sin @, + a,p; cos@,1eL” (18)
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Véc to gia tbc goe clia cac khau c6 dang

o™ =3e?, a® =¢,e"” (19)
Tir d6 suy ra cac biéu thirc tinh ngiu luc quan tinh

M; = _ICIO_';Bl = _I|¢1é;0) , M; = —ICZ&B: = _Izézéz(m (20)

Thé céc biéu thirc (17), (18), ( 20) vao phuong trinh (15) ta c6 cac biéu thirc x4c
dinh céc luc quan tinh suy rdng

O, =F v + M, & + F, ;> + M, @

0, =[(ma,@}sing, - ma,p cos)él” —(ma,p sing, +ma,p; cosp,)é\” |[a, cosp,%, +
+a,singé" ]~ 1, +[(m,l¢] sin(p, — &) + m,a,$; sin p, — m,1, cos(p, ~a) -
—m,a,p, c0s ,)e” — (m,l@ sin(p, — a) + mlp} cos(p, — @) + ma,@, sin g, +
+m,a, cos 9,p; )€" [l cos(p, — a)el” +Isin(p, - @)é.”]

Két qua cudi ciing la

@, =—(J, + mc +m,I*)p, —myla,p, cos(p, — & — p,) - myla,g; sin(g, - - ¢,) 21)

Tinh toan tuong ty ta dugc

O, =F i+ M@, +F, v + M, &,

Q,, = {m,[19} sin(p, — @) + a,¢; sinp, -1, cos(p, ~ @) — a,P, cos @, 16, —

—m,[1§, sin(p, — @) + 19 cos(p, — &) + a, P, sin @, + a,¢; cos @, 16"} x
x{a,cosp,E” +a,sing,e"}-I1,¢,

Két qua cubi cling ta thu dugc

Q,, =—(I, + mya;)p, = myla,p cos(p, —a - @,) + myla, @ sin(p, —a - p,) (22)

Thé cac biéu thic tinh luc hoat dong suy rong va luc quan tinh suy rdng vao
phuong trinh Kane

O, +0, =0, Q,+0, =0 ’ (23)
ta dugc hé phuong trinh vi phin chuyén dong
(I, + mal + mI*)@, + myla,, cos(p, —a — @,) + myla,@3 sin(p, —a - @,) +
+m,ga, sin @, + m,glsin(p, - a) =0
myla,, cos(p, — & — @,) + (I, + myc; ), —myla, sin(p, — & — ,)@; +m,ga, sing, =0

24
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§6 PHUONG TRINH LAGRANGE DANG NHAN TU CUA HE NHIEU
VAT

6.1 Thiét 1ap phwong trinh Lagrange dang nhén tir

a) Thiét Igp phieong trinh Lagrange dang nhan tir cho hé n chat diém

Xét hé n chit diém duge xac dinh boi m toa do suy rong du g,,4,,...,q,, . Gid sir hé

chiu  lién két h616ndm :
f(a,9,,.-9,,)=0 (i=12,..r) ¢.D

va s lién két phi h16n6m tuyén tinh

n

zajk‘jk +a;,,=0 (j=12,..,5) (5.2)
k=1

Tir (5.1) va (5.2) ta suy ra cac phuong trinh rang budc cac bién phén 0q, (cac di
chuyén a0)

Z—@lé'qk =0 (i=12,.,r) (5.3)
i1 0,
> a,8q,=0 (j=12,..5) (5.4)
k=1
Xuét phat tir nguyén ly d’Alembert — Lagrange d6i v&i hé n chit diém
D (F' —m,d,).67 =0 (5.5)
j=t
va thyc hién cdc bién ddi twong tir nhu khi thiét lap phuong trinh Lagrange loai hai
ta dugc
& dfor ) oT
> -—(—.-J————Qk 6q, =0 + (5.6)
| 41\ 04, ) 0Og,

O day cac bién phan &g, khong ddc 1ap véi nhau. Ching lién hé v6i nhau bdi cac
phuong trinh (5.3) va (5.4).
Néu ta dua vao cac ky hiéu

d{oer)\ or
_ayor) or _ 5.7
* dt[aqk) o, % 7
b, ¢,
b=| i1l s=| : (5.8)
b, 4q,,

245



thi bidu thirc (5.6) c6 thé dugc viét lai dudi dang

s’b=0 (5.9
Bay gio ta dua thém vao ky hi¢u
o .. ]
aql aqm
%, 7,
N (5.10)
aql aqm
all alm
L asl Tt asm J

V6i ky hiéu trén hai hé phuong trinh (5.3) va (5.4) ¢6 thé biéu dién dudi dang ma
trdn nhu sau

As=0 (5.11)
Theo dinh ly nhan tir Lagrange, tir (5.9) va (5.11) ta c6 hé thirc

b+A'A=0 (5.12)
Trong do

A=Ay Ay s 1] (5.13)
Tir biéu thirc (5.12) ta suy ra

d{orT ) or _ of,

- —L - k=12,...m 5.14
dt(aqk) - Z A Zu, a; ( ) (5.14)

Hé céac phuong trinh (5.14) duoc goi la cac phuong trinh Lagrange dang nhén tir
cho hé phi hd16n6m v&i cac lién két phi holondm tuyén tinh.

Cung v6i m phuong trinh vi phan (5.14) ta con c6 r phuong trinh lién két hol6ném
(5.1) va s phuong trinh lién két phi ho616n6m tuyén tinh (5. 2). Nhu thé ta c6 hé
m+r+s phuong trinh vi phan dai s0. Ching dugc sir dung dé xac dinh m toa do
suy rong du, r nhan tir A4, va s nhan tir x4,

Chit y.Trong truong hop hé chiu cac lién két holonoém cac phuong trinh Lagrange
dang nhén tir ¢6 dang

d(aT) —@:Qk‘zli% (k=1,2,..,m) (5.15)
dt\ dg, ) aq, o g,
f;(ql,qz"_‘,qm,t)zo (i=1,2,...,r) (516)

246



b) Thiét Igp Phiong trinh Lagrange dang nhén tir cho hé p vt rin
Xét hé p vat rin. Vi tri cua co hé duoc xac dinh bdi m toa do suy réng
du:q,,q,,....q,, . Gia sir h¢ chiu r lién két holoném

5(4,955-4,,1)=0, (i=1,...,r) 5.17)
va s lién két phi h616n6m tuyén tinh

Daud, +a,=0,  (=I,..s) (5.18)
k=1
Nguyén ly d'Alembert - Lagrange dbi véi hé p vat rin c6 dang
[ (dF" ~ dm#).57 =0 (5.19)
)
Tir phan dong hoc, cong thire (4.1), ta ¢6
& OF
or=) —¥dgq, 5.20
2 o 20 (5-20)

Thé (5.20) vao biéu thirc (5.19) ta duoc hé thirc
m - = mn 2= e
Y| [aF 2 g, -3 [am®L T lsg ~o (521)
i=1 (&3] a i i=1 (S5) dt aql
Theo dinh nghfa lyc suy rong ta c6
0= [ar 2 (5.22)
) og;
By gid ta bién ddi bidu thirc
2 — — —
K = J‘dmg,—:;,i -4 dmi"'.—gr— - Idm?‘.—i[i)
& 4t og, dtg g dt\ dq,

Cha y dén cac cOng thirc (4.2) va (4.3), biéu thirc trén ¢ dang

—

k=2 famy 2 _ [ dmy 2 (5.23)
dt ) qdi (5 og,

Cac dao ham riéng theo ¢, va g, ctia biéu thic dong nang T =l Idmﬁz c6 dang

(s)
. fams 2, O _ [ dmy 2 (5.24)
%, ¢ o4 8q 5 og
Tir céc cong thirc (5.23) va (5.24) ta suy ra
K, =i ﬂ _or (5.25)
dt\ 8q, ) o,
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Thé (5.22) va (5.25) vao phuong trinh (5.21) ta dugc
3 1[1?‘) -0, |5g,= (5.26)
o |\ 04, ) Oq,
Trong d6 cac bién phan 8q,(i=1,..., ) khong ddc 13p v6i nhau, ching lién hé voi
nhau bdi cac phuong trinh lién két (5.17) va (5.18).
Chirng minh tiép tuong tu nhu phan hé n chét diém, ta nhan dugc cac phuong trinh
Lagrange dang nhén t&r ciia hé p vét ran phi h6l6n6m

d| oT aT of, s
- —t - s k=12,. 5.27
dt(aqk] N =0, Z " Z#, o ( m) (5.27)

Cuing vo6i m phuong trinh vi phén (5.27) ta con ¢4 # phuong trinh lién ké't,hék“)ném
(5.17) va s phuong trinh lién két phi holéndm tuyén tinh (5.18). Nhu thé ta ¢6 hé
m+r+s phuong trinh vi phan dai s6. Ching dugc sir dung dé xac dinh m toa do
suy rong du, r nhén tor A, va s nhan tr 4, .

¢) Phirong trinh Lagrange dang nhdn tir cho hé p vit rén chiu cdc lién két héloném

Trong trudong hop hé chiu céac lién két holondm, tir (5.27) ta suy ra cac phuong
trinh Lagrange dang nhén tir c6 dang

d(oT | or _ of,
A=, (k=12,..,m) (5.28)
dt(an 3, Z ' 0g,

Xét co hé gdbm p Vit rén, chiu r lién két h6londm, giir va dimg. Lap ludn tuong tu
nhu phén phuong trinh Lagrange loai hai ta c6 thé bién dbi phuong trinh (5.28) vé
dang

m an " r a
Z’"ﬂqk + ZZ('“ ——mu i }1 g, = “oq +Q7 =>4 ai (5.29)
i k=1

k=1 I=t j
(Jj=1..,m)
Cuing véi cac phuong trinh vi phan (5.29) ta con c6 cac phuong trinh dai s6
£4:9,5-+49,,)=0, (i=1,...,r) (5.30)

Cac phuong trinh (5.29) va (5;30) tao thanh mét hé m +r phuong trinh vi phan dai
s0. Chang dugc sir dung dé xac dinh m toa d§ suy réng du, va r nhin t
Lagrange 4, .

6.2 Cac thi du 4p dung

Thi dy 5.17. Trén hinh 5.28 l2 mo hinh co cdu bdn khau phing. Cho biét khéi
lugng céc khau l:21 m; (i=1,..,4), md men quan tinh khoi doi véi khéi tdm C; 14 [
(i=1,..,4). Cho biet chiéu dai cta khau dong la I,, 5, /,. Toa d§ cac khdi tim trong
cic hé qui chiéu dong gin lién v6i cac khiu la G, (¢, ,0),C(Se,mc,) 5
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Ci(Se,nc,) - Trén khau dan 2 tic dung ngiu lyc phat dong 7, . Ap dung phuong

trinh Lagrange dang nhan t thiét 1ap phuong trinh vi phan chuyén dong cia co hé.

s §2 4

S5

q,
7,

14)

L2 Hinhsos o,

Loi giai. Chon cac toa dd suy rong du 1a 9,,95,9, - Trong d6 g, la toa d¢ suy rong

doc 1ap, con ¢,,q, la cac toa do suy rong phu thude. Tir hinh v& 5.28 ta da dang
xac dinh duoc vi tri khdi tim cac khau. Vi tri khau 2 dugc xac dinh bdi vj tri khi

tdm cta nd va goc quay @,
Xe, = Cfcz €0sq,, Ve, ZQEC: sing,, ¢, =q,.
Vi tri khau 3
Xc, =1, cosq, + fQ cosq, —1)c, sing;,
Ye, =1l,sing, +‘fc_, sing, + 7, cosq,,
Dy =4,.
Vi tri khau 4
Xe, =Xt é:c; cosq, —1]c, sing,,
)’q =&, sing, + ¢, CO8q,,
=q,-
bao ham Cac bleu thice (1), (2), va (3) ta duoc
__ézc qz quzs yc fc qv c0sq,, ¢2 %

xq =-Lq,sing, - Sc,gs sing, —1c,45 €08 ¢,
st = 2qz cosq, + ‘fc,% €0sg, - 77(‘_‘43 sin q,
Py =4,

Xe, = ‘fq q,sing, — 7, g,cosq,,
Ye, = é:q 4,c0sq, — 7, q,sing,
=4,
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Biéu thirc dong ning cta co ciu bdn khau ban 1€ c6 dang -
4
T=Y[mGZ +93)+ 1L | 7
k=2
Thé (4), (5) va (6) vao (7) ta dugc bidu thirc dong ndng cia co cdu. Thé nang ciia
hé cac trong luc cé dang
H=g(myc, +myc +myc) )
=(my&. +myly)gsing, +mg(sing, + 1, cosqy) +mSe gsing, + m, gcosq,
Céc phuong trinh lién két b sung c6 dang
f, =l,cosq, +1,cosq; ~ 1, cosq, —x, =0
. , . &)
f, =1,sing, +1,sing, -1, sing, =0

Thé cac biéu thic dong nang, thé ning, lién két bd xung vao phuong trinh
Lagrange dang nhan tir

d[aT] or __om, Zﬂ A (10)
dr\ 9g, a‘Ik a(lk o 0g,

ta nhan dugc hé phuong trinh vi phan mo ta chuyén dong cia co ciu 4 khau
(1 + &L+ myly )q, +m,l [fc cos(q, —q5) + 1, sin(q, —q,)] ds
+myly [ =&, sin(g, - g,)+ 11, cos(g, - g5) |3
=7, - (mz‘f(‘: + m,lz)gcos g, = Al sing, + 4,1, cosg, (11)
ml,[ &, cos(q, ;) + e, sin(g, — ;) [, + [ £+ my (82 +n2,) Jd,
+myl,[ &, sin(q, - ¢,) =7, c0s(g; = 43) |43
= —mag(«fq COSq, ~1]¢, sin q3) - Al sing, + Ll cosqg, (12)

[1 +m (5(2, +}7§‘)]2j4=——m4g(§c cosq, —7, sinq4)+/111 cosq, — Al sing, (13)

Hé ba phuong trinh vi phan (11), (12), (13) va hai phuong trinh dai sb phi tuyén (9)
tao thanh hé 5 phuong trinh vi phan - dai s chta 5 4n 1a: ¢,.4;,¢,,4,4, - Nhu thé,

voi viée dua vao céac toa do suy rong du 923955945 ta c6 thé thiét lap dugc hé

phuong trinh vi phan chuyen dong cua co cAu bbn khau dudi dang giai tich. Viéc
giai hé phuong trinh vi phén - dai s6 nay s& dugc dé cip dén trong chuong sau. Ban
doc nao quan tam den viéc thiét 1ap phuong trinh vi phan chuyén dong ciia cic hé
nhiéu vat phang ¢6 ciu tric mach vong c6 thé doc tai liéu tham khao Nguyen Van
Khang (1973) va mot vai ludn vin cao hoc & Truong Pai hoc Bach khoa Ha Néi.
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Thi dy 5.18. Mét qua ciu dong chat z
ban kinh a, khéi lugng /n 1an khong

trugt tren mat phang nham nam

ngang. Ap dung phuong trinh

Lagrange dang nhan tir, thiét 1ap

phuong trinh vi phan chuyén dong

clia qua cau.

Loi gidi. Chon toa d6 suy réng la

G=%c @y =Ver €, =0, 4, =V, ¢ =0
Trong d6 x., y. latoa do khoi tim

C ciha qua cau, con ¢,y,0 la ba

goc Euler. Hinh 5.29

Goi M la diém tiép xiic giira qua clu va mit phiang xy. Eiéu kién lan khong truot la
Vy, =V, +oxii=0 D
Trong d6 & 1a van toc goc ciia qua cAu, i =CM . Tir (1) ta suy ra
Yo —ao, =0, Yetaw =0 ‘ 2)
Theo phuong trinh dong hoc Euler ta co
W, =@sinfsiny + Ocosy
o, =-@sinfdcosy + Osiny @)
Thé (3) véo (2) ta nhdn duogc céc phuong trinh lién két phi h16n6m
)'cc+a¢)sin8cosg/—aésim//=0 @)
Yo +agsin@siny +albcosy =0
hay
g, +aq,sing,cosq, ~ag,sing, =0 )
g, +aq,singgsing, +agscosq, =0
So sanh vai cong thirc (5.2) ta ¢o
a, =1, a,=0, a, =asing,cosq, =asinfcosy,
a, =0,a,=-asing, =-asiny, a,, =0, a,, =1, (6)
a,, =asinggsing, =asinfsiny, a,, =0, a,, =acosq, = acosy

Bi€u thirc dong nédng cla qua cau c6 dang

O D
T =%m(}'€é +¥e) +—2—(1,w,: +1,0) +1.07)
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Do gia thiét qua cdu déng chat nén I, =1 =1 =1.Dodb
1 .2 .2 1 2 2 2
T=5m(xc +yC)+51(a)x tw, + )

Tu phé‘ln dong hoc vét rén ta co
w, = @sinPsiny + Ocosy
@, =—@sinfcosy + fsiny
o, =y +¢pcosd

Thé (8) vao (7) ta dugc

T =2 m(id 4 32+ 1 + 6% 4 4 2y c0s0)

Ta tinh cac dao ham riéng
oT . oT orT or

—=mx,, — =0, —=my,., — =0,
0%,

ox,. e o)
oT

oT
—=1(¢p+ycosf), — =0,
%% (p+y )6(/)

O _ 1ty +geosd), 2L =0,
oy ow

orf . o .
A 16, L - _1ppsine
Y o0 rvem

Thé céc biéu thirc trén vao phuong trinh Lagrange dang nhan tir

d|oT | orT S
{2 o

()

@®

©)

ta nhin dugc céc phuong trinh vi phan chuyén dong cla qua cau trén mit phang

ngang

mXc = p; myc = p,

1( + cos@ —yfsinO) = ~pasin@cosy — p,asinGsiny

I(¢7+¢c059—¢95in0) =0
I(@ + pyrsin@) = Hasiny — pacosy

(10)

Cung véi 5 phuong trinh vi phan (10), ta con cd hai phuong trinh lién ké::t phi
holondém (4). Nhu vdy ta c6 hé 7 phuong trinh vi phan cia 7 an la

Xes Yer @, W, 0, 1, 4, Viée gidi hé phuong trinh nay s& dugc ban dén trong

chuong sau.
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§7 CAC PHUONG TRINH GIBBS-APPEL CUA HE NHIEU VAT

7.1 So' lwgc vé ddng hoc hé nhiéu vat phi hé16ném

a) Cdc toa do suy réng 16i thiéu va cdc vén téc suy rgng 16i thiéu

Xét hé p vét ran chiu r lién két hélc‘)r}()m vas lién két phi h6l6ném tuyén ’[I'l’]h. Gf,)i
4,,95,---q,, 1a cac toa do suy rong t6i thi€u (cac toa do suy rong doc lap toi thiéu
da @& xac dinh vi tri cia hé vat rin). Cac phuong trinh lién két hol6ndm c6 dang

£.(q,,95,--.9,,t)=0, (a=1,..,r) 7.1
Céc phuong trinh lién két phi h61on6m tuyén tinh
Za,,,q, +a, =0, (B=1..,s) (7.2)

i=
Pé tim cac han ché do cac lién két phi holoném dat 1én cac di chuyén ao
8q,(i=1,..,m)ta thay ¢,trong (7.2) bdi &g, va bo quaa,. Tir (7.2) ta nhén duoc
cac phuong trinh rang budc cac bién phén

3 a,84, =0, (B=1,...5) 713)
i=1

Nhur thé déi vi hé phi h6londm, m toa dd suy rong t6i thiéu g,,q,,....q, c6 thé ldy
céc gi tri tuy y, nhung m van tdc ciia ching g, +{zs+» G, 12i khong thé lay céc gia trj
tuy y dugc ma ching phu thudc 1an nhau béi s phuong trinh lién ké’t phi h6l6n6m
(7.2). Ta phan m van toc suy rong q,,q,,...,4, thanh hai nhém (c6 thé ky hiéu lai): f
van toc suy rong doc lap G15qy5--9; (f=m—5) va s van tbc suy rong phu
thudc q,ﬂ,...,qm . Trong d6 f véan tbe suy rong doc lap co thé Iéy cac gia trj tuy y,
con s vén téc suy r(‘png phu thudc dugc xac dinh nhd cac phu’omg’trinh lién két
(7.2). Tuong tu nhu thé, do s phuong trinh rang budc (7.3), trong s6 m di chuyén
40 6q,(i=1,...,m)chicé fdi chuyén ao doc lap tuyén tinh. S6 bac ty do coa hé phi
h616ndm nhé hon s toa do suy rong t8i thiu cua hé.

Tém lai, trong hé nhiéu vat h6|6n6m, s6 toa do suy rong ti thiéu l;éng sb bac tr do
Cl,:la l1§, con trong h¢ phi h616ném so béc tu do cuia hé nho hon so6 toa do suy rong
toi thiéu.

b) Khdi niém twa toa dé va khdi niém tua vin téc

Ta dua vao khai niém tua van tbc, ky hiéu la 7yses 7, (f=m-s), xac dinh boi cong

thirc sau

m

7 =2 bud; (k=1,... /) (7.4)
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Trong d6 b,, la cac ham cua cac toa d6 suy réng q,,q,,...,q,, va thoi gian t. Yéu
cdu ciia viée chon cac hé thirc (7.4) la: f phuong trinh (7.4) cing v6i s phuong trinh
(7.2) tao thanh mot hé m=f+s phuong trinh dai ) tuyén tinh cé6 m an G,5q5s++q,, €O
hang 1a m. Né6i céach khéc,’ tr (7.2) va (7.4) ta phai xac dinh dugc cac
¢, (i =1,...,m) mot cach duy nhat

q, = ih”frj +h, (i=1,...m) : (7.5)
J=1

Trong d6 h; va h; la cac ham cuag,,...,q, va t. Cac dai luong 7, (k=1,..., f) xac
dinh boi cong thie (7.4) duoc goi la cac tua vén tdc, con cac dai luong
7, (k=1,..., f) dugc goi la tua toa do.

Chui y. Do cac phuong trinh (7.2) la khong kha tich nén céc phuong trinh (7.4)
ciing khong kha tich. Vi vay khéng xéac dinh duge 7, (k=1,..., f) 1a cdc ham cua
q,,955:-q,, vatdudidang biéu thirc giai tich.

Cung véi cong thirc (7.4) ta dua vao khai niém bién phan ding thdi ctia cac tua toa
do

om, =Y b,5q, (k=1,...1) (7.6)
i=1

Cac dai luong drz, (k=1,..., f)dugc goi la cac tua di chuyén a0. Theo gia thiét
or,(k=1,..., f) 1a cac dai luong doc lap tuyén tinh, con dq,(i= 1,.‘..,m)duc_>'c Xac
dinh bdi cdc hé phuong trinh (7.3) va (7.6). Tir (7.3) va (7.6) ta suy ra

8q, = ﬁhl.ké‘;rk , (i=1,..,m) (7.7
k=1

¢) Céng thirc xde dinh dao ham riéng cua vécto gia toc diém theo twa gia tc
Liy mot diém p bit ky ciia vat ran B. Vi tri clia diém P dugc xac dinh bai biéu thirc

;:p =F=?(ql’q2""’qm’t) (7‘8)
Dao ham biéu thirc (7.8) theo t & trong hé quy chiéu cb dinh R, ta dugc

: > OF . OF

F = {; = . +— 79

r ; aq, P (79
Thé biéu thirc (7.5) vao phuong trinh (7.9) ta dugc

- L& oF & OF oF

r jz::‘( g, ”] ! ,Z:,:aq, ot (7.10)
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k, =za—rh,,, E:Zih,ﬁ-’- (7.11)

i 0q, o 0q; ot
thi biéu thirc (7.10) c6 dang
. /.. .
F= ki, +k (7.12)

J=1

Tt (7.12) ta suy ra

dF:ﬁ/Ejdnj + kt (7.13)
j=l
Do d6 ta ¢6 hé thic
57 =3 ko7, (7.14)
j=1
Dao ham biéu thirc (7.12) theo t & trong hé quy chiéu ¢b dinh Ry ta duogc
&.:?:gk‘jﬁj-’-g%ﬁj*-%]tz (7.15)

Trong d6 #,1a tya gia tbe. Tir (7.15) ta suy ra cong thic xac dinh dao ham vécto
gia toc diém P theo tua gia téc
oa_

=k, 7.16
a” : (7.16)

7.2 Thiét 14p cac phwong trinh Gibbs-Appel
a) Thiét Igp phirong trinh Gibbs-Appel cho hé n chdt diém
Nguyén ly d’ Alembert-Lagrange cho hé n chit diém c6 dang

D F'.S6F =Y md,.S5F (7.17)
i= i=1
Thé bidu thirc (7.14) vao (7.17) ta dugc

Z":E" .ﬁ/?,.,anj = Zn:mﬁi.ﬁlaj&rj
i=l j=1 i=1 j=t
i(‘:l El"l_c:fjaﬂ_i =i(zml x yj (7]8)

i=l i=l

Ta dua vao biéu thirc

I, ZF"“ i[ZF T J (7.19)

1=t \_i=i |
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vagoi I1,(j = 1,..., /) 1a cac tya lyc suy rong ng véi tua toa do ;. Thé (7.19) vao
(7.18) ta duoc

i( zm, a,. U] 7, =0 (7.20)

J=

Biy gid ta dua vao ham G xac d!nh boi cong thirc
G= lZm,af (7.21)

Ham G duge g0i 1a ham Gibbs-Appel (hodc ciing co ngudi goi la nang lugng gia
téc). Chu 'y dén (7.16) ta co bién ddi

z 0a, ~-0G
= oy 2 7.22

Zn” - ”ma o~ Lo ( )
Thé (7.22) vao (7.20) ta duge

Vi

Z(n —95)57:] =0 (7.23)

J=t a”l
Do cic dai lugng o7,(j =1,..., /) 1a dbc 1ap tuyén tinh nén tir (7.23) ta suy ra

oG .

=11, (J ;1,...,f) ' (7.24)
67r

Phuong trinh (7.24) dugc goi la phuorng trinh Gibbs-Appel. S lwong cac phuong
trinh cia hé (7.24) ding bang sO béc tu do cua hé. Phucmg trinh (7.24) da dugc
Gibbs tim ra nam 1879 dbi v&i hé h6l6ndm va Appel xdy dung ndm 1900 dbi véi
h¢ phi h616n6m.

b) Thiét ldp phurong trinh Gibbs-Appel cho hé p vdt rén
Nguyén ly d’Alembert — Lagrange d6i véi hé p vat rin c6 dang
[(dF* - dmi)o7 =0 (1.25)
)
Thé bidu thirc (7.14) vao (7.25) ta duoc

fj( [ aFe .E,Jazrj —ﬁ( ja.Ejde&ﬂj =0 (7.26)

J=E(S) J=I\(8)
Biéu thirc

I, =[ | d”"JE_,J (7.27)
(8)

dugc goi 1a tua luc suy rong Ung véi tyatoa dd 7, .
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Thé (7.27) vao (7.26) ta dugc

ﬁ[nj - Ei./;jdm}ﬂj =0 (7.28)

Jj=1 (S)
Biéu thirc
G=1 [@dm (7.29)
2 (S)
dugc goi 1a ham Gibbs-Appel. Pao ham riéng ham Gibbs-Appel theo tya gia tdc
7 vachiy dén quan hé (7.16) ta cé

oG . oa L=
a—ﬁj-= J‘a.—fdm= jakjdm (7.30)

on
Thé (7.30) vao phuong trinh (7.28) ta cé

(s J s)
S
Z[n_, —:ﬁ}mj =0 (7.31)

= 7

do 57r/./(j =1,..., f) la cac dai lugng doc lap tuyén tinh, tir (7.31) ta suy ra phuong
trinh Gibbs-Appel cho hé p vat rén

oG .

=11, U=L.sf) (7.32)

o7,

7.3. Bi¢u thirc tinh ham Gibbs-Appel ciia hé nhiéu vat
a) Trieong hop t6ng qudt

Trong doan ny ta thiét lap biéu thirc tinh
ham Gibbs-Appel cho mdt vat rin va hé
nhiéu vat rin. Xét vat ran B chuyén dong
trong hé quy chiéu c6 dinh R,. Ly A 1a
mot diém bat ky thudc vat ran B. Tir hinh R,

vé 5.30tacd /
F=F, +ii (7.33) Hinh 5.30

Dao ham biéu thirc (7.33) theo t & trong hé quy chiéu R, ta duge
V=V, +dxi (7.34)

5=(7A+dx12+c?)x((5xﬁ) (7.35)

Ham Gibbs-Appel cia vat rin B theo dinh nghia c6 dang
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G =1 [@dm =% [[d, +axi+ax(oxi)] dn
B

Pt [\
@

=-!{aj w(axi) +[dx(axa)] +2a,.(axq)

o

+2d, [ & x (@xd)]|+2(@xi)[@x(@xi) |} dm
Ta 14n luot tinh cac sé hang cua biéu thirc (7.36)

1 I&'jdm = 1 ma’
p 2

%J(a?xﬁ)z dm :%07.(1:,,-07)

fd,(@xid)dm=d,(@x [idm)=md,(@xi)
B B

[a,[@x(@xii)]dm= 5/,.}:(2'»( J'(a“)xﬁ)dmj\ =md,.[&x (& xii,)]

B B

Bay gio ta di chirng minh céng thirc sau

[(@xi) [@x(@xid)]dm=aix(I,d)

Thét viy, ta co
(axi)[dx(dxi)]=(axi).[(6d)6-(o.0)
Chii y dén cac tinh chit sau
(&xﬁ).ﬁzO , (&xﬁ).(f)=((7)><d’).ﬁ; (@x&).a3=0
Biéu thirc trén c6 thé bién ddi thanh
(axi)[@dx(dxi)]=(a@xi).[(ad)d ]|=(axa). (di)i]
=(@xi).[ (i) & —(dii)é |
=(axii)[ix(dxi)]

Viay tacd
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Cha y rang biéu thirc

1 2

— || ox(oxu)| dn 6

! Jox(@-)] ©
kh(‘>ng phu thudc vao gia tdc nén khong ¢6 vai tro gi khi dao ham ham G theo tua
gia toc.

Trong trudng hop vt ran phiang chuyén déng trong mit phing ciia no, biéu thirc
(6) c6 dang

%;[@x(d)xﬁ)]zdm:%hw" 7N
That vay, ta tinh
0 - 0|[0 - 0][u,| -0,
d(du)=|lw 0 O|lo 0 O0|u |=| o,
0 0 o0jlo 0 o]o 0
Do do l
[ —wu,
l:cf)x(c?)xﬁ)T:[—a)zuy o’u, O:I wzux' =a)“(uf+u.i)
0
Vay

1 . -\ _ 1, 2 2 _ 1 4
Eéf[wx(a)xu):l dm —Ea) ,;f(ux +uy)dm —EIAw
Thé céc biéu thire (1) — (6) vao (7.36) ta duoc biéu thirc
G =%maj +%&.(;A &)+ mi (@xiip)+md, [dx(@xi,)]
e F o el L 2
+a.wx(1A.a))+Eér[a)x(a)xu):l dm (7.37)
- Khi thiét 1ap cac phuong trinh Gibbs-Appel ta chi quan tim dén phan ham nay phu

thuge vao gia tdc, ta ky hiéu 1a G~ va goi la ham Gibbs-Appel theo nghia hep.
Nhu thé ta co

G =G—%é[|:cf)x(a3xﬁ)]2 dm
Tu (7.37) ta suy ra

G =%mdj +%&.(;A.c?)+mEiA.(&szC)+m&A.[c?)x(E)xﬁc)]+&.a3x(I:A.a3) (7.38)
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Néu ta chon A 1a khéi tam C cia vt ran, thi i, =0.Tir(7.38) ta suy ra biéu thic
tinh ham Gibbs-Appel theo nghia hep (bo qua phén khong phu thudc gia téc)

G = %mag + %a.(fc &)+ a.aox(I,.d) (7.39)

péi Q(S'i hé p vat ran, ham Gibbs-Appel theo nghia hep cta hé c6 dang

I ' = =
G = —;—Z[mk @ +a, (I .Q,)+ 20,0, x (I.0, )} (7.40)

k=1
Trong d6 my la khdi luong, o, 1a van te goc, a,la gia tbc goéc cha vat rin thir
k, fﬂ, la tenxo quan tinh khéi cua vat.ran B, dbi voi khéi tdm Cy ctia nd. Dang ma
tran cua ham Gibbs-Appel theo nghia hep

1 -
G =EZ[;,zka§ka“ +al (I,0,)+2a/®, (1,0,)] (7.41)

k=1
Chii y. Sau nay dé thuin tién, doi khi nguoi ta ciing goi ham G~ la ham Gibbs-
Appel.
b) Mt s6 truomg hop ddc biét
Vit rin chuyén dong quay quanh mot diém ¢6 dinh O. Tachon 4=0, d ,=a,=0.
Tir (7.38) tasuy ra

G =—a.l,a)+apx(,d) (7.42)

2
Téam phdng chuyén déng phdng. Biéu thic (7.39) c6 thé viét lai duéi dang matran
1
G :EmaZaC +—;—aT(ICa)+aT(6)IC(n) (7.43)

Tur hinh vé (5.31) tacd

X, 0 0 I,
a.=|y.j,o0={0],a=(0|,I.=]0
0 1) a 0

Tir d6 suy ra
- 1 %) 2 1
G = Em(xc +yC) +EI3012
Néu chit y dén biéu thic (7) ta c6

- 1 222 2 1 2 1 4 !
G —Em(xc +yC)+§13a +513a) (7.44) ' X

Hinh 5.31
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7.4 Cac thi du ap dung

Thi du 5.19. Cho hé con lic kép vat ly nhu hinh 5.32. Cho biét OA =l; OC;=ay;
OC3=a3; khoi lugng qéc khau Ia m,, my, momen quan tinh khoi doi véi céq tryc
thiang dimg di qua khoi tam la [, L. Ap dung phuong trinh Gibbs-Appel thiét lap
phuong trinh vi phdn chuyén ddng ctia hé.

Lai giai. Theo thidu 5.16 ta ¢o

., = (a|¢| cos@, — a,@} sing, )é_ﬁ") + (a,gb, sing, + a,@; cos g, )é)(_‘” (1)
de, = (l¢| cos(g, —a) + a,p, cosy, — 1(/’12 sin(g, - a) ~ az(bz2 sing, )éiO) @)
+ (léil sin(@, — ) + a,@, sing, + 19} cos(p, — @) + a,@? cos (oz)éf_o’
Ham Gibbs-Appel theo nghia hep trong thi du nay ¢6 dang
1 1 ., 1 5, 1 .
G =Em,a§, +51,go,2 o mac, +—2-12(022 (3)
| (0)
5(0) z
y é! ‘ \
Hinh 5.32
Thé céc biéu thirc (1), (2) vao (3) ta dugce
1 . . 2 L . 2
G = Eml [(a,(p, cos@, —a,p; sing, ) + (a,(p, sing, +a,@} cos g, ) }
Lo, .. g . 2 2
+ 5{(l¢l cos(¢; ~ @) + a5, cos g, ~ 1 sin(p, ~ @)~ a,¢; sing, ) “4)

. > .o . . . 2 1 s 1 v
+(l¢| Sm((ol —a)+ @,$, sme, +l(p|2 COS(¢| —a)+ az(pz2 cos g, )} +5[1(P|' +Elz(p£
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Trong thi du nay ta chon cac tua gia téc 1a @, @,. Do d6 céc tya lyc suy rong la
cac luc suy rong. Thuc hién cac phép tinh dao ham riéng
oG~ oG~
P QI > e Qz
99, 09,
ta nhan dugc hé hai phuong trinh vi phan chuyén déng cia con lac kép co dang
nhu sau
(1, + mal +m,0*)@, + myla, @, cos(p, —a — ,) + nyla,@; sin(p, —a - @,) +
+m,ga, sing, + m,glsin(g, - a) =0
mla,@, cos(p, —a — @,) + (I, + m,c3 )@, — myla, sin(p, — & — @)@} +m,ga, sing, =0
(5)
Thi dy 5.20. Mot xe trugt chuyén dong thang (hinh 5.33) dugc xem nhu mét tam
chir nhat dong chat, khoi lugng m, mémen quan tinh khoi doi voi truc vudng goc
mit phing tAm va di qua khéi tim 7. Tai diém A cach khéi tim C mot doan a, gén
mét mép sic nham tao cho van tdc cia diém A4 huc')'ng doc theo AC. Tac dung Ién

xe trwot mot luc F lubn hudng theo AC va mot ngau lyc c6 mémen M nim trong
mit phing chuyén dong. B qua ma sat. Ap dung phuong trinh Gibbs — Appel thiét
lap phuong trinh chuyén dong ciia xe.

Loi giai. Ta xem xe trugt 1a mot vat rin

phing chuyén dong trong mat phing cta Y i

n6. Chon cac toa dd suy rong la Wa’

4 =Xcsqy = Ve, 4 =9 W Y7
Chon Cén 1a hé truc quan tinh chinh trung {‘

tam cta tAm. Phuong trinh lién két phi M
héléndm duoc thiét lap nhu sau. Do gia
thiét cac banh xe tao cho diém 4 ¢6 vantéc O xXc

', ludn hudng theo 4C nén ta cé phuong

trinh lién két Hinh 5.33

RTINS VI )
acosp asing
Tt hinh 5.33 ta co

[xA}:{,xc]+[c9s¢ —sin(p}{—a} 3)
Y4 Ye sing cosg || 0

{):CA}:FC}LQ{—Sin(p —C?SQ)}{—a} @)
Y4 Ve cosgp —sing || 0

262



Tir (4) ta suy ra

X, =X, +a@gsing, y,=y.-—apcosy (5)
Thé (5) vao (2) ta duoc

(X +agsing)asing = (y. —apcos@)acosy

= X.sing-y.cosp+ap=0 6)
Phuong trinh (6) & phuong trinh lién két phi hék‘)nén} (vi khong kha tich). Xe truot
dugc xac dinh bdi ba toa d0 x.,y.,9, nhung vén toc cha céc toa do nay bi rang
bp{)c bf’)‘i phuong trinh (6) nén hé chi ¢ hai bac tu do (toa d6 tdi thidu 1a 3, van tde
toi thicu la 2).
Bay gio ta chuyén sang ap dung phuong trinh Gibbs ~ Appel thiét lap cac phuong

trinh vi phdn chguyén dong cta xe. Theo (7.44) ham Gibbs — Appel trong thi du
ndy co dang

| P 1., 1
G :Em(xc +)}§)+—2—]C(/)2 +5]C(p4

G =%nz(§éé +j}f‘)+%lc¢)'2 (7)

Ta chon cac tya van toc 1a 7 va ¢ (cac tya toa dd 1a 7 va ¢ ) theo cac hé thic
sau

X SINQ — Y. COSQY =—ag

X.COSQ+ y.sing =7 ®)
Tu (8) giai ra ta dugc

X =ZCOSQ—a@sing, y.=7asing+a@cose 9
Pao ham biéu thire (9) theo thoi gian ta duogc

Y. =(F—a@’)cosp —(ap + #@)sing (10)

Yo =(7 - a@’)sing + (a + P)COS @
Binh phuong hai vé ciia phuong trinh (10) rdi cong lai ta dugc
B4 52 = (- ag?) +(ap+ 7p)’ o
Thé (11) vao (7) ta dugc

G =%m[(7‘r’—a(p2)2 +(a(25+7'r(b)2]+%lc¢52 (12)
Tir d6 suy ra

a—q_—zm(ir'—agbz), a—?zma(a¢+7i¢)+lc(})‘ (13)
or op
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By gio ta chuyén sang xac dinh cac tua lyc suy rong Gng véi cac tyatoa dd = va ¢
> 84, = F.57. + MSp = F(cosp5x. +sinpSy. )+ MSp (14)
Tur(8)tacod
{571 =0x.cos@+Jy.sing {5xc =07 cosQ — adpsinp
—

15
~adp =0x.singp -5y, cosp 0y, =0msing +adpcosy (13)
Thé (15) vao (14) ta duge

26‘Ak = Fcosp(dmcosp —adpsing) + F sinp(oz sinp + adpcosp) + M Sp

D 84, =For+Mdp (16)
Tur (16) suy ra céc tua luc suy rong

I =F, II,=M a7
Viy phuong trinh vi phan chuyén dong cuia xe truot c6 dang

m(i-a@*)=F, (I.+ma®)$+marnp=M (18)
Tré lai cac toa d6 tdi thiéu x., y,., @ . Thé cac biéu thic

T =X.Ccos@+ y.sing

T =X.COSQ—X . PSINQ+ J.SINQ+ Yy .PCOSP
vao hé phuong trinh (18) ta dugc hé hai phuong trinh vi phan chuyén dong

m(i. cos@ + y.sing —x.@sing + y.pcosp—-ap’)=F (19)

(I + ma*)@+ ma(x.@cosp+ y .@sing) =M
Ngoai ra ta con c¢6 phuong trinh lién két phi h6lonom

X sing—y.cosp—ap=0 20)
Nhu thé mét hé phuong trinh day du bao gdm cac phuong trinh Gibbs — Appel va
cac phuong trinh lién ket phi h6loném. Pay la diem khac nhau giita cac hé
h616ném va cac hé phi holonom.
Thi du 5.21. Mot qua ciu dong chét khéi lugng m, ban kinh a, lan khong truot trén
mat phang nghiéng v&éi mét géc @ voi mat phang ndm ngang (hinl] 5.34). Ap dung
phuong trinh Gibbs — Appel thanh lap phuong trinh vi phan chuyén dong cua qua
cau.
Loi gigi. Chon céc toa dd suy rong ti thiéu 12 ¢, =x.,q, =y, ¢, =0, q, =¥,
g; =0. Trong d6 x., y. latoa do khéi tdm C cua qua cau, con o, v,0 laba goc
Euler. Phuong trinh lién két holoném 1a khoang céc tir khéi tim dén mat phing
nghiéng

zo=a | )
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Cac phuong trinh lién két phi h616ném suy ra la diéu kién lan khoéng truot cia qua
cau trén mat phing nghiéng

—an, =0, Yetaw, =0 (2) 4| 2
Tir cac perong trinh dong hoc Euler ta

¢6 hinh chiéu cua van téc goc Ién céc
truc ciia hé quy chiéu dong

R={x,y,z}

@, = @sinOsiny + Hcosy

o, =-@sinfcosy + ésinl// 3)
. =y + pcosb

Ta chon céc bi€u thic o, 0,0, lam

cAc tua van tbe
#, =, = @sinOsiny + O cosy Hinh 5.34
7, =w, =-@sinfcosy + Osiny 4
=0 =y +@cosd
Tir cac phu‘orng trinh (2) va (4) ta giai ra biéu thirc xac dmh cac van téc suy rong la
ham ciia tua van tdc
4, =Xc =am,, {,=y.=-ax,
_ s?nqa # — C.OSC]4 #,
sin g, sin ¢, (5)
4, =y =—m sing, cotgq, + 7, cosq, cotg g, + 7,

q,

qs = 0= 7T,€08q, + 7, sing,
Biéu thirc x4c dinh ham Gibbs — Appel trong bai toan nay c6 dang

G =%maﬁ +%&.(I:C.&)+&.(T)x(fc.d))

G = %ma?ac + %a’ (I.a)+a (B ) (6)
Trong do
¥. o, o, I 00
a. = j}C , =W, |, = (l)‘ ’IC= 0 7 0 )
0 [0) . 0 0 1
Thé (7) vao (6) ta duge
G :%m(k’é+j}é)+%l(a')f+a'))2,+a'):2) (8)
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Chii y dén cac biéu thirc (4) va (5), biéu thic (8) duoc bién ddi vé dang
1 1 1
G =—(+ma )i +=I +ma*)il +=1%;
2( ), 2( ), 5 s

Biéu thirc cong ao ctia lyc suy rong cd dang
SA=mg.Sr. =mgsinady. —mgcosadz,
Chiy dén (5) taco
Ox. =adm,, Oy,.= —adr,, 6z.=0
Thé (11) vao (10) ta dugc
0A=—-mgasinaor,
Tir d6 suy ra céc tua luc suy rdng g voi cac tua toa do
1, =—mgasing, 11, =0, TI;=0
Thé (9) va (12) vao phuong trinh Gibbs — Appel ta duge
(I + ma*)#, =—mgasina
(I +ma*)i, =0
17, =0
Tu (13)tasuyra

. mgasina . .
7y =———0t+C, 1,=C,, 7,=C,

I +ma”

)

(10)

(11)

(12)

(13)

(14)

Trong d6 C,,C,,C, laba hang s tily y. Chi y dén phuong trinh (5) ta ¢6 cac biéu -

thae xac dinh cac van toc suy rong

X, =aC,
mga’sina
g =L 202,
I+ma
. siny mgasina sin cos
q):_.‘//g 7t+C].W—.,.W
sin@ I+ma” sind " sinf
S mgasina .
Y =siny cotg H—g———,——t - C, siny cotgd + C, cosy cotg & + C,
I +ma” B ’
: mgasina .
0= —cosy/—g———,-t +C, cosy +C,siy
I +ma
Tich phan hai phuong trinh dau cua hé phuong trinh (15) ta dugc
x.=aCt+C,

mga’ sina
) = —

= t* —aCt+C
Y =0T+ mad) s

(15)

(16)

Nhu thé khéi tim cia qua cau chuyén dong trén mot parabol nam trong mit phéang

song song v6i mat phang nghiéng.
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§8 CAN BANG KHOI LUQNG HE NHIEU VAT HOLONOM

8.1 Khai niém cin bing khoi lwgng hé nhieu vat rin

a) Thu gon hé luc qudn tinh cua vt rin Zo
Tur quan hé B
R Ry 7
‘dp <. vdl
F=rr® - % (g .
dt dt F
ta suy ra biéu thirc thu gon hé lyc quan
tinh cua vit ran mot diem O ¢o dinh
., R, d ] RO O
F =- my,. (8.2) Yo
dt
- Ro ad = XO - -
o == y (1.6 +7.xmv.)(8.3) Hinh 5.35
!

T do suy ra thu gon hé luc quan tinh cta hé p vat ran vé diem O co dinh ta duge
mot luc va mét ngau lyc. Ching ¢é dang nhu sau

., Rud P
Fr=- = > i, (8.4)
i=l
. Ry (l roo-.
o= D Lo B, + iy x m V) (8.5)
i=t

Trong d6 :

10. la tenxo quan tinh khéi cia vat ran thir i ddi voi khdi tam C; cua no,
r. la véc to xac dinh vi tri khéi tdm coa vat rén thi i trong hé qui chiéu
R,,
¥, 1a van tdc khdi tim C; & trong h¢ qui chiéu R,,
@, la van tbc goc cia vat rin thir i & trong hé qui chiéu R,,
m, 1a khéi lugng cuia vt ran thu i.
b) Dinh nghia cdn bing khoi lwong ctia hé nhiéu vt
Mot hé |,1hiéu vat duoc can bz‘“ing khéi lugng hoan toan, néu vécto chinh va mémen
chinh d6i voi diém O tuy y cta hé luc quan tinh cua cac khiu déng cua hé triét
tiéu
F'=0, M, =0 . (8.6)
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8.2 Biéu thirc cin bing khéi lwong tong quat
Tir dinh nghia trén, va tir cong thirc thu gon h¢ luc quén tinh cua hé vat rin (8.4),
(8.5) ta co biéu thirc can bang tong quat

Rr)d P

mye, =0 (8.7
dt Z‘ ¢
Ry P =

D U, + Fey x mvi, ) =0 (8.8)
dt i=

Chuyén sang cach biéu dién ma tran cia cac phwong trinh (8.7) va (8.8) & trong hé
qui chiéu R ta c6

d &

—Zmiva =0 8.9)

dt <5

d| & -

=Y Aqo, +mFve) =0 (8.10)

dr| 5
Xét hé nhiéu vat hololom, giir va dung. Gia str vi tri cua hé dugc xac dinh boi 1 toa
do suy réng q,, g1, .., ¢, (1 ¢ theé 1a so béc tu do fcua hé va ciing c6 thé ton hon
s0 béc tyr do ctia hé). Khi do vi tri cac khoi tam la cac ham cia cac toa d9 suy rong

=1:(4,:95>-q,), (=12 ..,p). (8.11)

Pao ham cac bleu thire (8.11) theo thoi gian ¢ & trong hé quy chiéu R, ta duoc biéu
thirc xac dinh van téc khdi tam cia vét ran thir i.

dr, Or. . .
vV, =—t=-tlg=]J_ 8.12
“="a g r(2)q (8.12)
Trong d6, J,,(q) 1a ma tran Jacobi tinh tién va c6 dang
O X O
o, oq, &,
or,, . ‘ Oy,
1@=Zao| P Do Vo (8.13)
oq | 0q, Oq, oq,
L aql aqz aqn n
Néu goi ¢ ; 1a véc to quay ctia vat rén quanh truc quay tirc thoi, ta c6
do, O, . .
o =—t=—tq=], 8.14
a T aq # (@) (8.14)
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Trong d6 J,,(q) la ma tran Jacobi quay va c6 dang

_awi\' awix awi.r _1
oq, o, 4,
) . ow. ow.. ow,.
Jm=_a&:a‘*f: I T (8.15)
oq 0q | o¢ @ 0q, aq,
aa)i: aa)i; aa)i:
L aql an aq.n _]

Thé cac biéu thirc (8.12) vao phuong trinh (8.9), ta dugc

%{[imﬂn (q)}(’]} =0 (8.16)

Thé cac biéu thirc (8.12) va (8.14) vao phuong trinh (8.10) ta co

d || & . ]
;{[Z(lod p(Q) +mi.Jd -r,-(q)}q} =0 (8.17)
i=1.
Chuy r%mg, ma trin cia tenxo quan tinh I, co thé viét duci dang
I, =AIgA] (8.18)

Trong d6 1Y) 12 ma tran cia tenxo quén tinh trong hé qui chiéu dong gan lién véi
vat rdn va cd goc & khoi tam C; cua vat ran thar i, A; 1a ma tran c6sin chi hudng cua
vatran thai. Tu do tacod

I (@) =ATAT T (q) 8.19)
Mait khac ta cO hé thirc
(i) (l)
3, (=20 JAOT) 4 @2 - A g0 (8.20)
oq oq oq
Trong d6 ta dua vao ky hiéu
(i)
1@ =0 ®.2)
oq

(Chiy ring, do A, = A, (q) nén % =0).
q
Thé (8.20) va (8.21) vao (8.17) ta duoc
)
%{[Z Ail((il?J(Rii) (q) + ’nif(‘iJTi (q):lq} =0 (8.22)
i=1

Tir cac bidu thirc (8.16) va (8.22) ta suy ra cac d_iéu kién can bang khéi lugng clia
hé nhiéu vit
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P
D> md (=0 (8.23)
i=l

P
Y[AXIY @+ mid (@]=0 (8.24)

i=1
Chu y:
a) Dbi véi hé nhiéu vat c6 cdu tric cdy, fbac tu do, ta chon n =J.
b) Déi véi hé nhiéu vat ¢d cau tric mach vong, ta chon n = m >f. ) lugng m céac
toa do suy rong dugc chon sao cho cac vécto dinh vi 7, ¢o thé biéu dién dudi
dang ham giai tich tudng minh cia céc toa do suy rong gy, ..., gm-
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Chuong 6

PHUONG PHAP SO TRONG PONG LUC HQC HE
NHIEU VAT

Trong chuong nay trudc hét trinh bay khai niém phuong trinh trang thai ciia hé co
hoc, mét s6 phuong phap sé giai hé phuong trinh vi phan thudng va hé phuong
trinh vi phan - dai s6 cia h¢ nhléu vat. Viéc giai hé phuong trinh dai sé tuyén tinh
va h¢ phuong trinh dai s6 phi tuyen tuy rat can thiét nhung vi nhitng van d¢ nay da
dugc dé cap nhiéu trong cac gido trinh vé giai tich sb, nén khong trinh bay & day.
Sau do trinh bay viéc tuyén tinh hoa cac phuong trinh vi phan chuyén dong ctia hé
nhiéu vat. Cudi chuong trinh bay so lugc cac thuat toan nghién ciru &n dinh va dao
dong tuan hoan cua céac hé nhiéu vat.

§1 PHUONG TRINH TRANG THAI CUA CAC HE CO HQC

Cac dai lugng trang thai cia mét hé co hoc h616ndm f'bac tu do 1a cac dai lugng vi
tri ¢, (i=1,..,f)va cac dai lugng van toc ¢,(i=1,..., f). Gop cac dai lugng trang
thai vao mét vécto y ta co

T

y=[d".q4"] (1.1)
Trong d6 y 14 vécto cé n=2f phan tir.
Cac phuong trinh vi phan chuyén dong cua hé nhiéu vat trong nhiéu trudng hop 1a
mot hé f cac phuong trinh vi phan thuorng chp hai. Chuyen ve cac dai luong trang
thai ta dugc moét hé n phuong trinh vi phan cdp mét. Pé lam quen v6i cach xdy
dung phuong trinh trang thai ciia hé co hoc ta néu 1én mét vai thi du don gian sau
day.
Thi du 6.1. Phuong trinh dao ddng cua con lic vat Iy
(hinh 6.1) c6 dang

(ma® +1.)¢$ + mgasin =0 (N

Trong d6 m 14 khéi lugng con lic, I. 1a mébmen quan
tinh khéi ciia con lic dbi vai truc vudng goc di qua khéi
tdm C ctia n6.
Thyuc hién phép dbi bién sb Y, =0,¥, =¢, phuong
trinh (1) dugc viét lai duéi dang

), =@ = Y2

. mga . )
Y2 =¢’=—+Sm)’|

mg
ma® +1,

Hinh 6.1
H¢ phuong trinh vi phén (2) duge goi la phuong trinh trang thai ctia con lac vat ly.
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Thi du 6.2. Ap dung phuong trinh Lagrange loai 2 thiét X,

1ap phuong trinh vi phén chuyén dong clia con lic 3 L F(t)
elliptic (hinh 6.2) ta cé  —

2 . N R
(m, +m,)%, + mylpcosp —m,lo” sing+cx, = F(¢) 3) '
¥,cosp+Ip+gsing=0 i
Nhan phuong trinh thir nhat cta (3) voi cosg, phuong Hinh 6.2 m,g

trinh th{r hai voi (m, +m,) ta nhan dugc

(m, +my)¥, cosg+m J@cos’ p—m LI singpcos @
+cx cosp=F(t)cosp
(m, +m,)x, cos@+(m, +m)l§ +(m +m,)gsing =0
Trir hai phuong trinh nay cho nhau ta ¢
(m, cos® @ — m, -, ) = m, (g +1¢’ cosp)sing + m gsing + F(r)cos g — cx, cos g
Do cos’@=1-sin’ ¢ tasuyra
@ =—(ml +m,lsin® p)"'[(g + 19’ cos@)m, sinp + mgsing @
+ F(t)cosp —cx  cosg]
Mot cach tuong ty, phuong trinh thir nhét caa (3) dé nguyén, nhan phuong trinh
thi hai cta (3) voi m, cosg tacod
(m, +m,)x, + mlpcosg —m,l@’ sing +cx, = F(t)
{mzx'A cos’ @+ m,l@pcosp+m,gsinpcosp =0
Tir hai phuong trinh trén ta duge
(m, +m, —m, cos’ )¥, =m,lp’ sing + m,gsinpcosp —cx, + F(t)
Tir do6 suy ra
¥, = (m, +m,sin’ @) ' [(I¢° + gcosp)m,sing + F(t) —cx ] (5)
Thure hién phép ddi bién
N=X G =@V, =X, Y, =
tir cac phuong trinh (4) va (5) ta suy ra

. y |
2 3
B Vs
2= (m+mysin® y,) [y + gcos y,)m,siny, + F()-cy] | (6)
y 2 . :
),; [(g +1y; cos y,)m, siny, + m,gsiny, + F(t)cosy, —cy, cos y,]
¢ L ~(m[ +m,lsin® y,)

Phuong trinh vi phan (6) dugc goi la phuong trinh trang thai cia hé con lic eliptic.
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Chii y: Ta c6 thé sir dung phép ddi bién khac
NEX =X, )=, 9, =¢
dé dua céc phuong trinh (4) va (5) vé dang phuong trinh trang thai.
Nhur thé phuong trinh vi phan trang thai ctia mt hé co hoc holondm tong quat £ bac
tu do 1a mdt hé n=2f phuong trinh vi phan cap mét dang
V=LY s D,)

.).)2 =f2(t,y|,...,y,,) (12)

Yo =LY y,)
Trong d6

V=G Y =4 Y =4 Y, =4 (1.3)
Hé phuong trinh (1.2) la cac phuong trinh trang thai cia co h¢ phi 6tondm
(autonom). Doi vai cac co hé 6t6ndm cac phuong trinh trang thai cé dang

Y=L Ghse V)

Yy =fa(Wses ) (1.4)

yn :»f;l(yl""’))n)
Xét trudng hop hé tuyén tinh khi ma phuong trinh vi phan chuyén dong c6 dang

Mg+ C()q+K@)q=d() (1.5)
Bing phép bién dbi
q 0 E 0
y = . > P - —1 -1 b f = -1 (1.6)
q -M"K -MC Md
phuong trinh (1.5) dua dugc vé phuong trinh trang thai sau day
y=P@)y+1(¢) 1.7

§2 CAC PHUONG PHAP SO GIAI HE PHUONG TRINH VI PHAN
THUONG

Ching ta c6 kha nhiéu phuong phap sé giai phuong trinh va hé phuong trinh vi
phan thuong: Phuong phap Runge-Kutta, phuong phap Euler, phuong phap Milne-
Hamming, phuong phap Runge-Kutta-Nystrom, phuong phap Adams, phuong
phap du bao - hiéu chinh (predictor-corrector), phuong phap Newmark, phuong
phap Wilson, phuong phap ban, v.v....

Céc bai toan vé phuong trinh vi phan thuong dugce phan thanh hai nhom: Bai toan
gia tri dau cta phuong trinh vi phan va bai toan gia tri bién cua phuong trinh vi

273



phén. Trong doan nay ta chi dé cap dén bai toan glal hé phuong trinh vi phan véi
céc diéu kién ddu di cho. Bai toan nay con dugc goi la bai todn Cauchy.

Cho hé phuong trinh vi phan thudng

y=f(ty), yfeR",teR 2.1
va céc diéu kién diu :
Y&)=Yo, YR 2.2)

Hay tim nghiém cia bai toan Cauchy trén bang phuong phap sb. Cac phuong phap
s6 giai hé phuong trinh vi phan thudng co thé chia thanh ba nhém

e Cac phuong phap mét budc,
e Cac phuong phap nhiéu budc,
¢ Cac phuong phap ngoai suy (va ndi suy).

Trong muc nay ta s& trinh bay mot sb phuong phap tinh hay ding dé giai hé
phuong trinh vi phan chuyén dong ciia hé nhiu vat.

2.1 Cac phwong phap Runge-Kutta

Hai nha toan hoc nguti Duc la Runge va Kutta da dé xuét mot phuong phap s& xé4c
dinh gan ding nghiém phuong trinh vi phan (2.1) ma chi can tinh ham f(z,y) tai

mot s6 diém khac nhau. Cac phuong phap Runge-Kutta 13 cac phuong phap mét
budc va ching c6 dang tdng quat nhur sau

Yo =Y, +h®,(2,,y,) , h=A 23)
D6 chinh xac va dang cu thé cia phuong phap phu thudc vao viéc chon ham gia
lvgng (incremental function) ®,.
a) Phuwong phap Euler (phwong phdp Runge-Kutta bdc 1)
Néu ta chon @,(,y,)=1ft,.y,) , t, =t,+nh , h=At.
thi (2.3) ¢6 dang

You =Y, +HE,,Y,) 24)
Biéu thic (2.4) 1a cong thirc Euler tinh gin ding nghiém cac phuong trinh vi phéan
(2.1).
b) Phuwong phdp Euler cdi tién (phirong phdp Runge-Kutta bdc 2)
Thay thé cho biéu thL'rc (2.3)tachon

Yo =Y, + = (k +k,) 2.5)
Trong d6

k, =1(,.y,) (2.6)

k, =f(z, +h,y, + IK,) Q@)
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Phuong phap dua theo cong thirc (2.5) duogc goi 12 phuong phap Euler cii tién
(phuong phap Runge-Kutta bac 2, phuong phap Heun).

¢) Phwong phdap Runge-Kutta bdc 4

Thay cho (2.3) ta sir dung cong thic

Y, =Y, +—Ié~(kl +2k, +2k, +K,) , h=Ar. (2.8)

Trong d6:
kl = f(tn ’yn)

h h
k,=f(t +—,y +—k
2 (n 2 yn 2 l)

h h
k,=f(t +—-,y +—-k 2.9
3 (n 2 yn 2 2) ( )

k,=f(t, +hy, +Hkk,)
Phuong phap Runge-Kutta dua trén cong thirc (2.8) duge goi la phu’omg phap

Runge-Kutta bac 4, hay cong thirc Runge-Kutta ¢6 dién. Cong thirc nay dugc thiét
1ap lan d4u tién nam 1895,

d) Cdc phuong phdp Runge-Kutta bdc cao hon
Trong phuong phap Runge-Kutta bac mét ta phai tinh mét 1an ham f(z,y) trong
mdi buée, d6 1a k, =f(¢,,y,) . Khi st dung phuong phap Runge-Kutta bac hai ta
phai tinh hai 1an ham f(z,y) trong mdi budc. D6 la:

k =f(t,,y,) ., k,=f(@ +hy,+hk)
Khi sir dung phuong phap Runge-Kutta bac 4 ta phai tinh bdn lin ham f(z,y)
trong mdi budc (xem 2.9). Mot cach tdng quat néu ta sir dung phuong phap Runge-
Kutta bic r (r21) trong moi budce ta phai tinh r gid tri ham f(¢,y) .
Céng thirc tbng quat la:

Kk, =f(t, +ch y"+h2a (2.10)

‘IJ

You =Y. + th,-k,- (2.11)

i=l
Néu a, =0 v6i j=i, thi cac gia tri k, co thé tinh toan bing cong thic hién theo
cac gid tri k,,k,,....k, . Khi d6 phuong phap nay dugc goi la phuong phap Runge-
Kutta Ia hién. Néu a, =0 véi j>i va a, =0, phuong phap dugc goi la phuong
phap Runge-Kutta & hién.
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Néu ta ky hiéu sai sb ciia phuong phap 12 R.(h), thi nguai ta da chimg minh duoc:
sai sb ctia phuong phap Euler 1a R (k) =0(4), sai s6 ctia phuong phap Euler cai
tién 1a R,(h)=0(1%), sai s6 cua phuong phap Runge-Kutta bac bén 1a
R,(hy=0(1").

2.2 Phwong phip Runge-Kutta-Nystrom

Céc cong thuc tich phan Runge-Kutta c6 thé mé rong cho hé phuong trinh vi phan
cap cao. O day ta trinh bay cac cong thirc tinh nghiém gan dang cta hé phuong
trinh vi phan cap hai

y=1@y.y) (2.12)

y(to):yo > 5’(’0):5'0 (2.13)

Nystrom da phat trién cong thirc Runge-Kutta cho hé phuong trinh vi phan (2.12)
va cho ta cac cong thire tinh nhu sau

. h
Yoo =yi+hyi+§(kl+k2+k3) (2.14)
y[+l=yi+%(k,+2kz+2k3+k4) (2.15)

Bén véc to ham k, duoc xac dinh la gia tri ciia f(¢,y,y) tai bén vi tri trung gian

trong khoang tich phén [z,,1, + h] ciia mi bioc tinh

h, .
k| zii(tiayi,y,‘)

1
k,=—f(. +—,y,+—v. +—=k,,y. +k
2 2 (1 2 yl 2y1 4 lyl 1)
h h h h
k,=—f(¢ +—,y.+—y. +—k,,v. +k, 2.16
3 2 (1 2 yl 2y: 4 lyn -) ( )

k4 :I_zzf(ti +h’yi +hyi +hk3’yi +2k3)

Khi ham f khéng phu thudc vao y, f=f(t,y) thi k, =k,, qua trinh tinh toan
trung gian giam bot di mét 1an tinh ham f .

Ta c6 thé bién doi hé n phuong trinh vi phan cip hai (2.12) vé hé 2n phuong trinh
vi phdn cAp mot va giai bing thuat toan Runge-Kutta. Khi do thoi gian tinh toan lau
hon so v&i ap dung cac cong thirc Runge-Kutta-Nystrém (2.14), (2.15). Cha y rang
phuong phap Runge-Kutta-Nystrém ciing la phuong phap mét budc.
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2.3 Phwong phap hai buéce

Blaess da dua ra phuong phéap hai budc dé giai hé phuong trinh vi phan phi tuyén
cap hai. Phuong phap nay da dugc nhidu ngudi cai tién. Dudi ddy trinh bay phuong
phéap nay do Gumpert ci tién nam 1967. Giai hé phuong trinh vi phan cap hai

% =f(t,x,X) ' (2.17)
voi cac diéu kién dau

x(t,) =X,, X(t,)=X, (2.18)
Cac budec tinh toan nhu sau:

I

0

Xy, Xo, X, =f(2,%,,X%,)

t=t,+h

m A TP TP o wm

x‘:x0+lzx0+5h Xo; X=X, +hX,; X'=£(t,,x]", X

" D L P VI (S " oon
X =x0+hx0+—6-h (2%, +X; x,=x0+5h(x0+ X, X7 =1£(¢,,x],X])
, R S PUS (O oo
X, =x0+l1x0+gh (2%, +X7); xl=x0+5h(x0+ X)) X =f(1,,x],%])
t, =1, +2h

X, =x0+2hx0+—3—hz(xo+2x:); Xy =X, +2hx]; X5 =1(z,,x;,X})

PP S wreny g o
» =X5; x3=x0+§h(x0+ 4%, +X3); X) =1(1,,x},X})
t,=t,+3h
9
X; =X, +35hx, +8h (X, +2% +X)); X;=X, += h(x0+3x)
X, =1(1,,x,,%})

t,=t, +4h

X, =X, +4hx, +4%1f(7i0 + 24X, +6X), + 8%});
e 2 e awr g
x4=x0+§h(4xl+x2~3x2+4x3)

So sanh v6i phuong phap Runge-Kutta-Nystrém, thoi gian tinh theo phuong phap
Blaess-Gumpert c6 nhanh hon chit it, sai s6 c& 0(").
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2.4 Cac phwong phap Adams
Trong cac phuong phap mdt bude ta da trinh bay ¢ trén nhu phuong phap Euler,
phuong phap Euler cai tién, phuong phap Runge-Kutta,... gia tri y,,, duoc tinh

nho t,y, va At=t,, —t =h.Tacothétinh y,  v&idd chinh xac cao hon bing

n+l
cach sur dung cac gia tri y,,y, ,,... Phuong phép tinh loai nay duogc goi la phuo‘ng
phép tinh nhiéu budc. Cac phuong phap nhiéu budc c6 d6 chinh xac cao, tlet kiém
duoc b nhé va thoi gian may. Tuy nhién cdc thuat toan nhiéu bude kha cong kénh
va c6 do 6n dinh kém hon cac thuat toan mot bude. Dudi ddy ta trinh bay y tudng
cla cac phuong phap Adams.

Nam 1855, nha toan hoc nguodi Anh, Adams da dé& xuit mot phuong phép nhiéu
budc giai bai toan gia tri dau theo yéu cdu clia mot chuyén gia phao binh nguoi
Anh l1a 6ng Bashforth. Két qua ctia Adams sau d6 bj ling quén. Sang dén dau thé
ky thr XX, ong Stermer, mdt nha toan hoc Nauy, da phat minh lai cong thirc
Adams, khi giai bai toan xac dinh quy dao cac hat tich dién roi xa mat troi véi vén
tdc 16n. Sau d6 Krylov, mot nha bac hoc ngudi Nga, di ¢ cdng hoan thién phuong
phap Adams. Xét hé phuong trinh vi phén cAp mot

y=1f@y), y@)=y, (2.19)
Tich phén hai vé phuong trinh trén tir ¢ dén ¢

n-p n+l 2

voi p la mot so nguyén

duong, ta dugce

)
Yon =Y, + TGy (2.20)
fw-p
P8 thyc hién tich phan trén, ngudi ta ¢6 xip xi ham f(z,y) ching han sir dung céc

sai phan htu han lui vé trudc ¢,, voi cac gid tri f(r,y) di tinh & cac bude trude.

n?

Két qua ta dugc mét ho cac phuong phap phu thude vao viée chon tham sb p. Néu

xap xi ham f(¢,y) tinh ca & thoi diém ¢, thi phuong phap dugc goi 1a 4n, nguoc

n+l
lai néu ta khong tinh f(z,y) tai ¢, thi phuong phap goi la hién. Cac phuong phép
4n ¢4 d6 chinh xac cao hon va 6n dinh hon so véi cac phuong phap hién. Tuy

nhién kho sir dung hon vi phai tinh y,,, bing phuong phap 13p. Dang tong quat

n+l

ctia phuong phap nhiéu bude duge cho bing biéu thic sau
ptl

Zaynﬂ 1+Zhﬁf(tn+l z’ynH l) O h_At (221)

Trong d6 «, va B, la cac tham 50, ching dugc chon véi nhitng y tudng cu thé cua

phuong phap. Néu g, =0 thi sb hang f(z,,,,y,, ) khong xuét hién trong phuong

trinh sai phan. Khi d6 phuong phap Adams dugc goi la phuong phap 1a hign. Néu
B, #0 phuong phap Adams dugc goi la phuong phap &n. Khi 8 =0, véi moi

i 21, thi tacé phuong phap sai phan lui.
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Trong cac phuong phap Adams ngudi ta hay quan tam dén hai cdng thirc sau. Céng
thirc thir nhat c6 dang

Y, :y"+5hi(55f"—59fn_,+37fn -9, _,) (2.22)

Phuong phéap tinh theo céng thirc (2.22) duoc goi la phuong phip Adams-
Bashforth (phuong phap hién). Sai sé tinh theo phuong phap nay la R(h) = O(R*).
Cong thirc thir hai ¢6 dang

n+l

Y. =Y, +2]4(9f +19f, - 51, +f, ,) (2.23)

Phuong phép tinh theo cong thie (2.23) duoc goi 1a phuong phap Adams-Moulton
(phuong phap an). Sai sé tinh theo phuong phép nay 1a R(h)=0O(°).

2.5 Phuong phip duw bao-hi¢u chinh (Predictor-Corrector method)

Nhu phan trén da néi, sir dung phuong phap 4n c‘ho ta két qua chinh xac hon so véi
phuong phap hién. Trong dong luc hoc hé nhiéu vt ham £(,.,.y,.,) thuong la
ham phi tuyén cia Y,.: - Do d6 ngudi ta sir dung két hop ca hai cong thac (2.22) va
(2.23). Phuong phap nhiéu buéc hién (y,. tinh dugc tuong minh qua y, ,y, ,,....)
duoc ding dé du béo (predictor) nghiém. Phuong phap nhiéu budc in (y,., lién hé
vOi y,,Y, ;... bOi mét phuong trinh phi tuyén) cho lugng hiéu chinh (corrector).
Luong dur béo tinh theo cong thirc Adams-Bashforth (2.22)

You =Y, + 2’4 (55f, —59f,_, +37f,_, —9f, ) (2.24)
Luong hi€u chinh tinh theo c6ng thirc Adams-Moulton (2.23).

n+l

y,,+l=y,,+%(9f +19f, -5, +f _,) (2.25)

Thuét toan du bao diéu-hiéu chinh gém céac budc sau:
1. Sir dung cong thirc (2.24) dé tinh y° .
2. Sir dung cong thic (2.25) dé tinh y* . |, k=1,2,...
3. Kiém tra diéu kién

k+1

n+l yn+l

n+I

<& ( & lado chinh xac cho truée).

4. Néu diéu kién 3 thoa man, ta chuyén sang budc tinh sau. Néu didu kién 3
chua thoa mén ta trg lai budc 2.

Khi giai phuong trinh dai sb phi tuyén (2.23) dé xac dinh y, ., (trong d6 vécto ham
f,. chiray,  )tacéthédung phuong phép 1ap Newton-Raphson.
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2.6 Phwong phap Newmark

Nam 1959 Newmark (1920-1981), glao su vé K¥ thuat cong trinh o dai hoc 1llinois
(Hoa ky) da dé xuat mot thuat todn giai hé¢ phuong trinh.vi phan, dugc ap dung
nhiéu trong dong luc hoc ciu tric (structural dynamxcs) Phuong phap nay dua vao
cac hé thirc ndi suy sau day véi vi tri, van toc, gia tbc tir bude thir n sang bude thi
n+1

Voa =V, +h[(1-7)a, +7a,,], h=ar (2.26)
X, =X, +hv, +—];;[(1—2ﬂ)a" +2/a,,, | (2.27)

Trong d6 x,,v, va a, la cac xap xi ctiia cac véc to dinh vi, vén toc, gia toc tai budc
thir n. Cac dai luong £ va y la cac tham sO xac dinh ndi dung ciia phuong phap.

Phuong phap 1a 4n néu 28>y >% . Phuong phép hinh thang 1a truong hop riéng

ctia ho cac phuong phap nay khi ta chon g=—, y=%. Truong hop nay tuong

-~ B

] vabang (a,+a,,)/2. Trong
truong hgp nay phuong phap c¢o tén la phuong phap gia tdc trung binh. Khi chon

ing v6i gia thiét gia tdc 13 hang sb trén doan [t

"’

1 1 , T SR 2. L. n
,8:—, }/=—, tuong Ung voi gia thiét gia toc thay doi tuyen tinh trén doan

[ " M] Phuong phap khi d6 c6 tén 1a phuong phap gia tdc tuyén tinh.

Twong tu nhu phuong phap nhiéu budc, thuat toan 4n ciia cac phuong trinh (2.26)
va (2.27) c6 the st dung d€ dy bao-hiéu chinh trong tung bude lap. Tur cac phuong
trinh (2.26) va (2.27) ta c6 the gidira

(X, =X, )——V, +(1~L] (2.28)

an+l :Lg
Lh 20

-7 R IV A |
v"”_ﬁh(x"“ X,) (,3 jv" (Zﬂ l)ha" (2.29)

Trong trudng hop phuong trinh vi phan chuyén dong cia hé 1a hé phuong trinh vi
phén tuyen tinh

Ma,_ +Cv_ +Kx  =f (2.30)

n+l

voi M,C,K 1a cac ma tran khéi lugng, ma trdn can va ma trin d6 cing, thi
phuong phap Newmark dugc ap dung kha thuan tién. The cac biéu thac (2.28) va
(2.29) vao phuong trinh (2.30) ta dugc

280



12 +LC+K x11+l_fu+l+M 1 "+—1—V” -1—._1 an
Lh Lh B’ Bh 20

+C[lx +(l—ljv J{L—ljha} 2.31)
g "\ B 27

Trong trudng hop nay thuat toan Newmark gdm céc budc sau:
1. Tir céc gia trj da biét x, ,x, = v, , tatinh %, =a, theo phuong trinh
Mx, +Cx, +Kx, =f, =f(0)
= X, =M"(f, -Cx, —Kxo)
2. Lua chon cac gia tri 4, [ va y mot cach thich hop,

3. Tinh véc to dich chuyén x _,, bt ddu v6i n =0, sir dung phuong trinh (2.31),

n+l

4. Tim véc to gia toc va véc to vin toc tai thoi diém ¢

n+t

1 1 1
a,, _E’z_z(x"” —x")——ﬂv" —(ﬁ—lja” (2.32)
v, = ( X, - ,,)—(%—l)v" —({B—llha" (2.33)

5. Tro lai budce I, tinh todn cho budc tiép theo.

Nhu thé, trong trudng hop hé phuong trinh vi phan chuyén déng 1a hé tuyén tinh,
thuét toan Newmark dugce ap dung kha thuén tién.

Béy gio ta chuyén sang xét truong hop hé phuong trinh vi phan chuyén dong 1a hé
phi tuyén. Gia sir phuwong trinh chuyén dong cia hé c6 dang

M(q)q +k(t,q,q) =h(z,9.q) (2.34)
Thé cac bié’u thirc (2.28) va (2.29),vz‘10 phuong trinh (2.34) ta nhan dugc hé phuong
trinh dai sO phi tuyén xac dinh an l1a q,,,. St dung phuong phap lap Newton-
Raphson ta x4c dinh duogc q,,,. Sau d6 sir dung cac cong thirc (2.32), (2.33) tim
duoc q,,, va q,,, .

2.7 Phwong phap Wilson - 0

Trong phuong phap gia tc tuyén tinh cia Newmark (khi ta chon 8 =% va y= % )

su 6n dinh cua phuong phap khéng dugc tdt. Nam 1968 Wilson da dé xudt mot y
tudng mdi, thay doi khoang tich phan ¢—t+ Ar bang khoang ¢t — ¢+ 6At, véi
0>1,37. Khi d6 ta c6 thé roi rac hoa phuong trinh vi phan chuyén déng cua hé
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nhiéu vat (2.34) nhu sau. Do gia thiét a(¢) bién doi tuyén tinh trong khoang ¢, dén

trn»() ?
cong thirc

nén ta ¢ thé du kién gia tri cua a o thoi diém t=t +1 ,0<7<6Ar theo

T
a(t +7)=a +—(a, ,—a 235
( n ) n gAt( n+0 n) ( )
all
an+l
all
¢, L, =t +At t,,=t, +OM
Hinh 6.3
Tich phan biéu thirc (2.35) ta dugc
TZ
vt +1)=v, +tar+— -a 2.36
( ) 29A ( n+f n) ( )
X(t, +1)=X_+V r+larz+-—i—(a -a,) .37
" n n 2 n 69At n+6 " ‘
Thay r = 6At vao cac phuong trinh (2.36) va (2.37) ta dugc
OA
Vo=V, 4 (3, 0,) (238)
xwazxn+ayv,+91§”~(nw+2a) | (2.39)
Tur phuong trinh (2.39) ta suy ra
6 6
a,.,=—-(X,.,-X,)——V,~2a, 2.40
n+0 02 (At)_ ( 1] ) GA{ ( )
Thé (2.40) vao (2.38) ta dugc:
3 OAt
v .=—(x_,-X )-2v ——a 2.41
n+0 gAt( n+0 n) n 2 n ( )
Ngoai ra ta liy xap xi:
f.,~f +0(f, -f,) (2.42)

Théy cac biéu thic (2.40), (2.41) va (2.42) vao phuong trinh vi phan chuyén dong
tuyén tinh

Mg +Cq+Kq=1() (2.43)
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va thyc hién mot vai bién doéi ta dugc

6 3 6 3
+—C+K f +6(f, —f )+ —C
l:gz(At) QA jlq/wl n (n+1 n) I:QZ(AZ)Z 9At :]qn

+ {—G-—M " 2C}q,, [ZM + g—c} (2.44)
Y, 2

Trong viéc giai hé phuong trinh vi phan tuyén tinh, thuét toan Wilson-6 gbm céc
budc sau:

1. Tir céc gia trj dd biét cha q,,q, , tinh §, tir phuong trinh (2.44),

2. Chon buéc tinh /1 = At moét cach hop ly va chon gia tri € hop ly (8 ¢6
the lay la 1.4),

3. Tinh gia trj cta véc to ham £, ,, bit diu véi n=0

6 6
f.,~f +6 —f)+M +—q. +2q
i+0 ( n+i n) [92]12 n gh qn qnj
(2.45)
+C i + 2 +% q
gh qn q" 2 qll
4. Tim véc to dich chuyén tai ¢,,,
3 -1
M+—C+K| f 2.46
qn+9 I:e ] 9]1 i| n+@ ( )
5. Tinh céc véc to gia tdc, van tbe, dich chuyén tai ¢,
6 6 3.
q . =— - - q +|1-= 2.47
qn+] 03112 (qn+9 qn) gzh ( gjqn ( )
. . h, . ..
qn+l = qn + E(qlwl + qn) (248)
. ' .
qn+l :qn + hqn +_(qn+] + zqn) (249)

Ta ciing co the ap dung phuong phap Wilson-6 giai phuong trinh vi phén chuyén
dong phi tuyén cia hé nhiéu vat

M(qn+0 )qinl) + k(qn+{}’qmo) = f(tn+0) (250)
Ta lay
qn+9 qn + gAtl: qn + 7qn+6:| (25 1)
. 6?At
qn+0 = qn + gqu” ( ) [ 1 - Zﬂ qn + zﬂqnn?] (252)
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Thé cac biéu thirc (2.51) va (2.52) vao (2.50) ta dugc mot hé phuong trinh dai sb
phi tuyén doi véi q,,, . Giai ra ta duge q,,, . The ket qua tim duge vao (2.51) va
(2.52)tatimduoc q,., vaq,.,.

Chii y. Khi giai hé phuong trinh vi phan chuyén dong tuyén tinh hoa, viéc ap dung
cac phuong phap Newmark hodc phuong phap Wilson-8 ¢é nhiéu uu diém. Con
khi gidi hé phuong trinh vi phan phi tuyén cua hé nhicu vat thi nén ap dung phuong
phap Runge-Kutta-Nystrém hoac phuong phap Blaess-Gumpert.

2.8 Tich phan s6 hé phuong trinh vi phin chuyén dong cia hé nhiéu vat

¢6 ciu trac cay
Dé thiét 1ap cac phuong trinh vi phan chuyén dong cua hé nhiéu vat c6 cAu trac

cay, ta thuong sir dung phuong phip Newton-Euler hofic phuong phap phuong
trinh Lagrange loai hai. Khi d6 phuong trinh vi phan chuyén déng cua hé ¢ dang

M(q.1)q + k(q.4,¢) = h(q.q.1) (2.53)
Gia thiet M(q,?) 1a ma tran khong suy bién, tur (2.53) ta suy ra

q=M"(q.0[ h(q.4.1)-k(q.q.)] (2.54)
Néu ta thue hién phép dbi bién:

Y =4q,Y¥,=9 , , (2.55)
thi phuong trinh vi phén (2.54) bién thanh hé phuong trinh vi phan cap 1

Y=Y,

2.56
Y:=le(y|a’)[h(yl’yz*f)‘k(yl’y:”)] 220

Ap dung cic phuong phap sb giai hé phuong trinh (2.54) hoac hé phuong trinh
(2.56) ta tim dugc cac dai lugng trang thai ciia hé.

§3 CAC PHUONG PHAP SO GIAI HE PHUONG TRINH VI PHAN-
PAI SO CUA HE NHIEU VAT

Khi thiét lap cac phuong trinh chuyén dong ctia hé nhiéu vat héldonom co chu tric
mach vong, chang ta c6 thé sir dung cac phuong trinh Lagrange dang nhén tir hodc
céc phuong trinh Lagrange loai hai. Néu sir dung cac phuong trinh Lagrange dang
nhén tir, ta nhan dugc mot hé phuong trinh vi phan dai s6 mé ta chuyén dong cua
hé nhiéu vat holoném

Ms+® A =p, 3.1
f(s,t) =0 3.2)
Trong d6 M la ma tran khéi lugng suy rong, s = [s, 383500 S, " la cac toa do vat ly,
A :[A,,AZ,...,AI,]T fa vécto cac nhan tir Lagrange, f =[ﬁ,f2,...,ﬁ]T =0 la cac

di€u kién rang bugc, ®_ la ma tran Jacobicd rx f .
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f
Q:% (33)
Céc thanh phan P}’ cua vécto p, =[p,“),pi”, wp)

(3.1)cé dang

T or
u) -— i=1,..., 34
=035 2, ab aay, a5 UThen) G4

Trong d6 T la dong nang ciia hé nhiéu vat, Q, la céc luc suy rong.

] & vé phai ciia phuong trinh

Cac phuong phap giai hé phuong trinh vi phéan dai s6 (3.1) va (3. 2) ¢6 thé chia
thanh ba nhém nhu sau:

1) Phuong phap tach cac nhan tir Lagrange,
2) Phuong phap bién ddi vé cac toa do suy rong doc 1ap,
3) Phuong phap giai truc tiép hé phuong trinh vi phan - dai sé.

3.1 Phwong phap tich cac nhin ti Lagrange
a) Bién doi h¢ phuong trinh vi phin- dai s6 vé hé cdc Pphucong trinh vi phin thiong

Dang vécto cdc phuong trinh lién két (3.2) co thé viét lai duéi dang hé cac phuong
trinh dai sb phi tuyén nhu sau

Ji(81585500,8,,00=0, (k=1,.,r) (3.5)
bao ham theo thoi gian cac phirong trinh lién két (3.5) ta duogc

& %, 9

‘ =0, k=1,..., 3.6
dt ,,as' ot ( ) (36)

ilz_fi_ . afk ': $$ \ ﬂ‘v azf;‘—
dr’ —Z ZZ@.& 08, %% Zatasisi-{- or’ =0

il / J=t i=t i=l (3-7)

tk=1,.r)

Tur phuong trinh (3.7) ta suy ra

D R LV N
gas i Z,Z, T ;6155 FEa (3.8)

k=1,.,r)

Céc phuong trinh (3.8) ¢6 thé viét gon lai duéi dang ma tran
®5-p, (3.9)

Trong d6 p, :[p,‘”,...,p,‘,z’ !

P I i 2 ’f. O,
B Zzas 3, Si% zafas ar

J=1 izl i=]
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Két hop phuong trinh (3.1) va phuong trinh (3.9) ta dugec:

B{ ﬂ[;Hﬂ (3.10)

H¢ phuong trinh (3.10) dugc goi la hé phuong trinh vi phan chuyén dong cua hé
nhiéu vat v4i cac diéu kién rang budc dang vi phén.

Néu ta thuc hién phép dbi bién:
=s ,y,=y,=$ » ¥, =8 (3.11)

thi hé phuong trinh (3.10) dugc bién ddi vé dang

E o oly] [v

0 M @ |y,|=|p (3.12)

0 @ 0| 2 P,
H¢ phuong trinh (3.12) dugc goi 12 hé phuong trinh vi phén chuyén dong cta hé
nhidu vat holéndm véi cac diéu kién rang budc dang vi phan.
b) Sw tiong dirong ctia hé phirong trinh (3.1), (3.2) va hé phuong trinh (3.10)
V& sy tuong duong clia hai hé phuong trinh (3.10) va (3.1), (3.2) ta ching minh hai
dinh ly sau.
Dinh Iy 1. Néu s'(¢) 1a nghiém ciia hé phuong trinh (3.1), (3.2) v6i céc diéu kign
ddu s'(t,)=s, va §'(t,)=8§, thi s'(¢) ciing la nghi¢m cia hé phuong trinh (3.10)
v6i cling cac diéu kién dau trén.
Chimg minh. Néu s°(¢) 1a nghiém cta hé phuong trinh (3.1) va (3.2) ta ¢6 ddng
nhét thirc

f[s"(¢),t]=0 (3.13)
Do d6 ta co
@, [s"(1),118" (1) = p,[s (0),8" (1), 1] (3.14)

Dinh Iy 2. Néu s (¢) 1a nghiém ciia h¢ phuong trinh (3.10) véi cac diéu kién dau
s'(1,)=s, va § (t,) =8, thi s'(¢f) ciing la nghiém cia hé phuong trinh (3.1), (3.2)
véi cing diéu kién dau, néu nhu s,,$, thoa mén cac phuong trinh sau:

£(s,,2,)=0 | (3.15)
£(5,,8,,4,) =0 (3.16)
Chimg minh. Néu s’(¢) 1a nghiém cia hé phuong trinh (3.10) thi ta c6 hé thirc
f=® [s"(6),t 8" (1) - p,Is (1,8 (1),]=0
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Tir d6 suy ra

f= C,

f=Ct+C,
Tir cac diéu kién (3.15) va (3.16)tasuyra C,=C, =0.Do d6 tacéd

f[s"(£),t]=0
¢) Xdc dinh cdc diéu kién dau ciia cdc toa dé suy réng phu thudc va cde vin toc

suy rong phu thugc

Khi giai hé phuorng trinh vi phan chuyén dong ciia hé nhiéu vat 6 f béc tu do, ta
phai cho truéc £ gia tri dau cua cac toa do suy rong doc 1ap va cac van toc suy rong
doc lap ¢,(0),.. 4;(0),4,(0),...,4,(0) . Trong hé¢ phuong trinh (3.10) con c6 r toa do
suy rong du z,(¢),...,z,(t). Vi vy ta con phai xic dinh cac diéu kién diu cia cac
toa d9 suy rong va cac vén téc suy rong du. Theo dinh ly 2 & trén ta c6:

f.(q,(O),...,q/(0),21(0),...,2,(0),0)=0, (=1,.r) (3.17)

o,
ﬁf_ (0)+Z—(0 (0)+—§tL(0)=o, G =1,er) (3.18)

Tir phuong trinh lién két (3.17) khi biét g,(0),...,q,(0) ta d& dang xc dinh dugc
cac gia trj gin dung cia 2,(0),...,2,(0) (chdng han bing phuorng phap db thi). Liy
céc gid tri ndy lam gia trj du, giai hé phuo‘ng trinh dai sb phi tuyén bing phuong

phap lap Newton-Raphson tim duge céc gia trj ddu cta cac toa do suy rong du kha
chinh xac.

Dé xéac dinh cac gid tri d4u cua cac van tée suy rong du, ta xét hé phuong trinh
(3.18)

X VN TR .
;5:(0)2"(0)_ ;aq (0)4.(0=—(0),  (j=1...7) (3.19)

H¢ (3.19) lahé r phu‘orng trinh dai s6 tuyén tinh cda r 4n 1 2,(0),....2 (0) Giai hé

phuong trinh dai s6 nay ta xac dinh duoc cac gia tri ddu cua cac van tde suy réng
dur.

d) Gidi hé phuong trinh (3.10)
Gia thiét ma tran

M @

o ]

1a ma tran khéng suy bién. Khi dé tir hé phuong trinh (3.10) ta suy ra
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5 = h(S)500rS, 5815008, ,8)  ((=1,..,1) (3.20)
Ay = 2815058581 50008,50) (J=1,07) (3.21)

Viée tim biéu thic giai tich cua § va A; noi chung rat kho khan. Vi vay nén sir
dung phuong phap sb dé giai. Sau d6 ding phuong phap sd (chang han phuong
phap Runge-Kutta-Nystrém) giai hé phuong trinh vi phan thuong (3.20). T d6
tinh dugc cac thira so Lagrange A,. Cha y rang cac thira s6 A, 1a mét phéan caa cac
phan luc lién két tai cac khop cna hé nhiéu vat. So db khéi ciia phuong phap giai
trinh bay trén hinh 6.4.

Tinh todn cac di€u kién dau cia cac toa dg va cac vén toc suy
rong du

A

> Vong tinh tich phdn

XacdinhM,®_,p,,p,

Y

Tinh § , A

Tich phan

Layras,$,s,A,t

Két thic vong tinh

Hinh 6.4
Ban doc nao quan tdm dén viéc giai cac phuong trinh vi phan - dai s6 cia hé nhiéu

vat theo phuong phap niy cé thé tim doc cac tai liéu ciia Nguyen Van Khang
(1973, 1975),...
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3.2 Phuong phap bién d6i vé cic toa dd suy rjng doc liap

Y tudng co ban cua phuong phap nay la: Khir céc toa d6 suy rong phy thugc va cac
nhan ti Lagrange, bién doi hé phuong trinh vi phan dai s6 (3.1), (3.2) vé hé
phuong trinh vi phan thudng véi s6 phuong trinh bing sb bac ty do cira hé.

Pé don gian ta xét cac lién két bd xung khong phu thudc hién vao thdi gian. Cac
phuong trinh lién két (3.2) c¢6 dang:

[i(Spss,)=0, (k=1,...,7r) (3.22)
Cac phuong trinh (3.6) bay gid ¢6 dang

Z?-fis;. =0, (k=1,..,r) (3.23)

i=l as,‘

Ta phén tap céc toa d6 vat Iy s, ,--»8, thanh hai tdp con
Gissqy Tap cic toa d6 suy rong doc lap.
Z,,....z, : Tap cdc toa d¢ suy rong phu thude.

Chily ring f+r=n.Sé lugng céc toa d6 suy rong phu thude bing sb lwgng cac
phwong trinh lién két bd sung. Gia sir tir (3.22) ta giai ra (bang phuong phap giai
tich hodic bang thudt toan sé) hé thitc z = z(q).

Ta sép xép lai cac phuong trinh (3.23) dudi dang nhu sau

2, 0
AR AL A ;
o, T &z, |0q, og, | 2, |- 0
S L e ] (3.24)
AN AL A A I
0Oz, ' oz, | g, 99, : :
L 9y L 0 i
Ta dua vao cac ky hiéu :
% & A
P 5, 2, 24,
D (q.2)=| ... ... w | ®(q2)=| ... ... (3.25)
AN A % o
10z, T &, | 9q, T oq, |
Vi cdc ky hi¢u dua vao & trén phuong trinh (3.24) c6 thé viét lai duéi dang
©.(9,2)2+®,(q,2)4 =0 (3.26)
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Trong d6 ®_ 1a ma trdn vudng cd rxr, con D, la ma tran chit nhat c& rx f. Gia
stv @_ la ma tran khong suy bién, detd_=0,tr(3.26)tasuyra
z2=-0(q,2)®,(q.2)q (3.27)
Néu ta dua vao phuong trinh déng nhét )
q=Eq , E la ma trin vudng cap f, (3.28)

thi cac phuong trinh (3.27), (3.28) ¢6 thé viét gop lai thanh mot phuong tinh ma
tran nhur sau

Cfa] | E . 399
;|7 00, |4 (3.29)

Néu ta dua vao ky hiéu

[ E
R(q,z) = _o"' } (3.30)

thi phuong trinh (3.29) dugc viét gon lai dudi dang
$=R(q,2)q (3.31)

Tro lai phuong trinh (3.23). Phuong trinh nay ciing c6 thé viét dudi dang ma tran
nhu sau

Ds=0 (3.32)
Trong do
A R e R AL A
T 2, 20, 24, "
D = . R T (3.33)
A A B A AL A A
| Os, s, | | oq, 9q, |z, Oz, |
Thé biéu thirc (3.31) vao phuong trinh (3.32) ta dugc -
® (q9,2)R(q,z)q=0 (3.34)
Do ¢i,....¢, la ddc lap tuyén tinh nén tir (3.34) ta suy ra hé thic
D (q,2)R(q,z)=0 (3.35)
Tu d6 ta co
R’ (q.2)®] (q,2) =0 (3.36)
Tro lai phuong trinh Lagrange dang nhén tir (3.1)
Ms+® A =p, (3.37)

290



Nhan bén trai phuong trinh trén v6i ma tran R’ ta dugc

R'Ms+R'®]A=R"p, (3.38)
Chu y dén cong thirc (3.36), tir (3.38) ta suy ra
R'Ms=R"p, (3.39)
Dao ham theo thoi gian biéu thirc (3.31) ta duoc
=Rg+Rq (3.40)

Thé biéu thirc (3.40) vao phuong trinh (3.39) ta co

R'M(R{ +R¢)=R'p,
hay

R'MR{ =R’p, -R"MRqg (3.41)
Phuong trinh (3.41) 1a phuong trinh vi phan chuyén déng cua hé nhiéu vat c6 céru
tric mach vong trong cac toa d§ suy rong doc 1ap. Trong d6 M 1a ma tran khoi
lugng,, cbq ma tran R duoc xac dinh bdi cong thitc (3.30). Phuong trinh (3.41) ¢c6
the bién do6i ve dang

. " 'I hd . .

§=(R"MR) (R'p, ~R"MR{) =g(q.4,!) (3.42)

Chii y. Khi tinh toan dao dong phi tuyén cia co hé nhiéu vit h6londm ta nén bién
ddi he phuong trinh vi phan dao dong cua hé vé céc toa do tbi thiéu. Khi d6 ta nhan
duoc mdt sb lugng t6i thiéu cac phuong trinh vi phan mo ta dao dong coa hé.

3.3 Phuong phdp gidi truc tiép hé phwong trinh vi phan- dai sé

Trong hai phan trén ching ta da ban ve viéc giai hé phuong trinh vi phéan dai so
M(s)s + @ A =p,(s,$) (3.43)
f(s) =0 (3.44)

bang cach bién dbi chung vé h¢ phuong trinh vi phan thuong. Hién nay da c6 kha

nhiéu phuong phap giai truc tlep h¢ phuong trinh (3.43), (3.44). Trong doan nay ta
trinh bay mét y tudng giai truc tiép hé phuong trinh vi phan dai sb trén.

Ta dua vao bién méi v=s, hé phuong trinh (3.43), (3.44) c6 thé viét lai duéi dang

M(s)v=-® A +p,(s,v) (3.45)

§=v (3.46)

f(s)=0 (347)
Néu thyc hién phép dbi bién

y=[s" v, A" (3.48)
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hé phuong trinh (3.45), (3.46), (3.47) c6 thé viét lai dudi dang

g(y,y,0)=0 (3.49)
Gia sir tai bude l3p thir j ta cé thé xac dinh dugc y,.y,. Khai trién Taylor véc to
ham g(y,y,t) quanh vi tri trén ta dugc

og og

gy, +Ay,,y, +Ay;,t;)=¢, +5—§ij +é—yij +..=0 (3.50)
Sir dung so do tich phan nhiéu budc n, ta c6 cong thirc
k
Yin= Zaiyj~i+l - hﬂoyjn (3.51)
i=l
Tir d6 ta c6 thé chon mot xp xi don gian
1
Ay, =———A 3.52
Y, =7 5 /y, (3.52)
Thé biu thirc (3.52) vao hé thic (3.50) ta duoc
%‘ ij+$ ( LA JzO ‘ (3.53)
i oy,\ kb,
Tir (3.53) suy ra h¢ phuong trinh dgi s& tuyén tinh xac dinh Ay,
Ay, =-g, (3.54)
{ay 1, 35 } /
Tir d6 xac dinh cong thirc xac dinh céc dai lugng y, y & bude tiép theo
Y=Y, Ay, ,¥,., =Y, +Ay; (3.55)

Nhu thé cac bude tinh toan dugce thuc hién theo trinh ty sau:
1) Céc gia tridu bdo y .y,
2) Tinh g;. Néu c6 sai s 16n (Igjl <& khoéng thoa min, v6i & 13 tham s6 bé
cho trudc), chuyén sang budc 5,
3) Giai phuong trinh (3.54), tinh Ay, . Sau dé tinh y, .y, theo (3.55),

4) Tro lai bude 2.
5) Diéu khién budc ldy tich phan va cc thi thuat khac 1am ting d chinh
xéc cua thuat toan, sau d6 chuyeén sang budgc 3.
Viéc sir dung phuong phap sO giai truc tiép cac phuong trinh vi phan dai sé thuong
méc phai sai sO I6n hon so vd&i cac phuong phap giai hé phuong trinh vi phéin
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thudng (Phuong phép thir nhét va Phudg phép thir hai). Chinh vi vay vi€e néng cao
d6 chinh xéac cua cach giai tryc tiép hé phuong trinh vi phan-dai s6 con dang dugc
nghién citu tiép. Ban doc nao quan tim dén van dé nay c6 thé tim doc C. W. Gear
(1984), E. Eich-Sollner and C. Fuehrer (1998), D. Negrut, E.J. Haug, and H.C.
German (2003), X. Wang, E.J. Haug, and W. Pan (2005),...

3.4 Ciac thi du ap dung
Thi du 6.3. Cho biét phuong trinh cl]uyén,déng dang vi phén daiﬂsé clia co cau bdn
khau (hinh 6.5). Tim qui trinh giai bang so hé phuong trinh chuyén dong nay.

y

U Z, S

S5

q,

2. (1,2) 2 (1,4)

Hinh6.5

Loi giai. Theo, thi giu 5.17, Chuong 5, hé phuong trinh vi phéan dai s6 mo ta chuyén
ddng cua co cau bon khau co dang.

(1 +n,El +myl; )q2 +m,l [fc cos(q, —¢;) + 1, sin(q, —q3):|ij3
smyl,[ =&, sin(g, - q,)+ 7, cos(q, —4,) ]2
=7,— (mzfq + m3lz)gcos q, —Al,sing, + 4,1, cosg, )
[ £o, ©08(d; = ) + e, sin(g, — ) |+ | £ +my (82, 412, ) |4,
+my,| & sin(g, —g,) -1, cos(q, — q) | &3
= -mjg(fq cosq, 1], sin qs) —Alsing, + A1, cosgq, 2)
[14 +m, (/;é +7]c, )]q4 = —mAg(fq cosq, ~7c, sin q4) + A1, cosq, — Al sing, (3)
Ngoai ra ta c6 thém hai phuong trinh lién két bd sung

f,=1l,cosq, +1,cosq, -1, cosq, —x,,=0

4
f, =l sing, +1;sing, —1,sinq, =0 @
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Dao ham cac phuong trinh lién két (4) theo thoi gian ta dugc
fx =-1,q,sing, —1,q,sing, +1,4,sinq, =0 (%)

fz =1,q, cosq, + 1,4, cosq, —1,4,cosq, =0 (6)

Pao ham lan nita cha phuong trinh (5) va (6) theo thdi gian, ta suy ra hé hai
phuong trinh sau

L4, sing, —1,gsing, +1,4,sing, =1,4; cosq, +,¢; cos g, —1,4; cosq, (7)
LG, cosq, +1,§, cosq, — 1,4, cosq, =1,¢3sing, + g sing, —1,4;sing, (8)

Céc phuong trinh (1), (2), (3), (7), (8) c6 thé viét gon lai dudi dang ma tran nhu sau

7
ERA
q 2
Trong d6
_of |-Lsing, —lsing, [sing,
¢ _:3—<;_[lzcosqZ l,cosq, —Lcosqj

My, My My,

M=\m, my,; m,

33
my, m, my,
Cac phén tir cia ma tran M va ciia céc vécto py, ps ¢ dang
my, =1, + 1;12§C23 + 1113122 s My, =y, =, [§C3 cos(q, —¢,) + 1 sin(g, — q3)]
my,=m, =0

- 2 2 - -
my, =1, +m ({m +I]C3), ny, =mg =0

2 2
my,=1,+m, (ﬁm + 77(.4)

p](l) - —m312 [_(:m Siﬂ((]z — q}) + ey cos(ql =, ):| q§ —(mzfc3 + 771312 )gCOS q, +7,

Py =-ml, [fm sin(q, - q;) — 1 cos(g, - (13)] q; ~myg(&c,c08¢; ~ 7, sing, )
P;” = —’"Ag(fm COS G, ~ ¢, SIN (14)
pi” =1,q; cosq, +1,4; cosq, —1,4; cosq,

pg” = lzqz2 sin q, + 12432 sin q, — ldqj sin q4

Tir hé phuong trinh (9), ta c6 thé giai ra dugc
i=r(q.9.7) (10)
A=2(q,q,1) (11)
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Trong thi du nay ta phai cho biét cac diéu kién dau q,(0),4,(0). Ttr (5) va (6) ta
tim dugc  ¢,(0),4,(0). Tur (4) ta tim duoc ¢,(0),4,(0). Biét cac diéu kién dau nay,
dé dang giai hé phuong trinh (10) bang phuong phap sb, ching han phuong phap
Runge-Kutta-Nystrom,

Thi du 6.4. Cho biét phuong z
trinh chuyén dong cua qua

cau lan khong truot trén mat

phiang nham (hinh 6.4). Xay

dung qui trinh tinh toan

chuyén ding cia qua cau

bang phuong phap sd.

Loi giai. Theo Thi du 5.18,

Chuong 5, ta c6 hé nam
phuong trinh chuyén doéng x

cua qua cau lan khong truot

trén mat phing nham Hinh 6.6
mx,. = p; mye = p,
I(g+ycosO— 1/'/49:sin 0) = —pasinOcosy — yasinGsiny i
Ty + @pcosd—@Osind) =0
10 + ¢pyrsin@) = M asiny — w,acosy
Ngoai ra ta ¢ hai phuong trinh lién két phi holonom
X +agsinfcosy — afsiny =0 @

Y + agsin@siny +abcosy =0

Trude hét ta khir cac nhan tir Lagrange JTARY: Ry TR Thé hai bidu thirc dau cua (1)

vao cac phuong trinh thir ba va tha nam cua (1), ta duge hé ba phuong trinh thay
cho nam phuong trinh (1)

I(q’i +1/cos B —y7fsin 9) =masin@(X, cosy + y_siny) (3)
I(y7 + peos0 — pOsin ) =0 (4)
I(§+¢t//sin6’)=ma(j}r cosy — X, siny) (5)

Dao ham céc phuong trinh (2) theo thoi gian ta dugc
X +apsinfcosy — afsiny = -apcosOcosy + apysin@siny + abyr cosy (6)
P +a@sin@siny + ab cosy = —apBcosBsiny —apys sin@cosy + abysiny (7)
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Hé céac phuong trinh (3)(7) ¢ thé viét dudi dang ma tran nhu sau

_mn my, m; my, mls_rjc‘c- hll
My My, My My My |y, h,
My My, My My, My (Vg | =) by ®
my M, M, M, I ] h,
| s, Mgy Mgy Mg, Mg ] ¢ | th_
Trong d6:
m,, =—masin@cosy , m,=-masingsiny

m,=1Icos@ , m,=0, m;=1

my, =0, my, =0, my=1, my, =0, my=1Icosf

my, =masiny, m, =—-macosy , my =0, my,=1, m;=0

my, =1, m,=0, m,=0, m,=-asiny, m,=asinfcosd

mg, =0, m,=1, my;=0,my,=acosy, my=asinfcosy

h, = Iyfsind, h, =Ipfsinb, hy =—Igysind

h, = —apOcosfcosy +a@yrsinfsiny + abyr cosy

hy = —a@fcosOsiny —apysinGcosy + alyssiny
Trong thi du nay nidm toa d¢ x.,y...0,¢ la cic toa do ti thiéu nén phai cho
truge cac didu kién ddu x_(0),y.(0),(0),6(0),(0) . Hé c6 ba bac ty do cho nén ta
chi ¢6 thé cho trudc ba gia tri ddu cua van tc suy rong, chang han cho truéc
%_(0),5.(0),y7(0), cac gia tri dau cta hai van toc suy rong con lai duge xac dinh tir

cac phuong trinh lién két _phi héléném (2). Blet duoc cac didu kién ddu ta c6 thé
giai hé phuong trinh (8) bang phuong phap 5.

§4 TUYEN TiNH HOA CAC PHUONG TRINH VI PHAN CHUYEN
PONG CUA HE NHIEU VAT

4.1 Thiét 1ap phwong trinh phi phin chuyén ddng tuyén tinh héa ciia hé

nhicu vt

Trong chuong S ta da biét, cac phuong trinh vi phan chuyen dong ctia hé nhiéu vat

¢ cdu truc cdy 1a mét hé cac phuong trinh vi phan thuong cap hai c6 dang
M(q.0)d +k(q,9,7) =h(q,q,1) (4.1)

Néu ap dung céc phuong trinh Lagrange dang nhéan tir dé thanh 1ap cac phuong
trinh vi phan chuyén dong cia hé nhiéu vat ¢ cdu tric mach vong ta nhan dugc
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mét hé cac phuong trinh vi phan-dai sb. Ta ciing ¢6 thé khir véc to nhéan tir
Lagrange va céc toa d6 du dua hé phuong trinh vi phén-dai s& vé hé phuong trinh
dang (4.1) veéi ) phuong trinh bang sb bac tu do cua hé. Dé giai hé £ phuong trinh
vi phan cap hai (4.1) ta can phai ¢6 truge 2f cac didu kién dau

q(,) =9, ,9(,) =4, 4.2)

Cac phuong trinh vi phén chuyén dong (4.2), néi chung, 14 mot hé cac phuong
trinh vi phén phi tuyén lién quan nhau. Do tinh phirc tap cua hé cac-phuong trinh vi
phan chuyén dong (4.1), ching ta rat khé tim nghiém bang phuong phap giai tich.
Nguoi ta thuong hay xac dinh nghiém ctia hé (4.1) bing cac phuong phap sd.

Trong nhiéu bai toan ky thudt, cac chuyén dong q(f) cia hé nhiéu vat thudng gioi
han niam & I4n c4n mot chuyén déng q <(t) da cho truéc. Chuyén dong nay trong
cac bai toan cu thé thuong dugc goi la « chuyén dong qui chiéu «, hoac « Wchuyén
dong theo chuong trinh “, hodc “ chuyén dong mong muon “, hodc “ chuyén dong
co ban “, v.v... Trong tai li€u nay ching téi qui udc got q,(¢) la “ chuyén dong co
ban

Trudng hop don gian nhat ctia chuyén dong co ban 1a vi tri can bang cta hé

q; =const =>q,=0,q,=0.

Trong dong luc hoc robdt, chuyén dong co ban la cac chuyén dong cua cac dai
lugng trang thai, do chuyen dong cho trudc cua khau thao tac quyet dinh. Trong

dong luc hoc cac hé truyén dong, chuyén dong co ban la chuyén dong sinh ra do

khau dan quay déu, cac khau khac xem 1a cac khau ran, v.v...

Khi d biét chuyén dong co ban cila hé, ta ¢6 thé bién ddi hé phuong trinh vi phan

phi tuyén (4.1) vé hé phuong trinh vi phan tuyén tinh mét cach gan dung. Viée bién

déi nay thuong duge thuc hién nho khai trién Taylor cac ham phi tuyén trong (4.1)
quanh cac chuyén dong co ban di biét, sau d6 bo qua cac sé hang phi tuyén.

Néu ky hiéu d6 chénh léch gitra chuyén dong thuc q(f) va chuyén dong co ban
mong mudn q,(0) 1a Aq(r), ta c6 cac hé thic sau

q(1) = q, (1) + Aq(r)
q(0) =q, (1) + Aq(r) (4.3)
() =q, (N +Aq()
Dé cho gon sau day ta ky hiéu
Aq(H)=x, Aq(t)=%, A4(t)=X 4.4)

Chuyén dong xéc dinh bdi x dugc goi 1a chuyén dong phu (additional motion) hoac
chuyén dong nhiéu (perturbed motion).

D¢ thuan tién cho céac trién khai tinh toan sau nay ta néu 1én mét vai dinh nghfa sau
day.

297



- Chuyén dong co ban cua hé cac vat ran la chuyén dong theo chuong trinh lam
viéc da dinh san cua hé. Chuyen dong phu ctia hé cac vét ran la do léch gita
chuyén dong thuc va chuyén dong co ban cua hé.

- Chuyén dong co ban coa h¢ nhiéu vat gdbm cac vat rin cé cac khép ndi dan hdi,
hodc c¢6 mot s6 khau dan hi 1a chuyén dong theo chuong trinh 1am viéc da dinh
san ctia hé khi bo qua anh hudng cia cac phan tir dan hdi. Khi d6 chuyén dong phu
ctia hé 1a do léch gitra chuyén dong thuc va chuyen dong co ban cua hé. Trong
trudng hop nay ta xem cac chuyén dong dan hdi 1a nho.

Trén co s& khai niém chuyen dong co ban va chuyén dong phu ta co thé tuyén tinh
hod cac phuong trinh vi phan chuyén dong cua hé nhiéu vat. Phuong trinh vi phan
chuyén dong (4.1) c¢6 thé viét lai duéi dang nhu sau

f(q,(],q,t) - h(q’q’t) (45)
Trong do ta ky hiéu:
f(4.9.9.1) =M(q,1)§ + k(q,q) (4.6)

Khai trién Taylor ham f(q,q,q,7) quanh chuyén ddng co ban q,.4,,q, taduoc:
£(4.9.9.0) =1(q, +X,q, + X,qR +X,0)

—f(qqu,qk,t)+ (qk,qk,qk»t)ﬂ (qR,qR,qR,t)x (4.7)

+~(in,qR,qR,t)x + cac sb hang phi tuyén
h((ivqa’) :h(qk + X’qR +X t)

—h(qR,qRJ)+ (qR,qR, )X (4.8)

8h . oz S
+ —a——(qR,qR,t)x + cdc s0 hang phi tuyén
q
B6 qua cac sd hang phi ,tuyén trong (4.7), (4.8) thay ching vao (4.1) ta dugc hé
phuong trinh vi phan tuyén tinh:
M(@)Xx+ C(O)x + K()x =d(¢) 4.9)

Trong do

of .. .
M(t) :—f._(qRaqkaqfnt)
oq

of ch
C t)y =— d . ) B ,t -—(4 s st
) P T I PR 24 (qz>951) (4.10)

of .. . ch .
K(t) :*(qk,qkaqk,t)_—(qlquat)
aq &q

d(t) =h(qg,q,,1) (G, q,,9,,1)
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Dé dua hé phuong trinh vi phan (4.9) vé cac phuong trinh trang thai ta thyc hién
phép dbi bién:

X X
y=[], F[.} 4.11)
X X

V6i phép dbi bién (4.1 1) phuong trinh (4.7) dugc dua vé dang:
y =Py +1(1) (4.12)
Trong do

P(t)=|———= —— _——__
-M'K | -MC

(4.13)

4.2 Céc thi du ap dung

Thi du 6.5. Thiét lap phuong trinh
chuyen dong tuyén tinh hoi cua
rébét cuc nhu hinh 6.7,

Loi giai. Phuong trinh vi phén

X
chuyén dong cua rd bt tay may cyc p
(hinh 6.7) ¢ thé tim doc trong cac = - u(t)
b2t
gido trinh vé Co hoc ky thudt. Cac
phuong trinh chuyén dong c6 dang Hinh 6.7

(1 + myu’ )(})’ +2myugui + (ma + myu)g cosp = M (1)

ey
nii — nug? + m,gsing = F(f)
Gia sir quy dao chuong trinh cia cia tay may la
u,()=vt ,v=const, 0<r< f, @)
Pr()=at,®=const , 0<t<t,
Dé tuyén tinh hoa phuong trinh trén ta dat
u(t)=u,(t)+x
P0) = @p (1) + x,
Ta dua vao cac ky hiéu
fi= ([ + 1)12142)¢ +2myugi + (ma + 111211)g005¢ 4
Jo =myii —mug® + m,gsing (5)
H¢ phuong trinh (1) bay gid c6 dang
u,u,i,0,0,0)=M(t
Si( P.0,9)=M(t) ©)

Solu,u,ii, 0,0,¢) = F(1)
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Biéu thirc dao ham riéng ciia cac ham trén

Qf_'— =0, % =2mug , % =2mu + 2m,pu + m,g cosQ
Oii ou - Ou - (7)
o % %

LT vmu’ =2 =2mun , = =—(ma+m,u)gsin
a(ﬁ 2 a¢ 2 aq) ( ] 2 )g ¢

o H_g &

i ou ou
o,
o¢

Tuong (ing v6i phuong trinh (4.9) cdc ma tran  M(r), C(1), K(¢) trong thi du nay
c6 dang

=—m,p’

8
o, Y, ®)

0
=0, >3 =-2mup , —==m,gcos
B¢ MY 20 ,&C05¢Q

o o
M) = op Oii _ I+mytt 0
o o 0 m,
o¢p 0ii |,
L
op o 2my’t  2myovt
(1) = ¢ O _| 2my 1,V
o, o, —2m,wvt 0
o¢p Ou |,
% A
K(t) = dp ou | |-(ma+myvr)gsinot 2m,ve + i, g cos ot
o, o - n,g cos ot -m, o’
op Ou

JR

Phuong trinh vi phédn tuyén tinh hoa quanh chuyén dong theo chuong trinh c6 dang
‘:I +mviet 0 W[r,}+{ 2m,v’t ZmZa)vt}[x,]
0 my || X, —2m,wvt 0 X,

+|:—(mla +myvt)gsinwt  2m,ve + n,g cos wt}[xl } N [AM(t)}

m,g cos ot —m,@” AF(¢)

Trong d6 AM () , AF(¢) 1a 46 léch gitra cac luc suy rong thuc té stir dung va lyuc
suy rong can thiét dé tao ra chuyén dong qui chiéu.

X2
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Thi du 6.6. Thiét 1ap phuong trinh vi phan dao dong tuyén tinh hoa cua hé truyén
lF(t)

déng nhu hinh vé 6.8.

Hinh 6.8

Loi giai . M6 hinh dao dong nhu trén hinh 6.8 1a mét hé gdm cac vat ran nbi ghép
v6i nhaw bang cac phén tu 16 X0 va phén tir can tuyén tinh, khéng khéi lugng va
hanrfruyen U(p,) phi tuyén. Céac biéu thirc dong nang, thé nang cia hé c6 dang
1. ., 1 ., 1 5 1
T =510¢§ +51,(p12 +-2—m2x§ +—2-m3x3z (1)

H=—12—k (o - ¢0) +— k( y) +— k(x3 x,) )

Ta chon céc dai lugng ¢,,9,,4,,9, lam céc toa d6 suy rong. Tir mé hinh co hoc
nhu hinh v& 6.8 ta d& dang tinh dugc cac luc suy rong ung véi cac luc khong c6 thé
"p _M(t) +¢ (¢1 ¢o)
”p = _F(t)U’ -G ((01 (po)

o 3)
=-F(t)-c,q,
Y =-F(t)~cq,
Thé cac biu thirc (1), (2) va (3) vao phuong trinh Lagrange loai hai
4o\ or__ A ow @
dt\oq, ) 9, O
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Ta nhan dugc cac phuong trinh vi phan dao dong cua hé truyén dong nhu hinh 6.8:
L, = (f —05) =k (9 —0,) =M (D) )
[1, +(m, + 1/13)U'2]¢', +(my, +m UG, +mUG, + (my +m )UU"G +

+¢, (@ @)+ k (9, — ) =—F(O)U'
(m, + m )U'p, + (m2 + m3)('j2 +m,g, + (m2 +m UG} +c,4, +kyq, =~F () (7)

0

mU'G, + myg, + myg, + mU"9 +c,q, + kyqy, = —F (1) 8)
Trong d6 U(g,) 1a ham truyén ctia co ciu. O trang thai lam viéc binh 6n ta xem
gan ding van téc géc Q cua khau din 1a hing s6. Do c6 phan tir dan héi k, va
phan tir can ¢, nén goc quay ¢, cia cam thay ddi mot dai lugng nho so véi
@, =S

@, =Q+q, (9)
Trong pham vi dao dong nho, ham truyén y=U(p,) phu thudc chu yéu vao
@, =€, va thay dbi nho khi ¢, thay ddi. Do d6 ¢ thé khai trién Taylor ham
U(gp,) taivitri Q1 »

UQe+q)=U+Uq, +%U"qf+... (10)

Trong d6 ta sir dung ky hiéu
U=UQ,U =U"Q),U"=U"(Q), .... (11)
Vi gia thibt cac toa do ¢,(i =1,2,3) nho (van tde, gia toc ciing xem 13 nho), tir cac
phuong trinh (6),(7),(8) ta suy ra phuong trinh vi phan dao dong tuyén tinh cia hé
[1, +(m, + 1113)0’2]('1', +(my +m UG, + mUG, +[cI +2(m, + m})QU'U"]q,
_ o _ v
+[kI + FU" +(m, +m, ) (U'U"’ +U"‘)]ql =—FU'—(m, +m,)QU'U"
(m, + my UG, + (my, +my) g, +mygy + 2(m, + 1)13)0(7"()l + 6,4,

2T > (13)
+(m, +m, ) QU + kyq, =~F - (m, +m,)Q°U"

m UG, + myi, + my, +2mQU'q, + ¢, + m Q20" + kyq, =—-F -m,Q*U"  (14)

Thong thuong F(r) la ham tuan hoan (hodc hing s6), do d6 cac phuong trinh (12),
(13), (14) 1a mot hé phuong trinh vi phan tuyén tinh hé s6 tuan hoan. Ta c6 thé viét
hé cac phuong trinh d6 dudi dang ma tran nhu sau

M(Q) + C(Q1)q + K(Qr)gq =d(x) (15)
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Trong do:

L+ (my +m )0 (my, +m Um0’
M@=\ (m, +m)U' m, +m, m,
mU’ n, m,
¢ +2(my+m)QUT" 0 0
CcQy=| . 2(m, +m,)QU’ ¢ 0
2mQU" 0 ¢
k+ FU"+(my +m)Q* (UT"+0") 0 0
K() = (m2 + 1113)920'" k, 0
mQ*U" 0 .k]
=FU" = (m, +m,)Q (7(7" q,
d= —F - (m +m, )Q [ . q=|q,
—F -m,Q*U" q,

§5 ON PINH CHUYEN PONG CUA HE NHIEU VAT

Mot linh vuc cua hé nhiéu vat con it duge nghién chu la on dinh chuyén dong.
Trong doan nay trinh bay mot so van dé co ban cua ly thuyét én dinh, dgc bi¢t 1a on
dinh cua cac hé tuyen tinh hé sb tudn hoan. Do cac thi du tinh toan 6n dinh cia hé
nhleu vét kha cong kénh nén khong trinh bay ky & day. Ban doc nio quan tam dén
van dé nay c6 thé tim hiéu trong céc bai bao cla tac gia & phan tai liéu tham khao.

5.1 Khai ni¢m 6n dinh chuyén dong
a) Khdi niém on dinh Liapunov

Phuong trinh trang thai ciia mot hé co hoc f bac tu do ¢6 dang

y =1(t,y), yz[yl,. ,y,,T n=2f

Trong ly thuyét phuong trinh vi phédn ta da biét nghiém cua hé phuong trinh vi
phan

y=1(y), yt,)=y, 5.1
phu thudc lién tuc vao diéu kién du, khi ¢ thay ddi lién tuc trén doan [a, b], néu vé
phai f(¢,y) thoa min cac diéu kién vé tdn tai va duy nhat nghiém. Trong phan nay

ta s& nghlen ciru sy phu thudc ctia nghiém phuong trinh vi phan (5.1) vao céac diéu
kién dau, khi t thay doi trong khoang vé han [1,,+») .
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Pinh nghia 5.1. Nghiém y’ = @(1) y

- T
—

ciia hé Phuo-ngw trinh vi phian (5.1) 1_ /\/\/\;‘_ D)
dugc  goi la on dinh theo nghia 3 5T Y
Liapunov néu nhu vé6i ¢ duong cho )
trude bé tuy y, ludn cé thé tim dugc L L ommmmm (1)
mét s6 duong o(g,t,) sao cho moi ! T~
nghiém y(f)cua h¢ phuong trinh vi tlo f
phén (5.1) tai thoi diém dau & kha gin Hinh 6.9
nghiém y’ = @(7)

ly(t) ~o(t,)] <8 (5.2)
thi né s& ludn thoa man diéu kién

ly©) -ew|<e, Vel +») 53)

Dinh nghia 5.2. Néu sé & >0 co thé chon khong phu thude vao diéu kién dau, tic
14 & =6(¢)thi én dinh theo nghia Liapunov ciia nghiém y" = @(f) dugc goi la én
dinh déu.
Dinh nghia 5.3. Nghiém y" = @(¢) ciia h¢ phuong trinh vi phan (5.1) duoc goi la
4n dinh tiém can, néu y" = @(t) n dinh theo nghia Liapunov va thoa min thém
diéu kién

lim|y(0) - (1)} =0 (5.4)
Pinh nghia 5.4. Nghiém y = @(t) y
ctia hé phuong trinh vi phéan (5.1) la V5(0)

khéng bn dinh né}l n6 khong thoa man
dinh nghia 5.1 vé on dinh theo nghia

lefpunov. ‘ o(t)
bicu d6 co6 nghia la: Ton tai mot

nghiém y; nao d6 cia hé phuong

trinh vi phan (5.1) ma tai thoi diégm O % t
ddu ¢, thoa man diéu kién Hinh 6.10

Iys(t)—ot,)] <8 (5.5)
nhung tn tai mot thai diém ¢, =£,(5) > ¢, ma

|ly5(tl) - y(tl )ll 2€ . (5-6)

Hinh 6.9 minh hoa khai niém 6n dinh Liapunov, con hinh 6.10 minh hoa khai niém
khong on dinh Liapunov.
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b) Y nghia co hoc ctia khdi niém 6n dinh Liapunov

o Chuyén dgng bi nhiéu va chuyén dong khong bi nhiéu

Néu (5.1) 1a phuong trin,h trang thai cia mot l}é co hoc thi mbi nghiém cua hé
phuong trinh nay cho bi€t mdt trang thai chuyén ddng cua co hé. Ta can nghién
ctru én dinh cia nghiém y”" =@(¢). Trong co hoc chiing ta quy wéc goi chuyén
dong can nghién ctru on dinh 13 chuyén dong khong bi nhi€u. Cac chuyén dong
y(¢) khac ma lic dau & gan o@(r) dugc goi la chuyén déng bi nhiéu. Néu cac
chuyén dong bi nhiéu luc dau (¢ =t,) & gin @(f) ma sau d6 van ludn & gin o(t)
thi chuyén dong khong bi nhiéu @(¢) duoc goi la 4n dinh.

oY nghia co hoc cua khdi niém on dinh Liapunov

Mot trang thai co hoc (q'(£),q (r)) duoc goi la bn dinh tiém can theo nghia
Liapunov, néu do tic dung cia mdt nhidu tirc thoi ndo d6 1am thay ddi trang théi
(q"(®),q" (1)) d6 cta co hé, thi sau d6 co hé c6 kha ning tu quay trd lai trang thai
(q' (®),4 (0)) cuané.

c) Bién dsi phirong trinh trang thdi, dwa chuyén déng khdong bi nhiéu vé goc toa do
Thuc hién phép ddi bién sb

x(1) =y(0) - @(1) (5.7)
Thé (5.7) vao phuong trinh (5.1) ta dugc
X=y-@=1(t, x+0) 1, 9) =g, %) (5.8)

Tir (5.8) ta thdy ham g(z,x) c6 tinh
chit g(t,0)=0. Vay néu y =o(t) Ia
nghiém cua phuong trinh (5.1) thi 1
x =0 la nghiém cua phuong trinh 2
(5.8). Sur n dinh cta nghiém y* = @(¢) /

cta phuong trinh (5.1) tuong duong vaéi

su on dinh cia nghiémx'(1)=0 cia :
phuong trinh (5.8). Hinh 6.11 cho ta ]

hinh anh v& khai niém én dinh cia 3 /

ngh‘iém x=0 trong kh(’)ngqgiall hvai 20
chiéu. Trong dé duimg (1) bi€u dién 6n
dinh cua nghiém x’ =0, duomg (2) biéu 2¢
dlen 6n dinh tiém can clha nghiém
x —0, con dtrcng (3) biéu dién su
khong 6 6n dinh cta nghiém. x" = 0.

\ 4

Hinh 6.11
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d) Khdi niém én dinh déu vao — dédu ra (6n dinh BIBO)
Xét hé phuong trinh trang thai ciia mét hé co hoc ¢6 diéu khién

y=f(t,y,u), y =[y1,...,y"]T, uz[u,,...,um g 5.9
Trong d6 u, (k=1,...,m) la cac diéu khién.
Dinh nghia 5.5. M6t hé co hoc dugc goi la én dinh dau vao - dau ra, néu tin hiéu
vao u(?) bi chan thi tin hiéura y(¢) ciing bi chin
@M <o = |y(@)|<N <o, MvaNlacac hang s (5.10)
Chuy:
- Tin hiéu vao thuong la Igc tac dung hodic mdt bd phan cua no, tin hiéu ra la cac
toa d6 suy rdng va van toc cac toa do suy rong cia co hé.
- On dinh diu vao - diu ra con duogc goi la én dinh BIBO (Bounded Imput
Bounded Output).
- On dinh dau vao - diu ra lién quan tryc tiép dén khai niém 6n dinh dong lye.
e) Khdi niém on dinh dong liec
Khai niém bn dinh déng lyc 1a mét trong nhimmg khéi niém quan trong khi gidi
quyét céc bai toan dong luc hoc k¥ thuat. Khai niém nay li€én quan truc tlep dén

khai niém gidi ndi ctia nghiém phuong trinh vi phan. Gia sir phuong trinh vi phéan
phi tuyén mo6 ta chuyén dong phu trong mét hé nhiéu vat c¢6 dang

X =g(x,?) (5.11)
Trong trudng hop tuyén tinh hé phuongtrinh vi phan chuyén dong c6 dang
x=P()x+£(1) (5.12)

Pinh nghia 5.6. Chuyén dong phu cia hé nhidu vat x = x(%;1,,X,) duoc goi la én
dinh dong luc, néu tdn tai mot héng s6 duong K hitu han, ma hé thace sau diy duoc
thod méan

|]x||<K vOimoi =1, (5.13)

Khao sat 8n dinh dong luc chia hé nhiéu vat 1a mot trong cac bai todn ma céc ky su
rat quan tam. Vé mat phuong phap nghién ciru, bai toan 6n dinh dong luc duoc dua
vé bai toan on dinh theo nghia Liapunov.

52 Ly }huyét tong quat vé sw én dinh cia hé phwong trinh vi phin
tuyen tinh
a) Cdc dinh nghia va dinh ly co ban

Xét hé phuong trinh vi phan tuyén tinh khong thuin nht

dy _
=AWy +() (5.14)
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va hé phuong trinh vi phan tuyén tinh thudn nhat tuong {ng

dx
— = A(f)x 5.15
7 (5.15)
Trong d6 ma tran A(¢) va vécto £(¢) lién tuc trong khoang (a,x).
Dinh nghia 5.7. Hé phuong trinh vi phan tuyén tinh (5.14) la 6n dinh (hoic khong
6n dinh), n€u tat ca cac nghi¢m y =y(¢) cta no6 s& 6n dinh (hodac khong 6n dinh)
theo nghia Liapunov khi ¢ - o,
Chu y. C)’ doan sau ta s& thiy, cac nghiém cia hé phuong trinh vi phan tuyén tinh
hodc la tat ca deu on dinh, hodc Ia tat ca deu khong on dinh. Tinh chat nay khong
c6 & cac hé phi tuyén. Doi voi cac hé phi tuyén c6 thé c6 nghiém nay on dinh,
nghiém khac khong on dinh. Khong c6 khai niém 6n dinh cta hé phuong trinh vi
phén phi tuyen.
Binh Iy 5.1. Diéu kién can va di d& cho hé phuong trinh vi phén tuyén tinh khéng
thuan nhat (5.14) on dinh, v6i ham f(/) tuy y, la nghiém tam thuong
x, =0, (¢, <t <o,t, € (a,0)) cia hé phuong trinh vi phan tuyén tinh thuin nhat
tuong tng (5.15) én dinh.
1) Chitg minh diéu kién can. Gia st n=7n(), (¢, <t <o) la mét nghiém &n dinh
nio d6 cia hg khong thuin nhét (5.14). Pidu d6 c6 nghia 1a dbi véi moi £>0 cho
trudc, ton tai § >0 sao cho véi moi nghiém y=y(#) ctia hé khong thuan nhat
(5.14) ma & thoi diém diu thoa man diéu kién

ly(t) - ()| <6 (5.16)
thi véi moi ¢ (f, <t < o) s& thoa man diéu kién

ly@®)-n®)|<e (5.17)
Ta dat

x(t)=y()-n() (5.18)

Khi d6 x(¢) s& la nghiém cta hé phuong trinh vi phan thuan nhit (5.15). Mt khac
nghiém tuy y cta n6 6 thé biéu dién dudi dang (5.18). Nhur thé cc bat dang thirc
(5.16) va (5.17) tuong duong vai cac bat dang thirc sau

||x(t0 )|| <d, suyra ||x(t)|| <€ VoI ty<t<o,

Tir d6 suy ra: Nghiém tim thuong x, =0cia hé phuong trinh thudn nhét tuong
ting (5.15) 6n dinh theo nghia Liapunov khi ¢ — .

Chuyl Tu cl1&|1g min}l trén ta suy ra ring, su (xm’ dinh ciia nghiém tam thudng
X, =0 cia hé thuan nhat (5.15) dugc suy ra tir sy On dinh cia mot nghiém tuy y
cta hé phuong trinh khong thuan nhét (5.14) véi ham vé phai () tuy y (c6 thé
f(1)=0). ‘
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2) Chitg minh diéu kién du. Gia sir nghiém tdm thuong x, =0 cia hé thudn nhét
(5.15) 6n dinh theo nghia Liapunov khi ¢ — 0. Khi d6, néu x =x(¢), (t, <t <o)

14 mot nghiém tuy y ctia hé thuln nhat, thi tir didu kién |

x(t0)|| <6(s,t,) tasuyra
x| <&, khi f<t<w.
Do d6, néu w(r) 12 mot nghiém nao d6 ciia hé khong thuin nhét (5.15) va y(¢) la
nghiém bt ky nao do ciia hé nay, thi tir bit ding thirc
||Y(to) - I](to)" <9
ta suy ra bit déng thirc
"y(t) - n(t)" <g, VOit <t<o,
Diéu d6 ching t& () 6n dinh khi t — oo.
Hé gud 1. Hé phuong trinh vilphz‘m tuyén tinh 4n dinh khi mdt nghiérp nao d6 cua
hé on dinh va khéng 6n dinh néu c6 mdt nghiém nao d6 cua hé khong on dinh.
Hé qua nay suy ra truc tiép tir dinh Iy 5.1 va cha y 1 cia dinh 1y 5.1.
H¢ qua 2. Hé phuong trinh vi phan tuyén tinh khong thudn nhat 6n dinh khi va chi
khi hé phuong trinh vi phan tuyen tinh thuan nhat tuong ing on dinh.
Chuy 2. Vé mat 8n dinh, tinh chit cta cac nghiém caa cia hé tuyén tinh khong

thuén nhat (5.14) ciing giéng nhu tinh chit cia cac nghiém cia hé thuin nhit trong
ung (5.195).

That vay, truong cac dudng cong tich phan cuia h¢ khong thuin nhat (5.14) c6 dang

yO) =y () +®()c x A (5.19)
YA

y*(t 0

W

Hinh 6.12 Hinh 6.13
Trong d6 y"(¢) 1a nghiém riéng ciia hé (5.14), ®(¢) 1a ma trén co ban ciia hé thuin
nhat (5.15). Trudng cac dudng cong tich phdn ciia h¢ khong thuan nhat (5.14)
tuong duong topd véi trudng cac duong cong tich phan cua hé thuan nhat (5.15).
Su khac nhau & day 1a: Trong trudng hop thir nhdt “truc® y=y"(¢) néi chung la
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mot dudng cong, con trong truong hop thir hai truc x =0 1a mot dudng }héng (xem
hinh 6.12 va hinh 6.13). Vi vy sau n:‘§y ta giéri han chi nghién ciru su 6n dinh cua
hé¢ phuong trinh vi phén tuyén tinh thuan nhat.

Dinh nghia 5.8. H¢ phuong trinh vi phin tuyén tinh khéng thudn nhit (5.14) la §n
dinh déu néu tat ca cac nghiém y(#) cta hé 6n dinh déu khi ¢ — +o0 , v§i thoi dieém
dau t, €(a,o).

D‘,inh Iy 5.2. HE phuong trinl} vi phén tuyén tinh khong thu‘é‘m nh’ét (5.14) 1a én dinh
deu khi va chi khi nghiém tam thuwong x, =0 cta h¢ thuan nhat tuong ang (5.15)
6n dinh déu khi ¢ —> +oo .

Chung minh tuong ty nhu chirng minh dinh l)’l I.

Dinh nghia 5.9. H¢ phuong trinh vi phén tuyén tinh khong thuén nhat (5.14) 1a 6n
dinh tiém can néu tit ca cac nghiém y(f) ciia hé déu 6n dinh tiém cén khi t — +o .
Dinh Iy 5.3. HE phuong trinh vi Qhan tuyén tinh khong thuin n‘hat (5’.14) 4n dinh
tiém can khi va chi khi nghiém tam thuong x, =0 cua hé thuan nhat tuong Ung
(5.15) 6n dinh tiém can khi t — +o .

Chirng minh tuong ty nhu ching minh dinh ly 5.1.

H¢ qua. Diéu kign cin va di dé cho hé phuong trinh vi phan tuyén tinh' khong
thuan nhat (5.14) 6n dinh tiém cin la hé thuan nhat (5.15) 6n dinh tiém can.

Dinh ly 5.4. He¢ phuong trinh vi phan tuyén tinh thuﬁn‘ nhét (5.15) 6n dinh tiém c4n
khi va chi khi tat ca cic nghiém x =x(#) cua hé tién dan t&i khong khi ¢ — +o0

limx(#)=0

t—>+
H¢ qua. Hé phuong trinh vi phan tuyén tinh én dinh tiém cén thi s& dn dinh tiém
can toan theé.

b) Quan hé giita khdi niém 6n dinh dgng liec va én dinh theo nghia Liapunov
Dinh Iy 5.5. Hé phuong trinh vi phan tuyén tinh thudn nhit (5.15) én dinh theo
nghia Lyapunov khi va chi khi moi nghiém x =x(¢), (t, <t <,f, € (a,0)) cia hé
nay gidi ndi trén ban truc 7, <t <.
Hé qua 1. Néu hé phuong trinh vi phén tuyén tinh khong thuin nhét (5.15) én dinh,
thi tat ca cac nghiém ciia né hodc 1a gidi ndi, hodc 1a khong giGi ndi khi ¢ — +w .
5.3 Ly thuyet Floquet vé hé phwong trinh vi phin tuyén tinh thuin nhit
hé s6 tuin hoan
a) Dinh Iy Floquet (FIoké)
Xét hé phuong trinh vi phan tuyén tinh thuln nhit hé s6 tudn hoan

x=A()x (5.20)
Vé6i A(¢) 1a ma tran vudng cép n lién tyc, tudn hoan véi chu ky T.
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Dinh nghia 5.10. Ma trn co ban @(¢)cia hé phuong trinh vi phéan tuyén tinh
thuan nhit (5.20) 12 mot ma tran vudng gém n cot, mbi cot 13 mot vécto nghiém x,
(i=1,...,n) cta hé phuong trinh (5.20). Cac vécto nghiém nay tao thanh mdt hé n
véc to doc lap tuyen tinh.

D)= [xl ),x,(),...,X, (t)]
Trong d6 x,(¢) (i=1,...,n) 1a mot hé n nghiém doc lap tuyén tinh cta hé phuong
trinh vi phan tuyén tinh thudn nhét (5.20).
Bé dé Floguet. Néu ®(t) la ma tran co ban cta hé phuong trinh vi phén (5.20) thi
®(¢+T) ciing 2 mdt ma tran co ban coa hé phuong trinh dé, va ta c6 hé thic
Ot+T)=D(@)C.
Chimg minh. Gia st x(¢) 1a mdt nghiém cua hé phuong trinh (5.20). Khi d6 ta c6
hé thirc

x=A(0)x — g;x(t +T) =A@+ T)x(¢+T)=A@x(+T)

Viy, néu x(f) la mdt nghiém cua hé phuong trinh (5.20) thi x(¢+7) ciing la
nghiém cua hé phuong trinh d6. Tir d6 suy ra ®(¢+T) la mot ma trdn co ban. Do
@ +T)va @) 1a cac ma tran doc lap tuyén tinh nén ton tai mot ma tran C sao
cho ®(¢+T)=0()C.
Dinh 1y Flogquet. Mbi ma tran co ban ®(¢) cta hé phuong trinh vi phan tuyén tinh
thuin l‘lh'f,lt hé sb tudn hoan (5.20 ) ¢6 thé biéu dién duéi dang tich cta hai ma tran
vuéng cap n nhu sau

®(1) = P(r)e™ : (5.21)
Trong d6 P(¢) la ma tran vudng cép n, tudn hoan v&i chuky T, conB 1a ma tran
vudng cAp n ¢6 cac phin tir 1 cac hing sb.
Chimg minh. Cac ma tran co ban®(¢) va ®(+7T) la cac ma tran doc lap tuyén

tinh, cho nén ton tai mot ma trdn C vudng cap n, khong suy bien ma hé thirc sau
day duogc thoa mén

Ot +T)=®()C 1)
Nhu vay sé tdn tai mot ma trin héngB sao cho
C=¢6" 2)

Ta s€ chimg minh ring ma tran ®(¢)e”™ 1a ma trin tuan hoan chu ky T. That vay
theo (1) va (2) tacd
O +T)e "D =@@)Ce ™ e™ =D(t)e™ 3)
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Tadit P@)=®(@)e™ (5.22)

Theo cong thie (3) P(f) 1a mt ma tran tudn hoan chu ky T. Tu (5.22) ta suy ra
() =P(t)e™

b) Dinh nghia ma trdn don dao (monodromy-matrix)

Dinh nghia 5.11. Ma trgn C=¢"" dugc goi 12 ma tran don dao (monodromy-
matrix) ctia hé phuong trinh tuyén tinh thudn nhat hé sb tudn hoan (5.20). Céc tri
riéng p cla ma trin don dao C dugc goi la nhdn tir dic trung (Characteristic

multiplies). M&i s& phirc A dugc xac dinh tir hé thic
p=e (5.23)
dugc goi la s6 mii dic trung (hodc s6 mii Floquet).
Chu y. Tir (5.23) ta suy ra
1
A==In 5.24
e (5.24)

Theo tinh chit cia ham 16ga, phz‘in 40 cua sb6 mii dic trung A dugce xac dinh sai
khac mot hang sb cong "277 Nhu vay, theo dinh nghia, nhan tir dic trung p
dugc xac dinh mét cach duy nhét, con sb mii dac trung A dugc xac dinh khong duy
nhit.

¢) Bién doi hé phiong trinh vi phan tuyén tinh hé s6 tudn hodn vé hé phirong trinh
vi phdn tuyén tinh hé s6 hing s6

Xeét hé phuong trinh vi phéan tuyén tinh thudn nhit hé s6 tudn hoan (5.20). Str dung
phép thé

x=P@)y (5.25)
Trong d6P(s)1a ma trdn tudn hoan chu ky T va dugc xac dinh boi phuong trinh
(5.22). The (5.25) vao (5.20) ta duoc

P(t)y + P()y = A()P(t)y
Tir d6 suy ra

y=P(O[AOP-P()]y (5.26)
Mit khac dao ham biéu thirc (5.22) theo t ta duoc

P(t) = D(t)e™ - d(t)e ™ (-B)

P(t) = A()®(t)e™ - ®(1)e™™ (-B) = AP - PB (5.27;
Thé (5.27) vao (5.26) ta suy ra
y=P7'(AP - AP + PB)y = By (5.28)

Viy bang phép thé (5. 25) ta dua hé phuong trinh vi phén tuyén tinh thuan nhét h¢
s6 tun hoan (5.20) vé hé phuong trinh vi phén tuyén tinh hé sb hing sb (5.28).
Chii y ring ma tran B duoc xéc dinh tir ma tran don dao C.
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5.4 Sy 6n dinh ciia hé phwong trinh vi phin tuyén tinh thuin nhat h¢ so
hing s6
Xét hé n phuong trinh vi phén tuyén tinh thuin nhat
X = Ax (5.29)
Trong (5.29) A 14 ma trdn vudng cAp n hé s hing sb6. Goi A; la cic tri riéng cla

ma trin A, tac la 4; 1a nghiém cta phuong trinh dic trung

|A-E|=0 (5.30)
Trong d6 E la ma tran don vi.
a) Tiéu chudn 6n dinh theo cdc tri riéng cua ma trgn A
Tiéu chudin. Néu tit ca cAc trj riéng clia ma tran A déu co phén thyc 4m thi nghiém
c4n bing x =0 cta hé phuong trinh vi phén tuyén tinh thuin nhét (5.29) s& 6n dinh
tiém can. Néu it nhit c6 mét tri riéng ciia ma tran A c6 phan thuc dwong thi
nghiém cén bing x =0 cua hé phuong trinh vi phan tuyén tinh thuin nhét (5.29) s&
khéng 6n dinh. 7
Chu y. Truong hop khong c6 tri ri€ng nao cua ma trén A c6 phén thuc duong,
nhung c6 tri riéng cd phan thuc bang khong ta chua xét & day.
b) Tiéu chudin én dinh theo cdc hé 6 cua phuong trinh ddc trung cua ma trgn A
Phuong trinh dic trung (5.30) c¢6 thé viét dudi dang da thic nhu sau

p(A)=|A-2E|=a,A" +a A"+ +a, A+a,=0, a,>0 (5.31)
Tir (5.31) ta xdy dung ma tran Hurwitz vudng cap 7 theo qui tic
(a, a, a, ... O]
a a, a, ... 0
H=|{0 a4 a .. O (5.32)
0 0 0 .. g,

Cac dinh thtrc trén dudng chéo chinh cia ma tridn nay dugc goi la cac dinh thirc
Hurwitz va c6 dang nhu sau
a, a, a

» Ay=ia, a, al,...,A =aA

n n—n-1

(5.33)

0 a a,

Tiéu chudn Hurwitz (1859 - 1919). Didu kién cin va di dé cho tét ca cac nghiém
cua phuong trinh dic trung (5.31) (trc la céc tri riéng cia ma tran A) déu cd phan
thuc 4m la tat ca céc dinh thirc con Hurwitz A, A, A,, ..., A, déu duong.
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Mt sé truong hop ddc biét:
Khi n =2, phuong trinh (5.31) c6 dang

p,(Ay=aA* +ai+a,=0, a,>0 (539
Ma tran Hurwitz c6 dang

H=
a, a,

Theo tiéu chudn Hurwitz ta c6

>0, aa,>0 = a>0, q,>0 (5.35)
Khi n =3, tir phuong trinh (5.31) ta suy ra
p(D)=a,’ +a A’ +a,A+a,=0, a,>0 (5.36)
Ma tran Hurwitz bay gid c6 dang
a a, 0
H=|a, a, 0
0 a a
Theo tiéu chuan Hurwitz ta c6
a >0 a >0
aa,—a,a,>0 = <aa,—aa, >0 .37
Ay=aA, >0  |a,>0

z
A A

5.5 Sy 6n dinh ciia h¢ phwong trinh vi phin tuyén tinh thuin nhit hé¢ so
tuan hoan
Xét hé phuong trinh vi phan tuyén tinh thudn nhit hé sb tuin hoan
x=A()x (5.38)
Trong d6 A(¢) 1a ma trdn vudng cap n lién tuc, tudn hoan véi chu ky T.
a) Phuong trinh dic trung

Gia sir cho biét ma tran don dao C ctia hé phuong trinh vi phan tuyén tinh hé sb
tuan hoan (5.38). Phuong trinh dic trung ciia ma tran don dao ¢6 dang

=P €y e Cq,
C C,, — C.

C-pE|=| & =TF » |20 (5.39)
C, g

Phuong trinh (5.39) dugc goi la phuong trinh dic trung cia hé phuong trinh vi
phan tuyén tinh hé sb tudn hoan (5.38).

Chi y. Viée x4c dinh ma tran don dao C c6 mot vai trd quan trong trong ly thuyét
phuong trinh vi phén tuyén tinh hé sé tudn hoan. Pé x4c dijnh ma tran don dao C
truc hét ta phai nghién ciru mot vai tinh chat cua phuong trinh déc trung.
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b) Cdc tinh chdt co ban cta phicong trinh ddic trimg

T l'l:lh chat 1. Phuong trinh déc trung (5.39) khong phu thudc vao viéc chon dang cu
thé ciia ma trdn co ban ctia hé phuong trinh (5.38).

Chimg minh. Goi X(t) =[x,,...x,] ,Y®)=[y,,....y,] 1a hai ma tran co ban ctia h¢
phuong trinh vi phan (5.38). Theo B dé Floquet ta c6

X¢+T)=X()C, , Ye+T)=Y@®)C, )
Ta phai chirng minh nghiém ctia hai phuong trinh

lCl ——pE|=O, C, —pE!:O
12 nhu nhau. Thét vay, theo B déF loquet ta co

Y(1)=X()C, @
Tir (1) va (2) ta suy ra

Y(+T)=X(+T)C, =X(r)C,C, =Y()C,'C,C, 3)

Yt+T)=Y(@)C, 4)
Tor(3)va@d)tacd

C,=C;'C,C, (&)

Bién di phuong trinh dac trung ta dugc
C, - pE|=|C;'C,C, - pE|=|C;'C,C, - pC;'EC|

=|c;' (¢, - pB)C, | =]

Viy ta di ching minh duoc tinh chit 1.
Tinh chdt 2. Phuong trinh dac trung (5.39) ciia hé phuong trinh vi phan tuyén tinh
hé s tudn hoan (5.38) khong thay dbi khi ta bién dbi hé phuong trinh (5.38 ) bing
phép bién ddi tuyén tinh

y(©)=T@)x(t), voi T¢+T)=T()
Ching minh. Thé y() =T()x(¢t) vao phuong trinh (5.38) va thuc hi€én mét vai

Icl —pE||C3| =|C| —pEI

phép bién dbi don gian ta thu dugc

y(O) =By (1) (1
Vi B()=(TA+T)T" )
Dé thiét 1ap phuong trinh déc trung cta (5.38) va cta (1) ta thuc hién cac phép bién
doi sau

X+ T)=X(@)C, , Yr+T)=Y()C, 3)
Va phai chirng minh cac phuong trinh dic trung
IC, - pE|=0, |C, - pE|=0

¢6 nghiém giéng nhau. Thuc vay tir y(t) =T(¢)x(t) va(3)tasuyra
Y¢+T)=T@+D)XE+T)=TO)X(¢+T)
Y +T)=T@XE)C, =TEOT'Y()C, = Y()C, @)
Sosanh (3) va (4)tasuyra C, =C, (dpcm).
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¢) Tinh todn ma trdn don dao va phirong trinh ddc trung bang phwong phdp s6

Do tinh chit phuong trinh dic trung ciia hé phuong trinh vi phan tuyén tinh hé sb
tudn hoan khong phu thude vao viéc chon hé nghiém co ban, ta ¢ thé thiét lap
phuong trinh dic trung cta hé phuong trinh vi phan tuyén tinh hé sé tuan hoan nhu
sau. Chon diéu kién diu x,(0) 12 cac vécto don vi cia hé n vécto truc chuén

X9(0) = 1 khi s =i — E =[x,(0),x,(0),...,x, (0)]
s YN0 khi s A

Tich phan bing s‘é h¢ phuong trinh vi phan tuyén tinh hé sb tudn hoan (5.38), 1an
luot voi cic diéu kién dau trén, & trong khoang [0,T], ta dugc n vécto
x,(T), i=1,...,n. Sau d6 xay dung ma tran don dao dang

C =[x, (T),x,(T),......x, (T)]=®(T) (5.40)

Tir d6 phuong trinh déc trung cia hé phuong trinh vi phan tuyén tinh hé sb tuin
hoan (5.38) c6 dang

X"Ty-p BT .. x"(0)
(T JT)-p o (T
Iq)(T)_pEI_____ X ( ) Xy ( ) g ( ) =0 (541)
x"(T) XNy (T -pl
Phuong trinh (5.41) 1a mét phuo‘ng trinh dai s& bac n
P tap T ta,p T+ ta, pta, =0 (5.42)

Giai phuong trinh (5.42) ta nhin dugc cac nhan tir dac trung p, (i =1,...,n). Tir d6
suy ra cac s6 mii dic trung

A =%—lnpk, (k=1,...n) (5.43)

Do tinh chit ciia ham loga mbi 4, duoc xac dinh sai khac mét héng s0 cong
27i/T , v6i i la don vi do.
d) Cdc tiéu chudn on dinh ciia hé phitong trinh vi phdn tuyén tinh hé s6 tudn hoon

Duya vao dinh ly Floquet va dang nghiém cia hé phuong trinh vi phan tuyén tinh
thudn nhit hé sb tudn hoan, ta c6 dinh 1y sau.

Tiéu chudn én dinh theo s6 mii ddc trumg. Néu tat ca cac s6 mii dac trung 2, déu
c¢6 phan thuc 4m thi nghiém x =0 cia hé phuong trinh tuyén tinh thudn nhét hé sb
tun hoan (5.38) 4n dinh tiém cén. Nguoc lai néu it nhat c6 mdt sé mi dic trung c6
phan thuc duong thi nghiém x=0 cua hé phuong trinh (5.38) s& khong on dinh.
Néu khong c6 s6 mi dac trung ndo co phan thuc duong , nhung c6 sé mil dic trung

¢6 phén thuc bing khong th| nghiém x=0 cta hé phuong trinh (5. 38) co thé 6n
dinh, va ciing c6 thé khéng dn dinh, phu thude vao cac sé hang phi tuyén.
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Tiéu chudn on dinh theo nhén tir diic trung. Néu tat ca cac nhén tir dic trung cb
médun nhd hon don vi, thi nghiém x =0 cta h¢ phuong trinh vi phan tuyén tinh
thudn nhat hé sé tuln hoan (5.38) s& 6n dinh tiém can. Nguoc lai néu c6 it nhat mot
nhén tir dic trung cua hé phuong trinh (5.38) c6 médun 16n hon don vi, thi nghiém
x=0 s& khong on dinh. Néu khéng c6 nhén tir dic trung ndo c6 médun 16n hon
don vi, nhung ¢6 nhan tir dac trung ¢6 médun béng don vi thi nghiém x =0 cua hé
phuong trinh (5.38) ¢6 thé &n dinh, va ciing c6 thé khong dn dinh, phu thude vao
céc sb hang phi tuyén.

¢) Chuy

Trong trudng hop khéng c6 nhan tir dic trung nao c6 moédun I6n hon don vi,

nhung c6 nhén tir dic trung c6 modun bang don vi thi ta cén nghién ctru thém:

- Néu cac nghiém phuong trinh dic trung ¢6 mé dun bang don vi la cac nghiém
don vi thi x =0 cua h€ phuong trinh vi phén tuyén tinh hé s tuan hoan (5.38) én
dinh.

- Néu céc nghiém phuong trinh dic trung c6 médun bang don vi 1a nghiém boi.

~ Goi bdi dai sb ciia p, 1a k, bdi hinh hoc ctia p, 1a ¥, . Ta c6 két luan sau:

+ Néu k;=y,;, (V) thi nghiém x=0 4n dinh,

+ Néu k;>y;, (3j) thichua két luan dugc v& tinh 6n dinh cia nghiém x=0

5.6 Khio sat én dinh ciia nghiém phwong trinh vi phin phi tuyén bing
phwong phap xip xi bic nhat
Nam 1892 Liapunov, nha toan hoc ngudi Nga, di trinh bay trong luan 4n tién si
ctia minh hai phuong phéap nghién ciru 8n dinh ciia nghiém x, = 0(s=1,...,n) ctia hé
phuong trinh vi phan chuyén dong (5.1). Ngay nay hai phuong phap d6 c6 tén goi
nhu sau:
- Phuong phap nghién ciru 4n dinh bing cac phuong trinh vi phan x4p xi bac nhét
(hay Phuong phap xap xi bac nhat).
- Phuong phap nghién ciru bn dinh bang ham Liapunov (hay Phwong phap tryc
tiep).
Trong tai li¢u nay ta gici han xét n dinh coa hé phi tuyén bing phuong phap xép
xi bac nhat.
a) Cdc phirong trinh xdp xi bdc nhdt ciia hé nhiéu vt
Gia str hé phuong trinh vi phan phi tuyén mo ta chuyén dong phu cia hé nhiéu vat
¢o6 dang
x =gtx,x,,..,x,)

X, =8,(t,%,%,,..,X,)

(5.44)

X, =g,(tx,%,,...,X,)
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Trong d6 g,(¢,x,,...,x,) 1a cac ham tudn hoan chu ky T, kha vi & 1an cén géc toa do
va g,(t,0,...,0)=0. Khai trién Taylor cac ham g (tx,..,x,), (s=1,2,..,n) ta
dugc

8, (t,x, Xy x,) = a, ()X, + @, ()x, +-+ + a, (Ox, +r,(t,x, x,, ..., x,) (5.45)
Trong d6 a,,(t)=a,(t+T)la cic ham lién tuc tudn hoan, r,(t,x,x,,...,x,) la cac
ham phi tuyén chia céc sé hang bic 22, r,(1,0,0,...,0)=0.
Dinh nghia 5.6. H¢ phuong trinh vi phan tuyén tinh hé s tudn hoan

X =a,(0x +a,(O)x, ++a,()x, (s=1,2,..,n) (5.46)

duoc goi 14 hé phuong trinh xp xi bic nhét cia h¢ phuong trinh vi phan phi tuyén
(5.45).

Phuong trinh dic trung cia hé phuong trinh vi phan tuyén tinh (5.46) c6 dang

N~ p (T . x"(T)
()] (2) _ (n)
|(D(T)—pEl _| x T x"M-p ... XN -0 (5.47)
(T XTI -p

b) Binh Iy Liapunov vé 6n dinh theo xd'p xi bdc nhdt

Dinhly 5.5. Néu tf’it' ca cac s& mii dic trung cia hé phuong trinh vi phan tuyén tinh
thuan nhat hé sd tuan hoan (5.46) déu c6 phan thuc am thi nghiém
x: =0,(s=1,..,n) cta hé phuong trinh vi phén phi tuyén (5.44) bn dinh tiém cén.
Néu phuong trinh (5.46) ¢6 it nhét mét s6 mil dic trung c6 phan thuc duong thi
nghiém x, =0, (s =1,...,n) cla hé phuong trinh vi phan phi tuyén (5.44) khéng 6n
dinh. ‘

Dinh Iy 5.6. Néu phuong trinh (5.46) khong c6 s6 mii dic trung véi phéan thyc
duong, nhung c6 s6 mii dic trung véi phan thyc bang khong thi nghiém
x, =0,(s=1,...,n) cta hé phuong trinh vi phan phi tuyén (5.44) c6 thé én dinh ma
ciing c6 thé khéng én dinh, phu thudc vao cic sb hang phi tuyén r(t,x,...x,).

Cha y. Truong hop thi hai nay duge goi la truong hop t6i han.
§6 DAO DQNG TUYEN TiNH CUA HE NHIEU VAT

6.1. Tinh toan dao dong tuin hoan bﬁng phwong phip sé

Dao dong ctia hé nhiéu vat 1a linh vire ¢on it dugc nghién ciru. Trong doan nay ta
g16i han trinh bay viéc tinh toan dao dong tuan hoan cia hé nhiéu vat kh’i_ phuong
trinh vi phin m6 ta dao ddng Ia phuong trinh vi phan tuyen tinh hé s0 tuan hoan.

f
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Xét truong hop hé phuong trinh vi phan tuyén tinh

x=P@)x+£() 6.1)
Trong d6 ma tran P(f) va véc to £(r) tudn hoan theo ¢ chu ky 7. Hé phuong trinh
vi phén tuyén tinh thudn nhét twong g véi hé (6.1) c6 dang

x=P()x (6.2)
Tir Iy thuyét phuong trinh vi phan ta da biét: Néu hé phuong trinh (6.2) khéng c6
nghiém tuan hoan chu ky 7, ngoai nghiém tam thudng thi hé phuong trinh vi phén
(6.1) c6 ding mdt nghiém tuan hoan chu ky 7. Do d6 néu tim dugc diéu kién dau
clia nghiém tudn hoan, thi chi can tich phan s6 trén mot chu ky [0,7] ta s& tim
dugc nghiém tudn hoan. Bay gid ta trinh by mot phuong phap sb tim cac gia tri
dau ciia nghiém tuan hoan chu ky T cua h¢ phuong trinh vi phan tuyén tinh (6.1).
Nghiém tuan hoan chu ky 7 ctia hé(6.1) phai thoa méan diéu kién bi€n sau

x(0)=x(T) (6.3)
Ta chia doan [O,T] thanh m ph?m béng nhau, mdi phﬁn c6 do dai la:
h=t,—t_,=T/m

nhu vay cac diém chia la: 0=¢, <t, <..<t,_ <t =T

m-1
Tuong Ung va6i cach chia nay ta dua vao ky hiéu

X, =x(,)
Theo phuong phap Runge-Kutta bic bdn, nghiém gin ding dugc tinh theo cong
thirc:

X, =X, + %[kf“” + 2k 2k + k(] (6.4)
trong do:
K =[P, )x,, +1(6,)]
i [ h 1, e . h
ki =h _P(t,._, + 5)()&,._l + 5k§ N+1(@, + —2—)}
| h 1 h (6.5)
K =) P+ )0 5 K+ 0 + 5)}
k™" =h| P(t)(x,_, + —;—kg"'”) + f(ti)J
Thé (6.5) vao (6.4), ta nhan dugc phuong trinh
X, =A,_Xx,_ +b, (6.6)

A
Cac matran A, | duoc tinh theo cqng thiic
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A_ =E+ %{I{P([H) +4P(t,_, + ]—;) + P(t,.)}

) h 2 hy 1 h
+h [P(ti_, + 2)P(t,,_l) + Pt + 2) +3 P(t)P(t,, + 2)}
+%—[P (t_, + )P(t, ,)+ P(t )) G (A )]

+%P(t,’)P2(ti—l +%)P(t,‘—l)} (l = 1""’ Ill) (67)

con cac véc to b, | c6 dang

b, , =—é—{lt{f(tiA,)+4f(t,_, +—121)+f(t,.)}
Tp o B ol 1 h
+h [P(t,_I + 2)f(t,._,) +P(_, + 2)f(t,._, + 2) + 5 P M, + 2)}

]l1 h 1 h h
l: (’, t E)f(tiq) + EP(ti)P(tiwl + E)f(t’._l + 5)1\

Iz
TPOP .+ )f(r, 1)} (6.8)
Tiu (4.25) tasuy ra he phuong trinh sau
X, =A,X,+¢; ¢ =A,+b,
X, =AAX, +¢,;¢, =Ac +b,
..................................................... (6.9)
0
X =( I_I A, )x +¢,:¢, = Am-~|cm—l +bm—l
i=m-1
Cht y dén diéu kién (6.3), tir phuong trinh cudi ctia (6.9) ta c6

(E— f[ A,jxo =c, (6.10)

i=m-1

Giai hé phuong trinh dai s6 tuyén tinh (6.10) ta nhan dugc gia tri dAu nghiém tudn
hoan cia hé phuong trinh (6.1). Vi cac gia tri dau do, ta de dang tinh dugc nghiém
tuan hoan cuia hé phuong trinh (6.1) bang phuong phap s6.
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6.2 Thi du ap dung
Hinh 6.14 14 so 46 ctia bd diéu chinh cia mdy rén ddp. M6 hinh co hoc cia b diéu
chinh ciia may rén ddp dugc bicu dien trén hinh 6.15. TUr cac phuong trinh dao
dong cﬂa‘Thi du 6.6 ta dé dang nhén dugc cac phuong trinh dao dong tuyen tinh
ctta bd di€u chinh nay

M(Q0)ij + C(Q1)q + K(Qr)q = d(Q) (6.11)
Trong d6
M(Qr) = 1, +mi(’7'2 m,U’ Q)= ¢ +21nZQ_U”'U” 0
m,U m, 2m,QU c,
k +FU"+m,Q* (UT"+0™) 0
K(Qr) = A
‘ m,Q*U" k,

—FU' -m,Q'U'U" q,
d= 27 7n » 4=
—-F—-m,QU q,
Ham truyén bac nhét clia co ciu cam U'(p) c6 dang
K
U'(p)= (a, coskp+b, sinkp) (6.12)
k=1
Pé tinh toan b%mg sb ta cho biét thém sb liéu cia cac tham s d6ng luc co clu:
n=>50 vong/phut; 7, =111 kgmz; m, =136kg; ¢ =18,5Nms; ¢, =2332 Ns/m;
k, =7692 Nm; k, =10° N/m.

Ngoai ra sb liéu cta cac hé sb ctia da thirc lugng giac (6. 12) dugc cho trong bang
6.1, v6i véicic b, =0.

Phuong én | Phuong an 2
a; 0,22165 0,22206
as 0 0
a; 0,05560 0,08539
a4 0 0
as -0,01706 0,00518
as 0 : 0
a; 0 -0,00373
ag 0 : 0
ag 0 0,00345
ay -0 0
a 0 -0,00182
a 0 0
Bang 6.1
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Hinh 6.14. So d6 b§ didu chinh cia may rén ddp
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F@®

‘ X, =y+q,
ky (&] 7

k, I

M) D . _CED__ I _:_} _____

@, = & P, =@, +q,

Hinh 6.15. M6 hinh dao déng

Viéc tinh toan thi dy nay bang phuong phap so duoc tién hanh nho hé chuong trinh
“Tinh todn chuyén dong binh n cia co cAu” cia B6 mén Co hoc tmg dung,
Truong Pai hoc Bach khoa Ha Ngi. Mot phan cac két qua tinh toan dugc ghi lai &
bang 6.2 va cac hinh 6.16 dén 6.18.

Bang 6.2 cho biét gia tri tuyét dbi 16n nhét clia nghiém phuong trinh dac trung cia

phuong trinh vi phén dao dong tuyén tinh cta co ciu véi hai phuong an vé cac hé
s6 ctia ham truyén bac nhit.

pl"ﬂx
Phuong én 1 0,001992
Phuong an 2 0,001623

Bang 6.2
Tir d6 ta théy co céu 6n dinh dong lyc vi | o,

<1. Su phit hop giira két qua tinh

toan theo ly thuyét va két qua thuc nghiém cho & hinh 6.16. Trong céac hinh 6.16,
hinh 6.17 ciing nhu hinh 6.18 trinh bay cac ket qua tinh theo phuong phap s6 va
theo phuong phap WKB (xem Rdssler, 1985). Khi tinh bang phuong phap WKB ta

phai sir dung gia thiét U” ~0 dé cho ma tran K(Qr) ddi ximg va ta cling phai dua
ra mot s& gia thiét kha tho nira vé& ma tran can C(Q). Cac han ché nay ta d& dang
vuot qua khi sir dung phuong phap sd.
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500 3

M
[Nm]
Uly) .
500 Tinh todn bang phirong phdp WKB
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Ma tran ddi xtmg 19

Ma tran déi xung léch 19

Ma tran don dao 311

Ma tran don vi 18

Ma trén Jacobi quay 142, 191
Ma trdn Jac6bi tinh tién 142, 191
Ma tran ky di 19

Ma trén nghich dao 21

Ma trén quay co ban 54

Ma trdn truc giao 21

Ma trén tua nghich dao 22

Ma trdn vuong 17

Ma trén xdc dinh duong 37

N

Nguyén ly d’Alembert-Lagrange 186
Nguyén ly Gauss 190

Nguyén ly Jordan 188

0

On dinh chuyén dong 303

On dinh ctia hé phuong trinh vi phan tuyén
tinh 306, 312, 313

On dinh déu ra - ddu vao 306

On dinh dong luc 306

On dinh Lyapunév 303

On dinh theo x4p xi thir nhat 316

P

Phép dich chuyén song song cac hé quy
chiéu 168

Phép quay cac hé quy chiéu 169

Phép tinh dai s6 tenxo 43

Phuong phap Adams 278§

Phuong phép chiéu vudng géc 146
Phuong phéap du béo - hiéu chinh 279
Phuong phap hai budc 277

Phuong phéap ma tran c6 sin chi huéng 118
Phuong phap ma trdn Denavit-Hartenberg
127 .

Phuong phap ma trdn Jacobi 141

Phuong phap mit cat 114

Phuong phap Newmark 280

Phuong phap Runge-Kutta 274

Phuong phap Runge-Kutta-Nystrom 276
Phuong phap tach cac nhéan tir Lagrange
284

Phuong phép tach khop 115

Phuong phap Wilson 281

Phuong trinh Gibbs-Appel 253

Phuong trinh Kane 227

Phuong trinh Lagrange dang nhén tir 245
Phuong trinh Lagrange loai hai 202
Phuong trinh lién két 113

Phuong trinh trang thai 271

Phuong trinh vi phén 272

Phuong trinh vi phan tuyén tinh 273, 280,
281, 306

Phuong trinh vi phan - dai sb 283, 290

R
RObGE 210, 216, 221
Robt cuc 125
Réb6t dudi nudc 174
Robotdyn 217, 220
R6b6t hai khau 210
Robét Puma 221
RObét Scara 216
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Tenxo hang hai 42

Tenxo hang hai don vj 45

Tenxo quan tinh khéi ciia vat rin 156
Tham s6 dong hoc Denavit-Hartenberg
131

Tich v6 huéng hai vécto 25

Tich vécto hai vécto 26

Tich tenxo hai vécto 41

Toa d6 suy rong 58, 107

Toa dd suy rong du 109

Toa d¢ suy rong du 109, 245

Toéan tir séng 29, 30

Todn tir tuyén tinh 33

Tuyén tinh hoa 296

\%

Vién téc diém 90

Van tbc goc 57

Vién tdc géc riéng ciia vat rén 227
Vén tbc riéng cia diém 227
Vécto dai sb 29

Vécto hinh hoc 24

Vécto riéng 36

Vi tri clia vat rin 48
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