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PREFACE

This book contains the lecture notes for the course on ”Soil Dynamics”, as given at the Delft University of Technology until the year 2002. The
book has been updated continuously since 1994, and the material may be further adapted and expanded in the future.

The book mainly presents theoretical solutions of soil dynamics problems, with emphasis on the full derivation of all solutions, using integral
transform methods. These methods are presented briefly in an Appendix. The elastostatic solutions of many problems are also given, as an
introduction to the elastodynamic solutions, and as a possible limiting state of the corresponding dynamic problems. For a number of problems
of elastodynamics of a half space exact solutions are given, in closed form, using methods developed by Pekeris and De Hoop. Also some
approximations are presented in which the horizontal displacements are disregarded, an approximation suggested by Westergaard.

This is the version of the book in PDF format, which can be downloaded from the author’s website <geo.verruijt.net>. It can be read using
the ADOBE ACROBAT reader. The text has been prepared using the LATEX version (Lamport, 1994) of the program TEX (Knuth, 1986). The
PICTEXmacros (Wichura, 1987) and the macro wrapfigure have been used to prepare the figures. The program is distributed together with some
computer programs to illustrate the solutions.

Many comments of colleagues and students on the material in this book have been implemented in later versions, and errors have been corrected.
All remaining errors are the author’s responsibility, of course. Further comments, for instance by e-mail to the author’s address, will be greatly
appreciated.

Delft, September 1994; Zoetermeer, November 2005 Arnold Verruijt

e-mail : A.Verruijt@planet.nl
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Chapter 1

VIBRATING SYSTEMS

In this chapter a classical basic problem of dynamics will be considered, for the purpose of introducing various concepts and properties. The
system to be considered is a single mass, supported by a linear spring and a viscous damper. The response of this simple system will be
investigated, for various types of loading, such as a periodic load and a step load. In order to demonstrate some of the mathematical techniques
the problems are solved by various methods, such as harmonic analysis using complex response functions, and the Laplace transform method.

1.1 Single mass system

Consider the system of a single mass, supported by a spring and a dashpot, in which the damping is of a viscous character, see Figure 1.1. The
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Figure 1.1: Mass supported by spring and damper.

spring and the damper form a connection between the mass and an immovable base (for
instance the earth).

According to Newton’s second law the equation of motion of the mass is

m
d2u

dt2
= P (t), (1.1)

where P (t) is the total force acting upon the mass m, and u is the displacement of the
mass.

It is now assumed that the total force P consists of an external force F (t), and the
reaction of a spring and a damper. In its simplest form a spring leads to a force linearly
proportional to the displacement u, and a damper leads to a response linearly proportional
to the velocity du/dt. If the spring constant is k and the viscosity of the damper is c, the
total force acting upon the mass is

P (t) = F (t)− ku− c
du

dt
. (1.2)

Thus the equation of motion for the system is

m
d2u

dt2
+ c

du

dt
+ ku = F (t), (1.3)

4
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The response of this simple system will be analyzed by various methods, in order to be able to compare the solutions with various problems
from soil dynamics. In many cases a problem from soil dynamics can be reduced to an equivalent single mass system, with an equivalent mass,
an equivalent spring constant, and an equivalent viscosity (or damping). The main purpose of many studies is to derive expressions for these
quantities. Therefore it is essential that the response of a single mass system under various types of loading is fully understood. For this purpose
both free vibrations and forced vibrations of the system will be considered in some detail.

1.2 Characterization of viscosity

The damper has been characterized in the previous section by its viscosity c. Alternatively this element can be characterized by a response time
of the spring-damper combination. The response of a system of a parallel spring and damper to a unit step load of magnitude F0 is

u =
F0

k
[1− exp(−t/tr)], (1.4)

where tr is the response time of the system, defined by
tr = c/k. (1.5)

This quantity expresses the time scale of the response of the system. After a time of say t ≈ 4tr the system has reached its final equilibrium
state, in which the spring dominates the response. If t < tr the system is very stiff, with the damper dominating its behaviour.

1.3 Free vibrations

When the system is unloaded, i.e. F (t) = 0, the possible vibrations of the system are called free vibrations. They are described by the
homogeneous equation

m
d2u

dt2
+ c

du

dt
+ ku = 0. (1.6)

An obvious solution of this equation is u = 0, which means that the system is at rest. If it is at rest initially, say at time t = 0, then it remains at
rest. It is interesting to investigate, however, the response of the system when it has been brought out of equilibrium by some external influence.
For convenience of the future discussions we write

ω0 =
√
k/m, (1.7)

and
2ζ = ω0tr =

c

mω0
=
cω0

k
=

c√
km

. (1.8)
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The quantity ω0 will turn out to be the resonance frequency of the undamped system, and ζ will be found to be a measure for the damping in
the system.

With (1.7) and (1.8) the differential equation can be written as

d2u

dt2
+ 2ζω0

du

dt
+ ω2

0u = 0. (1.9)

This is an ordinary linear differential equation, with constant coefficients. According to the standard approach in the theory of linear differential
equations the solution of the differential equation is sought in the form

u = A exp(αt), (1.10)

where A is a constant, probably related to the initial value of the displacement u, and α is as yet unknown. Substitution into (1.9) gives

α2 + 2ζω0α+ ω2
0 = 0. (1.11)

This is called the characteristic equation of the problem. The assumption that the solution is an exponential function, see eq. (1.10), appears
to be justified, if the equation (1.11) can be solved for the unknown parameter α. The possible values of α are determined by the roots of the
quadratic equation (1.11). These roots are, in general,

α1,2 = −ζω0 ± ω0

√
ζ2 − 1. (1.12)

These solutions may be real, or they may be complex, depending upon the sign of the quantity ζ2−1. Thus, the character of the response of the
system depends upon the value of the damping ratio ζ, because this determines whether the roots are real or complex. The various possibilities
will be considered separately below. Because many systems are only slightly damped, it is most convenient to first consider the case of small
values of the damping ratio ζ.

Small damping

When the damping ratio is smaller than 1, ζ < 1, the roots of the characteristic equation (1.11) are both complex,

α1,2 = −ζω0 ± iω0

√
1− ζ2, (1.13)

where i is the imaginary unit, i =
√
−1. In this case the solution can be written as

u = A1 exp(iω1t) exp(−ζω0t) +A2 exp(−iω1t) exp(−ζω0t), (1.14)
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where
ω1 = ω0

√
1− ζ2. (1.15)

The complex exponential function exp(iω1t) may be expressed as

exp(iω1t) = cos(ω1t) + i sin(ω1t). (1.16)

Therefore the solution (1.14) may also be written in terms of trigonometric functions, which is often more convenient,

u = C1 cos(ω1t) exp(−ζω0t) + C2 sin(ω1t) exp(−ζω0t). (1.17)

The constants C1 and C2 depend upon the initial conditions. When these initial conditions are that at time t = 0 the displacement is given to
be u0 and the velocity is zero, it follows that the final solution is

u

u0
=

cos(ω1t− ψ)
cos(ψ)

exp(−ζω0t), (1.18)

where ψ is a phase angle, defined by

tan(ψ) =
ω0ζ

ω1
=

ζ√
1− ζ2

. (1.19)
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Figure 1.2: Free vibrations of a weakly damped system.

The solution (1.18) is a damped sinusoidal vibration. It is a fluc-
tuating function, with its zeroes determined by the zeroes of the
function cos(ω1t − ψ), and its amplitude gradually diminishing,
according to the exponential function exp(−ζω0t).

The solution is shown graphically in Figure 1.2 for various val-
ues of the damping ratio ζ. If the damping is small, the frequency
of the vibrations is practically equal to that of the undamped sys-
tem, ω0, see also (1.15). For larger values of the damping ratio
the frequency is slightly smaller. The influence of the frequency
on the amplitude of the response then appears to be very large.
For large frequencies the amplitude becomes very small. If the
frequency is so large that the damping ratio ζ approaches 1 the
character of the solution may even change from that of a damped
fluctuation to the non-fluctuating response of a strongly damped
system. These conditions are investigated below.
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Critical damping

When the damping ratio is equal to 1, ζ = 1, the characteristic equation (1.11) has two equal roots,

α1,2 = −ω0. (1.20)

In this case the damping is said to be critical. The solution of the problem in this case is, taking into account that there is a double root,

u = (A+Bt) exp(−ω0t), (1.21)

where the constants A and B must be determined from the initial conditions. When these are again that at time t = 0 the displacement is u0

and the velocity is zero, it follows that the final solution is

u = u0(1 + ω0t) exp(−ω0t). (1.22)

This solution is shown in Figure 1.3, together with some results for large damping ratios.

Large damping
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Figure 1.3: Free vibrations of a strongly damped system.

When the damping ratio is greater than 1 (ζ > 1) the character-
istic equation (1.11) has two real roots,

α1,2 = −ζω0 ± ω0

√
ζ2 − 1. (1.23)

The solution for the case of a mass point with an initial displace-
ment u0 and an initial velocity zero now is

u

u0
=

ω2

ω2 − ω1
exp(−ω1t)−

ω1

ω2 − ω1
exp(−ω2t), (1.24)

where

ω1 = ω0(ζ −
√
ζ2 − 1), (1.25)

and

ω2 = ω0(ζ +
√
ζ2 − 1). (1.26)

This solution is also shown graphically in Figure 1.3, for ζ = 2 and ζ = 5. It appears that in these cases, with large damping, the system will
not oscillate, but will monotonously tend towards the equilibrium state u = 0.
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1.4 Forced vibrations

In the previous section the possible free vibrations of the system have been investigated, assuming that there was no load on the system. When
there is a certain load, periodic or not, the response of the system also depends upon the characteristics of this load. This case of forced vibrations
is studied in this section and the next. In the present section the load is assumed to be periodic.

For a periodic load the force F (t) can be written, in its simplest form, as

F = F0 cos(ωt), (1.27)

where ω is the given circular frequency of the load. In order to study the response of the system to such a periodic load it is most convenient
to write the force as

F = Re{F0 exp(iωt)}, (1.28)

where the symbol Re indicates the real value of the term between brackets. If it is assumed that F0 is real the two expressions (1.27) and (1.28)
are equivalent.

The solution for the displacement u is now also written in terms of a complex variable,

u = Re{U exp(iωt)}, (1.29)

where U in general will appear to be complex. Substitution of (1.29) and (1.28) into the differential equation (1.3) gives

(k + icω −mω2)U = F0. (1.30)

Actually, only the real part of this equation is obtained, but it is convenient to add the (irrelevant) imaginary part of the equation, so that a
fully complex equation is obtained. After all the calculations have been completed the real part should be considered only, in accordance with
(1.29).

The solution of the problem defined by equation (1.30) is

U =
F0/k

1 + 2iζω/ω0 − ω2/ω2
0

, (1.31)

where, as before,
ω0 =

√
k/m, (1.32)

and
2ζ =

c

mω0
=
cω0

k
=

c√
km

. (1.33)

The quantity ω0 is the resonance frequency of the undamped system, and ζ is a measure for the damping in the system.
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With (1.29) and (1.31) the displacement is now found to be

u = u0 cos(ωt− ψ), (1.34)

where the amplitude u0 is given by

u0 =
F0/k√

(1− ω2/ω2
0)2 + (2 ζ ω/ω0)2

, (1.35)

and the phase angle ψ is given by

tanψ =
2 ζ ω/ω0

1− ω2/ω2
0

. (1.36)

In terms of the original parameters the amplitude can be written as

u0 =
F0/k√

(1−mω2/k)2 + (cω/k)2
, (1.37)

and in terms of these parameters the phase angle ψ is given by

tanψ =
cω/k

1−mω2/k
. (1.38)

It is interesting to note that for the case of a system of zero mass these expressions tend towards simple limits,

m = 0 : u0 =
F0/k√

1 + (cω/k)2
, (1.39)

and
m = 0 : tanψ =

cω

k
. (1.40)

The amplitude of the system, as described by eq. (1.35), is shown graphically in Figure 1.4, as a function of the frequency, and for various values
of the damping ratio ζ. It appears that for small values of the damping ratio there is a definite maximum of the response curve, which even
becomes infinitely large if ζ → 0. This is called resonance of the system. If the system is undamped resonance occurs if ω = ω0 =

√
k/m. This

is sometimes called the eigen frequency of the free vibrating system.
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Figure 1.4: Amplitude of forced vibration.

One of the most interesting aspects of the solution is the
behaviour near resonance. Actually the maximum response
occurs when the slope of the curve in Figure 1.4 is horizontal.
This is the case when du0/dω = 0, or, with (1.35),

du0

dω
= 0 :

ω

ω0
=

√
1− 2ζ2. (1.41)

For small values of the damping ratio ζ this means that the
maximum amplitude occurs if the frequency ω is very close
to ω0, the resonance frequency of the undamped system. For
large values of the damping ratio the resonance frequency may
be somewhat smaller, even approaching 0 when 2ζ2 approaches
1. When the damping ratio is very large, the system will never
show any sign of resonance. Of course the price to be paid for

this very stable behaviour is the installation of a damping element with a very high viscosity.
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Figure 1.5: Phase angle of forced vibration.

The phase angle ψ is shown in a similar way in Figure 1.5.
For small frequencies, that is for quasi-static loading, the am-
plitude of the system approaches the static response F0/k, and
the phase angle is practically 0. In the neighbourhood of the
resonance frequency of the undamped system (i.e. if ω/ω0 ≈ 1)
the phase angle is about π/2, which means that the amplitude
is maximal when the force is zero, and vice versa. For very
rapid fluctuations the inertia of the system may prevent prac-
tically all vibrations (as indicated by the very small amplitude,
see Figure 1.4), but the system moves out of phase, as indicated
by the phase angle approaching π, see Figure 1.5.
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Dissipation of work

An interesting quantity is the dissipation of work during a full cycle. This can be derived by calculating the work done by the force during a
full cycle,

W =
∫ 2π

ωt=0

F
du

dt
dt. (1.42)

With (1.27) and (1.34) one obtains
W = πF0 u0 sinψ. (1.43)

Because the duration of a full cycle is 2π/ω the rate of dissipation of energy (the dissipation per second) is

D = Ẇ = 1
2 F0 u0 ω sinψ. (1.44)

This formula expresses that the dissipation rate is proportional to the amplitudes of the force and the displacement, and also to the frequency.
This is because there are more cycles per second in which energy may be dissipated if the frequency is higher. The proportionality factor sinψ,
which depends upon the phase angle ψ, and thus upon the viscosity c, see (1.8), finally expresses the relative part of the energy that is dissipated.
The maximum of this factor is 1, if the displacement and the force are out of phase. Its minimum is 0, when the viscosity of the damper is zero.

Using the expressions for tanψ and F0/u0 given in eqs. (1.35) and (1.36) the formula for the energy dissipation per cycle can also be written
in various other forms. One of the simplest expressions appears to be

W = πcω u2
0. (1.45)

This shows that the energy dissipation is zero for static loading (when the frequency is zero), or when the viscosity vanishes. It may be noted
that the formula suggests that the energy dissipation may increase indefinitely when the frequency is very large, but this is not true. For very
high frequencies the displacement u0 becomes very small. In this respect the original formula, eq. (1.43), is a more useful general expression.

1.5 Equivalent spring and dashpot

The analysis of the response of a system to a periodic load often leads to a relation of the form

F = (K + iCω)U, (1.46)

where U is the amplitude of a characteristic displacement, F is the amplitude of the force, and K and C may be complicated functions of the
parameters representing the properties of the system, and perhaps also of the frequency ω. Comparison of this relation with eq. (1.30) shows
that this response function is of the same character as that of a combination of a spring and a dashpot. This means that the system can be
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considered as equivalent with such a spring-dashpot system, with equivalent stiffness K and equivalent damping C. The response of the system
can then be analyzed using the properties of a spring-dashpot system. This type of equivalence will be used in chapter 14 to study the response
of a vibrating mass on an elastic half plane. The method can also be used to study the response of a foundation pile in an elastic layer. Actually,
it is often very convenient and useful to try to represent the response of a complicated system to a harmonic load in the form of an equivalent
spring stiffness K and an equivalent damping C.

1.6 Solution by Laplace transform method

It may be interesting to present also the method of solution of the original differential equation (1.3),

m
d2u

dt2
+ c

du

dt
+ ku = F (t), (1.47)

by the Laplace transform method. This is a general technique, that enables to solve the problem for any given load F (t), (Churchill, 1972). As
an example the problem will be solved for a step load, applied at time t = 0,

F (t) =
{

0, if t < 0,
F0, if t > 0. (1.48)

It is assumed that at time t = 0 the system is at rest, so that both the displacement u and the velocity du/dt are zero at time t = 0.
The Laplace transform of the displacement u is defined as

u =
∫ ∞

0

u exp(−st) dt, (1.49)

where s is the Laplace transform variable. The most characteristic property of the Laplace transform is that differentiation with respect to time
t is transformed into multiplication by the transform parameter s. Thus the differential equation (1.47) becomes

(ms2 + cs+ k)u =
∫ ∞

0

F (t) exp(−st) dt =
F0

s
. (1.50)

Again it is convenient to introduce the characteristic frequency ω0 and the damping ratio ζ, see (1.7) and (1.8), such that

k = ω2
0m, (1.51)

and
c = 2ζmω0. (1.52)
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The solution of the algebraic equation (1.50) is

u =
F0/m

s (s+ ω1)(s+ ω2)
, (1.53)

where
ω1 = ω0(ζ − i

√
1− ζ2), (1.54)

and
ω2 = ω0(ζ + i

√
1− ζ2). (1.55)

These definitions are in agreement with equations (1.25) and (1.26) given above.
The solution (1.53) can also be written as

u =
F0

m

{ 1
ω1ω2s

− 1
ω1(ω2 − ω1)(s+ ω1)

+
1

ω2(ω2 − ω1)(s+ ω2)

}
. (1.56)

In this form the solution is suitable for inverse Laplace transformation. The result is

u =
F0

m

{ 1
ω1ω2

− exp(−ω1t)
ω1(ω2 − ω1)

+
exp(−ω2t)
ω2(ω2 − ω1)

}
. (1.57)

Using the definitions (1.54) and (1.55) and some elementary mathematical operations this expression can also be written as

u =
F0

k

{
1−

[
cos(ω0t

√
1− ζ2) +

ζ√
1− ζ2

sin(ω0t
√

1− ζ2)
]

exp(−ζω0t)
}
. (1.58)

This formula applies for all values of the damping ratio ζ. For values larger than 1, however, the formula is inconvenient because then the factor√
1− ζ2 is imaginary. For such cases the formula can better be written in the equivalent form

u =
F0

k

{
1−

[
cosh(ω0t

√
ζ2 − 1) +

ζ√
ζ2 − 1

sinh(ω0t
√
ζ2 − 1)

]
exp(−ζω0t)

}
. (1.59)

For the case of critical damping, ζ = 1, both formulas contain a factor 0/0, and the solution seems to degenerate. For that case a simple
expansion of the functions near ζ = 1 gives, however,

ζ = 1 : u =
F0

k

{
1− (1 + ω0t) exp(−ω0t)

}
. (1.60)

Figure 1.6 shows the response of the system as a function of time, for various values of the damping ratio. It appears that an oscillating response
occurs if the damping is smaller than critical. When there is absolutely no damping these oscillations will continue forever, but damping
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Figure 1.6: Response to step load.

results in the oscillations gradually vanishing. The system will ul-
timately approach its new equilibrium state, with a displacement
F0/k. When the damping is sufficiently large, such that ζ > 1,
the oscillations are suppressed, and the system will approach its
equilibrium state by a monotonously increasing function.

It has been shown in this section that the Laplace transform
method can be used to solve the dynamic problem in a straight-
forward way. For a step load this solution method leads to a
relatively simple closed form solution, which can be obtained by
elementary means. For other types of loading the analysis may be
more complicated, however, depending upon the characteristics
of the load function.

1.7 Hysteretic damping

In this section an alternative form of damping is introduced, hysteretic damping, which may be better suited to describe the damping in soils.
It is first recalled that the basic equation of a single mass system is, see eq. (1.3),

m
d2u

dt2
+ c

du

dt
+ ku = F (t), (1.61)

where c is the viscous damping.
In the case of forced vibrations the load is

F (t) = F0 cos(ωt), (1.62)

where F0 is a given amplitude, and ω is a given frequency. As seen in section 1.4 the response of the system can be obtained by writing

u = Re{U exp(iωt)}, (1.63)
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where U may be complex. Substitution of (1.63) and (1.62) into the differential equation (1.61) leads to the equation

(k + icω −mω2)U = F0. (1.64)

In section 1.4 it was assumed that the viscosity c is a constant. In that case the damping ratio ζ was defined as

2ζ =
c

mω0
=
cω0

k
=

c√
km

, (1.65)

where
ω0 =

√
k/m, (1.66)

the resonance frequency (or eigen frequency) of the undamped system. All this means that the influence of the damping depends upon the
frequency, see for instance Figure 1.4, which shows that the amplitude of the vibrations tends towards zero when ω/ω0 →∞.

A different type of damping is hysteretic damping, which may be used to represent the damping caused in a vibrating system by dry friction.
In this case it is assumed that the factor cω/k is constant. The damping ratio ζh is now defined as

2ζh = ωtr =
cω

k
. (1.67)

It is often considered that hysteretic damping is a more realistic representation of the behaviour of soils than viscous damping. The main reason
is that the irreversible (plastic) deformations that occur in soils under cyclic loading are independent of the frequency of the loading. This can
be expressed by a constant damping ratio ζh as defined here.

Equation (1.64) now can be written as
k(1 + 2iζh − ω2/ω2

0)U = F0, (1.68)

with the solution

U =
F0/k

1 + 2iζh − ω2/ω2
0

. (1.69)

The displacement u now is
u = u0 cos(ωt− ψh), (1.70)

where the amplitude u0 is given by

u0 =
F0/k√

(1− ω2/ω2
0)2 + 4 ζ2

h

, (1.71)

and the phase angle ψh is given by

tanψ =
2 ζh

1− ω2/ω2
0

. (1.72)
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Figure 1.7: Amplitude of forced vibration, hysteretic damping.

For a system of zero mass these expressions tend towards simple
limits,

m = 0 : u0 =
F0/k√
1 + 4ζ2

h

, (1.73)

and

m = 0 : tanψh = 2ζh. (1.74)

These formulas express that in this case both the amplitude
and the phase shift are constant, independent of the frequency
ω. This means that the response of the system is indepen-
dent of the speed of loading and unloading. This is a familiar
characteristic of materials such as soft soils (especially granu-
lar materials) under cyclic loading. For this reason hysteretic

damping seems to be a more realistic form of damping in soils than viscous damping (Hardin, 1965; Verruijt, 1999).
The amplitude of the system, as described by eq. (1.71), is shown graphically in Figure 1.7, as a function of the frequency, and for
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Figure 1.8: Phase angle of forced vibration, hysteretic damping.

various values of the hysteretic damping ratio ζh. The be-
haviour is very similar to that of a system with viscous damp-
ing, see Figure 1.4, except for small values of the frequency.
However, in this system the influence of the mass dominates
the response, especially for high frequencies.

The phase angle is shown in Figure 1.8. Again it appears
that the main difference with the system having viscous damp-
ing occurs for small values of the frequency. For large values
of the frequency the influence of the mass appears to dominate
the response of the system.

It should be noted that in the absence of mass the response
of a system with hysteretic damping is quite different from
that of a system with viscous damping, as demonstrated by
the difference between eqs. (1.39) and (1.73). In a system with
viscous damping the amplitude tends towards zero for high
frequencies, see eq. (1.39), whereas in a system with hysteretic

damping (and zero mass) the amplitude is independent of the frequency, see eq. (1.73).



Chapter 2

THEORY OF CONSOLIDATION

2.1 Introduction

Soft soils such as sand and clay consist of small particles, and often the pore space between the particles is filled with water. In mechanics
this is denoted as a saturated (or at least partially saturated) porous medium. The deformation of fully saturated porous media depends upon
the stiffness of the porous material, but also upon the behaviour of the fluid in the pores. If the permeability of the material is small, the
deformations may be considerably hindered, or at least retarded, by the pore fluid. The simultaneous deformation of the porous material and
flow of pore fluid is the subject of the theory of consolidation. In this chapter the basic equations of this theory are derived, for the case of
a linear material. The theory was developed originally by Terzaghi (1925) for the one-dimensional case, and extended to three dimensions by
Biot (1941), and it has been studied extensively since. A simplified version of the theory, in which the soil deformation is assumed to be strictly
vertical, is also presented in this chapter. The analytical solutions for two simple examples are given.

2.2 Conservation of mass
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Figure 2.1: Conservation of mass of the fluid.

Consider a porous material, consisting of a solid matrix or an assembly of particles,
with a continuous pore space. The pore space is filled with a fluid, usually water,
but possibly some other fluid, or a mixture of fluids. The average velocity of the
fluid is denoted by v and the velocity of the solids is denoted by w. The densities
are denoted by ρf and ρs, respectively, and the porosity by n.

The equations of conservation of mass of the solids and the fluid can be es-
tablished by considering the flow into and out of an elementary volume, fixed in
space, see Figure 2.1. The mass of fluid in an elementary volume V is nρfV . The
increment of this mass per unit time is determined by the net inward flux across
the surfaces of the element. In y-direction the flow through the left and the right
faces of the element shown in Figure 2.1 (both having an area ∆x∆z), results in a
net outward flux of magnitude

∆(nρfvy)∆x∆z =
∆(nρfvy)

∆y
V,

18
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where the volume V has been written as ∆x∆y∆z. This leads to the following mass balance equation

∂(nρf )
∂t

+
∂(nρfvx)

∂x
+
∂(nρfvy)

∂y
+
∂(nρfvz)

∂z
= 0. (2.1)

Using vector notation this can also be written as
∂(nρf )
∂t

+∇· (nρfv) = 0. (2.2)

Similarly, the balance equation for the solid material can be written as

∂[(1− n)ρs]
∂t

+∇· [(1− n)ρsw] = 0, (2.3)

It is assumed that all deformations of the solid matrix are caused by a rearrangement of the particles. The particles themselves are assumed to
be incompressible. This means that the density ρs of the solids is constant. In that case eq. (2.3) reduces to

−∂n
∂t

+∇· [(1− n)w] = 0, (2.4)

Although the pore fluid is often also practically incompressible this will not be assumed, in order to have the possibility of studying the effect
of a compressible fluid. The density of the pore fluid is assumed to depend upon the fluid pressure by the following equation of state

ρf = ρo exp[β(p− po)], (2.5)

where β is the compressibility of the fluid, p is the pressure, and ρo and po are reference quantities. For pure water the compressibility is about
0.5× 10−9 m2/kN. For a fluid containing small amounts of a gas the compressibility may be considerably larger, however. It follows from
eq. (2.5) that

dρf = βρfdp. (2.6)

The equation of conservation of mass of the fluid, eq. (2.2) can now be written as follows, when second order non-linear terms are disregarded,

∂n

∂t
+ nβ

∂p

∂t
+∇· (nv) = 0. (2.7)

The time derivative of the porosity n can easily be eliminated from eqs. (2.4) and (2.7) by adding these two equations. This gives

nβ
∂p

∂t
+∇· [n(v −w)] +∇ ·w = 0. (2.8)
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The quantity n(v −w) is the porosity multiplied by the relative velocity of the fluid with respect to the solids. This is precisely what is intended
by the specific discharge, which is the quantity that appears in Darcy’s law for fluid motion. This quantity will be denoted by q,

q = n(v −w). (2.9)

If the displacement vector of the solids is denoted by u, the term ∇ ·w can also be written as ∂εvol/∂t, where εvol is the volume strain,

εvol = ∇ · u. (2.10)

Equation (2.8) can now be written as

−∂εvol

∂t
= nβ

∂p

∂t
+∇ · q. (2.11)

This is the storage equation. It is one of the most important equations from the theory of consolidation. It admits a simple heuristic interpretation:
the compression of the soil consists of the compression of the pore fluid plus the amount of fluid expelled from an element by flow. The equation
actually expresses conservation of mass of fluids and solids, together with some notions about the compressibilities.

It should be noted that in the formal derivation of eq. (2.11) a number of assumptions have been made, but these are all relatively realistic.
Thus, it has been assumed that the solid particles are incompressible, and that the fluid is linearly compressible, and some second order terms,
consisting of the products of small quantities, have been disregarded. The storage equation (2.11) can be considered as a reasonably accurate
description of physical reality.

It may also be noted that eq. (2.4) can also be written as

∂n

∂t
= (1− n)

∂εvol

∂t
, (2.12)

if a small error in a second order term is neglected. This equation enables to express the volume change in a change of porosity.

2.3 Darcy’s law

In 1857 Darcy found, from a series of experiments, that the specific discharge of a fluid in a porous material is proportional to the head loss. In
terms of the quantities used in this chapter Darcy’s law can be written as

q = −κ
µ

(∇p− ρfg), (2.13)

where κ is the (intrinsic) permeability of the porous material, µ is the viscosity of the fluid, and g is the gravity vector. The permeability
depends upon the size of the pores. As a first approximation one may consider that the permeability κ is proportional to the square of the
particle size.
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If the coordinate system is such that the z-axis is pointing in upward vertical direction the components of the gravity vector are gx = 0, gy =
0, gz = −g, and then Darcy’s law may also be written as

qx = −κ
µ

∂p

∂x
,

qy = −κ
µ

∂p

∂y
, (2.14)

qz = −κ
µ

(
∂p

∂z
+ ρfg).

The product ρfg may also be written as γw, the volumetric weight of the fluid.
In soil mechanics practice the coefficient in Darcy’s law is often expressed in terms of the hydraulic conductivity k rather than the permeability

κ. This hydraulic conductivity is defined as

k =
κρfg

µ
. (2.15)

Thus Darcy’s law can also be written as

qx = − k

γw

∂p

∂x
,

qy = − k

γw

∂p

∂y
, (2.16)

qz = − k

γw
(
∂p

∂z
+ γw).

From the above equations it follows that

∇ · q =
∂qx
∂x

+
∂qy
∂y

+
∂qz
∂z

= −∇· ( k
γw
∇p), (2.17)

if again a small second order term (involving the spatial derivative of the hydraulic conductivity) is disregarded.
Substitution of (2.17) into (2.11) gives

−∂εvol

∂t
= nβ

∂p

∂t
−∇· ( k

γw
∇p). (2.18)

Compared to eq. (2.11) the only additional assumption is the validity of Darcy’s law. As Darcy’s law usually gives a good description of flow in
a porous medium, equation (2.18) can be considered as reasonably accurate.
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2.4 One-dimensional consolidation

In order to complete the system of equations the deformation of the solid material must be considered. In general this involves three types of
equations: equilibrium, compatibility, and a stress-strain-relation. This is rather unfortunate, as the first basic equation, eq. (2.18) is rather
simple, and involves only two basic variables: the pore pressure p and the volume strain εvol. It would be mathematically most convenient if a
second equation relating the volume strain to the pore pressure could be found. Unfortunately, this can only be achieved for a class of simple
problems, for instance those in which the deformation is in vertical direction only. This case of one-dimensional consolidation is considered in
this section.

Let it be assumed that there are no horizontal deformations,

εxx = εyy = 0. (2.19)

A volume change can now occur only by vertical deformation,

εvol = εzz. (2.20)

It can be expected that the vertical strain εzz is mainly determined by the vertical effective stress. If it is assumed that this relation is linear,
one may write

εzz = −ασ′zz, (2.21)

where α is the compressibility of the soil. The minus sign has been introduced to account for the inconsistent system of sign conventions: strains
positive for extension and stresses positive for compression.

According to Terzaghi’s principle of effective stress, the vertical effective stress is the difference of the total stress and the pore pressure,

σ′zz = σzz − p. (2.22)

It now follows from eqs. (2.20) - (2.22) that
∂εvol

∂t
= −α(

∂σzz

∂t
− ∂p

∂t
). (2.23)

This is the simple second relation between εvol and p that was being sought. Substitution into eq. (2.18) finally gives

(α+ nβ)
∂p

∂t
= α

∂σzz

∂t
+∇· ( k

γw
∇p). (2.24)

This is a relatively simple differential equation for the pore pressure p, of the diffusion type. The first term in the right hand side is assumed to
be given from the loading conditions.
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It should be noted that in this section a number of very serious approximations has been introduced. This means that the final equation
(2.24) is much less accurate than the continuity equation (2.18). The horizontal deformations have been neglected, the influence of the horizontal
stresses upon the vertical deformation has been neglected, and, perhaps worst of all, the stress-strain-relation has been assumed to be linear.
Nevertheless, in soil mechanics practice it is often argued that the complicated soil behaviour can never fully be accounted for, and at least the
most important effects, vertical equilibrium and vertical deformation, have been taken into consideration in this simplified theory. As the pore
pressures and the vertical deformations usually are also the most interesting quantities to calculate, this simplified theory may often be a very
valuable first approximation.

For the solution of a particular problem the boundary conditions should also be taken into account. In many cases this leads to a complicated
mathematical problem. Analytical solutions exist only for simple geometries, such as the consolidation of a horizontal layer with a homogeneous
load (this is Terzaghi’s classical one-dimensional problem), or radial consolidation. As an example the solution of Terzaghi’s problem of one-
dimensional consolidation will be given here.

2.4.1 Terzaghi’s problem
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q

2h

Figure 2.2: Terzaghi’s problem.

The problem first solved by Terzaghi (1925) is that of a layer of thickness
2h, which is loaded at time t = 0 by a load of constant magnitude q. The
upper and lower boundaries of the soil layer are fully drained, so that along
these boundaries the pore pressure p remains zero.

The differential equation for this case is the fully one-dimensional form
of eq. (2.24),

(α+ nβ)
∂p

∂t
= α

∂σzz

∂t
+

k

γw

∂2p

∂z2
. (2.25)

Here it has been assumed that the ratio k/γw is a constant. The first term in the right hand side represents the loading rate, which is very
large (approaching infinity) at the moment of loading, and is zero afterwards. In order to study the behaviour at the time of loading one may
integrate eq. (2.25) over a short time interval ∆t and then assuming that ∆t→ 0. This gives

∆p =
α

α+ nβ
∆σzz. (2.26)

Thus, if at time t = 0 the vertical stress suddenly increases from 0 to q, the pore water pressure will increase to a value p0 such that

p0 =
α

α+ nβ
q. (2.27)
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When the fluid is practically incompressible (β → 0) the coefficient in the right hand side approaches 1, indicating that the initial pore pressure
equals the external load. Thus initially the water carries all the load, due to the fact that the water is incompressible and no water has yet been
drained out of the soil, so that there can not yet have been any deformation.

After the load has been applied the term ∂σzz/∂t is zero, because the load is constant in time. Eq. (2.25) then reduces to

∂p

∂t
= cv

∂2p

∂z2
, (2.28)

where cv is the consolidation coefficient,

cv =
k

(α+ nβ)γw
. (2.29)

The initial condition is
t = 0 : p = p0 =

α

α+ nβ
q. (2.30)

and the boundary conditions are
z = 0 : p = 0, (2.31)

z = 2h : p = 0. (2.32)

The mathematical problem to be solved is completely determined by the equations (2.28) - (2.32).

Solution

The solution of the problem can be obtained by using the mathematical tools supplied by the theory of partial differential equations, for instance
the method of separation of variables (see e.g. Wylie, 1960), or, even more conveniently, by the Laplace transform method (see e.g. Churchill,
1972, or Appendix A). The Laplace transform of the pore pressure is defined as

p =
∫ ∞

0

p exp(−st) dt, (2.33)

where s is a positive parameter. The basic principle of the Laplace transform method is to multiply the differential equation, in this case
eq. (2.28), by the factor exp(−st), and then integrating the result from t = 0 to t = ∞. This gives, using partial integration to evaluate the
integral over the time derivative, and also using the initial condition (2.30),

sp− p0 = cv
d2p

dz2
. (2.34)
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The partial differential equation has now been reduced to an ordinary differential equation. The general solution of this equation is

p =
p0

s
+A exp(z

√
s/cv) +B exp(−z

√
s/cv). (2.35)

Here A and B are integration constants, that may depend upon the Laplace transform parameter s. They can be determined using the boundary
conditions (2.31) and (2.32). The final result for the transformed pore pressure is

p

p0
=

1
s
−

cosh[(h− z)
√
s/cv]

s cosh[h
√
s/cv]

. (2.36)

The inverse transform of this expression can be obtained by the complex inversion integral (Churchill, 1972), or in a more simple, although less
rigorous way, by application of Heaviside’s expansion theorem (Appendix A). This theorem states that the inverse transform of a function of
the form f(s) = P (s)/Q(s), where the order of the denominator Q(s) should be higher than that of the numerator P (s), consists of a series of
terms, one for each of the zeros of the denominator Q(s). Each of this terms gives a contribution of the form

p

p0
=

P (sj)
Q′(sj)

exp(−sjt). (2.37)

In this case the denominator is the function
Q(s) = s cosh[h

√
s/cv]. (2.38)

The zeros of this function are s = 0, and the zeros of the function cosh[. . .], which are

s = sj = −(2j − 1)2
π2cv
4h2

, j = 1, 2, . . . .

In that case h
√
s/cv = i(2j − 1)π/2, where i is the imaginary unit, i =

√
−1. For these values the function cosh[. . .] is indeed zero.

It can easily be seen that the values of the numerator P (s) and the derivative of the denominator Q(s) for s = 0 are both 1, so that the
contribution of this zero cancels the contribution of the first term in the right side of eq. (2.36). The value of the numerator P (s) for s = sj is

P (sj) = cos
[
(2j − 1)

π

2
(h− z

h

)]
. (2.39)

and the value of the derivative of the denominator for s = sj is

Q′(sj) =
h
√
sj/cv
2

sinh[h
√
sj/cv], (2.40)
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or, using that h
√
s/cv = i(2j − 1)π/2,

Q′(sj) = −π
4

(2j − 1) sin[(2j − 1)π/2] = −π
4

(2j − 1)(−1)j−1. (2.41)

The final result now is
p

p0
=

4
π

∞∑
j=1

{ (−1)j−1

2j − 1
cos[(2j − 1)

π

2
(
h− z

h
)] exp[−(2j − 1)2

π2

4
cvt

h2
]
}
. (2.42)

This is the analytical solution of the problem. It can be found in many textbooks on theoretical soil mechanics, and also in many textbooks on
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Figure 2.3: Analytical solution of Terzaghi’s problem.

the theory of heat conduction, as that is governed by the same equations.
Because it has been derived here by a method that is mathematically not fully
applicable (Heaviside’s expansion theorem, strictly speaking, applies only to
a function consisting of the quotient of two polynomials), it is advisable to
check whether the solution indeed satisfies all requirements. That it indeed
satisfies the differential equation (2.28) can be demonstrated rather easily,
because each term satisfies this equation. It can also directly be seen that it
satisfies the boundary conditions (2.31) and (2.32) because for z = 0 and for
z = 2h the function cos(. . .) is zero. It is not so easy to verify that the initial
condition (2.30) is also satisfied. A relatively simple method to verify this
is to write a computer program that calculates values of the infinite series,
and then to show that for any value of z and for very small values of t the
value is indeed 1. It will be observed that this requires a very large number
of terms. If t is exactly zero, it will even been found that the series does not
converge.

The solution (2.42) is shown graphically in Figure 2.3. The number of
terms was chosen such that the argument of the exponential function was
less than -20. This means that all terms containing a factor exp(−20), or
smaller, are disregarded. The figure also shows that the solution satisfies

the boundary conditions, and the initial condition. It does not show, of course, that it is the correct solution. That can only been shown by
analytical means, as presented above.

For reasonably large values of the time t the series solution will converge very rapidly, because of the factor (2j − 1)2 in the argument of the
exponential function. This means that for sufficiently large values of time the solution can be approximated by the first term,

p

p0
≈ 4
π

cos[
π

2
(
h− z

h
)] exp[−π

2

4
cvt

h2
]. (2.43)
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Figure 2.4: First term of solution.
.

This approximation is shown graphically in Figure 2.4. It can be seen
that for values of the dimensionless time parameter cvt/h2 larger than
about 0.2, it is sufficient to use one term only. For very small values of
the time parameter the approximation by one single term is of course
very bad, as can also be seen from Figure 2.4. Actually for t = 0
the first term is the first term of the Fourier expansion of the block
function that describes the initial values of the pore pressure. In order
to describe such a block well a very large number of terms in a Fourier
expansion is needed, and the first term is a very poor approximation
(Wylie, 1960).

Settlement

The progress of the settlement in time can be obtained from the solution (2.42) by noting that the strain is determined by the effective stress,

ε = −ασ′zz = −α(σzz − p). (2.44)

The settlement is the integral of this strain over the height of the sample,

w = −
∫ 2h

0

ε dz = 2αhq − α

∫ 2h

0

p dz. (2.45)

The first term in the right hand side is the final settlement, which will be reached when the pore pressures have been completely dissipated.
This value will be denoted by w∞,

w∞ = 2αhq. (2.46)

Immediately after the application of the load q the pore pressure is equal to p0, see eq. (2.30). This means that the immediate settlement, at
the moment of loading, is

w0 = 2αhq
nβ

α+ nβ
. (2.47)
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If the fluid is incompressible (β = 0), the initial settlement is zero.
In order to describe the settlement as a function of time it is conveninet to introduce the degree of consolidation U , defined as

U =
w − w0

w∞ − w0
. (2.48)

This quantity will vary between 0 (at the moment of loading) and 1 (after consolidation has finished). With (2.45), (2.46) and (2.47) this is
found to be related to the pore pressures by

U =
1
2h

∫ 2h

0

p0 − p

p0
dz. (2.49)

Using the solution (2.42) for the pore pressure distribution the final expression for the degree of consolidation as a function of time is

U = 1− 8
π2

∞∑
j=1

1
(2j − 1)2

exp[−(2j − 1)2
π2

4
cvt

h2
]. (2.50)

For t → ∞ this is indeed 0. For t = 0 it is 1, because then the terms in the infinite series add up to π2/8. A graphical representation o the
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Figure 2.5: Degree of consolidation.

degree of consolidation as a function of time is shown
in Figure 2.5.

Theoretically speaking the consolidation phe-
nomenon is finished if t → ∞. For all practical pur-
poses it can be considered as finished when the argu-
ment of the exponential function in the first term of
the series is about 4 or 5. This will be the case when

cvt

h2
≈ 2. (2.51)

This is a very useful formula, because it enables to
estimate the duration of the consolidation process. It
also enables to evaluate the influence of the various
parameters on the consolidation process. If the per-
meability is twice as large, consolidation will take half
as long. If the drainage length is reduced by a factor

2, the duration of the consolidation process is reduced by a factor 4. This explains the usefulness of improving the drainage in order to accelerate
consolidation.
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In engineering practice the consolidation process is sometimes accelerated by installing vertical drains. In a thick clay deposit this may
be very effective, because it reduces the drainage length from the thickness of the layer to the distance of the drains. As the consolidation is
proportional to the square of the drainage length, this may be extremely effective in reducing the consolidation time, and thus accelerating the
subsidence due to the construction of an embankment.

2.5 Three-dimensional consolidation

The complete formulation of a fully three-dimensional problem requires a consideration of the principles of solid mechanics, including equilibrium,
compatibility and the stress-strain-relations. In addition to these equations the initial conditions and the boundary conditions must be formulated.
These equations are presented here, for a linear elastic material.
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Figure 2.6: Equilibrium of element.

The equations of equilibrium can be established by considering the stresses acting
upon the six faces of an elementary volume, see Figure 2.6. In this figure only the
six stress components in the y-direction are shown. The equibrium equations in
the three coordinate directions are

∂σxx

∂x
+
∂σyx

∂y
+
∂σzx

∂z
− fx = 0,

∂σxy

∂x
+
∂σyy

∂y
+
∂σzy

∂z
− fy = 0, (2.52)

∂σxz

∂x
+
∂σyz

∂y
+
∂σzz

∂z
− fz = 0,

where fx, fy and fz denote the components of a possible body force.
In addition to these equilibrium conditions there are three equations of equilib-

rium of moments. These can be taken into account most conveniently by noting
that they result in the symmetry of the stress tensor,

σxy = σyx,

σyz = σzy, (2.53)
σzx = σxz.

The stresses in these equations are total stresses. They are considered positive for compression, in agreement with common soil mechanics
practice, but in contrast with the usual sign convention in solid mechanics.
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The total stresses are related to the effective stresses and the pore pressure by the generalized form of Terzaghi principle,

σxx = σ′xx + p, σxy = σ′xy, σxz = σ′xz,

σyy = σ′yy + p, σyz = σ′yz, σyx = σ′yx, (2.54)
σzz = σ′zz + p, σzx = σ′zx, σzy = σ′zy.

The effective stresses are a measure for the concentrated forces transmitted from grain to grain in the contact points. It is normally assumed in
soil mechanics that these determine the deformation of the soil. The shear stresses can of course only be transmitted by the soil skeleton.

The effective stresses are now supposed to be related to the strains by the generalized form of Hooke’s law, as a first approximation. For an
isotropic material these relationns are

σ′xx = −λεvol − 2µεxx, σ′xy = −2µεxy, σ′xz = −2µεxz,

σ′yy = −λεvol − 2µεyy, σ′yz = −2µεyz, σ′yx = −2µεyx, (2.55)
σ′zz = −λεvol − 2µεzz, σ′zx = −2µεzx, σ′zy = −2µεzy,

where λ and µ are the elastic coefficients of the material (Lamé’s constants). They are related to the compression modulus (or bulk modulus)
K and the shear modulus G by the equations

λ = K − 2
3G, G = µ. (2.56)

The volume strain εvol in eqs. (2.55) is the sum of the three linear strains,

εvol = εxx + εyy + εzz. (2.57)

The strain components are related to the displacement components by the compatibility equations

εxx =
∂ux

∂x
, εxy = 1

2 (
∂ux

∂y
+
∂uy

∂x
), εxz = 1

2 (
∂ux

∂z
+
∂uz

∂x
),

εyy =
∂uy

∂y
, εyz = 1

2 (
∂uy

∂z
+
∂uz

∂y
), εyx = 1

2 (
∂uy

∂x
+
∂ux

∂y
), (2.58)

εzz =
∂uz

∂z
, εzx = 1

2 (
∂uz

∂x
+
∂ux

∂z
), εzy = 1

2 (
∂uz

∂y
+
∂uy

∂z
).

This completes the system of basic field equations. The total number of unknowns is 22 (9 stresses, 9 strains, 3 displacements and the pore
pressure), and the total number of equations is also 22 (6 equilibrium equations, 9 compatibility equations, 6 independent stress-strain-relations,
and the storage equation).
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The system of equations can be simplified considerably by eliminating the stresses and the strains, finally expressing the equilibrium equations
in the displacements. For a homogeneous material (when λ and µ are constant) these equations are

(λ+ µ)
∂εvol

∂x
+ µ∇2ux + fx −

∂p

∂x
= 0,

(λ+ µ)
∂εvol

∂y
+ µ∇2uy + fy −

∂p

∂y
= 0, (2.59)

(λ+ µ)
∂εvol

∂z
+ µ∇2uz + fz −

∂p

∂z
= 0,

where the volume strain εvol should now be expressed as

εvol =
∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z
, (2.60)

and the operator ∇2 is defined as

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
. (2.61)

The system of differential equations now consists of the storage equation (2.18) and the equilibrium equations (2.59). These are 4 equations
with 4 variables: p, ux, uy and uz. The volume strain εvol is not an independent variable, see eq. (2.60).

The initial conditions are that the pore pressure p and the three displacement components are given at a certain time (say t = 0). The
boundary conditions must be that along the boundary 4 conditions are given. One condition applies to the pore fluid: either the pore pressure or
the flow rate normal to the boundary must be specified. The other three conditions refer to the solid material: either the 3 surface tractions or
the 3 displacement components must be prescribed (or some combination). Many solutions of the consolidation equations have been published
(Schiffman, 1984), mainly for bodies of relatively simple geometry (half-spaces, half-planes, cylinders, spheres, etc.).

2.6 Drained deformations

In some cases the analysis of consolidation is not really necessary because the duration of the consolidation process is short compared to the
time scale of the problem considered. This can be investigated by evaluating the expression cvt/h2, where h is the average drainage length, and
t is a characteristic time. When the value of this parameter is large compared to 1, see eq. (2.51), the consolidation process will be finished after
a time t, and consolidation may be disregarded. In such cases the behaviour of the soil is said to be fully drained. No excess pore pressures need
to be considered for the analysis of the behaviour of the soil. Problems for which consolidation is so fast that it can be neglected are for instance
the building of an embankment or a foundation on a sandy subsoil, provided that the smallest dimension of the structure, which determines the
drainage length, is not more than say a few meters.
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2.7 Undrained deformations

Quite another class of problems is concerned with the rapid loading of a soil of low permeability (a clay layer). Then it may be that there is
hardly any movement of the fluid, and the consolidation process can be simplified in the following way. The basic equation involving the time
scale is the storage equation (2.11),

−∂εvol

∂t
= nβ

∂p

∂t
+∇ · q. (2.62)

If this equation is integrated over a short time interval one obtains

−∆εvol = nβ∆p+
∫ ∆t

0

∇ · q dt. (2.63)

The last term in the right hand side represents the net outward flow, over a time interval ∆t. When the permeability is very small, and the time
step ∆t is also very small, this term will be very small, and may be neglected. If the volume strain εvol and the pore pressure p are considered
to be incremental values, with respect to their initial values before application of the load, one may now write

−p =
εvol

nβ
. (2.64)

This expression enables to eliminate the pore pressure from the other equations, such as the equations of equilibrium (2.59). This gives

(λ∗ + µ)
∂εvol

∂x
+ µ∇2ux + fx = 0,

(λ∗ + µ)
∂εvol

∂y
+ µ∇2uy + fy = 0, (2.65)

(λ∗ + µ)
∂εvol

∂z
+ µ∇2uz + fz = 0,

where
λ∗ = λ+

1
nβ

. (2.66)

It may be noted that these equations are compeletely similar to the equations of equilibrium for an elastic material, except that the Lamé
constant λ has been replaced by λ∗.

Combination of eqs. (2.54) and (2.55) with (2.64) leads to the following relations between the total stresses and the displacements

σxx = −λ∗εvol − 2µεxx, σxy = −2µεxy, σxz = −2µεxz,

σyy = −λ∗εvol − 2µεyy, σyz = −2µεyz, σyx = −2µεyx, (2.67)
σzz = −λ∗εvol − 2µεzz, σzx = −2µεzx, σzy = −2µεzy.
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These equations also correspond exactly to the standard relations between stresses and displacements from the classical theory of elasticity,
again with the exception that λ must be replaced by λ∗. It may be concluded that the total stresses and the displacements are determined
by the equations of the theory of elasticity, except that the Lamé constant λ must be replaced by λ∗. The other La mé constant µ remains
unaffected. This type of approach is called an undrained analysis.

In terms of the compression modulus K and the shear modulus G the modified parameters are

K∗ = K +
1
nβ

, G∗ = G. (2.68)

For an incompressible fluid (β = 0) the compression modulus is infinitely large, which is in agreement with the physical basis of the analysis.
The grains and the fluid have been assumed to be incompressible, and the process is so fast that no drainage can occur. In that case the soil
must indeed be incompressible. In an undrained analysis the material behaves with a shear modulus equal to the drained shear modulus, but
with a compression modulus that is practically infinite. In terms of shear modulus and Poisson’s ratio, one may say that Poisson’s ratio ν is
(almost) equal to 0.5 when the soil is undrained.

As an example one may consider the case of a circular foundation plate on a semi-infinite elastic porous material, loaded by a total load P .
According to the theory of elasticity the settlement of the plate is

w∞ =
P (1− ν2)

ED
, (2.69)

where D is the diameter of the plate. This is the settlement if there were no pore pressures, or when all the pore pressures have been dissipated.
In terms of the shear modulus G and Poisson’s ratio ν this formula may be written as

w∞ =
P (1− ν)

2GD
. (2.70)

This is the settlement after the consolidation process has been completed. At the moment of loading the material reacts as if ν = 1
2 , so that the

immediate settlement is
w0 =

P

4GD
. (2.71)

This shows that the ratio of the immediate settlement to the final settlement is

w0

w∞
=

1
2(1− ν)

. (2.72)

Thus the immediate settlement is about 50 % of the final settlement, or more. The consolidation process will account for the remaining part of
the settlement, which will be less than 50 %.
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2.8 Uncoupled consolidation

In general the system of equations of three-dimensional consolidation involves solving the storage equation together with the three equations of
equilibrium, simultaneously, because these equations are coupled. This is a formidable task, and many researchers have tried to simplify this
procedure. It would be very convenient, for instance, if it could be shown that in the storage equation

−∂εvol

∂t
= nβ

∂p

∂t
−∇· ( k

γw
∇p). (2.73)

the first term can be expressed as
∂εvol

∂t
= α

∂p

∂t
, (2.74)

because then the equation reduces to the form

(α+ nβ)
∂p

∂t
= ∇· ( k

γw
∇p), (2.75)

which is the classical diffusion equation, for which many analytical solutions are available. The system of equations is then uncoupled, in the
sense that first the pore pressure can be cetermined from eq. (2.75), and then later the deformation problem can be solved using the equations
of equilibrium, in which then the gradient of the pore pressure acts as a known body force.

For an isotropic material it may be assumed, in general, that the volume strain εvol is a function of the isotropic effective stress σ′0,

σ′0 =
σ′xx + σ′yy + σ′zz

3
. (2.76)

For a linear material the relation may be written as
σ′0 = −Kεvol, (2.77)

where K is the compression modulus, and the minus sign is needed because of the different sign conventions for stresses and strains. The effective
stress is the difference between total stress and pore pressure, and thus one may write

σ0 − p = −Kεvol, (2.78)

Differentiating this with respect to time gives
∂σ0

∂t
− ∂p

∂t
= −K∂εvol

∂t
. (2.79)

If the isotropic total stress is constant in time, then there indeed appears to be a relation of the type (2.74), with

α =
1
K
. (2.80)
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That the isotropic total stress may be constant in certain cases is not unrealistic. In many cases consolidation takes place while the loading of the
soil remains constant, and although there may be a certain redistribution of stress, it may well be assumed that the changes in total stress will
be small. A complete proof is very difficult to give, however, and it is also difficult to say under what conditions the approximation is acceptable.
Various solutions of coupled three-dimensional problems have been obtained, and in many cases a certain difference with the uncoupled solution
has been found. Sometimes there is even a very pronounced difference in behaviour for small values of the time, in the sense that sometimes
the pore pressures initially show a certain increase, before they dissipate. This is the Mandel-Cryer effect, which is a typical consequence of
the coupling effect. When the pore pressures at the boundary start to dissipate the local deformation may lead to an immediate effect in other
parts of the soil body, and this may lead to an additional pore pressure. In the long run the pore pressures always dissipate, however, and the
difference with the uncoupled solution then is often not important. Therefore an uncoupled analysis may be a good first approximation, if it is
realized that local errors may occur, especially for short values of time.

An important class of problems in which an uncoupled analysis is justified is the case where it can be assumed that the horizontal deformations
will be negligible, and the vertical total stress remains constant. In the case of a soil layer of large horizontal extent, loaded by a constant surface
load, this may be an acceptable set of assumptions. Actually, the equations for this case have already been presented above, see the derivation
of eq. (2.23). If the horizontal deformations are set equal to zero, it follows that the volume strain is equal to the vertical strain,

εvol = εzz. (2.81)

For a linear elastic material the vertical strain can be related to the vertical effective stress by the formula

σ′zz = −(λ+ 2µ) εzz, (2.82)

see eq. (2.55). Because the effective stress is the difference of the total stress and the pore pressure it now follows that

σzz − p = −(λ+ 2µ) εzz, (2.83)

and thus, if the total stress σzz is constant in time,
∂p

∂t
= (λ+ 2µ)

∂εvol

∂t
, (2.84)

which is indeed of the form (2.74), with now

α =
1

λ+ 2µ
. (2.85)

It may be concluded that in this case, of zero lateral deformation and constant vertical total stress, the consolidation equations are uncoupled.
The basic differential equation is the diffusion equation (2.75). If the medium is homogeneous, the coefficient k/γw is constant in space, and
then the differential equation reduces to the form

∂p

∂t
= cv∇2p, (2.86)
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where ∇2 is Laplace’s operator,

∇2 =
∂

∂x2
+

∂

∂y2
+

∂

∂z2
, (2.87)

and cv is the consolidation coefficient,

cv =
k

(α+ nβ) γw
. (2.88)

In the next section a solution of the differential equation will be presented.

2.9 Radial consolidation

One of the simplest non-trivial examples is that of the consolidation of a cylinder, see Figure 2.7. It is assumed that in the cylinder an excess

........

........

........
........
.........
.........
.........
..........
..........

...........
.............

................
........................

........................................................................................................................................................................................................................................................................................................................................................................................................
.................

..............
............
...........
..........
.........
.........
.........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
........
........

.........
..........

...........
.............

...................
......................................................................................................................................................................................................................................................................................................................................................................................

...............
............

..........
.........
.........
........
........
.......
.......
.......
.......
.......
.......
.......
..

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.......

.......

.......
.......
.......
.......
.......
.......
........
........

.........
.........

..........
............

...............
..........................

..........................................................................................................................................................................................................................................................................................................................................................................................
................

............
..........
.........
.........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.

Figure 2.7: Cylinder.

pore pressure p0 has been generated, and that consolidation occurs due to flow in radial direction,
towards a drainage layer surrounding the cylinder.

In the case of radially symmetric flow it seems natural to use polar coordinates, and if it is assumed
that there is flow only in the plane perpendicular to the axis of the cylinder, the basic differential
equation (2.86) is

∂p

∂t
= cv(

∂p

∂r2
+

1
r

∂p

∂r
). (2.89)

A straightforward method of solution of this type of equation is by the Laplace transform method (see
Churchill, 1972; or Appendix A). If the Laplace transform p of the pressure p is defined as

p =
∫ ∞

0

p exp(−st) dt, (2.90)

then the transformed problem is, when the pore pressure at time t = 0 is p0, throughout the cylinder,

d2p

dr2
+

1
r

dp

dr
− s

cv
p = −p0

cv
. (2.91)

The general solution of this problem is

p =
p0

s
+AI0(qr) +BK0(qr), (2.92)
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where q =
√
s/cv and I0(x) and K0(x) are modified Bessel functions of order zero and the first and second kind, respectively. The solution

satisfying the boundary conditions that the pressure is zero along the outer boundary r = a, and that the pore pressure is not singular in the
origin, is

p =
p0

s
− p0

s

I0(qr)
I0(qa)

. (2.93)

The inverse transform of this expression can be obtained by the complex inversion integral (Churchill, 1972), or in a more simple, although
less rigorous way, by application of Heaviside’s expansion theorem (Appendix A). The derivation proceeds in the same way as in the case of
one-dimensional consolidation considered above, see the derivation of eq. (2.42). The result is

p

p0
= 2

∞∑
k=1

J0(αkr/a)
αk J1(αk)

exp(−α2
kct/a

2), (2.94)

where J0(x) and J1(x) are Bessel functions of the first kind and order zero and one, respectively, and where the values αk indicate the zeroes of
J0(x). These are tabulated, for instance, by Abramowitz & Stegun (1964). The solution (2.94) can be found in many textbooks on the Laplace
transform or on heat conduction, see for instance Churchill (1972).
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Figure 2.8: Pore pressure in center of cylinder.

The pore pressure in the center of the cylinder is shown in Fig-
ure 2.8 as a function of time. It may be interesting to mention
that the coupled solution shows a small increase of the pore
pressure in the center shortly after the start of consolidation
(De Leeuw, 1964). This is the Mandel-Cryer effect (Mandel,
1953; Cryer, 1963), which is typical of three-dimensional con-
solidation. This coupling effect has not be taken into account
here, by assuming a simplification of the consolidation equa-
tions. The solution given here deviates considerably from the
complete three-dimensional solution. For this case a physical
explanation of the Mandel-Cryer effect is that in the beginning
only the outer ring of the cylinder will be drained. The loss of
water in this ring leads to a tendency for it to shrink, which
in its turn leads to a compression of the core of the cylinder,
where no drainage is possible yet. Only after some time can the
draining effect influence the pore pressures in the core, which
then also will dissipate. Comparison of the coupled solution
with the uncoupled solution shown in Figure 2.8 shows that in

the uncoupled solution the dissipation of the pore pressures is a little too fast. And an initial pore pressure increase is not observed.
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Figure 2.9: Analytical solution of radial consolidation.

The distribution of the pore pressures over the radial distance r is shown, for
various values of the dimensionless time parameter ct/a2 in Figure 2.9. Com-
parison with the solution for the one-dimensional case, see Figure 2.3, shows
that in the beginning the consolidation process is practically the same, but at
later times the radial consolidation goes significantly faster. This can be un-
derstood by noting that in the beginning only the areas close to the draining
surface are drained, in which case the shape of the boundary is not important.
In later stages the core of the sample must be drained, and in the radial case
this contains considerably less material, so that a smaller amount of water is to
be drained.

Problems

2.1 It is known from Laplace transform theory that an approximation for small values of the time t can often be obtained by taking the
transformation parameter s very large. Apply this theorem to the solution of the one-dimensional problem, eq. (2.36), by assuming that s is
very large, and then determine the inverse transform from a table of Laplace transforms.

2.2 Apply the same theorem to the solution of the problem of radial consolidation of a massive sphere, by taking s very large in the solution
(2.93), and then determining the inverse transform. Note that this leads to precisely the same approximate solution for small values of the time
t as in the previous problem.



Chapter 3

PLANE WAVES IN POROUS MEDIA

In this chapter the basic equations for the propagation of waves in a porous medium are presented. They were first derived by Biot (1956) and
De Josselin de Jong (1956). They can be considered to be the extension of the theory of consolidation to the dynamic case. The considerations
will be restricted to the one-dimensional case of propagation of plane waves, and to the linearized equations.

3.1 Basic equations

The equation of conservation of mass of the pore fluid is

∂(nρf )
∂t

+
∂(nρfv)
∂x

= 0, (3.1)

where n is the porosity, ρf is the density of the pore fluid, and v is the velocity of the pore fluid, defined as the average velocity of the fluid
particles. After linearization this equation can be written as

∂(nρf )
∂t

+ nρf
∂v

∂x
= 0. (3.2)

The equation of conservation of momentum of the fluid is

nρf
∂v

∂t
+ αnρf

∂(v − w)
∂t

= −n∂p
∂x

− n2µ

κ
(v − w), (3.3)

where α is a mass coupling factor, describing the effect of added mass, w is the velocity of the solid particles, µ is the viscosity of the pore
fluid, and κ is the permeability of the porous medium. It may be noted that this equation contains Darcy’s law as a special case, when the
accelerations are negligible. It should also be noted that the interaction terms are expressed in terms of the velocity of the fluid with respect to
the solids. When the fluid and the solid have equal velocities these terms vanish.

The constitutive equation of the fluid is assumed to be
dρf

dp
= βρf , (3.4)

where β is the compressibility of the pore fluid.

39
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The equation of conservation of mass of the solid particles is

∂[(1− n)ρs]
∂t

+
∂[(1− n)ρsw]

∂x
= 0, (3.5)

where ρs is the density of the particle material. It is assumed that the particles are incompressible, so that ρs can be considered as a constant.
The basic idea, which underlies the mechanics of soft soils, is that in soft soils the deformations are mainly caused by a rearrangement of the
particles, and not by their individual deformation. This is in agreement with experimental evidence indicating that the deformations of soft
soils usually are an order of magnitude larger than those that can be expected on the basis of particle deformation. At relatively low stresses
deformations of the order of magnitude of 0.001 or even 0.01 are observed.

After linearization, which means that a term consisting of the product of the velocity w and the gradient of the porosity ∂n/∂x is disregarded,
equation (3.5) becomes

∂n

∂t
− (1− n)

∂w

∂x
= 0, (3.6)

The equation of conservation of momentum of the solids is

(1− n)ρs
∂w

∂t
− αnρf

∂(v − w)
∂t

= −∂σ
′

∂x
− (1− n)

∂p

∂x
+
n2µ

κ
(v − w), (3.7)

where σ′ is the effective stress, a measure for the forces transmitted at the contact points, when averaged over the total area of a section in the
porous medium.

The constitutive equation for the solid material is assumed to be

mv
∂σ′

∂t
= −∂w

∂x
, (3.8)

where mv is the compressibility of the porous medium. This compressibility is the inverse of the (confined) modulus of elasticity. Even though
this assumption must be considered as a poor representation of the mechanical behaviour of soft soils, it is essential to note that the governing
stress parameter is the effective stress. More complicated stress-strain-relations can be formulated, involving time (to represent creep) and stress
history (to represent irreversible plastic deformations). These are all expressed in terms of the effective stress, however, and do not involve the
fluid pressure p, even though the pressure in the fluid will generate an equal stress in the solid particles, which are completely surrounded by the
pore fluid. The basic idea is, as mentioned before, that the deformations are governed by the concentrated forces at the interparticle contacts.

It is interesting to note that by adding the two equations of momentum, equations (3.3) and (3.7), one obtains

nρf
∂v

∂t
+ (1− n)ρs

∂w

∂t
= −∂σ

′

∂x
− ∂p

∂x
. (3.9)
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This is the equation of conservation of momentum of the material as a whole, σ = σ′ + p being the total stress. The interaction terms now have
vanished, of course.

For the solution of engineering problems it is most convenient to eliminate the time derivatives of the porosity and the fluid density, by
combining equations (3.2), (3.4) and (3.6). This gives

n
∂v

∂x
+ (1− n)

∂w

∂x
= −nβ ∂p

∂t
, (3.10)

or

n
∂(v − w)

∂x
+
∂w

∂x
= −nβ ∂p

∂t
. (3.11)

Written in this form the equation is usually denoted as the storage equation (Verruijt, 1969), or the total mass balance equation. It expresses
the balance of the fluid flow with volumetric deformations of the porous medium and compression of the pore fluid.

Together with equations (3.3), (3.7) and (3.8), equation (3.10) or (3.11) forms a system of four partial differential equations, with four basic
variables : v, w, p and σ′. One of the two equations of balance of momentum can of course be replaced by the total balance equation (3.9).

It is often considered convenient to consider the relative velocity v − w as a basic variable, rather than the fluid velocity v, because the
relative velocity governs the interaction between the fluid and the solids. In soil mechanics, and in hydrology, it is common practice to express
the equations in terms of the particle velocity w and the specific discharge, which is defined as

q = n(v − w). (3.12)

In the absence of acceleration terms, equation (3.3) can now be written as

q = −κ
µ

∂p

∂x
. (3.13)

This is the classical form of Darcy’s law.

3.2 Recapitulation

A convenient system of four basic equations is formed by the equations (3.10), (3.8), (3.9) and (3.3). These are the balance equations of mass
and momentum for the material as a whole, the balance of mass of the solids, and the balance of momentum of the pore fluid. These equations
are rewritten below.

n
∂v

∂x
+ (1− n)

∂w

∂x
= −nβ ∂p

∂t
, (3.14)

mv
∂σ′

∂t
= −∂w

∂x
, (3.15)
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nρf
∂v

∂t
+ (1− n)ρs

∂w

∂t
= −∂σ

′

∂x
− ∂p

∂x
. (3.16)

nρf
∂v

∂t
+ αnρf

∂(v − w)
∂t

= −n∂p
∂x

− n2µ

κ
(v − w). (3.17)

These are the basic equations for the propagation of plane waves in a porous medium, if this is composed of a soft soil, saturated with
a compressible fluid. It is useful to realize that eq. (3.14) expresses mass conservation of the fluid and the soil particles, i.e. total mass
conservation, eq. (3.15) is the stress-strain relation of the soil skeleton, eq. (3.16) expresses conservation of total momentum, and eq. (3.17) is
the extended form of Darcy’s law (including conservation of momentum of the fluid).

3.3 Special cases

The general equations (3.14) – (3.17) include some interesting special cases, which will be discussed in this section.

3.3.1 Undrained waves

A special case that can be imagined is when the fluid and the solids move together, w = v. This case can be considered to occur when the
permeability is very small, see eq. (3.17). The last term in that equation will then dominate, indicating that v ≈ w. From eqs. (3.14) and (3.15)
one then obtains, using the relation σ = σ′ + p,

p =
mv

mv + nβ
σ (3.18)

σ′ =
nβ

mv + nβ
σ (3.19)

These equations express that the total stress is carried by the fluid and the solids in proportion to their stiffnesses.
The two remaining equations now are

E
∂v

∂x
= −∂σ

∂t
, (3.20)

ρ
∂v

∂t
= −∂σ

∂x
, (3.21)

where E is an equivalent elastic modulus,

E =
1
mv

+
1
nβ

= Ed +
Kf

n
, (3.22)

and ρ is the mass density of the soil as a whole,
ρ = nρf + (1− n)ρs. (3.23)
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In eq. (3.22) Ed is the modulus of elasticity of the dry soil, and Kf is the modulus of compressibility of the fluid. It appears that the dynamic
stiffness now is the sum of the stiffnesses of the solid skeleton and the pore fluid.

Eqs. (3.20) and (3.21) are the familiar standard equations for wave propagation. They admit solutions of the form

σ − E

c
v = f1(x+ ct), (3.24)

σ +
E

c
v = f2(x− ct), (3.25)

where the wave propagation velocity now is
c =

√
E/ρ. (3.26)

This shows that the wave velocity in the undrained case is determined by the classical formula (3.26), where the elastic modulus is the (weighted)
sum of the two moduli of the constituents, and the density is the total density of the soil. It should be noted that this simplified solution applies
only if the boundary conditions do not violate the assumed relationships. Thus, for instance, a boundary where the fluid and the soil are moving
at the same rate satisfies the assumption v = w, and at a free boundary, where p = σ′ = 0, the relations (3.18) and (3.19) can be satisfied.
When there are other types of boundary conditions the approximation considered here may not be produced.

In saturated soft soils the stiffness of the solid matrix may be much smaller than the stiffness of the fluid. In that case the equivalent modulus
of elasticity is determined mainly by the (inverse of the) compressibility of the fluid, see eq. (3.22) with 1/mv = 0. The effective stress practically
vanishes in this case, and the pore pressure will be practically equal to the total stress.

For a completely saturated soil the value of β is about β = 0.5 × 10−9 m2/N. With n = 0.40 and ρ = 2000 kg/m3 one then obtains
c ≈ 1600 m/s. Such wave velocities are indeed often observed.

3.3.2 Rigid solid matrix

When the solid matrix is rigid the velocity of the solids w can be assumed to vanish, w = 0. It now seems most appropriate to disregard the
stress-strain relation (3.15) and the total momentum balance equation (3.16), as this involves the momentum balance of the solid matrix, which
is irrelevant when the solid matrix is assumed to be rigid. Thus the two remaining equations are

∂v

∂x
= −β ∂p

∂t
, (3.27)

(1 + α)ρf
∂v

∂t
= −∂p

∂x
− nµ

κ
v. (3.28)

These are two equations in the basic variables for this special case, the pore pressure p and the fluid velocity v.



Arnold Verruijt, Soil Dynamics : 3. PLANE WAVES IN POROUS MEDIA 44

The behaviour of the material can be investigated by considering the propagation of harmonic waves

v = ṽ exp[i(λx− ωt)] = ṽ exp[iλ(x− ct)], (3.29)

p = p̃ exp[i(λx− ωt)] = p̃ exp[iλ(x− ct)], (3.30)

where λ is the wave number, ω is the frequency of the wave, and c is the wave propagation velocity, c = ω/λ. The frequency ω is real; the wave
number λ may be complex.

Substitution of eqs. (3.29) and (3.30) into the equations (3.27) and (3.28) gives

ṽ = βcp̃, (3.31)

(1 + α)ρfβ[1 + i
nµ

(1 + α)ρfωκ
] c2 = 1. (3.32)

The behaviour of the solution is determined by the value of the factor

B =
nµ

(1 + α)ρfωκ
=

ng

(1 + α)ωk
, (3.33)

where g is the gravity constant (g ≈ 10 m/s2), and k is the hydraulic conductivity. For normal soils the permeability is about 10−4 m/s, or
less, and thus the value of the parameter B is very large, except for extremely rapid fluctuations, say ω > 105 s−1. In normal civil engineering
practice this may be excluded. Then the (imaginary) second term in the left hand side of eq. (3.33) dominates, and the value of c becomes

c = −i λκ
nµβ

. (3.34)

Because c = ω/λ it now follows that

λ2 = i
nβω

κ/µ
, (3.35)

or

λ = −(1 + i)

√
nβω

2κ/µ
. (3.36)

This means that the wave is strongly damped. As an example consider a wave with frequency ω = 1 s−1, in a soil with porosity n = 0.40,
permeability k = 10−4 m/s, completely saturated with water, so that β = 0.5× 10−9 m2/N. In this case one obtains : λ = 1 m−1. This
means that the wave will be attenuated very rapidly, in a few meters. If the frequency is higher the attenuation is even stronger. Also, if
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the permeability is smaller than the (relatively high) value considered here, the wave will be damped in the immediate vicinity of the source.
Propagation of this wave over a considerable distance will occur only if the frequency is very low, or the permeability is very high.

In the case of extremely high frequencies the influence of the permeability can be disregarded, and the second term in the left hand side of
eq. (3.32) can be disregarded. The wave velocity then is

c =
√

1/[(1 + α)ρfβ]. (3.37)

Apart from the factor (1 + α) this is simply the propagation velocity of a compression wave in the fluid. As stated above, waves of this type
will be strongly damped by the friction with the solids.

For a completely saturated soil the value of β is the compressibility of pure water, which is about β = 0.5×10−9 m2/N. With ρf = 1000 kg/m3

one then obtains c ≈ 1400 m/s, which is slightly slower than the undrained wave considered before.

3.4 Numerical solution

For a numerical solution by finite differences it is convenient to rewrite the equations (3.14) – (3.17) in the following form,

[1 + α{1 +
nρf

(1− n)ρs
}] ∂v
∂t

= − 1
ρf

∂p

∂x
− nµ

κρf
(v − w)− α

(1− n)ρs
{∂σ

′

∂x
+
∂p

∂x
}, (3.38)

∂w

∂t
= − nρf

(1− n)ρs

∂v

∂t
− 1

(1− n)ρs
{∂σ

′

∂x
+
∂p

∂x
}, (3.39)

∂p

∂t
= − 1

β

∂v

∂x
− 1− n

nβ

∂w

∂x
, (3.40)

∂σ′

∂t
= − 1

mv

∂w

∂x
. (3.41)

When written in this form a numerical solution by finite differences can easily be developed, because new values for the variables v, w, p and σ′

can be calculated successively from the four equations.
As an example the problem of propagation of an under water shock wave will be considered. At time t = 0 all variables are assumed to be

zero, and at that time a shock wave hits the end x = 0, so that the boundary conditions are

x = 0 : p = q, (3.42)

and
x = 0 : σ′ = 0. (3.43)
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The shock wave is supposed to act both in the total stress and in the pore water pressure. This means that the effective stress at the surface
remains zero. This situation can be considered to apply to a wave reaching the soil through a layer of water to the left of the boundary x = 0.

The numerical procedure now can be that new values for v are first calculated from eq. (3.38), then new values for w are calculated from
eq. (3.39), next new values for p are calculated from eq. (3.40), and finally new values for σ′ are calculated from eq. (3.41). This completes the
calculations in a time step. The same calculations can then be repeated for a new time step, and so the process can be solved in successive time
steps.

A program (in Turbo Pascal) that performs the calculations, and shows the response on the screen, is reproduced below.

program shock;

uses crt,graph;

const

nn=500;n=2000;

var

ip,ff,maxx,maxy,graphdriver,graphmode,errorcode:integer;

rs,rf,poro,mu,beta,mv,kappa,alpha,dx,dt,ee,rr,cc,xx,tt,time:real;

v,w,p,s:array[0..n+1] of real;data:text;

procedure title;

begin

clrscr;gotoxy(38,1);textbackground(7);textcolor(0);write(’ SHOCK WAVE ’);

textbackground(0);textcolor(7);writeln;writeln;

end;

procedure graphinitialize;

begin

graphdriver:=detect;initgraph(graphdriver,graphmode,’’);

errorcode:=graphresult;

if (errorcode<>grok) then

begin

writeln(’Error in graphics :’,grapherrormsg(errorcode));

writeln;writeln(’Program interrupted.’);halt(1);

end;

setcolor(7);setbkcolor(0);setlinestyle(0,0,1);setfillstyle(11,7);

maxx:=getmaxx;maxy:=getmaxy;closegraph;

end;

procedure input;

var

i:integer;c2,tc:real;inp:string;

begin

title;

writeln(’This is a program to calculate the response of a saturated’);

writeln(’porous medium to a shock wave.’);writeln;

write(’ Name of input datafile ............ ’);readln(inp);

assign(data,inp);reset(data);readln(data,rs);readln(data,rf);
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readln(data,poro);readln(data,mu);readln(data,kappa);readln(data,beta);

readln(data,mv);readln(data,alpha);readln(data,ip);close(data);

xx:=0.5;dx:=xx/nn;rr:=poro*rf+(1-poro)*rs;ee:=1/mv+1/(poro*beta);

cc:=sqrt(ee/rr);c2:=sqrt(1/(beta*rf));if c2>cc then cc:=c2;

tc:=dx/cc;xx:=nn*dx;tt:=xx/cc;writeln;

writeln(’ Critical time step ................ ’,tc:18:12);writeln;

write(’ Time step/Critical time step ...... ’);readln(dt);

dt:=dt*tc;writeln;writeln(’ Output :’);writeln;

writeln(’ 1 : Pore pressure’);

writeln(’ 2 : Effective stress’);

writeln(’ 3 : Total stress’);

writeln(’ 4 : Fluid velocity’);

writeln(’ 5 : Solids velocity’);

writeln(’ 6 : Relative fluid velocity’);writeln;

write(’ Output ............................ ’);readln(ff);

if ff<1 then ff:=1;if ff>6 then ff:=6;

for i:=0 to n+1 do

begin

v[i]:=0.0;w[i]:=0.0;p[i]:=0.0;s[i]:=0.0;

end;

p[0]:=1;

end;

procedure calculate;

var

i,j,x,y,x1,x2,y1,y2,xa,xb,ya,yb:integer;

a,a1,a2,a3,a4,b1,b2,c1,c2,d1,wa:real;

begin

initgraph(graphdriver,graphmode,’’);

x1:=round(0.1*maxx);x2:=maxx-x1;y1:=round(0.9*maxy);y2:=maxy-y1;

line(x1,y1,x2,y1);line(x1,y1,x1,y2);

outtextxy(x1-2,y1+8,’0’);outtextxy(x2-20,y1+8,’500 mm’);

outtextxy(x1-10,y1-2,’0’);outtextxy(x1-10,y2-2,’1’);

if ff=1 then outtextxy(x1+220,y1+26,’Pore pressure’);

if ff=2 then outtextxy(x1+220,y1+26,’Effective stress’);

if ff=3 then outtextxy(x1+220,y1+26,’Total stress’);

if ff=4 then outtextxy(x1+220,y1+26,’Fluid velocity’);

if ff=5 then outtextxy(x1+220,y1+26,’Solids velocity’);

if ff=6 then outtextxy(x1+220,y1+26,’Relative fluid velocity’);

setlinestyle(1,0,1);

for i:=1 to 10 do

begin

x:=x1+round(0.1*(x2-x1)*i);line(x,y1,x,y2);

y:=y1+round(0.1*(y2-y1)*i);line(x1,y,x2,y);
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end;

setlinestyle(0,0,1);xa:=x1;ya:=y1;wa:=sqrt(mv/rr);

a1:=1+alpha*(1+poro*rf/((1-poro)*rs));a2:=1/(rf*dx);

a3:=poro*mu/(kappa*rf);a4:=alpha/((1-poro)*rs*dx);

b1:=poro*rf/((1-poro)*rs);b2:=1/((1-poro)*rs*dx);

c1:=1/(beta*dx);c2:=(1-poro)/(poro*beta*dx);d1:=1/(mv*dx);

for j:=1 to n do

begin

for i:=0 to j do

begin

a:=-(a2*(p[i]-p[i-1])+a3*(v[i]-w[i])+a4*(s[i]-s[i-1]+p[i]-p[i-1]))/a1;

v[i]:=v[i]+a*dt;w[i]:=w[i]-(b1*a+b2*(s[i]-s[i-1]+p[i]-p[i-1]))*dt;

end;

for i:=1 to j do

begin

p[i]:=p[i]-(c1*(v[i+1]-v[i])+c2*(w[i+1]-w[i]))*dt;

s[i]:=s[i]-d1*(w[i+1]-w[i])*dt;

end;

time:=j*dt;xb:=x1+round(0.8*time*maxx/tt);

if ff=1 then yb:=y1-round(0.8*maxy*p[ip]);

if ff=2 then yb:=y1-round(0.8*maxy*s[ip]);

if ff=3 then yb:=y1-round(0.8*maxy*(s[ip]+p[ip]));

if ff=4 then yb:=y1-round(0.3*maxy*v[ip]/wa);

if ff=5 then yb:=y1-round(0.3*maxy*w[ip]/wa);

if ff=6 then yb:=y1-round(0.3*maxy*(v[ip]-w[ip])/wa);

line(xa,ya,xb,yb);xa:=xb;ya:=yb;

if keypressed then j:=n;if xb=x2 then j:=n;

end;

readln;closegraph;

end;

begin

graphinitialize;

input;

calculate;

end.

Program SHOCK.

The program applies to a soil column of 500 mm length. The column is subdivided into 500 elements of 1 mm length. The physical data
describing the problem must be read from an input datafile, which must be prepared by the user. The program determines a critical value for
the time step on the basis of the wave velocities corresponding to an undrained wave and a wave in the pore fluid. The user is then requested to
enter a ratio for the time step, in terms of this critical time step. This ratio should be less than 1, in order to avoid instabilities. The program
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can show output of various variables, such as the stresses and the velocities.
An example of a datafile is reproduced below. This datafile defines the solid and fluid properties. It also indicates that output data should

be given for the point at a distance x = 40 dx, that is 40 mm from the top.
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Figure 3.1: Pore pressures.

The results of the computations of the pore pressure as a function of
time, using the program SHOCK and the data given above are shown in
Figure 3.1.

It appears that there are two waves generated in the column. The arrival
time of the first wave corresponds reasonably well with that of the undrained
wave, in which the soil particles move with the pore fluid. The second wave
is typical of porous media in which the compressibility of the fluid and of
the solids have the same order of magnitude (Van der Grinten, 1987). In
this wave the fluid particles move with respect to the soil particles. This
wave is strongly damped, because of the friction between the fluid and the
solid particles. The effect of this wave can only be observed near the surface
(in the example this is at a depth of 40 mm). At large depths it has been
dissipated. The high frequency oscillations observed in the figure must be
a result of the numerical process. In the analytical solution they do not
appear.



Chapter 4

WAVES IN PILES

In this chapter the problem of the propagation of compression waves in piles is studied. This problem is of importance when considering the
behaviour of a pile and the soil during pile driving, and under dynamic loading. Because of the one-dimensional character of the problem this
is also one of the simplest problems of wave propagation in a mathematical sense, and therefore it may be used to illustrate some of the main
characteristics of dynamics. Several methods of analysis will be used : the Laplace transform method, separation of variables, the method of
characteristics, and numerical solution.

4.1 Basic equation

Consider a pile of constant cross sectional area A, consisting of a linear elastic material, with modulus of elasticity E. If there is no friction
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Figure 4.1: Element of axially loaded
pile.

along the shaft of the pile the equation of motion of an element is

∂N

∂z
= ρA

∂2w

∂t2
, (4.1)

where ρ is the mass density of the material, and w is the displacement in axial direction. The normal
force N is related to the stress by

N = σA,

and the stress is related to the strain by Hooke’s law for the pile material

σ = Eε.

Finally, the strain is related to the vertical displacement w by the relation

ε = ∂w/∂z.

Thus the normal force N is related to the vertical displacement w by the relation

N = EA
∂w

∂z
. (4.2)

50
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Substitution of eq. (4.2) into eq. (4.1) gives

E
∂2w

∂z2
= ρ

∂2w

∂t2
. (4.3)

This is the wave equation. It can be solved analytically, for instance by the Laplace transform method or by the method of characteristics, or it
can be solved numerically. All these techniques are presented in this chapter. The analytical solution will give insight into the behaviour of the
solution. A numerical model is particularly useful for more complicated problems, involving friction along the shaft of the pile, and non-uniform
properties of the pile and the soil.

4.2 Solution by Laplace transform method

Many problems of one-dimensional wave propagation can be solved conveniently by the Laplace transform method (Churchill, 1972). Some
examples of this technique are given in this section.

4.2.1 Pile of infinite length

The Laplace transform of the displacement w is defined by

w(z, s) =
∫ ∞

0

w(z, t) exp(−st) dt, (4.4)

where s is the Laplace transform parameter, which can be assumed to have a positive real part. Now consider the problem of a pile of infinite
length, which is initially at rest, and on the top of which a constant pressure is applied, starting at time t = 0. The Laplace transform of the
differential equation (4.3) now is

d2w

dz2
=
s2

c2
w, (4.5)

where c is the wave velocity,
c =

√
E/ρ. (4.6)

The solution of the ordinary differential equation (4.5) which vanishes at infinity is

w = A exp(−sz/c). (4.7)

The integration constant A (which may depend upon the transformation parameter s, but not on z) can be obtained from the boundary
condition. For a constant pressure p0 applied at the top of the pile this boundary condition is

z = 0, t > 0 : E
∂w

∂z
= −p0. (4.8)
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The Laplace transform of this boundary condition is

z = 0 : E
dw

dz
= −p0

s
. (4.9)

With (4.7) the value of the constant A can now be determined. The result is

A =
pc

Es2
, (4.10)

so that the final solution of the transformed problem is
w =

pc

Es2
exp(−sz/c). (4.11)

The inverse transform of this function can be found in elementary tables of Laplace transforms, see for instance Abramowitz & Stegun (1964)
or Churchill (1972). The final solution now is

w =
pc(t− z/c)

E
H(t− z/c), (4.12)

where H(t− t0) is Heaviside’s unit step function, defined as

H(t− t0) =
{

0, if t < t0,
1, if t > t0.

(4.13)

The solution (4.12) indicates that a point in the pile remains at rest as long as t < z/c. From that moment on (this is the moment of arrival of
the wave) the point starts to move, with a linearly increasing displacement, which represents a constant velocity.

It may seem that this solution is in disagreement with Newton’s second law, which states that the velocity of a mass point will linearly
increase in time when a constant force is applied. In the present case the velocity is constant. The moving mass gradually increases, however, so
that the results are really in agreement with Newton’s second law : the momentum (mass times velocity) linearly increases with time. Actually,
Newton’s second law is the basic principle involved in deriving the basic differential equation (4.3), so that no disagreement is possible, of course.

4.2.2 Pile of finite length
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Figure 4.2: Pile of finite length.

The Laplace transform method can also be used for the analysis of waves in
piles of finite length. Many solutions can be found in the literature (Churchill,
1972; Carslaw & Jaeger, 1948). An example will be given below.

Consider the case of a pile of finite length, say h, see Figure 4.2. The
boundary z = 0 is free of stress, and the boundary z = h undergoes a sudden
displacement at time t = 0. Thus the boundary conditions are
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z = 0, t > 0 :
∂w

∂z
= 0, (4.14)

and
z = h, t > 0 : w = w0. (4.15)

The general solution of the transformed differential equation

d2w

dz2
=
s2

c2
w, (4.16)

is
w = A exp(sz/c) +B exp(−sz/c). (4.17)

The constants A and B (which may depend upon the Laplace transform parameter s) can be determined from the transforms of the boundary
conditions (4.14) and (4.15). The result is

w =
w0

s

cosh(sz/c)
cosh(sh/c)

. (4.18)

The mathematical problem now remaining is to find the inverse transform of this expression. This can be accomplished by using the complex
inversion integral (Churchill, 1972), or its simplified form, the Heaviside expansion theorem, see Appendix A. This gives, after some mathematical
elaborations,

w

w0
= 1− 4

π

∞∑
k=0

(−1)k

(2k + 1)
cos

[
(2k + 1)

πz

2h
]

cos
[
(2k + 1)

πct

2h
]
. (4.19)

As a special case one may consider the displacement of the free end z = 0,

z = 0 :
w

w0
= 1− 4

π

∞∑
k=0

(−1)k

(2k + 1)
cos

[
(2k + 1)

πct

2h
]
. (4.20)

This expression is of the form of a Fourier series. Actually, it is the same series as the one given in the example in Appendix A, except for a
constant factor and some changes in notation. The summation of the series is shown in Figure 4.3. It appears that the end remains at rest for
a time h/c, then suddenly shows a displacement 2w0 for a time span 2h/c, and then switches continuously between zero displacement and 2w0.
The physical interpretation, which may become more clear after considering the solution of the problem by the method of characteristics in a
later section, is that a compression wave starts to travel at time t = 0 towards the free end, and then is reflected as a tension wave in order that
the end remains free. The time h/c is the time needed for each wave to travel through the pile.
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Figure 4.3: Displacement of free end.

4.3 Separation of variables

For certain problems, especially problems of continuous vibrations, the differential equation (4.3) can be solved conveniently by separation of
variables. Two examples will be considered in this section.

4.3.1 Shock wave in finite pile

As an example of the general technique used in the method of separation of variables the problem of a pile of finite length loaded at time t = 0
by a constant displacement at one of its ends will be considered once more. The differential equation is

∂2w

∂t2
= c2

∂2w

∂z2
, (4.21)

with the boundary conditions

z = 0, t > 0 :
∂w

∂z
= 0, (4.22)

and
z = h, t > 0 : w = w0. (4.23)



Arnold Verruijt, Soil Dynamics : 4. WAVES IN PILES 55

The first condition expresses that the boundary z = 0 is a free end, and the second condition expresses that the boundary z = h is displaced by
an amount w0 at time t = 0. The initial conditions are supposed to be that the pile is at rest at t = 0.

The solution of the problem is now sought in the form

w = w0 + Z(z)T (t). (4.24)

The basic assumption here is that solutions can be written as a product of two functions, a function Z(z), which depends upon z only, and
another function T (t), which depends only on t. Substitution of (4.24) into the differential equation (4.21) gives

1
c2

1
T

d2T

dt2
=

1
Z

d2Z

dz2
. (4.25)

The left hand side of this equation depends upon t only, the right hand side depends upon z only. Therefore the equation can be satisfied only
if both sides are equal to a certain constant. This constant may be assumed to be negative or positive. If it is assumed that this constant is
negative one may write

1
Z

d2Z

dz2
= −λ2, (4.26)

where λ is an unknown constant. The general solution of eq. (4.26) is

Z = A cos(λz) +B sin(λz), (4.27)

where A and B are constants. They can be determined from the boundary conditions. Because dZ/dz must be 0 for z = 0 it follows that B = 0.
If now it is required that Z = 0 for z = h, in order to satisfy the boundary condition (4.23) it follows that either A = 0, which leads to the
useless solution w = 0, or cos(λh) = 0, which can be satisfied if

λ = λk = (2k + 1)
π

2h
, k = 0, 1, 2, . . . . (4.28)

On the other hand, one obtains for the function T
1
T

d2T

dt2
= −c2λ2, (4.29)

with the general solution
T = A cos(λct) +B sin(λct). (4.30)

The solution for the displacement w can now be written as

w = w0 +
∞∑

k=0

[
Ak cos(λkct) +Bk sin(λkct)

]
cos(λkz). (4.31)



Arnold Verruijt, Soil Dynamics : 4. WAVES IN PILES 56

The velocity now is
∂w

∂t
=

∞∑
k=0

[
−Akλkc sin(λkct) +Bkλkc cos(λkct)

]
cos(λkz). (4.32)

Because this must be zero for all values of z (this is an initial condition) it follows that Bk = 0. On the other hand, the initial condition that
the displacement must also be zero for t = 0, now leads to the equation

∞∑
k=0

Ak cos(λkz) = −w0, (4.33)

which must be satisfied for all values of z in the range 0 < z < h. This is the standard problem from Fourier series analysis, see Appendix A. It
can be solved by multiplication of both sides by cos(λjz), and then integrating both sides over z from z = 0 to z = h. The result is

Ak =
4
π

w0

(2k + 1)
(−1)k. (4.34)

Substitution of this result into the solution (4.31) now gives finally, with Bk = 0,

w

w0
= 1 +

4
π

∞∑
k=0

(−1)k

(2k + 1)
cos

[
(2k + 1)

πz

2h
]

cos
[
(2k + 1)

πct

2h
]
. (4.35)

This is exactly the same result as found earlier by using the Laplace transform method, see eq. (4.19). It may give some confidence that both
methods lead to the same result.

The solution (4.35) can be seen as a summation of periodic solutions, each combined with a particular shape function. Usually a periodic
function is written as cos(ωt). In this case it appears that the possible frequencies are

ω = ωk = (2k + 1)
πc

2h
, k = 0, 1, 2, . . . . (4.36)

These are usually called the characteristic frequencies, or eigen frequencies of the system. The corresponding shape functions

ψk(z) = cos
[
(2k + 1)

πz

2h
]
, k = 0, 1, 2, . . . , (4.37)

are called the eigen functions of the system.
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4.3.2 Periodic load
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Figure 4.4: Pile loaded by periodic pressure.

The solution is much simpler if the load is periodic, because then it
can be assumed that all displacements are periodic. As an example
the problem of a pile of finite length, loaded by a periodic load at
one end, and rigidly supported at its other end, will be considered,
see Figure 4.4. In this case the boundary conditions at the left side
boundary, where the pile is supported by a rigid wall or foundation, is

z = 0 : w = 0. (4.38)

The boundary condition at the other end is

z = h : E
∂w

∂z
= −p0 sin(ωt), (4.39)

where h is the length of the pile, and ω is the frequency of the periodic load.
It is again assumed that the solution of the partial differential equation (4.3) can be written as the product of a function of z and a function

of t. In particular, because the load is periodic, it is now assumed that

w = W (z) sin(ωt). (4.40)

Substitution into the differential equation (4.3) shows that this equation can indeed be satisfied, provided that the function W (z) satisfies the
ordinary differential equation

d2W

dz2
= −ω

2

c2
W, (4.41)

where c =
√
E/ρ, the wave velocity.

The solution of the differential equation (4.41) that also satisfies the two boundary conditions (4.38) and (4.39) is

W (z) = − p0c

Eω

sin(ωz/c)
cos(ωh/c)

. (4.42)

This means that the final solution of the problem is, with (4.42) and (4.40),

w(z, t) = − p0c

Eω

sin(ωz/c)
cos(ωh/c)

sin(ωt). (4.43)
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It can easily be verified that this solution satisfies all requirements, because it satisfies the differential equation, and both boundary conditions.
Thus a complete solution has been obtained by elementary procedures. Of special interest is the motion of the free end of the pile. This is found
to be

w(h, t) = w0 sin(ωt), (4.44)

where
w0 = − p0c

Eω
tan(ωh/c). (4.45)

The amplitude of the total force, F0 = −p0A, can be written as

F0 =
EA

c

ω

tan(ωh/c)
w0. (4.46)

Resonance

It may be interesting to consider in particular the case that the frequency ω is equal to one of the eigen frequencies of the system,

ω = ωk = (2k + 1)
πc

2h
, k = 0, 1, 2, . . . . (4.47)

In that case cos(ωh/c) = 0, and the amplitude of the displacement, as given by eq. (4.45), becomes infinitely large. This phenomenon is called
resonance of the system. If the frequency of the load equals one of the eigen frequencies of the system, this may lead to very large displacements,
indicating resonance.

In engineering practice the pile may be a concrete foundation pile, for which the order of magnitude of the wave velocity c is about 3000 m/s,
and for which a normal length h is 20 m. In civil engineering practice the frequency ω is usually not very large, at least during normal loading.
A relatively high frequency is say ω = 20 s−1. In that case the value of the parameter ωh/c is about 0.13, which is rather small, much smaller
than all eigen frequencies (the smallest of which occurs for ωh/c = π/2). The function tan(ωh/c) in (4.46) may now be approximated by its
argument, so that this expression reduces to

ωh/c� 1 : F0 ≈
EA

h
w0. (4.48)

This means that the pile can be considered to behave, as a first approximation, as a spring, without mass, and without damping. In many
situations in civil engineering practice the loading is so slow, and the elements are so stiff (especially when they consist of concrete or steel),
that the dynamic analysis can be restricted to the motion of a single spring.

It must be noted that the approximation presented above is is not always justified. When the material is soft (e.g. soil) the velocity of wave
propagation may not be that high. And loading conditions with very high frequencies may also be of importance, for instance during installation
(pile driving). In general one may say that in order for dynamic effects to be negligible, the loading must be so slow that the frequency is
considerably smaller than the smallest eigen frequency.



Arnold Verruijt, Soil Dynamics : 4. WAVES IN PILES 59

4.4 Solution by characteristics

A powerful method of solution for problems of wave propagation in one dimension is provided by the method of characteristics. This method is
presented in this section.

The wave equation (4.3) has solutions of the form

w = f1(z − ct) + f2(z + ct), (4.49)

where f1 and f2 are arbitrary functions, and c is the velocity of propagation of waves,

c =
√
E/ρ. (4.50)

In mathematics the directions z = ct and z = −ct are called the characteristics. The solution of a particular problem can be obtained from the
general solution (4.49) by using the initial conditions and the boundary conditions.

A convenient way of constructing solutions is by writing the basic equations in the following form

∂σ

∂z
= ρ

∂v

∂t
, (4.51)

∂σ

∂t
= E

∂v

∂z
, (4.52)

where v is the velocity, v = ∂w/∂t, and σ is the stress in the pile.
In order to simplify the basic equations two new variables ξ and η are introduced, defined by

ξ = z − ct, η = z + ct. (4.53)

The equations (4.51) and (4.52) can now be transformed into

∂σ

∂ξ
+
∂σ

∂η
= ρc(−∂v

∂ξ
+
∂v

∂η
), (4.54)

∂σ

∂ξ
− ∂σ

∂η
= ρc(

∂v

∂ξ
+
∂v

∂η
), (4.55)

from which it follows, by addition or subtraction of the two equations, that

∂(σ − Jv)
∂η

= 0, (4.56)
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∂(σ + Jv)
∂ξ

= 0, (4.57)

where J is the impedance,
J = ρc =

√
Eρ. (4.58)

In terms of the original variables z and t the equations are
∂(σ − Jv)
∂(z + ct)

= 0, (4.59)

∂(σ + Jv)
∂(z − ct)

= 0. (4.60)

These equations mean that the quantity σ − Jv is independent of z + ct, and σ + Jv is independent of z − ct. This means that

σ − Jv = f1(z − ct), (4.61)

σ + Jv = f2(z + ct). (4.62)

These equations express that the quantity σ−Jv is a function of z− ct only, and that σ+Jv is a function of z+ ct only. This means that σ−Jv
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Figure 4.5: The method of characteristics.

is constant when z− ct is constant, and that σ+Jv is constant
when z + ct is constant. These properties enable to construct
solutions, either in a formal analytical way, or graphically, by
mapping the solution, as represented by the variables σ and Jv,
onto the plane of the independent variables z and ct.

As an example let there be considered the case of a free pile,
which is hit at its upper end z = 0 at time t = 0 such that
the stress at that end is −p. The other end, z = h, is free, so
that the stress is zero there. The initial state is such that all
velocities are zero. The solution is illustrated in Figure 4.5. In
the upper figure, the diagram of z and ct has been drawn, with
lines of constant z − ct and lines of constant z + ct. Because
initially the velocity v and the stress σ are zero throughout
the pile, the condition in each point of the pile is represented
by the point 1 in the lower figure, the diagram of σ and Jv.
The points in the lower left corner of the upper diagram (this
region is marked 1) can all be reached from points on the axis
ct = 0 (for which σ = 0 and Jv = 0) by a downward going
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characteristic, i.e. lines z − ct = constant. Thus in all these points σ − Jv = 0. At the bottom of the pile the stress is always zero, σ = 0. Thus
in the points in region 1 for which z = 0 the velocity is also zero, Jv = 0. Actually, in the entire region 1 : σ = Jv = 0, because all these points
can be reached by an upward going characteristic and a downward going characteristic from points where σ = Jv = 0. The point 1 in the lower
diagram thus is representative for all points in region 1 in the upper diagram.

For t > 0 the value of the stress σ at the upper boundary z = 0 is −p, for all values of t. The velocity is unknown, however. The axis z = 0
in the upper diagram can be reached from points in the region 1 along lines for which z + ct = constant. Therefore the corresponding point in
the diagram of σ and Jv must be located on the line for which σ + Jv = constant, starting from point 1. Because the stress σ at the top of the
pile must be −p the point in the lower diagram must be point 2. This means that the velocity is Jv = p, or v = p/J . This is the velocity of
the top of the pile for a certain time, at least for ct = 2h, if h is the length of the pile, because all points for which z = 0 and ct < 2h can be
reached from region 1 along characteristics z + ct = constant.

At the lower end of the pile the stress σ must always be zero, because the pile was assumed to be not supported. Points in the upper diagram
on the line z = h can be reached from region 2 along lines of constant x− ct. Therefore they must be located on a line of constant N − Jv in
the lower diagram, starting from point 2. This gives point 3, which means that the velocity at the lower end of the pile is now v = 2p/J . This
velocity applies to all points in the region 3 in the upper diagram.
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Figure 4.6: Velocity of the bottom of the pile.

In this way the velocity and the stress in the pile can be an-
alyzed in successive steps. The thick lines in the upper diagram
are the boundaries of the various regions. If the force at the
top continues to be applied, as is assumed in Figure 4.5, the
velocity of the pile increases continuously. Figure 4.6 shows the
velocity of the bottom of the pile as a function of time. The
velocity gradually increases with time, because the pressure p
at the top of the pile continues to act. This is in agreement
with Newton’s second law, which states that the velocity will
continuously increase under the influence of a constant force.

4.5 Reflection and transmission of waves
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Figure 4.7: Non-homogeneous pile.

An interesting aspect of wave propagation in continuous media is the be-
haviour of waves at surfaces of discontinuity of the material properties. In
order to study this phenomenon let us consider the propagation of a short
shock wave in a pile consisting of two materials, see Figure 4.7. A compres-
sion wave is generated in the pile by a pressure of short duration at the left

end of the pile. The pile consists of two materials : first a stiff section, and then a very long section of smaller stiffness.
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In the first section the solution of the problem of wave propagation can be written as

v = v1 = f1(z − c1t) + f2(z + c1t), (4.63)

σ = σ1 = −ρ1c1f1(z − c1t) + ρ1c1f2(z + c1t), (4.64)

where ρ1 is the density of the material in that section, and c1 is the wave velocity, c1 =
√
E1/ρ1. It can easily be verified that this solution

satisfies the two basic differential equations (4.51) and (4.52),

∂σ

∂z
= ρ

∂v

∂t
, (4.65)

∂σ

∂t
= E

∂v

∂z
. (4.66)

In the second part of the pile the solution is
v = v2 = g1(z − c2t) + g2(z + c2t), (4.67)

σ = σ2 = −ρ2c2g1(z − c2t) + ρ2c2g2(z + c2t), (4.68)

where ρ2 and c2 are the density and the wave velocity in that part of the pile.
At the interface of the two materials the value of z is the same in both solutions, say z = h, and the condition is that both the velocity v

and the normal stress σ must be continuous at that point, at all values of time. Thus one obtains

f1(h− c1t) + f2(h+ c1t) = g1(h− c2t) + g2(h+ c2t), (4.69)

−ρ1c1f1(h− c1t) + ρ1c1f2(h+ c1t) = −ρ2c2g1(h− c2t) + ρ2c2g2(h+ c2t). (4.70)

If we write
f1(h− c1t) = F1(t), (4.71)

f2(h+ c1t) = F2(t), (4.72)

g1(h− c2t) = G1(t), (4.73)

g2(h+ c2t) = G2(t), (4.74)

then the continuity conditions are
F1(t) + F2(t) = G1(t) +G2(t) (4.75)

−ρ1c1F1(t) + ρ1c1F2(t) = −ρ2c2G1(t) + ρ2c2G2(t). (4.76)
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In general these equations are, of course, insufficient to solve for the four functions. However, if it is assumed that the pile is very long (or, more
generally speaking, when the value of time is so short that the wave reflected from the end of the pile has not yet arrived), it may be assumed
that the solution representing the wave coming from the end of the pile is zero, G2(t) = 0. In that case the solutions F2 and G1 can be expressed
in the first wave, F1, which is the wave coming from the top of the pile. The result is

F2(t) =
ρ1c1 − ρ2c2
ρ1c1 + ρ2c2

F1(t), (4.77)

G1(t) =
2ρ1c1

ρ1c1 + ρ2c2
F1(t), (4.78)

This means, for instance, that whenever the first wave F1(t) = 0 at the interface, then there is no reflected wave, F2(t) = 0, and there is no
transmitted wave either, G1(t) = 0. On the other hand, when the first wave has a certain value at the interface, then the values of the reflected
wave and the transmitted wave at that point may be calculated from the relations (4.77) and (4.78). If the values are known the values at later
times may be calculated using the relations (4.71) – (4.74).

The procedure may be illustrated by an example. Therefore let it be assumed that the two parts of the pile have the same density, ρ1 = ρ2,
but the stiffness in the first section is 9 times the stiffness in the rest of the pile, E1 = 9E2. This means that the wave velocities differ by a
factor 3, c1 = 3c2. The reflection coefficient and the transmission coefficient now are, with (4.77) and (4.78),

Rv =
ρ1c1 − ρ2c2
ρ1c1 + ρ2c2

= 0.5, (4.79)

Tv =
2ρ1c1

ρ1c1 + ρ2c2
= 1.5. (4.80)

The behaviour of the solution is illustrated graphically in Figure 4.8, in which the left half shows the velocity profile at various times. In the
first four diagrams the incident wave travels toward the interface. During this period there is no reflected wave, and no transmitted wave in the
second part of the pile. As soon as the incident wave hits the interface a reflected wave is generated, and a wave is transmitted into the second
part of the pile. The magnitude of the velocities in this transmitted wave is 1.5 times the original wave, and it travels a factor 3 slower. The
magnitude of the velocities in the reflected wave is 0.5 times those in the original wave.

The stresses in the two parts of the pile are shown in graphical form in the right half of Figure 4.8. The reflection coefficient and the
transmission coefficient for the stresses can be obtained using the equations (4.64) and (4.68). The result is

Rσ = − ρ1c1 − ρ2c2
ρ1c1 + ρ2c2

= −0.5, (4.81)

Tσ =
2ρ2c2

ρ1c1 + ρ2c2
= 0.5. (4.82)
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Figure 4.8: Reflection and transmission of a shock wave.

where it has been taken into account that the form of the solution for the stresses, see (4.64) and (4.68), involves factors ρc, and signs of the
terms different from those in the expressions for the velocity. In the case considered here, where the first part of the pile is 9 times stiffer than
the rest of the pile, it appears that the reflected wave leads to stresses of the opposite sign in the first part. Thus a compression wave in the pile
is reflected in the first part by tension.

It may be interesting to note the two extreme cases of reflection. When the second part of the pile is so soft that it can be entirely disregarded
(or, when the pile consists only of the first part, which is free to move at its end), the reflection coefficient for the velocity is Rv = 1, and for the
stress it is Rσ = −1. This means that in this case a compression wave is reflected as a tension wave of equal magnitude. The velocity in the
reflected wave is in the same direction as in the incident wave.

If the second part of the pile is infinitely stiff (or, if the pile meets a rigid foundation after the first part) the reflection coefficient for the
velocity is Rv = −1, and for the stresses it is Rσ = 1. Thus, in this case a compression wave is reflected as a compressive wave of equal
magnitude. These results are of great importance in pile driving. When a pile hits a very soft layer, a tension wave may be reflected from the
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end of the pile, and a concrete pile may not be able to withstand these tensile stresses. Thus, the energy supplied to the pile must be reduced
in this case, for instance by reducing the height of fall of the hammer. When the pile hits a very stiff layer the energy of the driving equipment
may be increased without the risk of generating tensile stresses in the pile, and this may help to drive the pile through this stiff layer. Of course,
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Figure 4.9: Graphical solution using characteristics.

great care must be taken when the pile tip suddenly passes from the very
stiff layer into a soft layer. Experienced pile driving operators use these basic
principles intuitively.

It may be noted that tensile stresses may also be generated in a pile when
an upward traveling (reflected) wave reaches the top of the pile, which by
that time may be free of stress. This phenomenon has caused severe damage
to concrete piles, in which cracks developed near the top of the pile, because
concrete cannot withstand large tensile stresses. In order to prevent this
problem, driving equipment has been developed that continues to apply a
compressive force at the top of the pile for a relatively long time. Also, the
use of prestressed concrete results in a considerable tensile strength of the
material.

The problem considered in this section can also be analyzed graphically,
by using the method of characteristics, see Figure 4.9. The data given above
imply that the wave velocity in the second part of the pile is 3 times smaller
than in the first part, and that the impedance in the second part is also 3
times smaller than in the first part. This means that in the lower part of
the pile the slope of the characteristics is 3 times smaller than the slope in
the upper part. In the figure these slopes have been taken as 1:3 and 1:1,
respectively. Starting from the knowledge that the pile is initially at rest
(1), and that at the top of the pile a compression wave of short duration
is generated (2), the points in the v, σ-diagram, and the regions in the z, t-
diagram can be constructed, taking into account that at the interface both
v and σ must be continuous.

4.6 The influence of friction

In soil mechanics piles in the ground usually experience friction along the pile shaft, and it may be illuminating to investigate the effect of this
friction on the mechanical behaviour of the pile. For this purpose consider a pile of constant cross sectional area A and modulus of elasticity E,
standing on a rigid base, and supported on its shaft by shear stresses that are generated by an eventual movement of the pile, see Figure 4.10.
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Figure 4.10: Pile in soil, with friction.

The differential equation is

EA
∂2w

∂z2
− Cτ = ρA

∂2w

∂t2
, (4.83)

where C is the circumference of the pile shaft, and τ is the shear stress. It is assumed, as a first
approximation, that the shear stress along the pile shaft is linearly proportional to the vertical
displacement of the pile,

τ = kw, (4.84)

where the constant k has the character of a subgrade modulus. The differential equation (4.83)
can now be written as

∂2w

∂z2
− w

H2
=

1
c2
∂2w

∂t2
, (4.85)

where H is a length parameter characterizing the ratio of the axial pile stiffness to the friction
constant,

H2 =
EA

kC
, (4.86)

and c is the usual wave velocity, defined by

c2 = E/ρ. (4.87)

The boundary conditions are supposed to be

z = 0 : N = EA
∂w

∂z
= −P sin(ωt). (4.88)

z = L : w = 0, (4.89)

The first boundary condition expresses that at the top of the pile it is loaded by a periodic force, of amplitude P and circular frequency ω. The
second boundary condition expresses that at the bottom of the pile no displacement is possible, indicating that the pile is resting upon solid
rock.
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The problem defined by the differential equation (4.85) and the boundary conditions (4.88) and (4.89) can easily be solved by the method
of separation of variables. In this method it is assumed that the solution can be written as the product of a function of z and a factor sin(ωt).
It turns out that all the conditions are met by the solution

w =
PH

EAα

sinh[α(L− z)/H]
cosh(αL/H)

sin(ωt), (4.90)

where α is given by
α =

√
1− ω2H2/c2. (4.91)

The displacement at the top of the pile, wt, is of particular interest. If this is written as

wt =
P

K
sin(ωt), (4.92)

the spring constant K appears to be

K =
EA

L

αL/H

tanh(αL/H)
. (4.93)

The first term in the right hand side is the spring constant in the absence of friction, when the elasticity is derived from the deformation of the
pile only.

The behaviour of the second term in eq. (4.93) depends upon the frequency ω through the value of the parameter α, see eq. (4.91). It should
be noted that for values of ωH/c > 1 the parameter α becomes imaginary, say α = iβ, where now

β =
√
ω2H2/c2 − 1. (4.94)

The spring constant can then be written more conveniently as

ωH/c > 1 : K =
EA

L

βL/H

tan(βL/H)
. (4.95)

This formula implies that for certain values of ωH/c the spring constant will be zero, indicating resonance. These values correspond to the eigen
values of the system. For certain other values the spring constant is infinitely large. For these values of the frequency the system appears to be
very stiff. In such a case part of the pile is in compression and another part is in tension, such that the total strains from bottom to top just
cancel.

The value of the spring constant is shown, as a function of the frequency, in Figure 4.11, for H/L = 1.
It is interesting to consider the probable order of magnitude of the parameters in engineering practice. For this purpose the value of the

subgrade modulus k must first be evaluated. This parameter can be estimated to be related to the soil stiffness by a formula of the type
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Figure 4.11: Spring constant (H/L = 1).

k = Es/D, where Es is the modulus of elasticity of the soil (assuming
that the deformations are small enough to justify the definition of
such a quantity), and D is the width of the pile. For a circular
concrete pile of diameter D the value of the characteristic length H
now is, with (4.86),

H2 =
EA

kC
=
EcD

2

2Es
. (4.96)

Under normal conditions, with a pile being used in soift soil, the ratio
of the elastic moduli of concrete and soil is about 1000, and most
piles have diameters of about 0.40 m. This means that H ≈ 10 m.
Furthermore the order of magnitude of the wave propagation velocity
c in concrete is about 3000 m/s. This means that the parameter ωH/c
will usually be small compared to 1, except for phenomena of very
high frequency, such as may occur during pile driving. In many civil
engineering problems, where the fluctuations originate from wind or
wave loading, the frequency is usually about 1 s−1 or smaller, so that

the order of magnitude of the parameter ωH/c is about 0.01. In such cases the value of α will be very close to 1, see eq. (4.91). This indicates
that the response of the pile is practically static.

If the loading is due to the passage of a heavy train, at a velocity of 100 km/h, and with a distance of the wheels of 5 m, the period of the
loading is about 1/6 s, and thus the frequency is about 30 s−1. In such cases the parameter ωH/c may not be so small, indicating that dynamic
effects may indeed be relevant.

Infinitely long pile

A case of theoretical interest is that of an infinitely long pile, L → ∞. If the frequency is low this limiting case can immediately be obtained
from the general solution (4.93), because then the function tanh(αL/H) can be approximated by its asymptotic value 1. The result is

L→∞, ωH/c < 1 : K =
EAα

H
. (4.97)

This solution degenerates when the dimensionless frequency ωH/c = 1, because then α = 0, see (4.91). Such a zero spring constant indicates
resonance of the system.

For frequencies larger than this resonance frequency the solution (4.95) can not be used, because the function tan(βL/H) continues to
fluctuate when its argument tends towards infinity. Therefore the problem must be studied again from the beginning, but now for an infinitely
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long pile. The general solution of the differential equation now appears to be

w = [C1 sin(βz/H) + C2 cos(βz/H)] sin(ωt) + [C3 sin(βz/H) + C4 cos(βz/H)] cos(ωt), (4.98)

and there is no combination of the constants C1, C2, C3 and C4 for which this solution tends towards zero as z → ∞. This dilemma can be
solved by using the radiation condition, which states that it is not to be expected that waves travel from infinity towards the top of the pile.
Therefore the solution (4.98) is first rewritten as

w = D1 sin(ωt− βz/H) +D2 cos(ωt− βz/H) +D3 sin(ωt+ βz/H) +D4 cos(ωt+ βz/H). (4.99)

Written in this form it can be seen that the first two solutions represent waves traveling from the top of the pile towards infinity, whereas the
second two solutions represent waves traveling from infinity up to the top of the pile. If the last two are excluded, by assuming that there is no
agent at infinity which generates such incoming waves, it follows that D3 = D4 = 0. The remaining two conditions can be determined from the
boundary condition at the top of the pile, eq. (4.88). The final result is

w =
PH

EAβ
sin(ωt− βz/H). (4.100)

It should be noted that this solution applies only if the frequency ω is sufficiently large, so that ωH/c > 1. Or, in other words, the solution
applies only if the frequency is larger than the eigen frequency of the system.

4.7 Numerical solution

In order to construct a numerical model for the solution of wave propagation problems the basic equations are written in a numerical form.
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Figure 4.12: Element of pile.

For this purpose the pile is subdivided into n elements, all of the same length ∆z.
The displacement wi and the velocity vi of an element are defined in the centroid
of element i, and the normal forces Ni is defined at the boundary between ele-
ments i and i + 1, see Figure 4.12. The friction force acting on element i is de-
noted by Fi. This particular choice for the definition of the various quantities ei-
ther at the centroid of the elements or at their boundaries, has a physical back-
ground. The velocity derives its meaning from a certain mass, whereas the normal
force is an interaction between the material on both sides of a section. It is in-
teresting to note, however, that this way of modeling, sometimes denoted as leap frog
modeling, also has distinct mathematical advantages, with respect to accuracy and stabil-
ity.
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The equation of motion of an element is

Ni −Ni−1 + Fi = ρA∆z
vi(t+ ∆t)− vi(t)

∆t
, (i = 1, . . . , n). (4.101)

It should be noted that there are n+ 1 normal forces, from N0 to Nn. The force N0 can be considered to be the force at the top of the pile, and
Nn is the force at the bottom end of the pile.

The displacement wi is related to the velocity vi by the equation

vi =
wi(t+ ∆t)− wi(t)

∆t
, (i = 1, . . . , n). (4.102)

The deformation is related to the normal force by Hooke’s law, which can be formulated as

Ni = EA
wi+1 − wi

∆z
, (i = 1, . . . , n− 1). (4.103)

Here EA is the product of the modulus of elasticity E and the area A of the cross section.
The values of the normal force at the top and at the bottom of the pile, N0 and Nn are supposed to be given by the boundary conditions.

Example

A simple example may serve to illustrate the numerical algorithm. Suppose that the pile is initially at rest, and let a constant force P be applied
at the top of the pile, with the bottom end being free. In this case the boundary conditions are

N0 = −P, (4.104)

and
Nn = 0. (4.105)

The friction forces are supposed to be zero.
At time t = 0 all quantities are zero, except N0. A new set of velocities can now be calculated from equations (4.101). Actually, this will

make only one velocity non-zero, namely v1, which will then be

v1 =
P∆t
ρA∆z

. (4.106)
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Next, a new set of values for the displacements can be calculated from equations (4.102). Again, in the first time step, only one value will be
non-zero, namely

w1 = v1∆t =
P (∆t)2

ρA∆z
. (4.107)

Finally, a new set of values for the normal force can be calculated from equations (4.103). This will result in N1 getting a value, namely

N1 = −EAw1

∆z
= −P c

2(∆t)2

(∆z)2
. (4.108)

This process can now be repeated, using the equations in the same order.

An important part of the numerical process is the value of the time step used. The description of the process given above indicates that in each
time step the non-zero values of the displacements, velocities and normal forces increase by 1 in downward direction. This suggests that in each
time step a wave travels into the pile over a distance ∆z. In the previous section, when considering the analytical solution of a similar problem
(actually, the same problem), it was found that waves travel in the pile at a velocity

c =
√
E/ρ. (4.109)

Combining these findings suggests that the ratio of spatial step and time step should be

∆z = c∆t. (4.110)

It may be noted that this means that equation (4.106) reduces to

v1 =
P

ρAc
. (4.111)

The expression in the denominator is precisely what was defined as the impedance in the previous section, see (4.58), and the value P/J
corresponds exactly to what was found in the analytical solution. Equation (4.107) now gives

w1 =
P∆t
ρAc

, (4.112)

and the value of N1 after one time step is found to be, from (4.108),

N1 = −P. (4.113)
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Again this corresponds exactly with the analytical solution. If the time step is chosen different from the critical time step the numerical solution
will show considerable deviations from the correct analytical solution.

All this confirms the propriety of the choice (4.110) for the relation between time step and spatial step. In a particular problem the spatial
step is usually chosen first, by subdividing the pile length into a certain number of elements. Then the time step may be determined from
(4.110).

It should be noted that the choice of the time step is related to the algorithm proposed here. When using a different algorithm it may be
more appropriate to use a different (usually smaller) time step than the critical time step used here (Bowles, 1974).

A program in Turbo Pascal that performs the calculations described above is reproduced below. The program uses interactive input, in
which the user has to enter all the data before the calculations are started. The program will show the forces in the elements of the pile on the
screen, in tabular form. Other forms of output, such as the presentation of the displacements and the velocities, or graphical output, may be
added by the user.

program impact;

uses crt;

const

maxel=20;

var

length,elasto,rho,c,dz,dt,time:real;

step,nel,steps,i:integer;

v,w,s:array[0..maxel] of real;

procedure title;

begin

clrscr;gotoxy(36,1);textbackground(7);textcolor(0);write(’ IMPACT ’);

textbackground(0);textcolor(7);writeln;writeln;

end;

procedure next;

var

a:char;

begin

gotoxy(25,25);textbackground(7);textcolor(0);

write(’ Touch any key to continue ’);write(chr(8));

a:=readkey;textbackground(0);textcolor(7)

end;

procedure input;

begin

title;

writeln(’This is a program for the analysis of axial waves in a pile.’);

writeln;

writeln(’At t = 0 the pile is hit at its top by a force, generating a’);

writeln(’unit stress in the pile.’);writeln;

write(’Length of the pile (m) .......... ’);readln(length);writeln;
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write(’Modulus of elasticity (kN/m2) ... ’);readln(elasto);writeln;

write(’Mass density (kg/m3) ............ ’);readln(rho);writeln;

write(’Number of elements (max. 20) .... ’);readln(nel);writeln;

write(’Number of time steps ............ ’);readln(steps);writeln;

if nel<10 then nel:=10;if nel>maxel then nel:=maxel;

dz:=length/nel;c:=sqrt(elasto/rho);dt:=dz/c;time:=0.0;

for i:=0 to nel do

begin

s[i]:=0.0;v[i]:=0.0;w[i]:=0.0;

end;

s[0]:=1.000;

end;

procedure solve;

begin

for i:=1 to nel do v[i]:=v[i]+(s[i]-s[i-1])/(rho*c);

for i:=1 to nel do w[i]:=w[i]+v[i]*dt;

for i:=1 to nel-1 do s[i]:=elasto*(w[i+1]-w[i])/dz;time:=time+dt;

clrscr;writeln(’Time : ’,time:12:6);writeln;

for i:=0 to nel do writeln(s[i]:12:6);next;

end;

begin

input;

for step:=1 to steps do solve;

title;

end.

Program IMPACT.

When running the program it will be seen that indeed a wave travels through the pile, in agreement with the analytical solution of the
previous section.

4.8 A simple model for a pile with friction

When there is friction along the shaft of the pile, this can be introduced through the variables Fi. It is then of great importance to know
the relation between the friction and variables such as the displacement and the velocity. A simple model is to assume that the friction is
proportional to the velocity, always acting in the direction opposite to the velocity. The program FRICTION, presented below will perform
these calculations.

program friction;

uses crt;
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const

maxel=1000;

var

length,area,circ,elasto,rho,force,temp,fric,c,dz,dt,time,ff,aa,bb:real;

step,nel,steps,i:integer;

v,w,s:array[0..maxel] of real;

procedure title;

begin

clrscr;gotoxy(36,1);textbackground(7);textcolor(0);write(’ FRICTION ’);

textbackground(0);textcolor(7);writeln;writeln;

end;

procedure next;

var

a:char;

begin

gotoxy(25,25);textbackground(7);textcolor(0);

write(’ Touch any key to continue ’);write(chr(8));

a:=readkey;textbackground(0);textcolor(7)

end;

procedure input;

begin

writeln(’This is a program for the analysis of axial waves in a pile.’);

writeln;

writeln(’At the top of the pile a force is applied, for a given time.’);

writeln;

write(’Length of the pile (m) .......... ’);readln(length);

write(’Area of cross section (m2) ...... ’);readln(area);

write(’Circumference (m) ............... ’);readln(circ);

write(’Modulus of elasticity (kN/m2) ... ’);readln(elasto);

write(’Mass density (kg/m3) ............ ’);readln(rho);

write(’Number of elements (max. 20) .... ’);readln(nel);

write(’Force at the top (kN) ........... ’);readln(force);

write(’Duration of force (s) ........... ’);readln(temp);

write(’Friction (kN/m2 per m/s) ........ ’);readln(fric);

write(’Number of time steps ............ ’);readln(steps);

if nel<10 then nel:=10;if nel>maxel then nel:=maxel;

dz:=length/nel;c:=sqrt(elasto/rho);dt:=dz/c;time:=0.0;

for i:=0 to nel do

begin

s[i]:=0.0;v[i]:=0.0;w[i]:=0.0;

end;

fric:=fric*dz*circ;

end;
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procedure solve;

begin

s[0]:=0.0;if time<temp then s[0]:=-force;

for i:=1 to nel do

begin

v[i]:=v[i]+(s[i]-s[i-1]-fric*v[i])/(rho*area*c);

end;

for i:=1 to nel do w[i]:=w[i]+v[i]*dt;

for i:=1 to nel-1 do s[i]:=elasto*area*(w[i+1]-w[i])/dz;

time:=time+dt;

clrscr;writeln(’Time : ’,time:12:6);writeln;writeln(s[0]:18:6);

for i:=1 to 20 do writeln(s[i]:18:6,v[i]:18:6,w[i]:18:6);

end;

begin

input;

for step:=1 to steps do solve;

end.

Program FRICTION.

The variable ”fric” in this program is the shear stress generated along the shaft of the pile in case of a unit velocity (1 m/s). In professional
programs a more sophisticated formula for the friction may be used, in which the friction not only depends upon the velocity but also on the
displacement, in a non-linear way. Also a model for the resistance at the point of the pile may be introduced, and the possibility of a layered
soil.

Problems

4.1 A free pile is hit by a normal force of short duration. Analyze the motion of the pile by the method of characteristics, using a diagram as
in Figure 4.5.

4.2 Extend the diagram shown in Figure 4.9 towards the right, so that the reflected wave hits the top of the pile, and is again reflected there.

4.3 As a first order approximation of eq. (4.46) the response of a pile may be considered to be equivalent to a spring, see eq. (4.48). Show, by
using an approximation of the function tan(ωh/c) by its first two terms, that a second order approximation is by a spring and a mass. What is
the equivalent mass ?

4.4 Modify the program IMPACT such that it will print the velocity of the pile, and verify that the analytical solution is correctly reproduced.
Also verify that by using a time step different from the one used in the program, the approximation is not so good.
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4.5 Run the program FRICTION using the following parameters :
length=20,
area=1,
circ=1,
elasto=20000000,
rho=2000,
nel=20,
force=100,
temp=1,
fric=1000,
steps=5000.

Show that the pile comes to rest after such a great number of time steps.

4.6 Verify some of the characteristic data shown in Figure 4.11. For instance, check the values for ωL/c = 0 and ωL/c = 1, and check the
zeroes of the spring constant.



Chapter 5

EARTHQUAKES IN SOFT LAYERS

In this chapter the response of a soft soil layer to an earthquake in the base rock underlying the soft soil layer is considered, see Figure 5.1.
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Figure 5.1: Soft soil on hard base rock.

The earthquake is supposed to generate various waves in the rock, resulting
in waves of vertical displacements and horizontal displacements along the
rock surface. These will generate compression waves and shear waves in
the overlying soil. One of the most important components is the wave of
horizontal displacements at the rock surface, which generates shear waves in
the soil. Waves of vertical displacements at the rock surface will generate
compression waves in the soil. These may lead to vertical displacements of
considerable magnitude, but usually structural damage due to such vertical
compression waves remains limited. It can usually be assumed that most
structural damage will be caused by shear waves in the soil, and thus shear
waves in the structure built upon it. For this reason the considerations in
this chapter will be restricted to shear waves in the soil. Some solutions
will be presented, mainly for a homogeneous linear elastic layer, carrying a
certain mass, representing the structure. The effect of hysteretic damping in
the soft soil will also be considered.

5.1 Parameters of the problem

It is assumed that the earthquake generates traveling waves in the base rock, which can be described by the following equation for the horizontal
displacements at the upper surface of the rock,

u = u0 sin[ω(t− x/c)] = u0 sin(ωt− λx) = u0 sin(
2πt
T
− 2πx

L
), (5.1)

where u is the lateral displacement at the surface of the rock, u0 its amplitude, ω is the dominant frequency of the wave, and c is its propagation
velocity. The parameter λ is the wave number. The period T and the wave length L of the wave are related to the frequency ω and the wave
number λ by the relations

ω =
2π
T
, λ =

2π
L
. (5.2)

77
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The propagation velocity can be related to the shear modulus G and the mass density ρ of the rock by the equation

c =
√
G/ρ. (5.3)

Normal values of the shear modulus of rock are of the order of magnitude of

G ≈ 10 GPa = 1010 kg/ms2, (5.4)

and normal values of the density of the rock are of the order of magnitude of

ρ ≈ 2500 kg/m3. (5.5)

This means that normal values of the velocity of propagation are of the order of magnitude of

c ≈ 2000 m/s. (5.6)

These values are also representative of concrete, which can be considered as an artificial rock.
It should be noted that the stiffness of rock in engineering practice may be considerably smaller than the value given above, so that the

velocity of propagation may be smaller as well, say c = 1500 m/s.
The dominant period of the waves generated by an earthquake usually is in the range

T = 0.1 s − 0.5 s. (5.7)

In this chapter an average value of T = 0.2 s will normally be used. In that case the dominant frequency is, with (5.2),

ω ≈ 30 s−1. (5.8)

Because λ = ω/c it now follows that
λ ≈ 0.0150 m−1, (5.9)

so that the wave length is, with (5.2),
L ≈ 400 m. (5.10)

The thickness of the layers of soft soil above the base rock often is in the range of h = 10 m− 40 m. This means that the wave length L is an
order of magnitude larger than the thickness h, see for instance Figure 5.2, in which the wave length is 10 times the thickness of the layer. This
means that over a reasonably large horizontal distance the displacement at the bottom of the soil is the same. This justifies the assumption that
in the soil the wave is one-dimensional, in vertical direction. Or, to be more precise, it can be assumed that thoughout the soil the horizontal
displacements will be of the form

u = f(z) sin[ω(t− x/c)], (5.11)

where f(z) is a function of z only. The factor x/c in equation (5.11) indicates that the horizontal coordinate x results in a phase shift of
magnitude x/c, which is constant if x is constant.
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Figure 5.2: Wave length compared to thickness of layer, L/h = 10.

5.2 Horizontal vibrations

In this section the propagation of horizontal vibrations in a column of soil, generated by the vertical motion of the base rock, is considered.
As mentioned above, it is assumed that in each column the problem is one-dimensional, with the displacement being a function of the vertical
coordinate z and time only.

The basic differential equation is the one-dimensional wave equation, which can be derived as follows. The first basic equation is the equation of
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Figure 5.3: Element of column.

motion of an element of the column, see Figure 5.3,

∂τ

∂z
= ρ

∂2u

∂t2
, (5.12)

where ρ is the density of the soil. The second equation is the equation of elasticity,

τ = Gγ = G
(∂u
∂z

+
∂w

∂x

)
, (5.13)

where G is the shear modulus, and γ is the shear deformation. It is now assumed, on the basis of the
observation from the previous section that the wave length L of the waves in x-direction is very large compared to the layer thickness h, that
the derivative ∂w/∂x is small compared to ∂u/∂z. Thus equation (5.14) reduces to

τ = Gγ = G
∂u

∂z
. (5.14)

It now follows from equations (5.12) and (5.14) that
∂2u

∂t2
= c2

∂2u

∂z2
, (5.15)

where c is the propagation velocity of shear waves,
c =

√
G/ρ. (5.16)

Equation (5.15) is the wave equation.
It may be noted that usually the soil is a two phase medium, consisting of particles and water, but for shear deformations this has no effect.
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5.2.1 Unloaded soil layer

For the simplest case, namely that of a homogeneous layer with no surface load, the boundary conditions may be supposed to be

z = h : u = u0 sin[ω(t− x/c)], (5.17)

and
z = 0 :

∂u

∂z
= 0. (5.18)

The first boundary condition expresses that at the lower boundary of the soil layer a sinusoidal wave is acting, and the second boundary condition
expresses that the top of the soil layer (the soil surface) is free of stress. The vertical displacement w has been disregarded, or, to be more
precise, it has been assumed that the derivative ∂w/∂x is small, compared to ∂u/∂z.

The solution of the problem defined by the equations (5.15), (5.17) and (5.18) is

u = u0
cos(ωz/c)
cos(ωh/c)

sin[ω(t− x/c)]. (5.19)

It can easily be verified that this solution satisfies all necessary conditions. The displacements are all in phase with the vibration of the base
rock. This is caused by the simplicity of the problem considered, without damping, for instance. If the amplitude of the displacements at the
top of the layer is denoted by ut, it follows that

ut = u0
1

cos(ωh/c)
. (5.20)

This is always larger than the value at the base, because the function cos(ωh/c) is always smaller than 1. For certain values of the frequency the
amplitude at the surface of the layer may become infinitely large, indicating resonance. The smallest frequency for which this occurs is when
ωh/c = π/2, or

ω = ω1 =
πc

2h
= 1.571

c

h
. (5.21)

When the frequency ω is expressed as 2π/T , where T is the period of the vibration, then the first occurrence of resonance is for a period

T = T1 =
4h
c
. (5.22)

Because h/c is the travel time of a single wave through the layer, upward or downward, this means that resonance occurs if the period of the
vibration is such that a wave travels 4 times through the layer. This can be understood by noting the effect of a quarter wave during which a
periodic shear stress is acting at the base of the layer. A shear wave will travel through the pile, and will be reflected at the free top as a shear
wave of opposite sign. When this shear wave reaches the bottom of the column again, after having travelled over a length h, it will be reflected
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at the rigid bottom as another shear wave of opposite sign. This in its turn will be reflected at the top of the column as a shear wave of the
original sign, and this wave has to travel over another column length h to arrive at the bottom of the column. Interference may take place if
the wave has travelled over a distance of 4h, and meets another wave of the same sign. This will be the case if the period of the wave T = 4h/c.
In this case an ever stronger wave will be generated in the soil layer, indicating resonance.

In dry soils the elastic modulus may be approximated by the expression

G ≈ 1
2Cσv, (5.23)

where, for dynamic loading, C is the compression coefficient of the soil (which is about 250 – 2500 for sand, and 100 – 1000 for clay), and σv is
the vertical (effective) stress. The average stress in the layer is

σv ≈ 1
2ρgh, (5.24)

where g is the gravity constant (g ≈ 10 m/s2). It now follows that the wave velocity c can be approximated by

c ≈ 1
2

√
Cgh. (5.25)

For a layer of sand of 10 m thickness, assuming C = 1000, the value of this wave velocity will be about 150 m/s, which is an order of magnitude
smaller than the wave velocity in rock-like materials. The value of the first eigen frequency now is, with eq. (5.21), ω1 ≈ 25 s−1. As this may be
very close to the dominant frequency of earthquake motion, which was given as approximately 25 s−1, see eq. (5.8), it follows that an earthquake
may lead to large displacements at the soil surface, if the conditions are unfavorable.

It should be noted that in this section damping, which is an essential property of soft soils, has not been taken into account. Damping will
be considered in a later section, and will be found to have a moderating effect, but first the case of a shear wave in a layer with a certain surface
load will be considered.

5.2.2 Soil layer with surface load

As a second example consider the case of a soil layer loaded by a mass at its surface, see Figure 5.4. In this case the boundary conditions are

z = h : u = u0 sin[ω(t− x/c)], (5.26)

and

z = 0 : ρd
∂2u

∂t2
= τ = G

∂u

∂z
, (5.27)

where d is a measure for the surface load, with the mass of the surface load expressed as the thickness of an equivalent soil layer, and τ is the
shear stress transmitted between the surface load and the foundation soil. Equation (5.27) can also be written as

z = 0 : d
∂2u

∂t2
= c2

∂u

∂z
. (5.28)
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Figure 5.4: Soil layer with surface load.

The solution of the problem defined by the equations (5.15), (5.26) and (5.28) is

u

u0
=

cos(ωz/c)− (ωd/c) sin(ωz/c)
cos(ωh/c)− (ωd/c) sin(ωh/c)

sin[ω(t− x/c)]. (5.29)

It can easily be verified that this solution satisfies all necessary conditions, and that it
reduces to the solution of the previous case if the mass of the surface load tends towards
zero (d → 0). As in the previous example the displacements are all in phase with the
vibration of the base rock, as a result of the simplicity of the problem considered, with
damping being disregarded, for instance.

The amplitude of the vertical displacement at the top of the layer is

ut

u0
=

1
cos(ωh/c)− (ωd/c) sin(ωh/c)

. (5.30)

As an example one may consider the case of a sandy soil, with c = 300 m/s and a wave of frequency ω = 30 s−1. If the thickness of the soil
layer is 20 m, and the equivalent thickness of the surface load is 2 m (indicating a small house), the value of the parameters ωh/c and ωd/c is
2, respectively 0.2. In that case the amplitude at the top of the soil layer (and of the surface load) is found to be 1.67 times the amplitude at
the base, indicating a certain amplification of the effect of the earthquake. The amplification depends very much on the values of the various
parameters of the soil and the earthquake, and may be considerably larger than the value obtained in this example.

Actually, even resonance may occur, as indicated by an infinitely large amplitude, if the denominator of the fraction in eq. (5.30) vanishes.
If the smallest resonance frequency is again denoted by ω1, its value can be determined from the condition

(
ω1d

c
) = cot(

ω1h

c
). (5.31)

This will be considered in some more detail later, in section 5.4.3, with damping also taken into account.
From a point of view of theoretical verification it is interesting to consider in particular the case of rather slow vibrations, when the parameter

ωh/c is small compared to 1. In that case the resonance frequency ω1, as defined by eq. (5.31), can be obtained from the relation

ω2
1 =

c2

hd
=

G

ρhd
=
GA/h

ρAd
, (5.32)

where A is the area of the column considered. The quantity GA/h can be considered as the spring stiffness k of the column, and ρAd is the
total mass m of the surface load. Thus the resonance frequency can also be written as

ω2
1 =

k

m
. (5.33)
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This result is in perfect agreement with the result obtained in chapter 1 for the resonance frequency of a system of a discrete spring and mass.
It appears that the result obtained in this section is in agreement with the result for a discrete spring and mass if the dimensionless frequency
parameter is small enough (ωh/c� 1). This is the case, for instance, if the soil is sufficiently stiff, or if the frequency is very small, or if the soil
layer is very thin.

5.3 Shear waves in a Gibson material

The stiffness of a soil usually increases with the effective stress, and thus with depth. A simple relation is obtained if it is assumed that the
shear modulus increases linearly with depth,

G = G0z/h. (5.34)

Stresses and deformations of materials of this type have been investigated extensively by Gibson (1967). For this reason the material is often
denoted as a Gibson material.
The basic differential equation is, for a non-homogeneous material,

ρ
∂2u

∂t2
=
∂τ

∂z
=

∂

∂z

(
G
∂u

∂z

)
, (5.35)

where τ is the shear stress. With (5.34) the differential equation now is found to be

1
c2
∂2u

∂t2
=
z

h

∂2u

∂z2
+

1
h

∂u

∂z
, (5.36)

where now
c =

√
G0/ρ. (5.37)

Again restriction is made to sinusoidal fluctuations,
u(z, t) = f(z) sin[ω(t− x/c)]. (5.38)

Substitution of this expression into (5.36) leads to the following ordinary differential equation for the function f ,

d2f

dz2
+

1
z

df

dz
+
ω2h

c2z
f = 0. (5.39)

The general solution of this equation is
f = AJ0(2ω

√
zh/c) +BY0(2ω

√
zh/c), (5.40)

where J0(x) and Y0(x) are Bessel functions of order zero, and of the first and second kind, respectively (Abramowitz & Stegun, 1964).
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Let the boundary condition at the surface be that the shear stress is zero,

z = 0 : τ = 0. (5.41)

It then follows that the coefficient B must be zero. If the other boundary condition is that at a depth h the amplitude of the displacements is
u0,

z = h : u = u0 sin[ω(t− x/c)], (5.42)

then the coefficient A is found to be
A =

u0

J0(2ωh/c)
. (5.43)

The final solution now is

u = u0
J0(2ω

√
zh/c)

J0(2ωh/c)
sin(ωt). (5.44)

The amplitude at the surface is
ut =

u0

J0(2ωh/c)
. (5.45)

This is always larger than the amplitude at the base. For certain values of the frequency the amplitude even becomes infinitely large, again
indicating resonance. The smallest value of the frequency for which this occurs (to be denoted by ω1) is determined by the first zero of the
Bessel function J0(x), which occurs for x = 2.405 (Abramowitz & Stegun, 1964; p. 409). Hence

ω1 = 1.202
c

h
. (5.46)

This is about 23 % smaller than in the case of a homogeneous layer with its constant shear modulus equal to the value obtained here at a depth
z = h, see eq. (5.21).

5.4 Hysteretic damping

In this section the influence of damping is investigated, for a homogenous linear elastic layer. This will appear to have a considerable effect,
reducing the displacements at the surface if the damping coefficient is large enough. The effect of damping on the surface vibrations of soft soil
layers produced by an earthquake in the underlying rock has been investigated by Idriss & Seed (1968), for a class of non-homogeneous layers,
with a shear modulus increasing with depth. The damping was introduced in that model by a friction force on each element proportional to
its velocity, simulating the resistance due to some viscous resistance, see also Das (1993) and Kramer (1996). In this chapter damping will be
introduced by a hysteretic effect in the stress-strain relation of the soil, simulating irreversible (plastic) deformations in each complete cycle.
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5.4.1 Basic equations

The basic partial differential equation can be established by considering the equation of motion and the constitutive relation of the material.
The equation of motion is, as before, see (5.12),

∂τ

∂z
= ρ

∂2u

∂t2
. (5.47)

The constitutive relation is assumed to be

τ = Gγ +Gtr
∂γ

∂t
= G

∂u

∂z
+Gtr

∂2u

∂t∂z
, (5.48)

where tr is the response time of the material, see Chapter 1, which may be used to characterize the damping of the material. For a viscous
material this can be considered to be a given constant. In such cases the effect of damping depends upon the frequemcy of the loading, with the
material becoming very stiff for very high frequencies. For soils this is not realistic, as the damping is considered to be produced by irreversible
plastic deformations of the material. In order to describe hysteretic damping it is assumed that the product ωtr is constant. This can be taken
into account by introducing a dimensionless damping parameter ζ such that

2ζ = ωtr. (5.49)

The constitutive relation (5.48) can now be written as

τ = G
∂u

∂z
+ 2G(ζ/ω)

∂2u

∂t∂z
. (5.50)

It follows from equations (5.47) and (5.50) that
1
c2
∂2u

∂t2
=
∂2u

∂z2
+

2ζ
ω

∂3u

∂t∂z2
, (5.51)

which is the basic differential equation to be considered.
For a harmonic vibration, with frequency ω, the solution can be assumed to be of the form

u = f(z) sin[ω(t− x/c)] + g(z) cos[ω(t− x/c)]. (5.52)

Substitution into the differential equation shows that the functions f(z) and g(z) must satisfy the differential equations

d2f

dz2
+
ω2

c2
f − 2ζ

d2g

dz2
= 0, (5.53)

and
d2g

dz2
+
ω2

c2
g + 2ζ

d2f

dz2
= 0. (5.54)
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The general solution of the system of equations (5.53) and (5.54) is

f = A1 exp[(p+ iq)z] +A2 exp[(p− iq)z] +A3 exp[−(p+ iq)z] +A4 exp[−(p− iq)z], (5.55)

g = −iA1 exp[(p+ iq)z] + iA2 exp[(p− iq)z]− iA3 exp[−(p+ iq)z] + iA4 exp[−(p− iq)z], (5.56)

where p and q must be determined from the equations

p2 − q2 = − ω2/c2

1 + 4ζ2
, (5.57)

2pq = 2ζ
ω2/c2

1 + 4ζ2
. (5.58)

The values of the parameters p and q can most easily be determined by introducing the complex variable

p+ iq = r sin(φ) + ir cos(φ), (5.59)

so that
p = r sin(φ), q = r cos(φ). (5.60)

The angle φ can then be determined from the condition
2φ = arctan(2ζ), (5.61)

and the radius r can be determined from the condition

r4 =
ω4/c4

1 + 4ζ2
. (5.62)

These parameters have been chosen such that they reduce to a simple form in the absence of damping. Actually, when ζ = 0 the parameters
are p = 0 and q = ω/c.

The integration constants A1, A2, A3 and A4 in the general solution given in equations (5.55) and (5.56) must be determined from the
boundary conditions at the top and the bottom of the layer. Two cases will be considered : an unloaded soil layer and a layer with a given
surface load.

5.4.2 Unloaded soil layer

For an unloaded soil layer the boundary conditions are
z = 0 : τ = 0. (5.63)

z = h : u = u0 sin[ω(t− x/c)]. (5.64)
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The four integration constants can easily be determined from these conditions. The final solution then is

Au/u0 = cosh(ph) cos(qh) cosh(pz) cos(qz) sin[ω(t− x/c)] + sinh(ph) sin(qh) sinh(pz) sin(qz) sin[ω(t− x/c)]
+ cosh(ph) cos(qh) sinh(pz) sin(qz) cos[ω(t− x/c)]− sinh(ph) sin(qh) cosh(pz) cos(qz) cos[ω(t− x/c)], (5.65)

where
A = cosh2(ph)− sin2(qh). (5.66)

If the amplitude of the vibration at the top is denoted by ut its value is found to be
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Figure 5.5: Amplitude of wave at the top of the layer.

ut

u0
=

1√
A
. (5.67)

When there is no damping this solution reduces to the result obtained
before, in eq. (5.20). Actually, for ζ = 0 the quantity

√
A reduces

to cos(ωh/c), so that then the ratio of the two amplitudes becomes
1/ cos(ωh/c), which is in agreement with eq. (5.20).

The amplitude of the displacements at the top of the layer is shown,
as a function of the dimensionless frequency ωh/c, and for three values of
the damping ratio ζ, in Figure 5.5. For very small frequencies (ωh/c→
0), i.e. for the static case, the displacement at the top is equal to
the displacement at the bottom, ut/u0 = 1. Furthermore, it appears
that for very small values of the damping ratio very large values of the
displacements may be obtained for certain frequencies, near ωh/c =
π/2, 3π/2, . . . etc. This is the resonance effect observed before, in
section 5.2.1. Finally, it follows from Figure 5.5 that the amplification
of the displacements is considerably reduced if the damping ratio ζ

increases.
The displacements are shown as a function of the vertical coordinate z in Figure 5.6, for ωh/c = 5, ζ = 0.01 and ζ = 0.2, and for four values

of time, namely ωt = 0, π/2, π, 3π/2. For the case of small damping (ζ = 0.01) the amplification factor for the amplitude of the displacements
at the top of the layer should be about 1/ cos(ωh/c) = 3.525, see eq. (5.20). The results shown in the left part of Figure 5.6 appear to confirm
this value. The right part of the figure shows the influence of damping on the displacements. If the damping ratio is taken as ζ = 0.2 the
amplitude of the displacements at the top is considerably smaller, as expected.

If the damping ratio is small, ζ � 1, the amplitude of the wave at the top can be shown to be

ζ � 1 :
ut

u0
≈ 1√

W 2ζ2 + cos2(W )
, (5.68)
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Figure 5.6: Displacements as a function of depth, ωh/c = 5, ζ = 0.01 and ζ = 0.2.

where W is the dimensionless frequency,
W = ωh/c. (5.69)

The largest value of the amplitude ratio occurs if W = π/2,

ζ � 1 :
(ut

u0

)
max

≈ 2
πζ
. (5.70)

For ζ = 0 this is infinitely large, as seen before, see section 5.2.1. If ζ = 0.1 the maximum amplitude ratio should be approximately 6.366, using
equation (5.70). This value is confirmed by the data shown in Figure 5.5.

5.4.3 Soil layer with surface load

A more general case than the previous one is the propagation of waves in a homogeneous linear elastic layer, with hysteretic damping, carrying
a surface load, see Figure 5.4. In this case the boundary conditions at the bottom of the layer is, as before,

z = h : u = u0 sin[ω(t− x/c)], (5.71)
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and the boundary condition at the top is

z = 0 : ρd
∂2u

∂t2
= τ, (5.72)

where d represents the surface load, expressed as an equivalent layer of soil, and where now the shear stress τ is related to the horizontal
displacement u by equation (5.50),

τ = G
∂u

∂z
+ 2G(ζ/ω)

∂2u

∂t∂z
. (5.73)

It now follows from eqs. (5.72) and (5.73) that the boundary condition at the top can be written as

z = 0 :
d

c2
∂2u

∂t2
=
∂u

∂z
+

2ζ
ω

∂2u

∂t∂z
, (5.74)

The general solution of the problem for a material with hysteretic damping can been written in the form of equation (5.52),

u = f(z) sin[ω(t− x/c)] + g(z) cos[ω(t− x/c)]. (5.75)

where the functions f(z) and g(z) are given by equations (5.55) and (5.56). This solution can also be written as

u = C1 exp(pz) cos[ω(t− x/c+ qz)] + C2 exp(pz) sin[ω(t− x/c+ qz)] +
+C3 exp(−pz) cos[ω(t− x/c− qz)] + C4 exp(−pz) sin[ω(t− x/c− qz)]. (5.76)

This form is more convenient for the formulation of the boundary conditions.
Substitution of the general solution (5.76) into the two boundary conditions leads, after some elementary algebra, to the following four

equations

(ph− 2ζqh+
d

h

ω2h2

c2
)C1 + (qh+ 2ζph)C2 − (ph− 2ζqh− d

h

ω2h2

c2
)C3 − (qh+ 2ζph)C4 = 0, (5.77)

−(qh+ 2ζph)C1 + (ph− 2ζqh+
d

h

ω2h2

c2
)C2 + (qh+ 2ζph)C3 − (ph− 2ζqh− d

h

ω2h2

c2
)C4 = 0, (5.78)

exp(ph) cos(qh)C1 + exp(ph) sin(qh)C2 + exp(−ph) cos(qh)C3 − exp(−ph) sin(qh)C4 = 0, (5.79)
− exp(ph) sin(qh)C1 + exp(ph) cos(qh)C2 + exp(−ph) sin(qh)C3 + exp(−ph) cos(qh)C4 = u0. (5.80)

The constants C1, C2, C3 and C4 can be determined from these equations. A numerical solution of the system of four linear equations is probably
most convenient, especially because the data will be calculated by a simple computer program anyway. The parameters of the problem are the
dimensionless frequency ωh/c, the damping ratio ζ, and the dimensionless mass of the load, expressed as the ratio d/h.
The amplitude of the vibrations at the top of the soil layer are shown in Figure 5.7, for ζ = 0.1 and ζ = 0.5, and for three values of the load,
d/h = 0, 1, 10. The results for d/h = 0 are in agreement with those shown in Figure 5.5 for ζ = 0.1. The right part of the figure shows the
influence of damping on the displacements. If the damping ratio is taken as ζ = 0.5 the amplitude of the displacements at the top is considerably
smaller, as can be expected.



Arnold Verruijt, Soil Dynamics : 5. EARTHQUAKES IN SOFT LAYERS 90

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..

......................................................................................................................................................

.............................................................................................................
......................................
........................
..................
..............
............
..........
........
.........
.........
.......
........
........
........
......
........
........
.......
........
.......
.......
.......
.......
........
.......
.......
.......
.......
.......
........
........
....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

............................................
..............................
........................
......................
........................
............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

............................................................................................
...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................
......................
..............
..........
........
.........
........
........
........
.......
........
.......
.......
.......
.......
.......
.......
......
.......
.......
........
......
.......
.......
.......
.......
............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................................
...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.......................
.........
.........
........
.......
.......
.......
.......
.......
......
.......
.......
........
......
......
.......
......
......
......
........
.......
.......
.......
......
..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................
..............................................................

......................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................
......................................
...............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...................................
................
.............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................0

0

5

5

10

10

d/h = 0

d/h = 1
d/h = 10

ωh/c

ut/u0

0
0

5

5

10

10

d/h = 0

d/h = 1
d/h = 10

ωh/c

ut/u0

Figure 5.7: Amplitude of wave at the top of the layer, ζ = 0.1 and ζ = 0.5.

5.5 Numerical solution

All the analytical solutions presented above suffer from the defect that the stress-strain-relationship must be of rather simple form (linear elastic,
with perhaps linear hysteretic damping), and that the soil properties must be homogeneous. Real soils are often composed of several layers
of variable properties, and often they exhibit non-linear properties. Therefore a numerical solution may be considered, because this can more
easily be generalized to non-linear and non-homogeneous properties. In this section a simple numerical solution method is presented, again with
hysteretic damping.

The considerations will be restricted to one-dimensional problems, such as wave propagation in a soft layer, from a stiff deep layer to the
surface. For this relatively simple class of problems there is little difference between the various existing numerical techniques, such as finite
elements and finite differences. Therefore the simplest of these methods, an explicit finite difference method, will be used.

Basic equations

It is most convenient to base the numerical model upon a description of the basic equations in terms of the lateral displacement u, the lateral
velocity v, and the shear stress s. Let the soil layer be subdivided into a certain number (n) of elements, and let the velocity of a typical element be
denoted by vi, see Figure 5.8. The shear stress on the lower surface is denoted by τi, and the shear stress at the upper surface is denoted by τi−1.
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Figure 5.8: Shear wave.

The equation of motion of the element now is,

ρ
∂vi

∂t
=
τi − τi−1

∆z
, (5.81)

where ∆z is the thickness of the element. If the variable τi is now expressed as τi = Gsi this equation
can also be written as

∂vi

∂t
= c2

si − si−1

∆z
, (5.82)

where, as usual, c is the shear wave velocity, c =
√
G/ρ. The finite difference form of equation (5.82) is

v′i = vi + c2
∆t
∆z

(si − si−1), (5.83)

where v′i represents the velocity after a time interval ∆t. The velocity is the time derivative of the displacement,

vi =
∂ui

∂t
, (5.84)

or, in finite difference form,
u′i = ui + vi∆t. (5.85)

The shear stress can be related to the shear strain by the equation

τi = G
∂u

∂z
+Gtr

∂v

∂z
, (5.86)

where tr is the characteristic time of the damping effect. As before we write

2ζ = ωtr, (5.87)

where ζ is the dimensionless damping ratio, and where ω is the frequency of the load, assuming that the load is periodic. This means that
eq. (5.86) can also be written as

si =
∂u

∂z
+

2ζ
ω

∂v

∂z
(5.88)

The finite difference form of this equation is
si = (ui+1 − ui)/∆z + (2ζ/ω)(vi+1 − vi)/∆z. (5.89)
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A numerical model can now be developed as follows. If the problem is again that of the propagation of a shear wave from a certain depth to
the surface of the soil, the boundary condition at the lower boundary of the layer can be considered to be

un = d sin(ωt), vn = dω sin(ωt), (5.90)

where d is the amplitude of the sinusoidal fluctuation, with frequency ω. Using equation (5.89) the shear stresses at every level (from i = 1 to
i = n− 1) can now be calculated, assuming that the displacements in the layer itself are initially zero. Using eq. (5.83) the velocities at the end
of the time interval can then be calculated, and finally the displacements at the end of the time interval can be calculated using eq. (5.85), from
i = 1 to i = n− 1. This process can then be repeated for as many steps as desired.

The calculations can be executed by a computer program, with the main computation algorithm being reproduced below.

for (i=n-1;i>0;i--)

{

s[i]=(u[i+1]-u[i])/dz+(2*zeta/omega)*(v[i+1]-v[i])/dz;

v[i]=v[i]+c*c*dt*(s[i]-s[i-1])/dz;

u[i]=u[i]+v[i]*dt;

}

In a computer program the time step should be so small that instabilities are avoided. The magnitude of these time steps can most simply be
investigated by considering the basic equation (5.51),

1
c2
∂2u

∂t2
=
∂2u

∂z2
+

2ζ
ω

∂3u

∂t∂z2
. (5.91)

For ζ = 0 this equation reduces to the standard wave equation

1
c2
∂2u

∂t2
=
∂2u

∂z2
. (5.92)

Numerical approximations of this equation, using the simples finite difference approximations, usually are stable if in each time step the wave
travels not more than a single spatial step. This leads to the following condition for the time step,

∆t ≤ ∆z/c. (5.93)

This the Courant condition, see Press et al. (1988).
For large values of the damping ratio ζ the basic equation (5.91) reduces to a diffusion equation for the velocity,

1
c2
∂v

∂t
=

2ζ
ω

∂2v

∂z2
. (5.94)
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This can be solved numerically by a stable process if the following condition is satisfied, see e.g. Press et al. (1988),

∆t ≤ ω∆z2

4ζc2
. (5.95)

It is suggested that in a computer program the time steps are taken small enough for both criteria to be satisfied.
A computer program using the method described here may be used as an alternative to the analytical solutions presented in this chapter,

and may be used as a basis for more general problems, of non-homogeneous layers, and perhaps involving non-linear soil properties. When
comparing the results of a simple computer program with the analytical results it will be observed that there may be considerable deviations,
especially for small values of time. This is a result of the initial condition in the numerical solution. It may take many cycles of vibrations before
the numerical solution has reached the steady state that has been asssumed in the analytical solutions. Actually, during a real earthquake the
soil may not reach the steady state, and the results of a non-steady computation may be more realistic.

Problems

5.1 Investigate the influence of the frequency ω and the damping ratio ζ on the ratio of the displacements at the top and the bottom of a soft
soil layer.

5.2 Write a computer program that performs the calculations given in the last section. and verify that the results of the program are in
agreement with the analytical results given earlier, at least after many cycles of vibration.



Chapter 6

CYLINDRICAL WAVES

In this chapter a number of cylindrically symmetric problems from the theory of elasticity are considered, both for the static case and the
dynamic case. These problems can be considered as first approximations for the analysis of the influence of a local disturbance in a very large
homogeneous elastic plate, or for the case of deformation of bodies bounded by very long cylindrical surfaces. Certain problems of this kind are
known as the expansion of cylindrical cavities.

6.1 Static problems

6.1.1 Basic equations

Figure 6.1 shows an element of material in a cylindrical coordinate system. If the radial coordinate is denoted by r, and the tangential coordinate
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Figure 6.1: Element in circular coordinates.

by θ, then the area of the element is r dr dθ. If it is assumed that the
displacement field is cylindrically symmetrical it may be assumed that there
are no shear stresses acting upon the element, and that the normal stresses
σrr and σtt are independent of the tangential coordinate θ. The stresses
acting upon the element are indicated in the figure.

The only non-trivial equation of equilibrium now is the one in radial
direction,

dσrr

dr
+
σrr − σtt

r
= 0. (6.1)

The deformations are related to the stresses by Hooke’s law. If the body
considered is a thick plate, it may be assumed that the plate deforms in a
state of plane strain. In that case Hooke’s law states, in its inverse form,

σrr = λe+ 2µ εrr, (6.2)

σtt = λe+ 2µ εtt, (6.3)
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where e is the volume strain,
e = εrr + εtt, (6.4)

and λ and µ are the elastic coefficients (Lamé constants),

λ =
νE

(1 + ν)(1− 2ν)
. (6.5)

µ =
E

2(1 + ν)
. (6.6)

The strains εrr and εtt can be related to the radial displacement ur by the relations

εrr =
dur

dr
, (6.7)

εtt =
ur

r
. (6.8)

Substitution of eqs. (6.2) – (6.8) into (6.1) gives

(λ+ 2µ)
{d2u

dr2
+

1
r

du

dr
− u

r2

}
= 0, (6.9)

or
d2u

dr2
+

1
r

du

dr
− u

r2
= 0. (6.10)

This is the basic differential equation for radially symmetric elastic deformations. It is remarkable that all terms appear to have a coefficient
(λ + 2µ), which means that the equation is independent of the elastic properties of the material. Hence, if the boundary conditions can all be
expressed in terms of the displacement u, then the solution will be independent of the elastic properties.

6.1.2 General solution

The general solution of the differential equation (6.10) is

u = Ar +
B

r
, (6.11)

where A and B are integration constants, to be determined from the boundary conditions.
The general expression for the volume strain, corresponding to the solution (6.11) is

e = 2A. (6.12)
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It appears that the deformation field corresponding to the basic solution B/r is isochoric, i.e. of constant volume.
The stresses σrr and σtt can be expressed as

σrr = 2(λ+ µ)A− 2µ
B

r2
, (6.13)

σtt = 2(λ+ µ)A+ 2µ
B

r2
, (6.14)

Some examples will be given in the next section.

6.1.3 Examples

Example 1 : Cylinder under external pressure

Of the two basic solutions the solution with the coefficient B is singular in the origin. Thus for a massive cylinder, which includes the axis r = 0,
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Figure 6.2: Cylinder under external pressure.

this solution must vanish, to prevent the stresses and displacements from becoming sin-
gular. If the boundary condition at the outer boundary of the cylinder is

r = a : σrr = −p, (6.15)

see Figure 6.2, then the two constants are

A = − p

2(λ+ µ)
, (6.16)

B = 0. (6.17)

The stresses now are, in the entire cylinder,

σrr = σtt = −p. (6.18)

The displacement field is
u = − p r

2(λ+ µ)
. (6.19)

Thus the stresses (and the strains) in the cylinder are homogeneous, and the displacement field is such that the radial displacement increases
linearly with the distance from the origin.
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Example 2 : Hollow cylinder under external pressure
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Figure 6.3: Hollow cylinder.

For a hollow cylinder under external pressure, see Figure 6.3, the boundary conditions are

r = a : σrr = 0, (6.20)

r = b : σrr = −p, (6.21)

where it has been assumed that a < b.
In this case the constants A and B are found to be

A = − p b2

2(λ+ µ)(b2 − a2)
, (6.22)

B = − p a2b2

2µ(b2 − a2
). (6.23)

The stresses now are

σrr = −p 1− a2/r2

1− a2/b2
, (6.24)

σtt = −p 1 + a2/r2

1− a2/b2
, (6.25)

It can easily be seen that the expression (6.24) satisfies the boundary conditions (6.20) and (6.21).
A special case occurs when the outer boundary is located at infinity. This is the case of a very large plate with a small circular hole. In this

case b→∞. At infinity (r →∞) all stresses then approach the limiting value −p. At the boundary of the hole the radial stresses σrr are zero,
but the tangential stress σtt at the boundary of the hole then is −2p. The multiplication factor 2 is called a stress concentration factor. This
solution also applies to a plate under tension, of course. The only difference then is that p is negative. The stresses along the hole then are twice
as large as the stresses at infinity. If the material has a limited range in which it can withstand stresses, as most materials do, the material will
start to crack or yield at the boundary of the hole. More refined studies for other cases, such as a plate with an elliptical hole, have shown that
the stress concentration factor can be much larger than 2, for instance near the corner points of a square hole.
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Example 3 : Cylinder with rigid inclusion
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Figure 6.4: Cylinder with rigid inclusion.

For a cylinder under external pressure, with a rigid circular inclusion, see Figure 6.4, the
boundary conditions are

r = a : ur = 0, (6.26)

r = b : σrr = −p. (6.27)
In this case the constants A and B are found to be

A = − p

2(λ+ µ) + 2µa2/b2
, (6.28)

B = +
pa2

2(λ+ µ) + 2µa2/b2
. (6.29)

The stresses now are

σrr = −p 2(λ+ µ) + 2µa2/r2

2(λ+ µ) + 2µa2/b2
, (6.30)

σtt = −p 2(λ+ µ)− 2µa2/r2

2(λ+ µ) + 2µa2/b2
. (6.31)

Again the case of an infinite plate is of some special interest. In this case the radial stress is not zero at the boundary of the inclusion, of course.
Actually, the stresses at the boundary of the inclusion are

b→∞, r = a : σrr = −p λ+ 2µ
λ+ µ

, (6.32)

b→∞, r = a : σtt = −p λ

λ+ µ
. (6.33)

One might suppose that the solutions for an infinite plate with a circular hole and for an infinite plate with a rigid circular inclusion would
become identical when the radius of the hole and the inclusion tends to zero. This is not the case, however. Apparently the special behaviour
near the boundary of the hole or the boundary of the inclusion can still be felt, even when the radius is infinitely small. Especially for the case of
a rigid inclusion this seems strange, because one would expect that the solution for this case approaches the solution for a homogeneous plate if
the radius of the inclusion tends towards zero. The explanation for this paradox is that the limiting cases should be approached more carefully.
Actually, the limiting case for a → 0 should be considered first for the integration constants A and B, see eqs. (6.28) and (6.29). These then
correctly reduce to the values given in (6.16) and (6.17). The procedure of first setting r = a and then taking a = 0 in (6.30) and (6.31) leads
to a result differing from the one obtained by first setting a = 0 and then letting r → 0.
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Example 4 : Cavity expansion
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Figure 6.5: Cavity expansion.

A case of special interest is the expansion of a cylindrical cavity in an infinite body, see
Figure 6.5. In this case the boundary conditions are

r →∞ : σrr = 0, (6.34)

r = a : σrr = −p. (6.35)

The constants A and B are found to be

A = 0, (6.36)

B =
p a2

2µ
. (6.37)

The stresses now are

σrr = −p a
2

r2
, (6.38)

σtt = p
a2

r2
. (6.39)

The displacement field is

u =
p a2

2µr
. (6.40)

The displacement at the boundary of the cavity is of particular interest,

ua =
p a

2µ
. (6.41)

If this displacement can be measured, the value of the shear modulus µ can be obtained. This is the basis of the pressuremeter test, developed
by Ménard.
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6.2 Dynamic problems

In the dynamic case the basic equilibrium equation (6.1) must be extended with an inertia term,

∂σrr

∂r
+
σrr − σtt

r
= ρ

∂2u

∂t2
, (6.42)

where ρ is the mass density of the material. Substitution of eqs. (6.2) – (6.8) into this equation gives

∂2u

∂r2
+

1
r

∂u

∂r
− u

r2
=

1
c2
∂2u

∂t2
, (6.43)

where c is the propagation velocity of compression waves,
c =

√
(λ+ 2µ)/ρ. (6.44)

Equation (6.43) is the basic differential equation for cylindrically symmetric dynamic elastic deformations. For certain cases solutions of this
differential equation may be obtained by separation of variables or by the Laplace transform method.

6.2.1 Sinusoidal vibrations at the cavity boundary

As a first example the case of a sinusoidal variation of the displacements at the boundary of a cylindrical cavity in an infinite medium will be
considered. The boundary condition is supposed to be

r = a : u = u0 sin(ωt). (6.45)

where ω is the frequency of the vibration.
The solution may be obtained by separation of variables. In this method it is assumed that the solution of the differential equation (6.43)

can be written as
u = Re{F (r) exp(iωt)}. (6.46)

Substitution into (6.43) shows that this is the case if the function F (r) satisfies the equation

d2F

dr2
+

1
r

dF

dr
+

(ω2

c2
− 1
r2

)
F = 0. (6.47)

The solution of this differential equation can be expressed in terms of Bessel functions (Abramowitz & Stegun, 1964). The general solution is

F = AJ1(ωr/c) +BY1(ωr/c), (6.48)

where J1(x) and Y1(x) are the Bessel functions of the first and second kind, of order one, see Abramowitz & Stegun (1964).
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In many problems of mathematical physics in an infinite region one of the two fundamental solutions can be excluded because of its behaviour
near infinity. In this case of cylindrical waves this is not so, because both fundamental solutions J1(x) and Y1(x) behave in about the same way
as x → ∞. Therefore the condition at infinity has to be formulated in a more refined way, namely by specifying that at infinity the behaviour
of the solution must be such that it corresponds to an outgoing wave, and that waves originating at infinity and propagating in negative radial
direction are excluded. This is known as the radiation condition. In its original form it is due to Rayleigh (1894) and Lamb (1904).

At very large distances the Bessel functions J1(x) and Y1(x) may be approximated by the asymptotic expansions

x→∞ : J1(x) ≈ −
√

2/πx cos(x+ 1
4π). (6.49)

x→∞ : Y1(x) ≈ −
√

2/πx sin(x+ 1
4π). (6.50)

This means that for very large values of r the radial displacement will be

r →∞ : u ≈ Re
[√

c/2πωr
{
(A− iB) exp[iω(t+ r/c) + 1

4πi] + (A+ iB) exp[iω(t− r/c)− 1
4πi]

}]
. (6.51)

The first term in the right hand side represents a wave traveling from infinity towards the origin, whereas the second term represents an outgoing
wave, traveling towards infinity. This is the only acceptable term, and thus the radiation condition in this case requires that

A = iB. (6.52)

The solution for the function F (r) now is
F = iBJ1(ωr/c) +BY1(ωr/c). (6.53)

The coefficient B must be determined from the condition at the inner boundary r = a, see eq. (6.45). The result is

B = −u0
J1(ωa/c) + iY1(ωa/c)
J2

1 (ωa/c) + Y 2
1 (ωa/c)

. (6.54)

Using this expression for the coefficient B the final solution for the displacement is

u

u0
=
J1(ωa/c)J1(ωr/c) + Y1(ωa/c)Y1(ωr/c)

J2
1 (ωa/c) + Y 2

1 (ωa/c)
sin(ωt)− J1(ωa/c)Y1(ωr/c)− Y1(ωa/c)J1(ωr/c)

J2
1 (ωa/c) + Y 2

1 (ωa/c)
cos(ωt). (6.55)

It can easily be verified that this solution satisfies the differential equation (6.42), because it consists of products of Bessel functions and circular
functions, and that it satisfies the boundary condition (6.45), because for r = a only the first term remains, and its coefficient reduces to 1. For
large values of the radial coordinate r the solution can be approximated by

r →∞ :
u

u0
≈ −

J1(ωa/c)
√

2c/πωr
J2

1 (ωa/c) + Y 2
1 (ωa/c)

sin[ω(t− r/c)− 1
4π]−

Y1(ωa/c)
√

2c/πωr
J2

1 (ωa/c) + Y 2
1 (ωa/c)

cos[ω(t− r/c)− 1
4π]. (6.56)

Because the time t appears in this expression only in the form of the factor (t−r/c) it can be seen that the solution indeed satisfies the radiation
condition that at infinity only an outgoing wave remains.



Arnold Verruijt, Soil Dynamics : 6. CYLINDRICAL WAVES 102

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ...................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

................................

...........................

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

r/a

|u/u0|

0

1

10 20 30 40 50
0

1

Figure 6.6: Amplitude of wave.

One of the most important aspects of the solution (6.55),
which is especially clear from its approximation (6.56) for large
values of the radial coordinate r, is that the amplitude of the
vibrations tends towards zero for r → ∞ as the factor

√
1/r.

This is in contrast with the static case, in which the solution
tends towards zero at infinity as 1/r, which is much faster. This
means that dynamic effects are attenuated in space much slower
than static effects.

The amplitude of the solution is shown graphically in Fig-
ure 6.6, as a function of the distance r. The value of the pa-
rameter ωa/c has been taken as 0.2. The figure indeed shows
that the amplitudes at great distances from the inner boundary
approach zero, but rather slowly. Even at a distance of 50 times
the radius of the cavity the amplitude of the wave is still about
10 % of the amplitude at the cavity boundary. In the static
case this would only be about 2 %.
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Figure 6.7: Displacements for t = π/2.

The displacements in the wave, as a function of the radial
coordinate r, are shown in Figure 6.7, for a value of time such
that sin(ωt) = 1, for instance t = π/2. The displacements
have the character of a wave traveling from the inner boundary
towards infinity. Again it can be observed that the reduction of
the maximum displacements with the radial distance from the
inner boundary is rather slow.

Now that the radial displacement u has been found, the
radial stress σrr and the tangential stress σtt can be determined
using eqs. (6.2) and (6.3),

σrr = λe+ 2µ εrr, (6.57)

σtt = λe+ 2µ εtt, (6.58)

where e is the volume strain,

e = εrr + εtt =
∂u

∂r
+
u

r
. (6.59)
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The volume strain e can be determined from the solution (6.55), using eq. (6.59). This gives

e =
u0ω

c

J1(ωa/c)J0(ωr/c) + Y1(ωa/c)Y0(ωr/c)
J2

1 (ωa/c) + Y 2
1 (ωa/c)

sin(ωt)− u0ω

c

J1(ωa/c)Y0(ωr/c)− Y1(ωa/c)J0(ωr/c)
J2

1 (ωa/c) + Y 2
1 (ωa/c)

cos(ωt), (6.60)

where J0(x) and Y0(x) are the Bessel functions of the first and second kind, of order zero, see Abramowitz & Stegun (1964).
The expressions for these stresses will not be given here in full. Of particular interest is the radial stress at the inner boundary. If this is

denoted by −p,
r = a : σrr = −p, (6.61)

the relation of this boundary pressure with the displacement u0 of the boundary is found to be

p =
2µu0

a
[F1(ωa/c) sin(ωt) + F2(ωa/c) cos(ωt)], (6.62)

where

F1(x) = 1− x
λ+ 2µ

2µ
J1(x)J0(x) + Y1(x)Y0(x)

J2
1 (x) + Y 2

1 (x)
, (6.63)

F2(x) = x
λ+ 2µ

2µ
J1(x)Y0(x)− Y1(x)J0(x)

J2
1 (x) + Y 2

1 (x)
. (6.64)

The expression for F2(x) can be simplified using the relation for the Wronskian determinant (Abramowitz & Stegun, 1964, formula 9.1.16)

J1(x)Y0(x)− Y1(x)J0(x) =
2
πx
, (6.65)

This gives

F2(x) =
λ+ 2µ
πµ

1
J2

1 (x) + Y 2
1 (x)

. (6.66)

If the frequency ω is very small, the static solution is recovered,

ω → 0 : p =
2µu0

a
. (6.67)

This is in agreement with the results obtained for cavity expansion in the static case, see eq. (6.41).
The absolute value of the expression between square brackets in eq. (6.62) gives the multiplication factor for the amplitude of the radial

pressure in case of a dynamic load of given displacement. Its inverse represents the multiplication factor for the dynamic displacements for a
given pressure at the inner boundary,

|ud

us
| = 1√

F 2
1 (ωa/c) + F 2

2 (ωa/c)
. (6.68)
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Figure 6.8: Dynamic amplification factor.

The dynamic amplification factor is shown in graphical form
in Figure 6.8, for various values of the Poisson ratio ν. It ap-
pears from the figure that for large frequencies the dynamic
amplitude is very small. This means that then the response
is very stiff. This phenomenon is often observed in dynamics.
The reason for it is that it is very difficult to move the mass
of the material in a very short time interval (this is called in-
ertia of the material). In this case of cylindrically symmetric
deformations the static response is governed by the shear mod-
ulus µ only, see eq. (6.41). In the dynamic case, however, the
other elastic parameter, Poisson’s ratio ν or the compression
modulus K, also influences the response, which indicates that
in the dynamic case the wave not only involves shear, but also
compression. The solution of the problem even indicates that
at large distances from the inner boundary, where the distur-
bance is generated, the compression wave dominates, because
the wave velocity at infinity is that of a compression wave.

6.2.2 Equivalent spring and damping

It is convenient to write the relation (6.62) between the pressure p at the cavity boundary r = a and the displacement u0 of that boundary in
the form

2πaLp = {K sin(ωt) + ωC cos(ωt)}u0, (6.69)

where L is the thickness of the plate, K is an equivalent spring stiffness and C is an equivalent damping. The expressions for these quantities
are, with (6.62), (6.63) and (6.66),

K

4πµL
= F1(ωa/c), (6.70)

and
C

2π(λ+ 2µ)La/c
=

2
π

c/ωa

J2
1 (ωa/c) + Y 2

1 (ωa/c)
. (6.71)
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Figure 6.9: Equivalent spring stiffness.

The use of an equivalent dynamics stiffness K and an equivalent
dynamic damping C is often convenient in foundation engineer-
ing, in considering the response of a vibrating machine on a
thick soil layer. The response of the soil below the foundation
plate can then be represented by a simple spring and damp-
ing. It must be noted that these parameters depend upon the
frequency of the vibration.

The equivalent dynamic stiffness is shown, as a function of
the dimensionless frequency ωa/c, in Figure 6.9. For small fre-
quencies the spring constant is practically equal to the static
value, but for large frequencies the spring is much more flexi-
ble, resulting in smaller values of the spring constant.

Actually, for very large frequencies the function F1(x) may
be approximated by the following relation, which may be de-
rived by using asymptotic expansions for the Bessel functions
(Abramowitz & Stegun, 1964),

x� 1 : F1(x) ≈ 1− λ+ 2µ
4µ

. (6.72)

If ν > 1/3 this is negative, indicating that the force and the
displacement are out of phase, as is indicated in the figure by
negative values for the case ν = 0.4.
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Figure 6.10: Equivalent damping.

The value of the equivalent damping C is shown in graph-
ical form in Figure 6.10. For large values of the dimensionless
frequency ωa/c the damping is practically constant,

ωa/c� 1 : C ≈ 2π(λ+ 2µ)La
c

. (6.73)

This approximation can also be derived by using the asymptotic
expansions of the Bessel functions appearing in equation (6.71).
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6.3 Propagation of a shock wave

Another interesting problem concerns a shock wave propagating from a cavity in an infinite medium. In this case the Laplace transform method
(Churchill, 1972) seems best suited to solve the problem. The Laplace transform of the displacement is defined by

u =
∫ ∞

0

u exp(−st) dt, (6.74)

where s is the Laplace transform parameter, which is supposed to be sufficiently large so that all transforms exist.
Application of the Laplace transform to the differential equation (6.43) gives

d2u

dr2
+

1
r

du

dr
−

(s2
c2

+
1
r2

)
u = 0, (6.75)

where it has been assumed that the initial values of the displacement and the velocity are zero. The solution of the differential equation (6.75),
vanishing at infinity, is

u = AK1(sr/c), (6.76)

where K1(x) is the modified Bessel function of the second kind, and of order one. The boundary condition is supposed to be that from time
t = 0 on a compressive stress p is acting inside the cavity,

r = a, t > 0 : σrr = −p. (6.77)

The condition for the transformed problem is
r = a : σrr = −p

s
. (6.78)

Using the boundary condition (6.75) and the expression for the radial stress in terms of the displacement,

σrr = (λ+ 2µ)
∂u

∂r
+ λ

u

r
, (6.79)

the integration constant A can be determined. The final solution of the transformed problem then is found to be

u =
pa

2µs
K1(sr/c)

K1(sa/c) + [(λ+ 2µ)/2µ](sa/c)K0(sa/c)
. (6.80)

The mathematical problem now remaining is to determine the inverse transform of this expression. This can be accomplished by using the
complex inversion integral (Churchill, 1972), but will not be elaborated further here, because of the mathematical complexities.
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An approximate solution valid for small values of the time may be obtained by using the theorem (Churchill, 1972) that by assuming that
the Laplace transform parameter s is very large, the Laplace transform

u(s) =
∫ ∞

0

u(t) exp(−st) dt, (6.81)

practically contains contributions of u(t) only for very small values of t. If in equation (6.80) the parameter s is assumed to be very large, the
Bessel functions may be approximated by their asymptotic expansions,

sa/c� 1 : K0(sa/c) ≈
√
πc/2sa exp(−sa/c), (6.82)

sa/c� 1 : K1(sa/c) ≈
√
πc/2sa exp(−sa/c), (6.83)

The expression (6.80) then reduces to

u =
pc

(λ+ 2µ)s2

√
a

r
exp[−s(r − a)/c]. (6.84)
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Figure 6.11: Radial Shock Wave, ν = 0.0.

The inverse Laplace transformation now is simple, with the result

u =
pa(ct/a+ 1− r/a)

λ+ 2µ

√
a

r
H(ct/a+ 1− r/a), (6.85)

where H(t− t0) is Heaviside’s unit step function,

H(t− t0) =
{

0, if t < t0,
1, if t > t0.

(6.86)

The approximate solution (6.85) indicates that for small values of
time, i.e. shortly after the application of the shock, the response
of the system is comparable to that of a one dimensional system
(a pile) in which a compression wave is generated. The factor√
a/r indicates that the strength of the wave is decreasing in

radial direction, as could be expected, because it spreads out over an ever growing radius. The approximate solution also has the convenient,
and expected, property that the displacements are zero if t < (r − a)/c, i.e. before the arrival of the wave. This approximate solution is shown
in Figure 6.11, for the values ct/a = 0.1, 0.2, 0.3, 0.4, 0.5.
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Another approximation can be obtained by using the property of the Laplace transform that

lim
t→∞

u(t) = lim
s→0

su(s), (6.87)

see e.g. Churchill (1972). Application of this theorem to equation (6.80) now gives

lim
t→∞

u(t) =
p a2

2µr
. (6.88)

This is the static solution, see eq. (6.40). It appears that the dynamic solution indeed approaches the static solution for very large values of
time. The static solution is also shown in Figure 6.11, by a dashed line, assuming that ν = 0.0, so that λ+ 2µ = 2µ.

6.4 Radial propagation of shear waves

For the analysis of the transmission of vertical forces from a foundation pile to the surrounding soil, it may be interesting to consider the propa-
gation of shear waves through the soil, in radial direction. If it is assumed that there are no vertical deformations in the layer, and that its only
mode of displacement is a vertical displacement w, which is a function of the radial distance r and the time t only, the basic differential equation is
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...................................................................................................................................................................................................................................................................
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Figure 6.12: Shear stresses acting upon a ring.

∂2w

∂r2
+

1
r

∂w

∂r
=

1
c2
∂2w

∂t2
, (6.89)

where now c is the velocity of shear waves,

c =
√
µ/ρ. (6.90)

Equation (6.89) can be derived from the equation of conservation of momentum, in vertical
direction, of a ring of radius r, see Figure 6.12. This requires that

∂(2πrτ)
∂r

= 2πrρ
∂2w

∂t2
. (6.91)

Using an appropriate form of Hooke’s law for this schematization,

τ = µ
∂w

∂r
, (6.92)

to relate the shear stress τ to the vertical displacement w, equation (6.89) is obtained. It should be noted that these equations are valid only if
the vibrating soil layer is not supported at its base. The only mechanism of stress transfer in this approximation is through the transmission of
shear stresses in radial direction.
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6.4.1 Sinusoidal vibrations at the cavity boundary

As an example the case of a sinusoidal variation of the displacements at the boundary of a cylindrical cavity in an infinite medium may be
considered. The boundary condition is supposed to be

r = a : w = w0 sin(ωt). (6.93)

where ω is the frequency of the vibration.
As in the case of radial compression waves, considered in the previous section, the solution may be obtained by separation of variables. The

solution proceeds in very much the same way, except that the Bessel functions now are of order zero. The determination of the integration
constants again requires the radiation condition at infinity in order to eliminate the incoming wave. The final solution is

w

w0
=
J0(ωa/c)J0(ωr/c) + Y0(ωa/c)Y0(ωr/c)

J2
0 (ωa/c) + Y 2

0 (ωa/c)
sin(ωt)− J0(ωa/c)Y0(ωr/c)− Y0(ωa/c)J0(ωr/c)

J2
0 (ωa/c) + Y 2

0 (ωa/c)
cos(ωt). (6.94)

For large values of the radial coordinate r the solution can be approximated by

r →∞ :
w

w0
≈ −

J0(ωa/c)
√

2c/πωr
J2

0 (ωa/c) + Y 2
0 (ωa/c)

sin[ω(t− r/c) + 1
4π]−

Y0(ωa/c)
√

2c/πωr
J2

0 (ωa/c) + Y 2
0 (ωa/c)

cos[ω(t− r/c) + 1
4π]. (6.95)

Because the time t appears in this expression only in the form of the factor (t−r/c) it can be seen that the solution indeed satisfies the radiation
condition that it represents an outgoing wave at infinity.

The shear stress τ can be found from the relation (6.92). For the total force T , acting on a pile of length L, this gives

T = {K sin(ωt) + ωC cos(ωt)}w0, (6.96)

where

K = 2πµL
(ωa
c

) J0(ωa/c)J1(ωa/c) + Y0(ωa/c)Y1(ωa/c)
J2

0 (ωa/c) + Y 2
0 (ωa/c)

, (6.97)

and

C =
(4µL
ω

) 1
J2

0 (ωa/c) + Y 2
0 (ωa/c)

. (6.98)

These quantities can be considered as the equivalent dynamic stiffness and damping of the soil system, as acting upon the mass of the pile.
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Figure 6.13: Equivalent stiffness.

The equivalent stiffness and damping are shown in graphical
form, as a function of the frequency ω, in Figure 6.13 and Fig-
ure 6.14. It appears from Figure 6.13 that for high frequencies
the equivalent stiffness is

ωa/c� 1 : K ≈ πµL. (6.99)

This relation can also be obtained by an asymptotic expansion
of the general formula (6.97) for large values of the parameter
ωa/c. For small frequencies, which correspond to the static
case, the equivalent spring stiffness is zero. This is due to the
circumstance that the circular plate then is not supported.
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Figure 6.14: Equivalent damping.

For large values of the frequency the equivalent damping can
be approximated by

ωa/c� 1 : C ≈ 2πµLa/c, (6.100)

which is a constant. It appears from Figure 6.14 that this ap-
proximation can be used for practically all values of the fre-
quency with reasonable accuracy. Only for very small frequen-
cies the damping is larger.

It may be noted that the approximations obtained above in-
dicate that in the analysis of the behaviour of foundation piles
the effect of the generation of shear waves due to the transmis-
sion of friction to the ground can be approximated, at least for

high frequencies, by a spring and a damping, with constant properties, as indicated by equations (6.99) and (6.100). It should also be noted
that these approximations cannot be used for low frequencies.
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Problems

6.1 Consider a thin-walled cylinder, of radius a and wall thickness d, with d � a. In the interior of the cylinder a pressure p is acting, the
outer boundary is free of stress. Determine the constants A and B, see eq. (6.11), for this case. Show that the tangential stress in the cylinder
is −pa/d, which is the well known formula for the stress in the wall of a cylindrical boiler.

6.2 Consider a thin circular plate, of thickness d and radius a. On the surface of the plate a uniform radial shear stress τ is acting, in outward
direction. Modify the basic equation (6.9) to take this shear stress into account, and solve the modified differential equation. Calculate the
stress in the center of the plate.

6.3 Figure 6.6 was prepared using the value 0.2 for the parameter ωa/c. Construct a similar figure using a different value for this parameter,
for instance ωa/c = 0.1, or ωa/c = 1.



Chapter 7

SPHERICAL WAVES

In this chapter a number of spherically symmetric problems from the theory of elasticity are considered, especially the problem of the expansion
of a spherical cavity. This can be considered as a first approximation for the analysis of the influence of a local disturbance in an infinite
homogeneous elastic body. Both static and dynamic loading will be considered.

7.1 Static problems

7.1.1 Basic equations

Figure 7.1 shows an element of material in a spherical coordinate system. If the radial coordinate is denoted by r, the angle in the x, y-plane
by θ, and the angle with the vertical axis by ψ, then the volume of the element is r2 dr dθ dψ cos(ψ). It is assumed that the displacement
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Figure 7.1: Element in spherical coordinates.

field is spherically symmetrical, so that there are no shear stresses acting
upon the element, and the tangential stress σtt is independent of the orienta-
tion of the plane. The stresses acting upon the element are indicated in the
figure. The only non-trivial equation of equilibrium now is the one in radial
direction,

∂σrr

∂r
+

2(σrr − σtt)
r

= 0. (7.1)

The stresses can be related to the strains by Hooke’s law,

σrr = λe+ 2µ εrr, (7.2)

σtt = λe+ 2µ εtt, (7.3)

where e is the volume strain,

e = εrr + 2εtt, (7.4)

112
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and λ and µ are the elastic coefficients (Lamé constants),

λ =
νE

(1 + ν)(1− 2ν)
, (7.5)

µ =
E

2(1 + ν)
. (7.6)

The strains εrr and εtt can be related to the radial displacement ur by the relations

εrr =
∂ur

∂r
, (7.7)

εtt =
ur

r
. (7.8)

The volume strain can now also be written as
e =

∂ur

∂r
+

2ur

r
. (7.9)

Substitution of eqs. (7.2) - (7.9) into (7.1) gives
∂2u

∂r2
+

2
r

∂u

∂r
− 2u
r2

= 0. (7.10)

This is the basic differential equation for spherically symmetric elastic deformations. As in the case of cylindrical deformations the elastic
properties of the material do not appear in this equation. This means that if the boundary conditions can all be expressed in terms of the
displacement, the solution will be independent of the elastic properties.

7.1.2 General solution

The general solution of the differential equation (7.10) is

u = Ar +
B

r2
, (7.11)

where A and B are integration constants, to be determined from the boundary conditions.
The general expression for the volume strain, corresponding to the solution (7.11) is

e = 3A. (7.12)

Because the volume strain appears to be independent of the constant B it can be concluded that the deformation field corresponding to the
basic solution B/r2 is isochoric, i.e. of constant volume. The deformation field corresponding to the other basic solution Ar appears to lead to
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a homogeneous volume strain, independent of the radial coordinate r. Thus the volume change is always homogeneous throughout the spherical
body.

The stresses σrr and σtt can be expressed as

σrr = (3λ+ 2µ)A− 4µ
B

r3
, (7.13)

σtt = (3λ+ 2µ)A+ 2µ
B

r3
, (7.14)

Some examples will be given in the next section.

7.1.3 Examples

Example 1 : Sphere under external pressure

Of the two basic solutions the solution with the coefficient B is singular in the origin. Thus for a massive sphere, which includes the origin r = 0,
this solution must vanish, to prevent the stresses and displacements from becoming singular. If the boundary condition at the outer boundary
of the sphere is

r = a : σrr = −p, (7.15)

see Figure 7.2, then the two constants are
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Figure 7.2: Sphere under external pressure.

A = − p

(3λ+ 2µ)
, (7.16)

B = 0. (7.17)

The stresses now are, in the entire sphere,

σrr = σtt = −p. (7.18)

The displacement field is

u = − p r

(3λ+ 2µ)
. (7.19)

The stresses (and the strains) in the sphere are homogeneous, and the displacement field is such that the radial displacement increases linearly
with the distance from the origin.
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Example 2 : Hollow sphere under external pressure
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Figure 7.3: Hollow sphere.

For a hollow sphere under external pressure, see Figure 7.3, the boundary conditions are

r = a : σrr = 0, (7.20)

r = b : σrr = −p, (7.21)

where it has been assumed that a < b.
In this case the constants A and B are found to be

A = − p b3

(3λ+ 2µ)(b3 − a3)
, (7.22)

B = − p a3b3

4µ(b3 − a3
). (7.23)

The stresses now are

σrr = −p 1− a3/r3

1− a3/b3
, (7.24)

σtt = −p 1 + a3/(2r3)
1− a3/b3

, (7.25)

It can easily be seen that the expression (7.24) satisfies the boundary conditions (7.20) and (7.21).
A special case occurs when the outer boundary is located at infinity. This is the case of a very large body with a small spherical hole. In

this case b→∞. At infinity (r →∞) all stresses then approach the limiting value −p. At the boundary of the hole the radial stresses σrr are
zero, but the tangential stress σtt at the boundary of the hole then is −1.5p. Thus the stress concentration factor in this case is 1.5.

Example 3 : Sphere with rigid inclusion

For a sphere under external pressure, with a rigid spherical inclusion, see Figure 7.4, the boundary conditions are

r = a : ur = 0, (7.26)

r = b : σrr = −p. (7.27)
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Figure 7.4: Sphere with rigid inclusion.

In this case the constants A and B are found to be

A = − p

(3λ+ 2µ) + 4µa3/b3
, (7.28)

B =
pa3

(3λ+ 2µ) + 4µa3/b3
. (7.29)

The stresses now are

σrr = −p (3λ+ 2µ) + 4µa3/r3

(3λ+ 2µ) + 4µa3/b3
, (7.30)

σtt = −p (3λ+ 2µ)− 2µa3/r3

(3λ+ 2µ) + 4µa3/b3
. (7.31)

Again the case of an infinite body is of some special interest. In this case the radial stress is not zero at the boundary of the inclusion, of course.
Actually, the stresses at the boundary of the inclusion are

a→∞, r = a : σrr = −p 3λ+ 6µ
3λ+ 2µ

, (7.32)

a→∞, r = a : σtt = −p 3λ
3λ+ 2µ

. (7.33)

Again, as in the case of a cylindrical inclusion, the solution does not tend to the homogeneous stress state when the radius of the inclusion
becomes infinitely small.

Example 4 : Cavity expansion

An interesting problem is the case of expansion of a spherical cavity in an infinite body, see Figure 7.5. In this case the boundary conditions are

r →∞ : σrr = 0, (7.34)

r = a : σrr = −p. (7.35)

The constants A and B are now found to be
A = 0, (7.36)
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Figure 7.5: Cavity expansion.

B =
p a3

4µ
. (7.37)

The stresses now are

σrr = −p a
3

r3
, (7.38)

σtt = p
a3

2r3
. (7.39)

The displacement field is

u =
p a3

4µr2
. (7.40)

Of special interest is the displacement at the boundary of the cavity,

ua =
p a

4µ
. (7.41)

If this displacement can be measured, the value of the shear modulus µ can be obtained.
It may be noted that in this case the volume change is zero, because the constant A is zero, see eq. (7.12). For soil mechanics practice this

implies that in a water-saturated linear elastic medium no pore water pressures will be generated.
An interesting aspect of the solution for this problem of cavity expansion is that for r →∞ the displacements tend to zero as 1/r2, and the

stresses tend to zero as 1/r3. This means that the displacements, and especially the stresses, decrease very fast with the radial distance. At a
distance of 4 times the radius of the cavity, for instance, the stresses are a factor 64 times smaller than the stress at the boundary of the cavity,
or, in other words, the stresses have been reduced to a level of about 1.5 %. It will appear later that in the dynamic case this is quite different.

7.2 Dynamic problems

In the dynamic case the basic equilibrium equation (7.1) must be extended with an inertia term,

∂σrr

∂r
+

2(σrr − σtt)
r

= ρ
∂2u

∂t2
. (7.42)
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Substitution of eqs. (7.2) - (7.8) into this equation gives

∂2u

∂r2
+

2
r

∂u

∂r
− 2u
r2

=
1
c2
∂2u

∂t2
, (7.43)

where

c2 =
λ+ 2µ
ρ

. (7.44)

Equation (7.43) is the basic differential equation for spherically symmetric dynamic elastic deformations. The differential equation can be solved
by various methods, such as separation of variables or the Laplace transform method. In this way general types of boundary value problems
can be solved. It should be noted that the quantity c, as defined by eq. (7.44), is the propagation velocity of plane waves in an elastic medium.

7.2.1 Propagation of waves

A simple method of solution for wave propagation problems has been given by Hopkins (1960). This solution can be obtained by observing that
the displacement field is irrotational, so that one may introduce a displacement potential φ such that

u =
∂φ

∂r
. (7.45)

Substitution of (7.45) into (7.43) shows that φ must satisfy the equation

∂3φ

∂r3
+

2
r

∂2φ

∂r2
− 2
r2
∂φ

∂r
=

1
c2

∂3φ

∂r∂t2
. (7.46)

This equation can be integrated once with respect to r, which gives

∂2φ

∂r2
+

2
r

∂φ

∂r
=

1
c2
∂2φ

∂t2
. (7.47)

Equation (7.47) can also be written as
∂2(rφ)
∂r2

=
1
c2
∂2(rφ)
∂t2

. (7.48)

This is the standard form of the one-dimensional wave equation. The solution can immediately be written down as

rφ = f(r − ct) + g(r + ct), (7.49)
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where f and g are arbitrary functions, to be determined from the boundary conditions. The solution (7.49) represents two waves, a diverging
and a converging one. Of special interest is the solution that travels in outward direction from a certain local disturbance,

rφ = f(r − ct). (7.50)

The corresponding displacement field is

u =
1
r

df

dr
− f

r2
. (7.51)

Some examples of solutions of particular problems using this general form of the solution, will be presented below.

7.2.2 Sinusoidal vibrations at the cavity boundary

As an example the case of sinusoidal variations of the displacements at the boundary of a spherical cavity will be elaborated. The boundary
condition is assumed to be

r = a : u = u0 sin(ωt), (7.52)

where ω is the frequency of the variation. The other boundary is supposed to be at infinity.
The solution of the problem can be described by a single function f , as in (7.50). It can be expected that this function can be written as

f = A sin(ωt− kr) +B cos(ωt− kr), (7.53)

where A and B are constants, and k = ω/c. The factor kr can also be written as 2πr/λ, where now λ is the wave length. It appears that

k = 2π/λ. (7.54)

The radial displacement corresponding to the solution (7.53) is, with (7.51),

u = − 1
r2

{
(A−Bkr) sin(ωt− kr) + (B +Akr) cos(ωt− kr)

}
. (7.55)

The constants A and B can now be determined from the boundary condition (7.52). The result is

A = −u0a
2 cos(ka) + (ka) sin(ka)

1 + (ka)2
, (7.56)

B = −u0a
2 sin(ka)− (ka) cos(ka)

1 + (ka)2
. (7.57)
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Substitution of these values into (7.55) gives, after some elementary mathematical operations,

u

u0
=

a2

r2[1 + (ka)2]
{
[1 + (ka)(kr)] sin[ωt− k(r − a)] + k(r − a) cos[ωt− k(r − a)]

}
. (7.58)

This solution can also be written in the standard form
u

u0
= f

( r
a

)
sin(ωt− ψ), (7.59)

where f(r/a) is a dimensionless damping factor and ψ is a phase angle. It can be shown that

f
( r
a

)
=

(a
r

)2

√
1 + (ka)2(r/a)2

1 + (ka)2
, (7.60)

and

ψ = ka
(r − a

a

)
− arctan

[ ka(r − a)/a
1 + (ka)2(r/a)

]
. (7.61)

The volume strain e can be obtained from the relation (7.9),

e =
u0(ka)2

r[1 + (ka)2]
{
sin[ωt− k(r − a)]− (ka) cos[ωt− k(r − a)]

}
. (7.62)

The radial stress σrr can be obtained from eq. (7.2). This gives

σrr =
(λ+ 2µ)u0(ka)2

r[1 + (ka)2]
{
sin[ωt−k(r−a)]−(ka) cos[ωt−k(r−a)]

}
− 4µu0a

2

r3[1 + (ka)2]
{
[1+(ka)(kr)] sin[ωt−k(r−a)]+ k(r−a) cos[ωt−k(r−a)]

}
. (7.63)

One of the most striking features of this solution is that at large distances from the cavity (i.e. for large values of r/a) the displacements and
the stresses are much larger than in the static case. Both the radial displacement and the radial stress are of the order O(1/r). This is in sharp
contrast with the static case, in which the displacement and the stress tend to zero much faster.

The static solution can be obtained from the dynamic solution by assuming that the frequency ω is so small that ka and kr tend to zero.
The solutions then reduce to

ω → 0 :
u

u0
=
a2

r2
sin(ωt), (7.64)

ω → 0 : σrr = −4µu0a
2

r3
sin(ωt). (7.65)
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This is in agreement with the static solution, as expressed by eqs. (7.38) and (7.40).
The relation between the pressure at the cavity boundary (p = −σrr) and the displacement of that boundary is, in the static case,

p =
4µu0

a
. (7.66)

In engineering practice it is often convenient to describe the response of a linear elastic system by a spring constant, writing

u =
p

ce
. (7.67)

where ce is the spring constant. It appears that in this case the equivalent spring constant is

ce =
4µ
a
. (7.68)

Thus the equivalent spring constant is proportional to the shear modulus of the material, and inversely proportional to the radius of the cavity.
The larger the cavity, the smaller the spring constant. A uniform pressure inside a large cavity results in a large displacement.

It is also interesting to investigate the behaviour of the pressure at the cavity boundary, in relation to the amplitude of the displacement
u0 for the general dynamic case. If the pressure inside the cavity is again denoted by p, which is the opposite of the stress σrr at the cavity
boundary (i.e. for r = a), one obtains, from eq. (7.63),

p =
4µu0

a

{[
1−

(λ+ 2µ
4µ

)( (ka)2

1 + (ka)2
)]

sin(ωt) +
(λ+ 2µ

4µ
)( (ka)3

1 + (ka)2
)
cos(ωt)

}
. (7.69)

The coefficients of the trigonometric functions in (7.69) are now written as a1 and a2, respectively,

a1 = 1−
(λ+ 2µ

4µ
)( (ka)2

1 + (ka)2
)
, (7.70)

a2 =
(λ+ 2µ

4µ
)( (ka)3

1 + (ka)2
)
. (7.71)

The expression (7.69) can then also be written in the standard form

p =
4µu0

a
{a1 sin(ωt) + a2 cos(ωt)} =

u0

cd
sin(ωt+ ψ), (7.72)

where now cd is the dynamic spring stiffness,

cd =
4µ
a

√
a2
1 + a2

2, (7.73)
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and ψ is the phase angle, defined by
tanψ =

a2

a1
. (7.74)

The dynamic spring constant cd and the phase angle ψ depend upon the frequency ω through the parameter ka, which can also be written as

ka = ωa/c = ω/ω0, (7.75)

where now

ω0 =
c

a
=

√
λ+ 2µ
ρa2

. (7.76)
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Figure 7.6: Dynamic response, amplitude.

This is a characteristic frequency of the system, depending upon
the ratio of the elastic stiffness and the mass density, and upon
the radius of the cavity. It has the form of the square root of
the ratio of an elastic stiffness and a mass. A characteristic
frequency of this type often exists in dynamic systems.

The dynamic spring constant cd is shown, in the form of the
ratio ce/cd, in Figure 7.6, as a function of the dimensionless
frequency ω/ω0, or ka. This can also be interpreted as the
amplitude of the dynamic response of the displacement of the
cavity boundary to a periodic pressure of constant amplitude.
The response curves have been plotted for various values of the
Poisson ratio ν, which determines the ratio (λ + 2µ)/4µ. It
appears that the response tends to zero when the frequency is
very high, but for a certain low frequency there is a form of
resonance, especially if Poisson’s ratio is large. The order of
magnitude of this resonance frequency is about ω0.
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Figure 7.7: Dynamic response, phase angle.

The phase angle ψ is shown in graphical form in Figure 7.7, as a
function of the frequency, and for various values of the Poisson
ratio ν. It follows from the figure, but also from the formula
(7.74), that for large values of the frequency (that is for very
rapid vibrations), the phase angle tends towards π/2, indicating
a very large amount of damping.

In this case the damping cannot be the result of vis-
cous or hysteretic damping of the material, as these ef-
fects have not been included. The cause of the damping
must be the spreading of the energy over ever larger ar-
eas when the waves travel from the cavity. This form of
damping is called radiation damping. In engineering prac-
tice this is often one of the most important causes of damp-
ing.

7.2.3 Propagation of a shock wave

Another approach to problems of elastodynamics is by using the Laplace transform method. This seems especially suited for the analysis of the
propagation of a shock wave. This method will be used in this section to solve the problem of a shock wave propagated from a spherical cavity.

The problem is described by the equation of motion (7.43),

∂2u

∂r2
+

2
r

∂u

∂r
− 2u
r2

=
1
c2
∂2u

∂t2
, (7.77)

where
c2 =

λ+ 2µ
ρ

. (7.78)

This is the propagation velocity of plane waves.
The stresses can be related to the radial displacement by the equations

σrr = λe+ 2µ
∂ur

∂r
, (7.79)

σtt = λe+ 2µ
ur

r
, (7.80)
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where e is the volume strain,

e =
∂ur

∂r
+

2ur

r
. (7.81)

The boundary conditions now are supposed to be :
r = a, t > 0 : σrr = −p, (7.82)

r →∞, t > 0 : σrr = 0. (7.83)

These boundary conditions express that at time t = 0 a pressure p is suddenly applied at the boundary of the cavity.
The Laplace transform (Churchill, 1972) of the displacement is defined by

u =
∫ ∞

0

u exp(−st) dt, (7.84)

where s is the Laplace transform parameter, supposed to be positive. For all quantities the Laplace transform will be indicated by an overbar.
Applying the Laplace transform to the differential equation (7.77) gives

d2u

dr2
+

2
r

du

dr
− 2u
r2

= k2u, (7.85)

where
k = s/c. (7.86)

The general solution of this differential equation is

u = A
1 + kr

(kr)2
exp(−kr) +B

1− kr

(kr)2
exp(+kr). (7.87)

Because of the boundary condition at infinity the coefficient B can be assumed to be zero, so that the solution reduces to

u = A
1 + kr

(kr)2
exp(−kr). (7.88)

The volume strain corresponding to this solution is

e = − A

r
exp(−kr). (7.89)

And the stress components are found to be

σrr = −4µkA
1 + (kr) + d(kr)2

(kr)3
exp(−kr), (7.90)



Arnold Verruijt, Soil Dynamics : 7. SPHERICAL WAVES 125

σtt = 2µkA
1 + (kr)− (2d− 1)(kr)2

(kr)3
exp(−kr), (7.91)

where d is an additional elastic coefficient defined by

d =
λ+ 2µ

4µ
=

1− ν

2(1− 2ν)
. (7.92)

The coefficient A must be determined from the boundary condition (7.82). The transformed boundary condition is

r = a : σrr = −p
s
. (7.93)

With (7.90) the value of A is found to be

A =
p

4µks
(ka)3

1 + (ka) + d(ka)2
exp(ka). (7.94)

The Laplace transform of the radial displacement now is, with (7.88) and (7.94),

u =
pa3

4µsr2
1 + sr/c

1 + sa/c+ d(sa/c)2
exp[−s(r − a)/c], (7.95)

or

u =
pa3

4µsr2
1 + xs

1 + bs+ db2s2
exp[−s(x− b)], (7.96)

where b = a/c and x = r/c. Using the value (7.94) for the constant A the expressions for the transformed stresses are

σrr = −pa
3

sr3
1 + xs+ dx2s2

1 + bs+ db2s2
exp[−s(x− b)], (7.97)

σtt =
pa3

2sr3
1 + xs− (2d− 1)x2s2

1 + bs+ db2s2
exp[−s(x− b)], (7.98)

The mathematical problem now remaining is to find the inverse transform of the expressions (7.96), (7.97) and (7.98). The displacement will
first be elaborated.
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Displacement

In order to perform the inverse Laplace transformation of the expression (7.96) it is first required to decompose the denominator into the form
of a product of single factors, by writing

1 + bs+ db2s2 = db2(s+ s1)(s+ s2), (7.99)

where
s1 = (1 + iη)/2db, (7.100)

s2 = (1− iη/2db, (7.101)

with
η =

√
4d− 1 = 1/

√
1− 2ν. (7.102)

Using this decomposition equation (7.96) can be written as

u = − pa3

4µdb2r2
{C1

s
+

C2

s+ s1
+

C3

s+ s2

}
exp[−s(x− b)], (7.103)

where
C1 =

1
s1s2

= db2, (7.104)

C2 =
1− xs1

s1(s1 − s2)
, (7.105)

C3 =
1− xs2

s2(s2 − s1)
. (7.106)

Inverse Laplace transformation is now a relatively simple operation, because the expression (7.103) consists of a summation of elementary
fractions. The process is somewhat laborious, however, because the coefficients C2 and C3 are complex. After separation into real and imaginary
parts the final result is

u =
pa3

4µr2
{

1− [cos(
ηcτ

2da
)− 2r − a

ηa
sin(

ηcτ

2da
)] exp(− cτ

2da
)
}
H(τ), (7.107)

where
τ = t− (r − a)/c. (7.108)

The appearance of the Heaviside step function H(τ) in the solution (7.107) indicates that, as expected, a shock wave travels through the medium,
with a velocity c. This is the velocity of propagation of plane waves, see eq. (7.78).



Arnold Verruijt, Soil Dynamics : 7. SPHERICAL WAVES 127

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ...................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

............................

...........................

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

..

.......

.......

.......

.......

.......

........

.......
.......
.......
.......
........
.......
.......
.......
........
.......
.......
.......
........
.......
.......
........
.......
.......
........
.......
.......
........
.......
........
........
.......
........
.........
.............

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.......
.......
.......
........
.......
.......
.......
........
.......
.......
........
......
......
......
........
.......
.......
........
.......
.......
........
.......
........
......
......
........
.......
........
.......
........
........
.......
........
........
.........
..........
..............

...................................................................................................................................................................................................................................................................................................................................................................................................
..........................................................................................................

.......
........
........
........
.......
........
........
........
.......
........
........
.......
........
........
.......
........
........
.......
........
........
.......
........
........
.......
........
........
.......
........
........
........
.......
........
.........
........
........
.........
.........
........
.........
..........
.........
...........
.............

..............
...........................

..........................................................................................................................................................................................................................................................................................................................................................................

ct/a

4µu0/pa

0 1 2 3 4 5
0

1

2

ν = 0.0
ν = 0.25

ν = 0.45

Figure 7.8: Displacement of boundary.

The displacement u0 of the inner boundary of the medium, at the radius of
the circular cavity (r = a), is of particular interest. This is found to be

u0 =
pa

4µ
{
1− [cos(

ηcτ

2da
)− 1

η
sin(

ηcτ

2da
)] exp(− cτ

2da
)
}
H(t). (7.109)

This function is shown, for three values of Poisson’s ratio, in Figure 7.8.
It may be interesting to further investigate the behaviour of the solution

(7.107). It can be seen, for instance, that for large values of time the solu-
tion approaches the static solution u = pa3/4µr2. It also appears from the
solution that at the arrival of the shock wave the displacement is continuous,
but shortly after this arrival there is a relatively large effect, as indicated
by the factor r/a in the term between brackets. This shows that during the
passage of the shock wave the displacements are considerably larger than
in the static case. It is left as an exercise for the reader to plot the be-
haviour of the solution (7.107) for various values of the distance from the
cavity.

Stresses

Using the decomposition (7.99) the equations (7.97) and (7.98) can be written as

σrr = − pa3

db2r3
{D1

s
+

D2

s+ s1
+

D3

s+ s2

}
exp[−s(x− b)], (7.110)

σtt =
pa3

2db2r3
{E1

s
+

E2

s+ s1
+

E3

s+ s2

}
exp[−s(x− b)], (7.111)

where

D1 =
1

s1s2
= db2, (7.112)

D2 =
1− xs1 + dx2s21
s1(s1 − s2)

, (7.113)
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D3 =
1− xs2 + dx2s22
s2(s2 − s1)

, (7.114)

E1 =
1

s1s2
= db2, (7.115)

E2 =
1− xs1 − (2d− 1)x2s21

s1(s1 − s2)
, (7.116)

E3 =
1− xs2 + (2d− 1)x2s22

s2(s2 − s1)
. (7.117)

The inverse transformation of the expressions (7.110) and (7.111) is now relatively simple. After some mathematical manipulations the final
results are

σrr = −pa
3

r3

{
1 + [(

r2 − a2

a2
) cos(

ηcτ

2da
)− (

r − a

a
)2

1
η

sin(
ηcτ

2da
) ] exp(− cτ

2da
)
}
H(τ), (7.118)

σtt =
pa3

2r3
{

1 +
[{

(
r2 − a2

a2
)− (

3d− 1
d

)(
r2

a2
)
}

cos(
ηcτ

2da
)−

{
(
r − a

a
)2 − (

3d− 1
d

)(
r2

a2
)
} 1
η

sin(
ηcτ

2da
)
]

exp(− cτ

2da
)
}
H(τ), (7.119)

where, as before,
η =

√
4d− 1 = 1/

√
1− 2ν, (7.120)

τ = t− (r − a)/c. (7.121)

The solutions indicate again that a shock wave is propagated through the medium at velocity c. Before the arrival of the shock wave the stresses
are zero. The values of the stresses at the front of the wave can be obtained by letting τ ↓ 0. This gives

τ ↓ 0 : σrr = −pa
r
, (7.122)

τ ↓ 0 : σtt = − (2d− 1)pa
dr

. (7.123)

Again, as in the case of a sinusoidal vibration, it is found that the dynamic stresses tend to zero as 1/r when r →∞.
After a very long time the influence of the shock wave has been attenuated. The stresses then are

τ →∞ : σrr = −pa
3

r3
, (7.124)

τ →∞ : σtt =
pa3

2r3
. (7.125)

These expressions are in agreement with the static solution. The static stresses tend to zero as 1/r3 at infinity. Again it may be noted that the
dynamic stresses far from the cavity are much larger than the static stresses.
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Problems

7.1 Consider a thin-walled sphere, of radius a and wall thickness d, with d� a. In the interior of the sphere a pressure p is acting, the outer
boundary is free of stress. Determine the constants A and B, see eq. (7.11), for this case, and determine the tangential stress in the wall of the
sphere. Note that this is the problem of a pressurized balloon.

7.2 From equation (7.74) derive an asymptotic expression valid for large values of the frequency ω. Express the material constant in this
expression into the Poisson ratio ν.

7.3 In Figure 7.8 the displacement of the cavity boundary is plotted as a function of time, using the dimensionless parameter ct/a. Replot
this figure, now using a time scale based on Young’s modulus E, i.e. using a dimensionless paremeter c1t/a, where c1 is defined by c1 =

√
E/a.

It should appear that the waves in the plots now have approximately equal periods.

7.4 The solution (7.118) contains a damping factor exp(−cτ/2ma). Normal values for the propagation speed of waves in soils are of the order
1000 m/s. Now estimate the duration of the shock generated from a cavity of radius 1 m.

7.5 In the solution (7.118) assume that r � a. Sketch the stress at a certain point as a function of time.

7.6 Redraw Figure 7.6, using the parameter ω/ωs as the independent variable, with ωs =
√
µ/ρa2. If the resonance frequency now appears

to be independent of µ it has been found that resonance is determined by the velocity of shear waves.



Chapter 8

ELASTOSTATICS OF A HALF SPACE

In soil mechanics it is often required to determine the stresses and deformations of a soil deposit under the influence of loads applied on the
upper surface. As a first approximation it may be useful to consider an elastic half space, or, in the case of plane strain deformations, an elastic
half plane, loaded on its upper surface, see Figure 8.1. In this chapter some solutions are derived, for vertical loads. For the sake of completeness

..
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Figure 8.1: Half space.

the basic equations of the theory of linear elasticity are included. The exam-
ples to be presented are the classical solutions for a point load and a line load
on a half space (the problems of Boussinesq and Flamant), the solution for a
uniform load on a circular area, and some mixed boundary value problems.
The problems can be solved effectively by using Fourier transforms or Hankel
transforms. These methods will be described briefly.

It can be expected that for the class of problems considered here, an elas-
tic half space loaded by vertical loads on its surface, the vertical displace-
ments are more important than the horizontal displacements. On the basis
of this expectation, which is also confirmed by the analytical solutions that
can be obtained for certain problems, an approximate method of solution can
be developed by neglecting all horizontal displacements. This approximate
method, which was first proposed by Westergaard (1936), is also presented
in this chapter, and its results are compared with the complete analytical
solution.

It should be noted that throughout this chapter the material is supposed
to be homogeneous and isotropic, and linear elastic, so that its mechanical properties can be fully characterized by an elastic modulus E and
Poisson’s ratio ν, or some other combination. The strains are assumed to be small compared to 1.

8.1 Basic equations of the theory of elasticity

The basic equations of the theory of elasticity are the conditions on the stresses, the strains, and the displacements in a linear elastic continuum.
These are the conditions of equilibrium, the constitutive relations, and the compatibility conditions.

Let the stresses and displacements be described in a cartesian coordinate system x, y, z. The components of the displacement vector in the
three coordinate directions are denoted by ux, uy and uz. If it is assumed that the displacement gradients are small compared to 1, then the

130
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expressions for the strains are

εxx =
∂ux

∂x
, εxy = 1

2 (
∂ux

∂y
+
∂uy

∂x
),

εyy =
∂uy

∂y
, εyz = 1

2 (
∂uy

∂z
+
∂uz

∂y
), (8.1)

εzz =
∂uz

∂z
, εzx = 1

2 (
∂uz

∂x
+
∂ux

∂z
).

The three normal strains εxx, εyy and εzz express the relative elongation of line elements in the three coordinate directions (∆l/l), and the three
shear strains εxy, εyz and εzx express the deformation of right angles. The volume strain e = ∆V/V is the sum of the normal strains in the
three coordinate directions,

e = εxx + εyy + εzz. (8.2)
The stresses can be expressed into the strains by the generalized form of Hooke’s law. For an isotropic material this is

σxx = λe+ 2µεxx, σxy = 2µεxy,

σyy = λe+ 2µεyy, σyz = 2µεyz, (8.3)
σzz = λe+ 2µεzz, σzx = 2µεzx.

Here λ and µ are the Lamé constants. These constants are related to the modulus of elasticity E (Young’s modulus) and Poisson’s ratio ν by

λ =
νE

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
. (8.4)

For the stresses in the equations (8.3) the sign convention is that a stress component is positive when acting in positive coordinate direction
on a plane with an outward normal in positive direction. This is the usual sign convention in continuum mechanics, which implies that tensile
stresses are positive. It may be noted that in soil mechanics the sign convention is often just opposite, with compressive stresses being considered
positive.

The stresses must satisfy the equations of equilibrium. In the absence of body forces these are
∂σxx

∂x
+
∂σyx

∂y
+
∂σzx

∂z
= 0, σxy = σyx,

∂σxy

∂x
+
∂σyy

∂y
+
∂σzy

∂z
= 0, σyz = σzy, (8.5)

∂σxz

∂x
+
∂σyz

∂y
+
∂σzz

∂z
= 0, σzx = σxz.

The second of these equations is illustrated in Figure 8.2.
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Figure 8.2: Equilibrium of element.

The stresses, strains, and displacements in an isotropic linear elastic body
must satisfy all the equations given above, and in addition must satisfy the
conditions on the boundary, which may specify the surface stress or the
surface displacement, or a combination. For general methods of analysis the
reader is referred to textbooks on the theory of elasticity, e.g. by Timoshenko
(1951), or Sokolnikoff (1956). In the next sections some special solutions will
be presented.

For the purpose of future reference it is convenient to express the equa-
tions of equilibrium in terms of the displacements. If it is assumed that
the parameters λ and µ are constants (which means that the material is
homogeneous), one obtains from (8.1), (8.3) and (8.5),

(λ+ µ)
∂e

∂x
+ µ∇2ux = 0,

(λ+ µ)
∂e

∂y
+ µ∇2uy = 0, (8.6)

(λ+ µ)
∂e

∂z
+ µ∇2uz = 0.

These are usually called the Navier equations. They are three equations with three variables, the three displacement components. Their solution
usually also involves the stresses, however, because the boundary conditions may be expressed in terms of the stresses.

8.2 Boussinesq problems

An important class of problems is formed by the problems for a half space (z > 0), bounded by the plane z = 0, loaded by vertical normal
stresses on the surface only, see Figure 8.3. This is called the class of Boussinesq problems, after the French scientist who published several
solutions of such problems in 1885.

This type of problem can be solved conveniently by introducing a specially chosen displacement function φ (Green & Zerna, 1954), from
which the displacements can be derived by the formulas

ux = (1− 2ν)
∂φ

∂x
+ z

∂2φ

∂x∂z
, (8.7)

uy = (1− 2ν)
∂φ

∂y
+ z

∂2φ

∂y∂z
, (8.8)
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Figure 8.3: Boussinesq problem.

uz = −2(1− ν)
∂φ

∂z
+ z

∂2φ

∂z2
. (8.9)

Substitution of these expressions into the equations (8.6) shows that all three
equations of equilibrium are identically satisfied, provided that the function
φ satisfies the Laplace equation

∇2φ = 0. (8.10)

The advantage of the introduction of the function φ is that there now is only
a single unknown function, which must satisfy a relatively simple differential
equation, eq. (8.10), for which many particular solutions and several general
solution methods are available. That the solutions are useful appears when

the stresses are expressed in the function φ. With (8.1), (8.3) and (8.10) one obtains for the normal stresses

σxx

2µ
= (1− 2ν)

∂2φ

∂x2
+ z

∂3φ

∂x2∂z
− 2ν

∂2φ

∂z2
, (8.11)

σyy

2µ
= (1− 2ν)

∂2φ

∂y2
+ z

∂3φ

∂y2∂z
− 2ν

∂2φ

∂z2
, (8.12)

σzz

2µ
= −∂

2φ

∂z2
+ z

∂3φ

∂z3
. (8.13)

For the shear stresses the following expressions are obtained

σxy

2µ
= (1− 2ν)

∂2φ

∂x∂y
+ z

∂3φ

∂x∂y∂z
, (8.14)

σyz

2µ
= z

∂3φ

∂y∂z2
, (8.15)

σzx

2µ
= z

∂3φ

∂x∂z2
. (8.16)

From the last two equations it can be seen that on the surface z = 0 the shear stresses are always zero,

z = 0 : σzx = σzy = 0. (8.17)
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This means that the function φ can only be used for problems for which the plane z = 0 is free from shear stresses. This is an essential restriction.
On the other hand, this restriction appears to lead to a relatively simple mathematical problem, namely the solution of the Laplace equation
(8.10). On the boundary z = 0 the stress σzz may be prescribed, or the displacement uz. On the surface z = 0 the expression for the vertical
displacement reduces to

z = 0 : uz = −2(1− ν)
∂φ

∂z
, (8.18)

and the expression for the vertical normal stress reduces to

z = 0 : σzz = −2µ
∂2φ

∂z2
. (8.19)

Thus, if the displacement or the stress on the surface is given, this means that either the first or the second derivative of the displacement
function φ is known. In the next sections a number of solutions will be presented.

8.2.1 Concentrated Force

A classical problem, the solution of which was first given by Boussinesq, is the problem of a concentrated point force on the half space z > 0, see
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Figure 8.4: Concentrated force on half space.

Figure 8.4. The solution is assumed to be given by the function

φ = − P

4πµ
ln(z +R), (8.20)

where

R =
√
x2 + y2 + z2. (8.21)

It can easily be verified that this function indeed satisfies the differential
equation (8.10). That it satisfies the correct boundary conditions is not
immediately obvious, but may be verified by considering the stress field.

Differentiation of φ with respect to z gives

∂φ

∂z
= − P

4πµ
1
R
, (8.22)

∂2φ

∂z2
=

P

4πµ
z

R3
, (8.23)

∂3φ

∂z3
=

P

4πµ
(

1
R3

− 3
z2

R5
). (8.24)
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The vertical normal stress σzz is now found to be, with (8.13),

σzz = −3P
2π

z3

R5
. (8.25)

On the surface z = 0 this stress is zero everywhere, except in the origin, where the stress is infinitely large. That the solution is indeed the
correct one can be verified by integration of the stress over the surface are. This gives∫ ∞

−∞

∫ ∞

−∞
σzz dx dy = −P. (8.26)

Every horizontal plane transfers a vertical force P , as required.
The vertical displacement is, with (8.8),

uz =
P

4πµR
[2(1− ν) +

z2

R2
]. (8.27)

On the surface z = 0 the displacement is, expressed in terms of E and ν,

z = 0 : uz =
P (1− ν)

2πµr
=
P (1− ν2)
πEr

, (8.28)

where r =
√
x2 + y2. In the origin the displacement is singular, as might be expected in this case of a concentrated force.

All the other stresses and displacements can of course also be derived from the solution (8.20). This is left as an exercise.

8.2.2 Uniform load on a circular area

Starting from the elementary solution (8.20) many other interesting solutions can be obtained, see the literature (Timoshenko, 1951; Sokolnikoff,
1956). As an example the displacement of the center of a circular area carrying a uniform load will be derived, see Figure (8.5). The starting
point of the considerations is the observation that a load of magnitude p dA at a distance r from the origin results in a vertical displacement at
the origin of

p dA (1− ν2)
πEr

,

as follows immediately from the formula (8.28).
The displacement due to a uniform load over a circular area with radius a can be obtained by integration over that area. Because dA = r dr dθ

one obtains, after integration over θ from θ = 0 to θ = 2π, and integration over r from r = 0 to r = a,

r = 0, z = 0 : uz =
2pa(1− ν2)

E
. (8.29)
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Figure 8.5: Uniform load on circular area.

This is a well known and useful formula. If the formula is expressed in the
total load P = πa2p it reads

r = 0, z = 0 : uz =
2P (1− ν2)

πEa
. (8.30)

This shows that the displacement of a foundation plate can be reduced by
making it larger, as one would expect intuitively. The relationship appears
to be that the displacement is inversely proportional to the radius a of the
plate, and not to the area of the plate, as one might perhaps have expected.

Actually, this result can also be obtained by considering the physical
dimensions of the parameters of the problem. It can be expected that the
displacement will be proportional to the load P , because the theory is linear,
and it can also be expected that the displacement then will be inversely
proportional to the modulus of elasticity. The only possibility to obtain a

quantity having the dimension of a length then is that the displacement is proportional to P/Ea.

8.3 Fourier transforms

A class of solutions can be found by the use of Fourier transforms (Sneddon, 1951). This method will be presented here, for the case of plane
strain deformations (uy = 0).

The solution is sought in the form

φ =
∫ ∞

0

{f(α) cos(αx) + g(α) sin(αx)} exp(−αz) dα, (8.31)

where f(α) and g(α) are as yet unknown functions of the variable α.
That (8.31) is indeed a solution follows immediately by substitution of the elementary solutions cos(αx) exp(−αz) and sin(αx) exp(−αz) into

the differential equation (8.10). For z → ∞ the solution will always approach zero, which suggests that this solution can perhaps be used for
cases in which the stresses can be expected to vanish for z →∞.

With (8.13) one now obtains

z = 0 :
σzz

2µ
= −

∫ ∞

0

α2 {f(α) cos(αx) + g(α) sin(αx)} dα. (8.32)

Suppose that the boundary condition is
z = 0, −∞ < x <∞ : σzz = q(x), (8.33)
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in which q(x) is a given function. Then the condition is that∫ ∞

0

{A(α) cos(αx) +B(α) sin(αx)} dα = q(x), (8.34)

where
A(α) = −2µα2 f(α), (8.35)

B(α) = −2µα2 g(α). (8.36)

The problem of determining the functions A(α) en B(α) from (8.34) is exactly the standard problem from the theory of Fourier transforms.
The solution is given by the inversion theorem, which will not be derived here, see the literature on Fourier analysis (e.g. Sneddon, 1951). The
final result is

A(α) =
1
π

∫ ∞

−∞
q(t) cos(αt) dt, (8.37)

B(α) =
1
π

∫ ∞

−∞
q(t) sin(αt) dt. (8.38)

The problem has now been solved, at least in principle, for an arbitrary surface load q(x). In a specific case, with a given surface load q(x) the
integrals (8.37) and (8.38) must be evaluated, and then the results must be substituted into the general solution (8.31). Depending on the load
function this may be a difficult mathematical problem. In the next section a simple example is given, in which all integrals can be evaluated
analytically.

8.3.1 Line load

As a first example the case of a line load on a half space will be considered (Flamant’s problem), see Figure 8.6. In this case the load function is

q(x) =

{
−F/(2ε), |x| < ε,

0, |x| > ε,
(8.39)

where it will later be assumed that ε→ 0. From (8.37) and (8.38) it follows that

A(α) = − F

πε

sin(αε)
α

,

B(α) = 0.
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Figure 8.6: Line load on half space.

If ε→ 0 this reduces to

A(α) = −F/π, (8.40)

B(α) = 0. (8.41)

With (8.35) and (8.36) one obtains

f(α) =
F

2πµα2
, (8.42)

g(α) = 0. (8.43)

The solution of the problem therefore is

φ =
F

2πµ

∫ ∞

0

cos(αx) exp(−αz)
α2

dα. (8.44)

Although this integral does not converge, due to the behavior of the factor α2 in the denominator near α → 0, the result may well be useful,
because the relevant quantities are derived expressions, such as the stresses, which require differentiation. It is found, for instance, that

∂2φ

∂x2
= − F

2πµ

∫ ∞

0

cos(αx) exp(−αz) dα,

and this integral converges. The result is
∂2φ

∂x2
= − F

2πµ
z

x2 + z2
. (8.45)

In a similar way one obtains
∂2φ

∂z2
=

F

2πµ
z

x2 + z2
. (8.46)

After another differentiation one obtains
∂3φ

∂z3
=

F

2πµ
x2 − z2

(x2 + z2)2
, (8.47)
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and
∂3φ

∂x2∂z
= − F

2πµ
x2 − z2

(x2 + z2)2
. (8.48)

The expressions for the stresses are finally, using (8.11), (8.13) and (8.16),

σxx = −2F
π

x2z

(x2 + z2)2
, (8.49)

σzz = −2F
π

z3

(x2 + z2)2
, (8.50)

σxz = −2F
π

xz2

(x2 + z2)2
. (8.51)

These are usually called the Flamant formulas. Their form is somewhat simpler when using polar coordinates x = r cos θ and z = r sin θ,

σxx = −2F
πr

sin θ cos2 θ, (8.52)

σzz = −2F
πr

sin3 θ, (8.53)

σxz = −2F
πr

sin2 θ cos θ. (8.54)

When the stress components are also transformed into polar coordinates the formulas are even simpler,

σrr = −2F
πr

sin θ = −2Fz
πr2

, (8.55)

σθθ = 0, (8.56)
σrθ = 0. (8.57)

It appears that the only non-vanishing stress is the radial stress, and that it decreases inversely proportional to the distance from the origin,
and with the sine of the angle with the horizontal axis.
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8.3.2 Strip load

Another classical example is the case of a strip load on a half space, see Figure 8.7. The solution of this problem can be found in many textbooks on

..
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Figure 8.7: Strip load on half space.

theoretical soil mechanics. Here the solution will be determined using the
Fourier cosine transform.

In this case the boundary condition is

q(x) =

{
−p, |x| < a,

0, |x| > a.
(8.58)

The stress function φ now is found to be

φ =
p

πµ

∫ ∞

0

sin(αa) cos(αx) exp(−αz)
α3

dα, (8.59)

or

φ =
p

πµ

∫ ∞

0

{sin[α(x+ a)]− sin[α(x− a)]} exp(−αz)
α3

dα. (8.60)

Again, this integral does not converge, but its second and third derivatives, which are needed to determine the stresses, do converge. Expressions
for the stresses can be obtained using equations (8.11), (8.13) and (8.16), and a table of integral transforms. The result is

σxx = − p
π

{
arctan(

x+ a

z
)− arctan(

x− a

z
)− (x+ a)z

(x+ a)2 + z2
+

(x− a)z
(x− a)2 + z2

}
, (8.61)

σzz = − p
π

{
arctan(

x+ a

z
)− arctan(

x− a

z
) +

(x+ a)z
(x+ a)2 + z2

− (x− a)z
(x− a)2 + z2

}
, (8.62)

σxz =
p

π

{ z2

(x+ a)2 + z2
− z2

(x− a)2 + z2

}
. (8.63)

These are well known formulas, see for instance Sneddon (1951). They can also be written in the form

σxx = − p
π
{θ1 − θ2 − sin θ1 cos θ1 + sin θ2 cos θ2}, (8.64)

σzz = − p
π
{θ1 − θ2 + sin θ1 cos θ1 − sin θ2 cos θ2}, (8.65)

σxz =
p

π
{cos2 θ1 − cos2 θ2}, (8.66)

where the angles θ1 and θ2 are indicated in Figure 8.7.
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8.4 Axially symmetric problems

Problems for an elastic half space loaded by a radially symmetric normal stress on the surface z = 0 can conveniently be solved by the Hankel
transform method (Sneddon, 1951). The problem can be formulated in terms of the displacement function φ introduced in eqs. (8.8). This
function must satisfy the Laplace equation (8.10). In axially symmetric coordinates this equation is

∂2φ

∂r2
+

1
r

∂φ

∂r
+
∂2φ

∂z2
= 0. (8.67)

The Hankel transform of the function φ is defined as

Φ(ξ, z) =
∫ ∞

0

r φ(r, z) J0(rξ) dr, (8.68)

where J0(x) is the Bessel function of the first kind and order zero. The inverse transformation is (Sneddon, 1951)

φ(r, z) =
∫ ∞

0

ξΦ(ξ, z) J0(ξr) dξ. (8.69)

The advantage of the Hankel transformation is that the operator

∂2

∂r2
+

1
r

∂

∂r

is transformed into multiplication by −ξ2. This means that the differential equation (8.67) becomes, after application of the Hankel transform,

d2Φ
dz2

− ξ2Φ = 0, (8.70)

which is an ordinary differential equation. The general solution of this equation is

Φ = A exp(ξz) +B exp(−ξz), (8.71)

where the integration constants A and B may depend upon the transformation parameter ξ. In the half space z > 0 the constant A can be
assumed to vanish.

If the boundary condition is
z = 0 : σzz = q(r), (8.72)

then we obtain, with (8.19) and (8.71),

−2µBξ2 =
∫ ∞

0

r q(r) J0(ξr) dr, (8.73)

from which the value of B can be determined. In the next two sections some examples will be given.
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8.4.1 Uniform load on a circular area

A well known classical problem is the problem of a uniform load over a circular area. This problem was already considered above, where the
displacement of the origin was derived from a particular solution, see eq. (8.29). Here the complete solution will be derived by a straightforward
analysis.

In this case the load function q(r) is

q(r) =

{
−p, r < a,

0, r > a.
(8.74)

Substitution of this function into the general expression (8.73) gives

B =
p

2µ ξ2

∫ a

0

r J0(ξr) dr. (8.75)

This is a well known integral (Abramowitz & Stegun, 1964, 11.3.20). The result is

B =
pa

2µ ξ3
J1(ξa), (8.76)

where J1(x) is the Bessel function of the first kind and order one.
The displacement function φ now is

φ =
pa

2µ

∫ ∞

0

J1(ξa) exp(−ξz) J0(ξr)
ξ2

dξ. (8.77)

Although this integral itself cannot be evaluated, because of the logarithmic singularity in the origin, certain useful results can still be derived from
it, because the physical quantities such as the displacements and the stresses must be derived from it by differentiation, and after differentiation
the integrals may well converge, as indeed they do.

The vertical displacement of the surface can be obtained from the formula (8.18). With (8.77) this gives

z = 0 : uz =
pa(1− ν)

µ

∫ ∞

0

J1(ξa) J0(ξr)
ξ

dξ. (8.78)

This integral is given in Appendix A, see (A.69). The result is

z = 0 : uz =
2pa(1− ν)

πµ

{
E(r2/a2), r < a,

F (r2/a2), r > a,
(8.79)
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Figure 8.8: Displacements of the surface.

where

F (x) =
√
x [E(1/x)− (1− 1/x)K(1/x)] , (8.80)

and where K(x) and E(x) are complete elliptic integrals of
the first and second kind, respectively. A short list of val-
ues, adapted from Abramowitz & Stegun (1964), is given in
Table A.2, in Appendix A. For x = 0 both K(x) and E(x) are
equal to π/2. The result (8.79) is also given by Timoshenko &
Goodier (1951).

Figure 8.8 shows the displacements of the surface in this case
in graphical form. The displacement of the origin is of special
interest. This is found to be

r = 0, z = 0 : uz = u0 =
pa(1− ν)

µ
, (8.81)

which agrees with the expression (8.29) found before.
It should be noted that in this section the symbol E is used

for the complete elliptic integral, whereas it has also been used
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Figure 8.9: Vertical stress σzz for r = 0.

earlier for Young’s modulus of elasticity. The reader should carefully distinguish between the
symbol E for Young’s modulus, and the function E(x), which denotes the complete elliptic
integral of the second kind.

The vertical normal stress σzz is, with (8.13) and (8.77),

σzz

p
= −

∫ ∞

0

a(1 + ξz)J1(ξa) exp(−ξz) J0(ξr) dξ. (8.82)

Along the vertical axis, for r = 0, this integral reduces to

r = 0 :
σzz

p
= −

∫ ∞

0

a(1 + ξz)J1(ξa) exp(−ξz) dξ, (8.83)

which can be evaluated using a table of Laplace transforms (Churchill, 1972). The result is

r = 0 :
σzz

p
= −1 +

z3

(a2 + z2)3
. (8.84)
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This is a well known formula, see e.g. Timoshenko & Goodier (1951). Just under the load the vertical stress is −p, and this stress tends to zero
when z →∞, see Figure 8.9.

8.5 Mixed boundary value problems

In the previous sections the boundary value problems considered were such that on the entire boundary the surface stresses were prescribed.
More complicated problems occur in the case that on a part of the boundary the surface stresses are given, and the displacements are prescribed
on the remaining part of the boundary. These problems are said to be of the mixed boundary value type. In this section a method of solution
to these problems is illustrated by considering some examples.

8.5.1 Rigid circular plate

In the first example a vertical load P is applied to a half space by a rigid circular plate of radius a, see Figure 8.10. In this case the boundary
conditions on the upper surface are that the shear stress σzx = 0 along the entire surface, and that

z = 0 : uz = w0, 0 ≤ r < a, (8.85)

z = 0 : σzz = 0, r > a, (8.86)

where w0 is the given vertical displacement of the plate.

...............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...................................................
.......
..
.......
.......
..

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ....................................................................................................................................................................................................................................................................................................................................
.......
..
.......
.......
..

r

z

P

Figure 8.10: Rigid circular plate on half space.

If the elasticity equations are formulated using a potential function φ, as in
the previous sections, the general solution for the half plane z > 0 is, with
(8.69) and (8.71),

φ(r, z) =
∫ ∞

0

ξB(ξ) exp(−ξz)J0(ξr) dξ, (8.87)

where B(ξ) is an unknown function, that should be determined from the
boundary conditions. Using eqs. (8.18) and (8.19), the boundary conditions
(8.85) and (8.86) can be expressed as

z = 0 : uz = −2(1− ν)
∂φ

∂z
= w0, 0 ≤ r < a, (8.88)

z = 0 : σzz = −2µ
∂2φ

∂z2
= 0, r > a. (8.89)
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With (8.87) these conditions can also be written as∫ ∞

0

ξ2B(ξ) J0(ξr) dξ = f(r) =
w0

2(1− ν)
, 0 ≤ r < a, (8.90)

∫ ∞

0

ξ3B(ξ) J0(ξr) dξ = 0, r > a. (8.91)

A system of this form is denoted as a pair of dual integral equations. For the solution a method described by Sneddon (1966) will be used here.
In the example the function f(r) is a constant, but the method applies equally well to the more general case that f(r) is an arbitrary function.
Some general aspects of the solution of dual integral equations are given in Appendix B.

The solution method consists of two steps, each addressing one of the dual integral equations. The first step is that it is assumed that the
function ξ2B(ξ) can be represented by the finite Fourier transform

ξ2B(ξ) =
∫ a

0

W (t) cos(ξt) dt, (8.92)

where W (t) is a new unknown function, defined in the interval 0 < t < a. Substitution of (8.92) into the integral appearing in (8.91) gives∫ ∞

0

ξ3B(ξ) J0(ξr) dξ =
∫ ∞

0

ξ

{∫ a

0

W (t) cos(ξt) dt
}
J0(ξr) dξ, (8.93)

or, using partial integration,∫ ∞

0

ξ3B(ξ) J0(ξr) dξ = W (a)
∫ ∞

0

sin(ξa)J0(ξr) dξ −
∫ a

0

W ′(t)
{∫ ∞

0

sin(ξt)J0(ξr) dξ
}
dt. (8.94)

A well known integral of the Hankel type is, see eq. (A.76),∫ ∞

0

sin(ξt)J0(ξr) dξ =

{
0, r > t,

(t2 − r2)−1/2, 0 ≤ r < t.
(8.95)

Because in the last integral in eq. (8.94) the value of t is restricted to the interval 0 < t < a, it follows that both integrals in the right hand side
are zero if r > a, so that it can be concluded that the second boundary condition (8.91) is automatically satisfied, whatever the function W (t)
is.
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The second step in the solution method is to determine the function W (t) from the first boundary condition, eq. (8.90). Substitution of
(8.92) into the integral in this condition gives, again assuming that the order of integration may be interchanged,∫ ∞

0

ξ2B(ξ) J0(ξr) dξ =
∫ a

0

W (t)
{∫ ∞

0

cos(ξt)J0(ξr) dξ
}
dt. (8.96)

Another well known integral of the Hankel type is, see eq. (A.77),∫ ∞

0

cos(ξt)J0(ξr) dξ =

{
0, 0 ≤ r < t,

(r2 − t2)−1/2, r > t.
(8.97)

This means that in the interval 0 < t < a the integrand of (8.96) is zero if r < t < a. It follows that the boundary condition (8.90) can be
written as ∫ r

0

W (t)
(r2 − t2)1/2

dt = f(r). 0 ≤ r < a. (8.98)

This is an Abel integral equation. Its solution is (Sneddon, 1966, p. 42)

W (t) =
2
π

d

dt

∫ t

0

rf(r)
(t2 − r2)1/2

dt, 0 < t < a. (8.99)

In the example of a uniform displacement of a rigid plate the function f(r) is, see (8.90),

f(r) =
w0

2(1− ν)
0 ≤ r < a. (8.100)

In this case the function W (t) is found to be the constant
W (t) =

w0

(1− ν)π
. (8.101)

The function ξ2B(ξ) now is, with (8.92),

ξ2B(ξ) =
w0

(1− ν)π
sin(ξa)
ξ

. (8.102)

The solution for the potential function φ is, with (8.87)

φ =
w0

(1− ν)π

∫ ∞

0

sin(ξa)
ξ2

exp(−ξz)J0(ξr) dξ. (8.103)
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Of particular interest is the vertical normal stress at the surface. With (8.19) this is found to be

z = 0 : σzz = −2µ
∂2φ

∂z2
=

Ew0

π(1− ν2)

∫ ∞

0

sin(ξa)J0(ξr) dξ. (8.104)

Using the integral (8.95) the boundary stress is

z = 0 : σzz =


0, r > a,

P
2πa(a2 − r2)1/2 , 0 ≤ r < a,

(8.105)

where
P =

2Eaw0

1− ν2
, (8.106)

the total force on the plate. The first part of (8.105) confirms the second boundary condition (8.86). The second part is a well known result of
the theory of elasticity, see e.g. Timoshenko & Goodier (1951).

Another quantity of special interest is the vertical displacement of the surface. With (8.18) and (8.103) this is

z = 0 : uz =
2w0

π

∫ ∞

0

sin(ξa)
ξ

exp(−ξz)J0(ξr) dξ. (8.107)

Using the integral (A.78) the displacement of the boundary is found to be

z = 0 : uz =

{
w0, r < a,

2
πw0 arcsin(a/r), r > a.

(8.108)

The first part of (8.108) confirms the first boundary condition (8.85). The second part is a well known result of the theory of elasticity, see e.g.
Sneddon (1951). The surface displacements are shown, as a function of r/a, in Figure 8.11.

Alternative derivation

An alternative for the second step of the derivation, avoiding the Abel integral integration, is as follows.
The first boundary condition is, see (8.90),∫ ∞

0

ξ2B(ξ) J0(ξr) dξ = f(r) =
w0

2(1− ν)
, 0 ≤ r < a, (8.109)
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Figure 8.11: Surface displacements, rigid circular plate.

The Bessel function J0(ξr) can now be eliminated form this equation by using the integral∫ s

0

r

(s2 − r2)1/2
J0(ξr) dr =

sin(ξs)
ξ

, (8.110)

which can be considered to be the inverse form of the integral (8.95) when this is considered as the Hankel transform of the function sin(ξt)/ξ.
It follows that eq. (8.109) can also be written as∫ ∞

0

ξ B(ξ) sin(ξt) dξ =
∫ t

0

rf(r) dr
(t2 − r2)1/2

, 0 < t < a, (8.111)

or, using the representation (8.92), and interchanging the order of integration,∫ a

0

W (s)
{∫ ∞

0

sin(ξt) cos(ξs)
ξ

dξ

}
ds =

∫ t

0

rf(r) dr
(t2 − r2)1/2

, 0 < t < a, (8.112)

The integral between brackets is a well known Fourier integral,∫ ∞

0

sin(ξt) cos(ξs)
ξ

dξ =

{ π
2 , s < t,

0, s > t,
(8.113)
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This means that (8.112) reduces to ∫ t

0

W (s) ds =
2
π

∫ t

0

rf(r) dr
(t2 − r2)1/2

, 0 < t < a. (8.114)

Differentiation with respect to t gives

W (t) =
2
π

d

dt

∫ t

0

rf(r) dr
(t2 − r2)1/2

, 0 < t < a, (8.115)

which is the same as the solution (8.99) derived above.

8.5.2 Penny shaped crack

Another class of problems involving mixed boundary conditions is concerned with the stress distribution in an elastic medium with a circular
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Figure 8.12: Penny shaped crack.

(penny shaped) crack. For the problem of a crack in an infinite elastic plate,
loaded by a uniform internal pressure p in the crack, the problem can be
schematized as a problem for a half plane (see Figure 8.12), with the bound-
ary conditions

z = 0 : uz = −2(1− ν)
∂φ

∂z
= 0, r > a, (8.116)

z = 0 : σzz = −2µ
∂2φ

∂z2
= −p, 0 ≤ r < a. (8.117)

If the elasticity equations are again formulated using a potential function φ,
the general solution for the half plane z > 0 is, with (8.69) and (8.71),

φ(r, z) =
∫ ∞

0

ξB(ξ) exp(−ξz)J0(ξr) dξ, (8.118)

where B(ξ) is an unknown function, that should be determined from the boundary conditions. With (8.118) these conditions can also be written
as ∫ ∞

0

ξ2B(ξ) J0(ξr) dξ = 0, r > a, (8.119)∫ ∞

0

ξ3B(ξ) J0(ξr) dξ = g(r), 0 ≤ r < a, (8.120)
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where in the example considered g(r) = p/2µ.
In order to solve the system of dual integral equations (see also Appendix B), in two steps, it is first assumed that the function ξ2B(ξ) can

be represented by the finite Fourier transform

ξ2B(ξ) =
∫ a

0

V (t) sin(ξt) dt, (8.121)

where V (t) is a new unknown function, defined in the interval 0 < t < a. Substitution of (8.121) into the integral appearing in (8.119) gives, if
the order if integration is interchanged, ∫ ∞

0

ξ2B(ξ) J0(ξr) dξ =
∫ a

0

V (t)
{∫ ∞

0

sin(ξt)J0(ξr) dξ
}
dt. (8.122)

In the integral the variable t is always smaller than a, so that for r > a it is certain that r > t, and then the integral is zero, see (A.76). This
means that the boundary condition (8.119) is automatically satisfied by the representation (8.121).

In the second step of the solution the unknown function V (t) is determined from the remaining boundary condition (8.120). For this purpose
the definition (8.121) is first rewritten, by using integration by parts, as

ξ2B(ξ) = V (a)
cos(ξa)

ξ
− V (0) +

∫ a

0

V ′(t)
cos(ξt)
ξ

dt. (8.123)

It can be assumed, without loss of generality, that V (0) = 0, so that

ξ3B(ξ) = V (a) cos(ξa) +
∫ a

0

V ′(t) cos(ξt) dt. (8.124)

Substitution into (8.120) now gives ∫ a

0

V ′(t)
{∫ ∞

0

J0(ξr) cos(ξt) dξ
}
dt− V (a)

∫ ∞

0

J0(ξr) cos(ξa) dξ =
p

2µ
, (8.125)

where it should be noted that r < a. The integrals are of the form of eq. (A.76), hence∫ ∞

0

cos(ξt)J0(ξr) dξ =

{
0, t > r,

(r2 − t2)−1/2, 0 < t < r.
(8.126)

This means that eq. (8.125) reduces to ∫ r

0

V ′(t)
(r2 − t2)1/2

dt = g(r). (8.127)
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This is again an Abel integral equation. Its solution is, as before, see (8.99),

V ′(t) =
2
π

d

dt

∫ t

0

rg(r)
(t2 − r2)1/2

dt, 0 < t < a. (8.128)

Integrating this equation gives, taking into account that it has already been assumed that V (0) = 0,

V (t) =
2
π

∫ t

0

rg(r)
(t2 − r2)1/2

dt, 0 < t < a. (8.129)

In the example considered here g(r) = p/2µ. In that case the result is

V (t) =
pt

πµ
, 0 < t < a. (8.130)

In this case the function B(ξ) is, with (8.121),

ξ2B(ξ) =
pa

πµξ

{
sin(ξa)
ξa

− cos(ξa)
}
. (8.131)

The potential function φ now is, with (8.118),

φ =
pa

πµ

∫ ∞

0

exp(−ξz)J0(ξr)
ξ2

{
sin(ξa)
ξa

− cos(ξa)
}
dξ. (8.132)

One of the most interesting quantities is the normal stress at the surface. This is found to be

z = 0 : σzz = −2µ
∂2φ

∂z2
= −2pa

π

∫ ∞

0

J0(ξr)
{

sin(ξa)
ξa

− cos(ξa)
}
dξ. (8.133)

Using the Hankel transforms (A.77) and (A.78) this gives

z = 0, r < a : σzz = −p, (8.134)

z = 0, r > a : σzz = −2p
π

[arcsin(a/r)− a

(r2 − a2)1/2
]. (8.135)

Equation (8.134) confirms the boundary condition (8.117), and eq. (8.135) is a well known result (Sneddon, 1951, p. 495).
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Alternative solution

An alternative for the second step of the derivation is as follows. In this alternative method the Bessel function J0(ξr) is eliminated from the
boundary condition (8.120) by using the integral (8.110),∫ s

0

r

(s2 − r2)1/2
J0(ξr) dr =

sin(ξs)
ξ

. (8.136)

This boundary condition (8.120) then is transformed into the form∫ ∞

0

ξ2B(ξ) sin(ξs) dξ =
∫ s

0

rg(r)
(s2 − r2)1/2

dr, 0 ≤ s < a. (8.137)

The function B(ξ) can be written in the form of eq. (8.124), which was obtained by partial integration from the actual definition (8.121), and
assuming that V (0) = 0,

ξ3B(ξ) = V (a) cos(ξa) +
∫ a

0

V ′(t) cos(ξt) dt. (8.138)

Substitution into (8.137) gives

V (a)
∫ ∞

0

sin(ξs) cos(ξa)
ξ

dξ +
∫ a

0

V ′(t)
{∫ ∞

0

sin(ξs) cos(ξt)
ξ

dξ

}
dt =∫ s

0

rg(r)
(s2 − r2)1/2

dr, 0 ≤ s < a, (8.139)

where it should be noted that in the second integral 0 < t < a. The integrals are of the form of eq. (8.113),∫ ∞

0

sin(ξt) cos(ξs)
ξ

dξ =

{ π
2 , s < t,

0, s > t.
(8.140)

This means that the first integral of (8.139) is zero, and that in the second integral the integration can be restricted to the interval 0 < t < s.
The result is ∫ s

0

V ′(t) dt = V (s) =
2
π

∫ s

0

rg(r)
(s2 − r2)1/2

dr, 0 ≤ s < a. (8.141)

This is the same solution as obtained before, see (8.129). The present derivation seems to be simpler, as it avoids the Abel integral equation.
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8.6 Confined elastostatics

Although several elastic problems have been successfully solved analytically in the preceding sections, and many more solutions can be found in
the literature, the solution methods are relatively complex, and it seems attractive to attempt to develop a simplified approximate method of
solution. This may be especially useful as a preparation for the more difficult problems of elastodynamics, which will be considered in the next
chapter.

For problems of an elastic half space in which the load consists of vertical normal stresses on the surface only, it can be expected that the
vertical displacements are considerably larger than the lateral displacements. This suggests to develop an approximate method of solution by
assuming that the horizontal displacements are zero, so that the only remaining displacement is the vertical displacement. Problems solved
under these assumptions will be referred to as confined elastic problems here. The approximation was introduced by Westergaard (1936), by
considering the vanishing of the horizontal deformations as a consequence of a reinforcement of the material by inextensible horizontal sheets.

The basic assumptions are

ux = 0, (8.142)

uy = 0, (8.143)

uz = w(x, y, z). (8.144)

The vertical displacement will be denoted by w, for simplicity.
Using these assumptions the only relevant basic equation is the equation of vertical equilibrium, which now requires that

µ
∂2w

∂x2
+ µ

∂2w

∂y2
+ (λ+ 2µ)

∂2w

∂z2
= 0. (8.145)

The remaining relevant stress components are the stresses on horizontal planes. They are related to the vertical displacements by the equations

σzz = (λ+ 2µ)
∂w

∂z
, (8.146)

σzx = µ
∂w

∂x
, (8.147)

σzy = µ
∂w

∂y
. (8.148)



Arnold Verruijt, Soil Dynamics : 8. ELASTOSTATICS OF A HALF SPACE 154

8.6.1 An axially symmetric problem

In case of an axially symmetric surface load the differential equation (8.145) can be formulated, using polar coordinates, as

∂2w

∂r2
+

1
r

∂w

∂r
+m2 ∂

2w

∂z2
= 0, (8.149)

where

m2 =
λ+ 2µ
µ

=
2(1− ν)
1− 2ν

. (8.150)

If the load is a uniform load on a circular area, the boundary condition is, with (8.146),

z = 0 : (λ+ 2µ)
∂w

∂z
=

{
−p, r < a,

0, r > a.
(8.151)

For the solution of this problem the Hankel transform method seems particularly suited, as in other axially symmetric cases. The Hankel
transform of the vertical displacement w is defined by

W (ξ, z) =
∫ ∞

0

r w(r, z) J0(rξ) dr, (8.152)

where J0(x) is the Bessel function of the first kind and order zero. The inverse transformation is (Sneddon, 1951)

w(r, z) =
∫ ∞

0

ξ W (ξ, z) J0(ξr) dξ. (8.153)

The differential equation (8.149) becomes, after application of the Hankel transform,

m2 d
2W

dz2
− ξ2W = 0, (8.154)

which is an ordinary differential equation. The general solution of this equation is

W = A exp(ξz/m) +B exp(−ξz/m), (8.155)

where the integration constants A and B may depend upon the transformation parameter ξ. In the half space z > 0 the constant A can be
assumed to vanish, because of the boundary condition at infinity. With the boundary condition (8.151) the value of the constant B is found to
be

B =
pm

(λ+ 2µ) ξ

∫ a

0

r J0(ξr) dr. (8.156)
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This is a well known integral (Abramowitz & Stegun, 1964, 11.3.20). The result is

B =
pma

(λ+ 2µ) ξ2
J1(ξa), (8.157)

where J1(x) is the Bessel function of the first kind and order one.
The vertical displacement w now is

w =
pma

(λ+ 2µ)

∫ ∞

0

J1(ξa) exp(−ξz/m) J0(ξr)
ξ

dξ. (8.158)

The standard tables of integral transforms do not give closed form expressions of this integral. However, for the displacements of the surface
one obtains, with z = 0, and using (8.150) in order to express the coefficient in terms of the shear modulus µ,

z = 0 : w =
pa

mµ

∫ ∞

0

J1(ξa) J0(ξr)
ξ

dξ. (8.159)

This happens to be the same integral as in the exact solution, eq. (8.78). Hence the result is

z = 0 : w =
2pa
πmµ

{
E(r2/a2), r < a,

F (r2/a2), r > a,
(8.160)

where
F (x) =

√
x [E(1/x)− (1− 1/x)K(1/x)] , (8.161)

and where K(x) and E(x) are complete elliptic integrals of the first and second kind, respectively.

ν 1− ν 1/m
0.0 1.000 0.707
0.1 0.900 0.667
0.2 0.800 0.612
0.3 0.700 0.534
0.4 0.600 0.408
0.5 0.500 0.000

Table 8.1: Comparison of coefficients.
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It is perhaps remarkable that the approximate solution and the exact solution are of precisely the same form, even though the coefficient
is slightly different, in its dependence upon Poisson’s ratio ν. Only in the completely incompressible case, ν = 0.5, the approximate solution
degenerates. This could have been expected, because the only possible deformation is a vertical displacement, which is suppressed in an
impermeable material if there are no horizontal displacements. The agreement between the exact elastic solution and the approximate solution
for a confined elastic medium may provide support for a similar approach to problems of elastodynamics.

The only difference between the exact solution, as given by eq. (8.79), and the approximate solution (8.160) derived here, is in the coefficient
of the solution. In the exact case this coefficient is 1− ν, and here it is found to be 1/m, where m is defined by (8.150). These two coefficients
are compared in Table 8.1. The exact solution appears to give somewhat larger displacements than the approximate solution. This is a general
property of approximate solutions obtained by a constraint on the displacement field. The material appears to be somewhat stiffer because of
the constraint that there can be no horizontal displacements. Or, as Westergaard stated in his original publication (Westergaard, 1936), because
the material has been reinforced by horizontal inextensible sheets.
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σzz/p

z/a

Figure 8.13: σzz for r = 0 (ν = 0).

The vertical normal stress σzz is, with (8.146) and (8.158),

σzz

p
= −

∫ ∞

0

a J1(ξa) exp(−ξz) J0(ξr) dξ. (8.162)

For r = 0, that is along the vertical axis, this reduces to

r = 0 :
σzz

p
= −

∫ ∞

0

a J1(ξa) exp(−ξz) dξ. (8.163)

This integral can be found in a table of Laplace transforms (Churchill, 1972). The result is

r = 0 :
σzz

p
= −1 +

z/m√
a2 + z2/m2

. (8.164)

This function, illustrated in Figure 8.13, has the same properties as the exact solution given
in equation (8.84), see also Figure 8.9. It is not the same, however. One of the major differences
is that the present solution depends upon Poisson’s ratio. Another difference is that in this
approximate solution the stresses tend to zero much faster than in the complete elastic solution.
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8.6.2 A plane strain problem

For a case of plane strain deformation in the x, z-plane the basic differential equation is

∂2w

∂x2
+m2 ∂

2w

∂z2
= 0, (8.165)

where m is a parameter depending upon Poisson’s ration, see equation (8.150).
If the load is a uniform load on a strip of width 2a, the boundary condition is, with (8.146),

z = 0 : (λ+ 2µ)
∂w

∂z
=

{
−p, |x| < a,

0, |x| > a.
(8.166)

Because of the symmetry of the load, the Fourier cosine transform seems to be appropriate in this case,

W (α, z) =
∫ ∞

0

w(x, z) cos(αx) dx. (8.167)

The differential equation (8.165) now can be transformed into

m2 d
2W

dz2
− α2W = 0, (8.168)

The solution vanishing at infinity is
W = A exp(−αz/m). (8.169)

The constant A can be determined using the boundary condition (8.166). The final result is

W =
pm

λ+ 2µ
sin(αa)
α2

exp(−αz/m). (8.170)

Inverse transformation gives

w =
2pm

π(λ+ 2µ)

∫ ∞

0

sin(αa) cos(αx)
α2

exp(−αz/m) dα. (8.171)

The vertical normal stress σzz is of particular importance. This is found to be

σzz = −2p
π

∫ ∞

0

sin(αa) cos(αx) exp(−αz/m)
α

dα, (8.172)
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or

σzz = − p
π

∫ ∞

0

sin[α(x+ a)]− sin(α(x− a)]
α

exp(−αz/m) dα. (8.173)

The integrals have the form of Laplace transforms, with t replaced by α. They can be evaluated using a table of standard Laplace transforms.
This gives

σzz = − p
π

{
arctan(

x+ a

z/m
)− arctan(

x− a

z/m
)
}
. (8.174)

Comparison of this result with the solution of the complete elastic problem, see equation (8.62), shows that there is a certain similarity of the
solutions. Again, the approximate solution using Westergaard’s approximation appears to depend upon the value of Poisson’s ratio, whereas the
solution of the complete elastic problem is independent of Poisson’s ratio, at least as far as the stresses are concerned. The boundary condition
(8.166) is exactly satisfied, of course.

The case of a line load can be obtained by taking the width of the load a→ 0, with F = 2pa. The simplest way to derive the vertical stress
σzz for this case is by starting from equation (8.172), which then becomes

σzz = −F
π

∫ ∞

0

cos(αx) exp(−αz/m) dα. (8.175)

This is an elementary Laplace transform, see table A.1 in Appendix A. It follows that

σzz = − F z/m

π(x2 + z2/m2)
. (8.176)



Chapter 9

ELASTODYNAMICS OF A HALF SPACE

An important and useful basic problem for the analysis of the propagation of waves in soils is the problem of an elastic half space loaded at
its surface by a time-dependent load, see Figure 9.1. The load may be fluctuating sinusoidally with time, or it may be applied in a very short
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Figure 9.1: Half space.

time, and then remain constant. For the case of a concentrated pulse load
the solution has first been given by Lamb (1904), and later by others, such
as Pekeris (1955) and De Hoop (1960). All these solutions are mathemati-
cally rather complicated, however. Therefore in the next chapter a simplified
approach will be followed, in which the elastic problem is approximated by
disregarding the horizontal displacements, and thus considering vertical dis-
placements only. This approximation was first suggested by Westergaard
(1936), and is denoted as confined elasticity in this book. It has been shown
in the previous chapter that this approximate method gives very good results
for the elastostatic problems of the same type. The extension to problems
of elastodynamics was first made by Barends (1980). It will appear in the
next chapter that in the case of elastodynamics the most important aspects
of the solutions, such as the magnitude of the vertical displacements, and
the effect of damping, can be approximated reasonably well. The solution of
these problems will be used as basic elements for the analysis of foundation
vibrations in chapter 14.

In later chapters the complete solution of some problems of elastodynamics of a half space (or a half plane) will be presented, using methods
developed by Pekeris (1955) and De Hoop (1960). These include the solutions for a line load and a point load on the surface of an elastic half
space.

As an introduction to the chapters in which the solutions of particular problems are presented, this chapter presents some general aspects of
the propagation of waves in homogeneous elastic media. A brief introduction is given of compression waves and shear waves, which are important
waves that appear in the solution of many problems. Also a general description is given of Rayleigh waves, which appear in problems for a half
space, and which are mainly responsible for the damage caused by earthquakes.
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9.1 Basic equations of elastodynamics

The basic equations of elastodynamics are the Navier equations, extended with an inertia term. These equations are

(λ+ µ)
∂e

∂x
+ µ∇2ux = ρ

∂2ux

∂t2
, (9.1)

(λ+ µ)
∂e

∂y
+ µ∇2uy = ρ

∂2uy

∂t2
, (9.2)

(λ+ µ)
∂e

∂z
+ µ∇2uz = ρ

∂2uz

∂t2
, (9.3)

where ρ is the density of the material, and t is the time. The static versions of these equations have been derived in chapter 8.
The stresses can be expressed into the displacement components by the generalized form of Hooke’s law. For an isotropic material the

expressions for the normal stresses are

σxx = λe+ 2µ
∂ux

∂x
, (9.4)

σyy = λe+ 2µ
∂uy

∂y
, (9.5)

σzz = λe+ 2µ
∂uz

∂z
, (9.6)

and the expressions for the shear stresses are

σxy = µ(
∂ux

∂y
+
∂uy

∂x
), (9.7)

σyz = µ(
∂uy

∂z
+
∂uz

∂y
), (9.8)

σzx = µ(
∂uz

∂x
+
∂ux

∂z
). (9.9)

Here λ and µ are the Lamé constants, and e is the volume strain,

e =
∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z
. (9.10)
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9.2 Compression waves

A special solution of the basic equations of elastodynamics can be obtained by differentiating the first equation of motion, eq. (9.1) with respect
to x, the second one with respect to y, the third one with respect to z, and then adding the result. This gives

(λ+ 2µ)∇2e = ρ
∂2e

∂t2
. (9.11)

This is the classical form of the wave equation. It has solutions of the form

e = f1(r − cpt) + f2(r + cpt), (9.12)

where r is the direction of the wave, and cp is the velocity of the wave,

cp =
√

(λ+ 2µ)/ρ. (9.13)

These waves are called compression waves, or simply P-waves.

9.3 Shear waves

Another special solution of the basic equations of elastodynamics can be obtained by differentiating the first equation of motion, eq. (9.1) with
respect to y, the second one with respect to x, and then subtracting the result. This gives

µ∇2ωxy = ρ
∂2ωxy

∂t2
, (9.14)

where ωxy is the rotation about the z-axis,

ωxy = (
∂ux

∂y
− ∂uy

∂x
). (9.15)

Similar equations can be obtained from other combinations, namely

µ∇2ωyz = ρ
∂2ωyz

∂t2
, (9.16)

µ∇2ωzx = ρ
∂2ωzx

∂t2
. (9.17)
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Again equations of the form of the wave equation are obtained. For these rotational waves, or shear waves, or simply S-waves, the propagation
velocity is

cs =
√
µ/ρ. (9.18)

Comparison with (9.13) shows that the velocity of the shear waves in general will be smaller than the velocity of the compression waves. The
P-waves and S-waves play an important part in seismology. From the arrival time of these waves the dynamic properties of the material may be
derived.

9.4 Rayleigh waves

An important solution of the basic equations of elastodynamics for an elastic half plane was found by Lord Rayleigh in 1885 (Rayleigh, 1985).
This is a wave that propagates near the free surface of an elastic half space, and is strongly damped with depth. Derivations of Rayleigh’s
solution can be found in many textbooks on soil dynamics and earthquake engineering (e.g. Kolsky, 1963; Richart, Hall & Woods, 1970; Das,
1993; Kramer, 1996). In this chapter the derivation follows a method used by Achenbach (1975), with some slight modifications.

It is assumed that a solution of the basic equations of elastodynamics can be represented by the following expressions for the displacements
of a wave in the x, z-plane (see Figure 9.1),

ux = A exp(−bz) sin[k(x− ct)], (9.19)

uz = B exp(−bz) cos[k(x− ct)], (9.20)

where k is a given constant, and b and c are as yet unknown parameters. It is assumed that b > 0, so that the displacements tend towards
zero for z →∞. The constants A and B are also unknown at this stage. The displacements in the direction perpendicular to the x, z-plane are
assumed to vanish, and the other two components are assumed to be independent of y.

Substitution of the equations (9.19) and (9.20) into the basic equations in x- and z-direction, see (9.1) and (9.3), gives[
c2sb

2 − (c2p − c2)k2
]
A+ (c2p − c2s)kbB = 0, (9.21)

−(c2p − c2s)kbA+
[
c2pb

2 − (c2s − c2)k2
]
B = 0, (9.22)

where cp and cs are the velocities of compression waves and shear waves, respectively, as defined by equations (9.13) and (9.18). A solution of
this system of equations is possible only if the determinant of the system is zero. This leads to the condition

[( b
k

)2

−
(c2p − c2

c2p

)][( b
k

)2

−
(c2s − c2

c2s

)]
= 0. (9.23)
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If it is assumed that c < cs < cp there are two real and positive solutions,

b1
k

=
(c2p − c2

c2p

)1/2

, (9.24)

b2
k

=
(c2s − c2

c2s

)1/2

. (9.25)

It now follows from equations (9.21) and (9.22) that for these two solutions

B1

A1
=
b1
k
, (9.26)

A2

B2
=
b2
k
. (9.27)

These relations can most conveniently be satisfied by writing A1 = kC1, B1 = b1C1, A2 = b2C2 and B2 = kC2, where C1 and C2 now are the
unknown constants of the two solutions. The total solution can then be written as

ux =
[
kC1 exp(−b1z) + b2C2 exp(−b2z)

]
sin[k(x− ct)], (9.28)

uz =
[
b1C1 exp(−b1z) + kC2 exp(−b2z)

]
cos[k(x− ct)]. (9.29)

The solution is supposed to be applicable to the region near the free surface of a half space. Thus, the boundary conditions are

z = 0 : σzz = 0, (9.30)

z = 0 : σzx = 0. (9.31)

Using the relations (9.6) and (9.9) these boundary conditions lead to the equations(2c2s − c2

c2s

)
C1 + 2

(c2s − c2

c2s

)1/2

C2 = 0, (9.32)

2
(c2p − c2

c2p

)1/2

C1 +
(2c2s − c2

c2s

)
C2 = 0. (9.33)

This system of equations will have a non-zero solution only if the determinant of the system is zero. This gives(
2− c2

c2s

)2

− 4
(
(1− n2 c2

c2s

)1/2(
(1− c2

c2s

)1/2

= 0, (9.34)
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where

n2 =
c2s
c2p

=
1− 2ν

2(1− ν)
. (9.35)

The Rayleigh wave velocity cr can be determined from the condition (9.34).
A simple way to determine this value is to write p = c2s/c

2. It then follows from (9.34) that

(2p− 1)4 = 16p2(p− n2)(p− 1), (9.36)

or
16(1− n2)p3 − 8(3− 2n2)p2 − 8p+ 1 = 0. (9.37)

This is a cubic equation, for which an analytical method of solution is available (see e.g. Abramowitz & Stegun, 1964, p. 17). This will show
that there is only one real solution. This solution can also be derived in an approximate way by noting that it can be expected (and follows
from the analytical solution) that p = 1 + a, where a� 1. Equation (9.37) then gives

a(a+ 1)[2(1− n2a+ (1− 2n2)] =
1
8
, (9.38)

or, using (9.35),

a =
1− ν

8(1 + a)(ν + a)
. (9.39)

If ν is sufficiently large, the value of a can be detemined iteratively, from this equation, starting from an initial estimate a = (1 − ν)/8. For
small values of ν, say ν < 0.1, equation (9.39) can be written as

a2 =
1− ν

8(1 + a)(1 + ν/a)
, (9.40)

which can be used to determine the value of a iteratively, starting from the same inital estimate.
Once that the value of a has been determined, it follows that p = 1 + a, and thus

cr
cs

=
1√

1 + a
. (9.41)
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A function (in C) to calculate the value of cr/cs as a function of Poisson’s ratio is shown below.

double crcs(double nu)
{
double a,b,e,f;
e=0.000001;e*=e;f=1;b=(1-nu)/8;
if (nu>0.1) {while (f>e) {a=b;b=(1-nu)/(8*(1+a)*(nu+a));f=fabs(b-a);}}
else {while (f>e) {a=b;b=sqrt((1-nu)/(8*(1+a)*(1+nu/a)));f=fabs(b-a);}}
return(1/sqrt(1+a));
}
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Figure 9.2: Velocity of Rayleigh waves.

A graphical representation of the ratio of the velocities of Rayleigh waves and
shear waves is shown in Figure 9.2.

ν cr/cs cp/cs
0.00 0.874032 1.414214
0.05 0.883695 1.452966
0.10 0.893106 1.500000
0.15 0.902220 1.558387
0.20 0.910996 1.632993
0.25 0.919402 1.732051
0.30 0.927413 1.870829
0.35 0.935013 2.081667
0.40 0.942195 2.449490
0.45 0.948960 3.316625
0.50 0.955313 ∞

Some numerical values are shown in the table. The table also
gives the values of cp/cs, the ratio of compression waves and shear
waves.
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9.5 Other waves

In a non-homogenous elastic material, such as a material consisting of various horizontal layers (a common occurrence in nature), compression
waves and shear waves may be reflected and partly transmitted on the interfaces, as was illustrated for the one-dimensional case in Chapter re-
fchapterWavesInPiles. Successive reflections on the two sides of a thin soft layer on top of a stiffer subsoil may lead to a special type of wave,
the Love wave. At the interface of two solids with certain properties a Stoneley wave may be generated. This resembles a Rayleigh wave in the
sense that it is confined to the vicinity of the interface. These waves will not be considered here, see e.g. Cagniard et al. (1962), Achenbach
(1975).



Chapter 10

CONFINED ELASTODYNAMICS OF A HALF SPACE

For a particular problem of elastodynamics, characterized by its boundary conditions, the basic equations are often very difficult to solve, both
analytically or numerically. Some insight can be obtained by studying special solutions, such as those describing compression waves and shear
waves. Another way of gaining some insight into the dynamic behaviour of an elastic continuum is to simplify the problem by an appropriate
restriction on the displacement field. For this purpose it will be assumed here that the two horizontal displacements are so small compared to
the vertical displacement that they may be neglected. This assumption was first proposed by Westergaard (1938) for problems of elastostatics,
and has been used in Chapter 8. The generalization to problems of elastodynamics was first applied by Barends (1980). Problems solved under
these assumptions will be referred to as confined elastic problems in this chapter.

The basic assumptions are
ux = 0, (10.1)

uy = 0, (10.2)

uz = w(x, y, x). (10.3)

The vertical displacement will be denoted by w, for simplicity.
Using these assumptions the only remaining basic equation is the equation of vertical equilibrium, which now requires that

µ
∂2w

∂x2
+ µ

∂2w

∂y2
+ (λ+ 2µ)

∂2w

∂z2
= ρ

∂2w

∂t2
. (10.4)

The remaining relevant stress components are the stresses on horizontal planes. They are related to the vertical displacements by the equations

σzz = (λ+ 2µ)
∂w

∂z
, (10.5)

σzx = µ
∂w

∂x
, (10.6)

σzy = µ
∂w

∂y
. (10.7)

167
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10.1 Line load

As a first example consider the problem of a line load as a step in time. The load is applied in a very short time, at time t = 0, and then
remains constant, see Figure 10.1. In this case of a line load, with the line following the y-axis, the vertical displacement w can be assumed to
be independent of y, so that the basic equation (10.4) reduces to

µ
∂2w

∂x2
+ (λ+ 2µ)

∂2w

∂z2
= ρ

∂2w

∂t2
. (10.8)

-

6

t

σzz

Figure 10.1: Step load.

The boundary condition is

z = 0 : (λ+ 2µ)
∂w

∂z
=

{
0, if t < 0,

−P δ(x), if t > 0, (10.9)

where δ(x) is a function that is everywhere zero, except in the
origin, where it is infinitely large, such that the integral over x
is 1, whenever the origin is included, i.e. for all positive values
of a,∫ +a

−a

δ(x) dx = 1. (10.10)

The dimension of P is [F]/[L], i.e. kN/m in SI-units.
The initial condition is supposed to be that before t = 0 the displacement w and its derivative (the velocity) are zero,

t = 0 : w = 0, (10.11)

t = 0 :
∂w

∂t
= 0. (10.12)

The problem can be solved by using the Laplace transform method (see e.g. Churchill, 1972). The Laplace transform of the displacement w is
defined by

W =
∫ ∞

0

w exp(−st) dt, (10.13)

where now W is a function of the Laplace transform parameter s as well as the spatial variables x and z.
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Applying the Laplace transformation to the differential equation (10.8) gives

µ
∂2W

∂x2
+ (λ+ 2µ)

∂2W

∂z2
= ρs2W, (10.14)

and the transformed boundary condition is

z = 0 : (λ+ 2µ)
∂W

∂z
= −P

s
δ(x). (10.15)

The partial differential equation (10.14) can be solved by the Fourier transform method (see e.g. Sneddon, 1961). The Fourier transform is
defined by

W =
∫ +∞

−∞
W exp(−iαx) dx, (10.16)

and the general inversion formula is given by the fundamental theorem of the theory of Fourier transforms (Sneddon, 1961),

W =
1
2π

∫ +∞

−∞
W exp(+iαx) dα. (10.17)

Applying the Fourier transform to the differential equation (10.14) gives

−µα2W + (λ+ 2µ)
d2W

dz2
= ρs2W, (10.18)

which is an ordinary differential equation. After some rearranging it can also be written as

m2 d
2W

dz2
= γ2W, (10.19)

where
γ2 = α2 + s2/c2, (10.20)

and

m2 =
λ+ 2µ
µ

=
2(1− ν)
1− 2ν

. (10.21)

The parameter c is the velocity of shear waves in the medium,
c2 =

µ

ρ
. (10.22)
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The solution of eq. (10.19) vanishing at infinity is
W = A exp(−γz/m). (10.23)

The Fourier transform of the boundary condition (10.15) is

z = 0 : (λ+ 2µ)
dW

dz
= − P

2 εs

∫ +ε

−ε

exp(−iαx)dx = −P
s
. (10.24)

From this condition the constant A can be determined,

A =
Pm

(λ+ 2µ)sγ
, (10.25)

so that the final solution of the transformed problem is

W =
Pm

(λ+ 2µ)sγ
exp(−γz/m). (10.26)

In principle the problem is solved now. What remains is to evaluate the inverse Fourier and Laplace transforms, which in general may be a
formidable mathematical problem.

In this case the Fourier inverse of the expression (10.26) can formally be written as

W =
Pm

2π(λ+ 2µ)s

∫ +∞

−∞

exp[−(z/m)
√
α2 + s2/c2]√

α2 + s2/c2
exp(iαx)dα, (10.27)

or, because the integrand is even,

W =
Pm

π(λ+ 2µ)s

∫ ∞

0

exp[−(z/m)
√
α2 + s2/c2]√

α2 + s2/c2
cos(αx)dα. (10.28)

It remains to evaluate this integral, and then to perform the inverse Laplace transformation.

The integral (10.28) happens to be a well known Fourier transform (Erdélyi et al., 1954, 1.4.27). The result is

W =
Pm

π(λ+ 2µ)s
K0(

s

c

√
x2 + z2/m2), (10.29)

where K0(x) is the modified Bessel function of the second kind and order zero.
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The inverse Laplace transform of the function (10.29) is also well known (Erdélyi et al., 1954, 5.15.9). Thus the final expression for the
vertical displacement is

w =
Pm

π(λ+ 2µ)
arccosh(t/t0)H(t− t0), (10.30)

where t0 is the arrival time of the wave, taking into account the apparent scale transformation of the vertical coordinate,

t0 =

√
x2 + z2/m2

c
, (10.31)

and H(t− t0) is Heaviside’s unit step function,

H(t− t0) =
{

0, if t < t0,
1, if t > t0.

(10.32)

In view of the complexity of the original function (10.28) the simplicity of the final result (10.30) is perhaps surprising.

If the Laplace transform of the vertical normal stress σzz is defined as

Szz =
∫ ∞

0

σzz exp(−st) dt, (10.33)

then the solution for Szz is, because Szz = (λ+ 2µ)dW/dz,

Szz = − P

πs

∫ ∞

0

exp[−(z/m)
√
α2 + s2/c2] cos(αx)dα. (10.34)

Again this integral is a well known Fourier transform (Erdélyi et al., 1.4.26). The result is

Szz = − P

πc

z/m√
x2 + z2/m2

K1(
s

c

√
x2 + z2/m2), (10.35)

where K1(x) is the modified Bessel function of the second kind and order one.
The inverse Laplace transform of the expression (10.35) is, with (5.15.10) from Erdélyi et al. (1954),

σzz = −P
π

z/m

x2 + z2/m2

t√
t2 − t20

H(t− t0). (10.36)
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This is the final expression for the normal stresses in the half space. Of course, this formula can also be obtained from (10.30) by direct
differentiation, using the simplified form of Hooke’s law, eq. (10.5). The value of t0, the arrival time of the wave, is defined by (10.31).

A quantity of great practical interest is the vertical velocity, ∂w/∂t. This is found to be, after differentiation of eq. (10.30),

∂w

∂t
=

Pm

π(λ+ 2µ)
1√

t2 − t20
H(t− t0). (10.37)

At the moment of arrival of the wave this is infinitely large, indicating the passage of a shock. A certain time after this passage, say at t = t0+∆t,
the velocity is, approximately, assuming that ∆t� t0,

t = t0 + ∆t :
∂w

∂t
≈ Pm

π(λ+ 2µ)
1√

2t0∆t
. (10.38)

As the travel time t0 is a linear function of the distance from the source of the disturbance, see eq. (10.31), this means that the velocities
after the passage of the shock are smaller at greater distance from the source, inversely proportional to the square root of the distance. This
is characteristic of the Rayleigh wave. It should be noted that, although certain characteristics of the complete elastodynamic solution are
obtained, the solution of the present problem is rather different from the true solution of the elastodynamic problem for the line load on a half
space. In this true solution three waves can be distinguished : a P-wave arriving first, then an S-wave, and slightly later the Rayleigh wave.
This is the most important wave, because its attenuation, inversely proportional to the square root of the distance, is the smallest. After an
earthquake the main damage away from the source of the disturbance is caused by the Rayleigh wave.

10.2 Line pulse

The solution for the case of a line pulse, that is a line load of very short duration, see Figure 10.2, can be derived from the solution for the previous

-

6

t

σzz

Figure 10.2: Line pulse.

case by replacing the boundary condition (10.9) by the condi-
tion

z = 0 : (λ+ 2µ)
∂w

∂z
= −Qδ(t)δ(x). (10.39)

which may be considered as the time derivative of the bound-
ary condition in the previous problem. In order for the formu-
las to be dimensionally correct, the dimension of Q should be
[F][T]/[L], i.e. kNs/m in SI-units.
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Because differentiation with respect to time corresponds to
multiplication of the Laplace transform space by s, the solu-
tion of the present problem in Laplace transform space can be

obtained from the previous solution by multiplication by the parameter s.
In particular, the solution for the Laplace transform of the vertical displacement now will be, multiplying the solution (10.29) by s,

W =
Qm

π(λ+ 2µ)
K0(

s

c

√
x2 + z2/m2), (10.40)

It now remains to perform the inverse Laplace transformation. Using the formula (5.15.8) from Erdélyi et al. (1954) one obtains

w =
Qm

π(λ+ 2µ)
1√

t2 − t20
H(t− t0), (10.41)

where t0 is the arrival time of the wave, as given by (10.31). This solution can also be obtained from the solution of the previous problem,
eq. (10.30), by differentiation with respect to t. The solution (10.41) was first given by Barends (1980). The derivation of expressions for the
stresses and the velocity is left as an exercise for the reader.

10.3 Point load

Another important case is that of the sudden application of a point load, see Figure 10.3. In this case the use of polar coordinates is suggested by

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

- x

�
�

�
�
�
�
�

�
�
�
�
�+y ?z

?
F

Figure 10.3: Point load.

the axial symmetry of the problem. Thus the differential equation is

µ(
∂2w

∂r2
+

1
r

∂w

∂r
) + (λ+ 2µ)

∂2w

∂z2
= ρ

∂2w

∂t2
. (10.42)

The boundary condition is supposed to be

z = 0 : (λ+ 2µ)
∂w

∂z
=

{
0, if t < 0 or r > a,

−F/πa2, if t > 0 and r < a. (10.43)

where a is the radius of the loaded area, which is assumed to be very
small.

The initial conditions are that before t = 0 the displacement w and
its derivative (the velocity) are zero,
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t = 0 : w = 0, (10.44)

t = 0 :
∂w

∂t
= 0. (10.45)

The Laplace transform of the displacement w is defined by

W =
∫ ∞

0

w exp(−st) dt. (10.46)

Applying the Laplace transformation to the differential equation (10.42) gives

µ(
∂2W

∂r2
+

1
r

∂W

∂r
) + (λ+ 2µ)

∂2W

∂z2
= ρs2W. (10.47)

For radially symmetric problems the Hankel transform is a useful method (Sneddon, 1961). This is defined as

W =
∫ ∞

0

W r J0(ξr) dr, (10.48)

where J0(x) is the Bessel function of the first kind and order zero. The inverse transform is

W =
∫ ∞

0

W ξ J0(rξ) dξ. (10.49)

The Hankel transform has the property that the operator
∂2

∂r2
+

1
r

∂

∂r

is transformed into multiplication by −ξ2. Thus the differential equation (10.47) becomes, after application of the Hankel transformation,

−µξ2W + (λ+ 2µ)
d2W

dz2
= ρs2W, (10.50)

which is an ordinary differential equation.
The transformed boundary condition is, applying first the Laplace transform and then the Hankel transform to 10.43),

z = 0 : (λ+ 2µ)
dW

dz
= − F

πa2s

∫ a

0

r J0(ξr) dr. (10.51)
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When a is very small the Bessel function may be approximated by its first term in a series expansion, which is 1, so that one obtains

z = 0 : (λ+ 2µ)
dW

dz
= − F

2πs
. (10.52)

The general solution of equation (10.50) vanishing for z →∞ is

W = A exp(−γz/m), (10.53)

with
γ = ξ2 + s2/c2, (10.54)

and where m and c have the same meaning as before, see (10.21) and (10.22).
The integration constant A can be determined from the boundary condition (10.52), which gives

A =
Fm

2π(λ+ 2µ)γs
. (10.55)

The final solution for the transformed displacement is

W =
Fm

2π(λ+ 2µ)s
exp[−(z/m)

√
ξ2 + s2/c2]√

ξ2 + s2/c2
. (10.56)

Although this may appear to be a rather complicated formula, it happens that its inverse Hankel transform can be found in the literature
(Erdélyi et al., 1954, 8.2.24). The result is

W =
Fm

2π(λ+ 2µ)s
1√

r2 + z2/m2
exp(−s

c

√
r2 + z2/m2). (10.57)

The inverse Laplace transform is very simple (Churchill, 1972),

w =
Fm

2π(λ+ 2µ)
1√

r2 + z2/m2
H(t− t0), (10.58)

where

t0 =

√
r2 + z2/m2

c
. (10.59)
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Equation (10.58) is the solution of the problem. Again it may be surprising that such a simple solution has been obtained. In this case there
is a downward displacement which occurs at the arrival of the wave. The magnitude of the displacement decreases inversely proportional with
the distance from the source of the disturbance. It may be noted that the steady state displacement, for t → ∞, agrees in form with the fully
elastic solution given in chapter 8, see eq. (8.28). The displacement is inversely proportional to the distance from the source in both formulas,
and inversely proportional to the modulus of elasticity E (although that is not very surprising in a linear model). The two formulas differ only
in their respective dependence upon Poisson’s ratio ν.

It deserves to be mentioned that the approximate solution derived here, for the case of horizontally confined displacements, markedly differs
from the complete elastic solution (Pekeris, 1955). When considering this complete solution it will appear that before the arrival of the wave
considered here very large displacements occur, due to the generation of Rayleigh waves.

10.4 Periodic load on a confined elastic half space

In the previous sections some solutions of problems of wave propagation in a confined elastic half space have been considered, especially for
loads that were applied stepwise. Another important class of problems is that of a half space with a periodic load on its surface. A problem of
this class will be considered in this section, namely the problem of a uniform periodic load over a circular area, on a confined elastic half space.

As in the previous sections the problem is simplified by assuming that the only non-vanishing displacement is the vertical displacement w,
for which the differential equation then is, in the case of radial symmetry,

µ
(∂2w

∂r2
+

1
r

∂w

∂r

)
+ (λ+ 2µ)

∂2w

∂z2
= ρ

∂2w

∂t2
. (10.60)

In the problem to be considered the load is a periodically varying load on a circular area at the surface, see Figure 10.4. The boundary condition

..
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Figure 10.4: Circular load on half space.

is

z = 0 : (λ+ 2µ)
∂w

∂z
=

{
0, if t < 0 or r > a,

−p sin(ωt), if t > 0 and r < a. (10.61)

where a is the radius of the loaded area, and ω is the circular frequency of
the periodic load.

The Laplace transform of the vertical displacement w is defined as

w =
∫ ∞

0

w exp(−st) dt. (10.62)

Assuming that the initial values of the displacement and velocity are zero,
the differential equation (10.60) now becomes
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µ
(∂2w

∂r2
+

1
r

∂w

∂r

)
+ (λ+ 2µ)

∂2w

∂z2
= ρs2w, (10.63)

and the boundary condition (10.61) is transformed into

z = 0 : (λ+ 2µ)
∂w

∂z
=

{
0, if r > a,

−pω/(s2 + ω2), if r < a. (10.64)

The radial symmetry of the problem suggests the use of the Hankel transform

W =
∫ ∞

0

w rJ0(rξ) dr. (10.65)

The differential equation (10.63) then is transformed into the ordinary differential equation

(λ+ 2µ)
d2W

dz2
= (ρs2 + µξ2)W, (10.66)

or

m2 d
2W

dz2
= (s2/c2 + ξ2)W, (10.67)

where c is the velocity of shear waves,
c2 =

µ

ρ
, (10.68)

and m is an elastic coefficient, defined by

m2 =
λ+ 2µ
µ

=
2(1− ν)
1− 2ν

. (10.69)

If a parameter γ is introduced by the definition
γ2 = s2/c2 + ξ2, (10.70)

the solution of the differential equation (10.67) vanishing at infinity can be written as

W = A exp(−γz/m). (10.71)

The integration constant A must be determined from the Hankel transform of the boundary condition (10.64). Using the well known integral
(Erdélyi et al., 1954, 8.3.18) ∫ a

0

r J0(rξ) dr =
a

ξ
J1(aξ), (10.72)
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this gives
A =

pmωa

γ(λ+ 2µ)(s2 + ω2)ξ
J1(aξ), (10.73)

so that the solution of the transformed problem is

W =
pmωa

γ(λ+ 2µ)(s2 + ω2)ξ
J1(aξ) exp(−γz/m). (10.74)

The inverse Hankel transformation of this result is

w =
pmωa

(λ+ 2µ)(s2 + ω2)

∫ ∞

0

J1(aξ) J0(rξ) exp(−γz/m)
γ

dξ. (10.75)

It will not be attempted to evaluate this integral. Restriction will be made to two special results: the displacement of the center of the loaded
area, r = 0, z = 0, and the displacements for a vibrating point load.

Displacement of the origin

The displacement of the point r = 0, z = 0 is, with (10.75),

w0 =
pmωa

(λ+ 2µ)(s2 + ω2)

∫ ∞

0

J1(aξ)
γ

dξ, (10.76)

or, in terms of the original parameters,

w0 =
pmωa

(λ+ 2µ)(s2 + ω2)

∫ ∞

0

J1(aξ)√
ξ2 + s2/c2

dξ. (10.77)

This is a well known integral (Erdélyi et al., 1954, 8.4.3). The result is

w0 =
pmωc

(λ+ 2µ) s (s2 + ω2)
[1− exp(−as/c)]. (10.78)

This is the Laplace transform of the displacement of the center of the loaded area. Inverse Laplace transformation gives

w0 =
pmc

(λ+ 2µ)ω
{H(t)−H(t− 2tc)− cos(ωt) + cos[ω(t− 2tc)]}, (10.79)

where tc is a characteristic time,
tc = a/2c, (10.80)
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and H(t) is Heaviside’s unit step function,

H(t) =
{

0, if t < 0,
1, if t > 0. (10.81)

For large values of time the two step functions cancel and the solution reduces to

w0 = − pmc

(λ+ 2µ)ω
{
cos(ωt)− cos[ω(t− 2tc)]

}
. (10.82)

After some elaboration this can also be written as

w0 =
pma sin(ωtc)
(λ+ 2µ)(ωtc)

sin[ω(t− tc)]. (10.83)

The phase angle turns out to be ωtc. As in the previous cases it may be noted that a simple final solution is obtained.
For very small frequencies, ω → 0, the solution approaches the static result

ω → 0 : w0 = ws =
pma

(λ+ 2µ)
. (10.84)
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Figure 10.5: Dynamic Amplification.

This means that the dynamic amplification factor can be written as

|w0|
|ws|

=
| sin(ωtc)|

ωtc
. (10.85)

This is shown in Figure 10.5 as a function of a dimensionless frequency ω/ωc,
where ωc is defined by

ωc =
1
tc

=
2c
a

=
√

4µ
ρa2

, (10.86)

The characteristic frequency ωc has the character of the square root of the
ratio of a spring stiffness and a mass, as usual in dynamic problems. In
engineering practice the shear wave velocity c usually is of the order of mag-
nitude of 100 m/s, and the physical dimension of the foundation size a is of

the order of 1 m, or perhaps as big as 10 m. This means that the characteristic frequency is of the order of magnitude of 20 s−1 or 200 s−1.
This is a rather large value, and it means that in many cases the value of ω/ω0 will be rather small. Only in case of very rapid fluctuations
the dimensionless frequency may be larger than one. An example of such a phenomenon is pile driving, by hammering or by high frequency
vibrating.
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Because it can be expected that in engineering practice the value of ω/ωc will usually be of the order of magnitude of 1, or smaller, the
most common values in Figure 10.5 will be located at the left part of the figure. It may be noted that for certain large values of ω/ωc the
dynamic amplitude may be zero. This can also be seen from eq. (10.85), from which it follows that w0 = 0 for all values of the frequency for
which ω/ωc = kπ, where k is any integer. For these frequencies the dynamic amplitude is zero, indicating extremely stiff behaviour. Such a very
stiff behaviour will not really be observed in practice, because the assumptions underlying the present theory are only weak reflections of the
complex behaviour of real soils. Also, the displacement at the center of the circle may be zero, but this does not mean that the displacements
are zero over the entire loaded area.

The phase angle ψ has been found to be ωtc. Thus there may be a considerable damping, except when the frequency ω is extremely small.
This phenomenon is sometimes called radiation damping. It is produced by the spreading of the energy over an ever larger area.

Vibrating point load

If the radius of the loaded area a is very small the Bessel function J1(aξ) in the solution (10.75) can be approximated by the first term in its
series expansion, J1(aξ) ≈ 1

2aξ. This solution then reduces to

w =
pmωa2

2(λ+ 2µ)(s2 + ω2)

∫ ∞

0

ξ J0(rξ) exp(−γz/m)
γ

dξ. (10.87)

or, writing F = pπa2 for the total load,

w =
Fmω

2π(λ+ 2µ)(s2 + ω2)

∫ ∞

0

ξ J0(rξ) exp[−(z/m)
√
ξ2 + s2/c2]√

ξ2 + s2/c2
dξ. (10.88)

This is a well known inverse Hankel transform (Erdélyi et al., 1954, 8.2.24). The result is

w =
Fmω

2π(λ+ 2µ)(s2 + ω2)
exp[−(s/c)

√
r2 + z2/m2]√

r2 + z2/m2
. (10.89)

Inverse Laplace transformation now is simple, using the standard formula for the Laplace transform of the function sin(ωt) and the translation
theorem,

w =
Fm

2π(λ+ 2µ)
sin[ω(t− t0)]√
r2 + z2/m2

H(t− t0), (10.90)

where, as before,

t0 =

√
r2 + z2/m2

c
. (10.91)

Again a rather simple result is obtained.
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Problems

10.1 Derive expressions for the vertical normal stress σzz and for the velocity ∂w/∂t, for the case of a line pulse, see Figure 10.2.

10.2 Derive expressions for the vertical normal stress σzz and for the velocity ∂w/∂t, for the case of the sudden application of a point load,
see Figure 10.3.



Chapter 11

ELASTODYNAMICS OF A LINE LOAD ON A HALF SPACE

In this chapter problems of an elastic half plane are considered, in particular problems with a line pulse or a line load on the surface of the half
space. A problem of this type is often denoted as the Lamb problem, because the problem was first solved by Lamb (1904). The solutions will
be obtained using De Hoop’s method (De Hoop, 1960, 1970), see also Appendix A. An alternative method, applicable for point loads only, has
been presented by Eringen & Suhubi (1975), using so-called self-similar solutions, a method in which the number of independent variables is
reduced by one, which is possible for the case of a concentrated load.

The problems to be considered in this chapter are the displacements due to a line pulse on the surface, and the stresses due to a constant
line load on the surface. The solution of the first problem will be given in great detail. For the other examples the solutions are given with only
an outline of the derivation, as the solution methods are quite similar.

11.1 Line pulse on elastic half plane

11.1.1 Description of the problem
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Figure 11.1: Half plane with impulse load.

The first problem to be considered is the case of a line pulse on an elastic half
plane, see Figure 11.1. This is an important problem in seismology, where the
load is caused by an explosion of very short duration, and the displacements
of the surface are measured, at various distances from the load.

The basic equations are the equations of motion in two dimensions,

∂σxx

∂x
+
∂σzx

∂z
= ρ

∂2u

∂t2
, (11.1)

∂σxz

∂x
+
∂σzz

∂z
= ρ

∂2w

∂t2
. (11.2)

where u and w are the displacement components in x-direction and z-
direction, respectively, and where ρ is the density of the material.

The material is supposed to be linear elastic. Then the stresses and the
strains are related by the generalized form of Hooke’s law,

182
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σxx = λ

(
∂u

∂x
+
∂w

∂z

)
+ 2µ

∂u

∂x
, (11.3)

σzz = λ

(
∂u

∂x
+
∂w

∂z

)
+ 2µ

∂w

∂z
, (11.4)

σzx = µ

(
∂u

∂z
+
∂w

∂x

)
, (11.5)

where λ and µ are the Lamé constants of the material.
Substitution of the equations (11.3) – (11.5) into (11.1) and (11.2) leads to the basic differential equations

(λ+ µ)
∂

∂x

(
∂u

∂x
+
∂w

∂z

)
+ µ

(
∂2u

∂x2
+
∂2u

∂z2

)
= ρ

∂2u

∂t2
, (11.6)

(λ+ µ)
∂

∂z

(
∂u

∂x
+
∂w

∂z

)
+ µ

(
∂2w

∂x2
+
∂2w

∂z2

)
= ρ

∂2w

∂t2
. (11.7)

These equations can also be written as

(λ+ 2µ)
∂2u

∂x2
+ (λ+ µ)

∂2w

∂z∂x
+ µ

∂2u

∂z2
= ρ

∂2u

∂t2
, (11.8)

(λ+ 2µ)
∂2w

∂z2
+ (λ+ µ)

∂2u

∂z∂x
+ µ

∂2w

∂x2
= ρ

∂2w

∂t2
. (11.9)

The boundary conditions for a line pulse on the surface z = 0 are

z = 0 : σzx = 0, (11.10)

z = 0 : σzz = −Qδ(t) δ(x), (11.11)

where Q is the strength of the line pulse, and δ(x) and δ(t) are Dirac delta functions (Churchill, 1972).
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11.1.2 Solution by integral transform method

The solution of the problem is sought by using Laplace and Fourier transforms. The Laplace transforms of the displacements are defined as

u =
∫ ∞

0

u exp(−st) dt, (11.12)

w =
∫ ∞

0

w exp(−st) dt. (11.13)

If it is assumed that the displacements and the velocities are zero at the time of loading t = 0, the transformed basic equations are

(λ+ 2µ)
∂2u

∂x2
+ (λ+ µ)

∂2w

∂z∂x
+ µ

∂2u

∂z2
= ρs2u, (11.14)

(λ+ 2µ)
∂2w

∂z2
+ (λ+ µ)

∂2u

∂z∂x
+ µ

∂2w

∂x2
= ρs2w. (11.15)

Fourier transforms are defined as

U =
∫ ∞

−∞
u exp(isαx) dx, (11.16)

W =
∫ ∞

−∞
w exp(isαx) dx, (11.17)

with the inverse transform

u =
s

2π

∫ ∞

−∞
U exp(−isαx) dα. (11.18)

w =
s

2π

∫ ∞

−∞
W exp(−isαx) dα. (11.19)

It may be noted that the usual Fourier transform variable α has been replaced by sα, for future convenience.
If it is assumed that the displacements and their first derivative with respect to x vanish at infinity, it can be shown, using partial integration,

that ∫ ∞

−∞

∂u

∂x
exp(isαx) dx = −iαsU, (11.20)∫ ∞

−∞

∂2u

∂x2
exp(isαx) dx = −α2s2U. (11.21)
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Similar results apply to the Fourier transform of the vertical displacement.
The transformed form of the basic equations (11.14) and (11.15) is

c2s
d2U

dz2
− isα(c2p − c2s)

dW

dz
= s2(1 + c2pα

2)U, (11.22)

c2p
d2W

dz2
− isα(c2p − c2s)

dU

dz
= s2(1 + c2sα

2)W, (11.23)

where cp and cs are the velocities of compression waves and shear waves, respectively,

c2p = (λ+ 2µ)/ρ, (11.24)

c2s = µ/ρ. (11.25)

It is assumed that the solution of the two equations (11.22) and (11.23) can be expressed as

U = iA exp(−γsz), (11.26)

W = B exp(−γsz), (11.27)

where γ is an unknown parameter at this stage, and A and B are unknown integration constants.
Substitution of (11.26) and (11.27) into equations (11.22) and (11.23) gives

(1 + c2pα
2 − c2sγ

2)A− (c2p − c2s)αγB = 0, (11.28)

(c2p − c2s)αγA+ (1 + c2sα
2 − c2pγ

2)B = 0. (11.29)

This homogeneous system of linear equations has solutions only for the two values of γ2 for which the determinant of the system is zero. These
values can be written as γ = ±γp and γ = ±γs, where

γp =
√
α2 + 1/c2p, (11.30)

γs =
√
α2 + 1/c2s. (11.31)

It is understood that in these equations the positive root is taken. The solutions with the negative sign can be omitted to obtain that the
solutions remain bounded for z →∞.

The solution of the transformed problem now is found to be

U = iαCp exp(−γpsz) + iγsCs exp(−γssz), (11.32)
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W = γpCp exp(−γpsz) + αCs exp(−γssz). (11.33)

Inverse Fourier transformation of these expressions gives

u =
is

2π

∫ ∞

−∞
{αCp exp(−sγpz) + γsCs exp(−sγsz)} exp(−isαx) dα, (11.34)

w =
s

2π

∫ ∞

−∞
{γpCp exp(−sγpz) + αCs exp(−sγsz)} exp(−isαx) dα. (11.35)

In order to determine the coefficients Cp and Cs the boundary conditions must be used. As these are expressed in terms of the stresses it is
convenient at this stage to obtain expressions for the Laplace transforms of the stresses, using the definitions (11.3), (11.4) and (11.5). This
gives

σxx =
s2

2π

∫ ∞

−∞
{(2µα2 − λ/c2p)Cp exp(−γpsz) + 2µαγsCs exp(−γssz)} exp(−isαx) dα, (11.36)

σzz = −s
2µ

2π

∫ ∞

−∞
{(2α2 + 1/c2s)Cp exp(−γpsz) + 2αγsCs exp(−γssz)} exp(−isαx) dα, (11.37)

σzx = − iµs
2

2π

∫ ∞

−∞
{2αγpCp exp(−γpsz) + (2α2 + 1/c2s)Cs exp(−γssz)} exp(−isαx) dα. (11.38)

For future reference the isotropic stress σ is given as well. This quantity is defined as

σ = 1
2 (σxx + σzz). (11.39)

It follows from equations (11.36) and (11.37) that its Laplace transform is

σ = − (λ+ µ)s2

2πc2p

∫ ∞

−∞
Cp exp(−γpsz − isαx) dα. (11.40)

The boundary conditions (11.10) and (11.11) can be expressed as Laplace transforms as

z = 0 : σzx = 0, (11.41)

z = 0 : σzz = −Qs
2π

∫ ∞

−∞
exp(−isαx)dα. (11.42)
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Using these boundary conditions the coefficients Cp and Cs can be determined. The result is

Cp =
Q

µs

2α2 + 1/c2s
(2α2 + 1/c2s)2 − 4α2γpγs

, (11.43)

Cs = − Q

µs

2αγp

(2α2 + 1/c2s)2 − 4α2γpγs
. (11.44)

The vertical displacement is of particular interest. It is found from equation (11.35) that its Laplace transform is

w = w1 + w2, (11.45)

where

w1 =
Q

2πµ

∫ ∞

−∞

γp(2α2 + 1/c2s)
(2α2 + 1/c2s)2 − 4α2γpγs

exp(−γpsz − isαx) dα, (11.46)

w2 = − Q

2πµ

∫ ∞

−∞

2α2γp

(2α2 + 1/c2s)2 − 4α2γpγs
exp(−γssz − isαx) dα. (11.47)

The evaluation of the two integrals (11.46) and (11.47) will be evaluated separately, using De Hoop’s method (see Appendix A). In this first
case the analysis will be given in full detail.

11.1.3 The first integral

Using the substitution p = iα the first integral, equation (11.46), can be written as

w1 =
Q

2πiµ

∫ i∞

−i∞

γp(1/c2s − 2p2)
(1/c2s − 2p2)2 + 4p2γpγs

exp[−s(γpz + px)] dp, (11.48)

where now
γp =

√
1/c2p − p2, (11.49)

γs =
√

1/c2s − p2. (11.50)

In the method of De Hoop (1960) it is attempted to transform the integration path in the complex p-plane in such a way that the integral is in
the form of a Laplace transform integral. For this purpose a parameter t is introduced (later to be identified with the time), defined as

t = γpz + px, (11.51)

with t being real and positive, by assumption. The shape of the transformed integration path remains undetermined in this stage.
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Figure 11.2: Integration path for the first integral.

The integrand of the integral in equation (11.48) has singularities in the form
of branch points in the points p = ±1/cp and p = ±1/cs and simple poles in
the points p = ±1/cr, where cr is the Rayleigh wave velocity, which is slightly
smaller than the shear wave velocity. It may be noted that cp > cs > cr,
so that 1/cp < 1/cs < 1/cr. The integration path from p = −i∞ to p = ∞
is now modified to the two paths p1 and p2 shown in Figure 11.2, with the
parameter t varying along these two curves from some initial value to infinity.

It follows from (11.49) and (11.51) that

r2p2 − 2tpx+ t2 − z2/c2p = 0, (11.52)

where

r2 = x2 + z2. (11.53)

Equation (11.52) is a quadratic expression in p, with the two solutions

p1 =
tx

r2
+
iz

r2

√
t2 − t2p, (11.54)

p2 =
tx

r2
− iz

r2

√
t2 − t2p, (11.55)

where
tp = r/cp. (11.56)

If it is assumed that the parameter t varies in the interval tp < t < ∞, it follows that the two paths in the complex p-plane are continuous,
intersecting at the real axis in the point p = tpx/r

2 = (x/r)(1/cp) (which is to the left of the first branch point because x ≤ r), and approaching
infinity at the positive and negative sides of the real axis, respectively. The precise shape of the curves p1 and p2 depends upon the values of x
and z, i.e. the location of the point considered in the physical plane.

The upper part of the integration path

It follows from (11.54) that on the part p1 of the integration path

p = p1 :
dp

dt
=

x

r2
+
iz

r2
t√

t2 − t2p
. (11.57)
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Furthermore, it follows from (11.51) that

p = p1 : γp =
tz

r2
− ix

r2

√
t2 − t2p = −i

√
t2 − t2p

{ x

r2
+
iz

r2
t√

t2 − t2p

}
. (11.58)

It now follows from (11.57) and (11.58) that

p = p1 :
dp

dt
=

iγp√
t2 − t2p

. (11.59)

The upper part of the integral (11.48) can now be written as

w11 =
Q

2πµ

∫ ∞

tp

γ2
p(1/c2s − 2p2)

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2 − t2p

dt. (11.60)

The lower part of the integration path

It follows from (11.55) that on the part p2 of the integration path

p = p2 :
dp

dt
=

x

r2
− iz

r2
t√

t2 − t2p
. (11.61)

Furthermore, it follows from (11.51) that

p = p2 : γp =
tz

r2
+
ix

r2

√
t2 − t2p = i

√
t2 − t2p

{ x

r2
− iz

r2
t√

t2 − t2p

}
. (11.62)

It now follows from (11.61) and (11.62) that

p = p2 :
dp

dt
= − iγp√

t2 − t2p
. (11.63)

The lower part of the integral (11.48) can now be written as

w12 =
Q

2πµ

∫ ∞

tp

γ2
p(1/c2s − 2p2)

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2 − t2p

dt, (11.64)

where a minus sign has been omitted because the integration path has been reversed.
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The total integration path

On the two parts p1 and p2 of the integration path the values of p, γp and γs are complex conjugates. This means that one may write

w1 =
Q

πµ
<

∫ ∞

tp

γ2
p(1/c2s − 2p2)

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2 − t2p

dt, (11.65)

or

w1 =
Q

πµ
<

∫ ∞

0

γ2
p(1/c2s − 2p2)

(1/c2s − 2p2)2 + 4p2γpγs

H(t− tp)√
t2 − t2p

exp(−st) dt, (11.66)

This integral happens to be in the form of a Laplace transform, which is precisely the aim of De Hoop’s method. It may be noted that the first
term in the integral may be a (complex) function of the parameter t, but the Laplace transform parameter s occurs only in the factor exp(−st).
It can now be concluded that the inverse Laplace transform is

w1 =
Q

πµ
<

{ γ2
p(1/c2s − 2p2)

(1/c2s − 2p2)2 + 4p2γpγs

} H(t− tp)√
t2 − t2p

. (11.67)

The first contribution to the surface displacements

The displacements of the surface are of particular interest. Then z = 0 and r = x. Then one may write, with (11.54),

z = 0 : p = t/x = τ/cs, (11.68)

where
τ = cst/x, (11.69)

which will be considered as the basic variable. From (11.58) it now follows that

z = 0 : γp = − ix
r2

√
t2 − t2p = −i

√
τ2 − n2/cs, (11.70)

where
n = cs/cp. (11.71)

Using the parameter n the value of tp, as defined by (11.56) can be written as

z = 0 : tp = r/cp = nx/cs, (11.72)
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so that
z = 0 :

√
t2 − t2p = (x/cs)

√
τ2 − n2. (11.73)

Also, it follows from (11.70) that
z = 0 : γ2

p = −(τ2 − n2)/c2s. (11.74)

Furthermore, it follows from (11.50) that
z = 0 : γ2

s = 1/c2s − p2 = (1− τ2)/c2s. (11.75)

It has been seen before that the first integral is unequal to zero only if t > tp, or τ > n, where n is a constant smaller than 1. The value of γs

now appears to depend upon the value of τ with respect to 1,

z = 0, τ < 1 : γs =
√

1− τ2/cs, (11.76)

z = 0, τ > 1 : γs = −i
√
τ2 − 1/cs. (11.77)

The minus sign in the last expression has been taken because arg(1/c2s − p2) = −π if p > 1/c2s along the path p1 just above the real axis.
Finally, it now follows that the expression (11.67) can be calculated as

z = 0, τ < n : w1 = 0, (11.78)

z = 0, n < τ < 1 : w1 = −Qcs
πµx

<
{ (1− 2τ2)

√
τ2 − n2

(1− 2τ2)2 − 4iτ2
√

(τ2 − n2)(1− τ2)

}
, (11.79)

z = 0, τ > 1 : w1 = −Qcs
πµx

{ (1− 2τ2)
√
τ2 − n2

(1− 2τ2)2 − 4τ2
√

(τ2 − n2)(τ2 − 1)

}
. (11.80)

This defines the value of the first contribution to the surface displacements, as a function of the dimensionless variable τ = cst/x.

11.1.4 The second integral

Using the substitution p = iα the second integral, equation (11.47), can be written as

w2 =
Q

2πiµ

∫ i∞

−i∞

2p2γp

(1/c2s − 2p2)2 + 4p2γpγs
exp[−s(γsz + px)] dp, (11.81)

where, as before,
γp =

√
1/c2p − p2, (11.82)

γs =
√

1/c2s − p2. (11.83)



Arnold Verruijt, Soil Dynamics : 11. ELASTODYNAMICS OF A LINE LOAD ON A HALF SPACE 192

.........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

...

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........................

................

........

........

........

........

........

........

........

........

........

........

........

...................

................

..................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................

...............
..................................................................................................................................................................................................................................
.................................................................................................................................................................................................................................. .........
......

...............................

...............................

.............................

.......

.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
.

..........................................................................................................................................................................................................................................................

<(p)

=(p)

1/cp 1/cs◦
1/cr•

−1/cp−1/cs◦
−1/cr•

p1
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Figure 11.3: Integration path for the second integral.

Again it will be attempted to transform the integration path in the complex
p-plane in such a way that the integral obtains the form of a Laplace trans-
form integral. In this case a parameter t is introduced (later to be identified
by with the time), defined as

t = γsz + px, (11.84)

with t being real and positive, by assumption.
It follows from (11.83) and (11.84) that

r2p2 − 2tpx+ t2 − z2/c2s = 0, (11.85)

where, as before,

r2 = x2 + z2. (11.86)

Equation (11.85) is a quadratic expression in p, with the two solutions

p1 =
tx

r2
+
iz

r2

√
t2 − t2s, (11.87)

p2 =
tx

r2
− iz

r2

√
t2 − t2s, (11.88)

where
ts = r/cs. (11.89)

If it is assumed that the parameter t varies in the interval ts < t < ∞, it follows that the two paths in the complex p-plane are continuous,
intersecting at the real axis in the point p = tsx/r

2 = (x/r)(1/cs) (which is to the left of the second branch point because x ≤ r), and approaching
infinity at the positive and negative sides of the real axis, respectively. The precise shape of the curves p1 and p2 depends upon the values of
x and z, i.e. the location of the point considered in the physical plane. Because ts > tp the two integration paths may approach the real axis
at opposite points of the branch cut between 1/cp and 1/cs. The integration path must then be extended with a loop around the first branch
point, see Figure 11.3.

The integral is separated into four parts : along the branches p1, p2, p3 and p4, where the last two are the two possible branches of the loop
around the branch point 1/cp.
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The upper part of the integration path

It follows from (11.87) that on the part p1 of the integration path

p = p1 :
dp

dt
=

x

r2
+
iz

r2
t√

t2 − t2s
. (11.90)

Furthermore, it follows from (11.84) that

p = p1 : γs =
tz

r2
− ix

r2

√
t2 − t2s = −i

√
t2 − t2s

{ x

r2
+
iz

r2
t√

t2 − t2s

}
. (11.91)

It now follows from (11.90) and (11.91) that

p = p1 :
dp

dt
=

iγs√
t2 − t2s

. (11.92)

The upper part of the integral (11.81) can now be written as

w21 =
Q

2πµ

∫ ∞

ts

2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2 − t2s

dt. (11.93)

The lower part of the integration path

It follows from (11.88) that on the part p2 of the integration path

p = p2 :
dp

dt
=

x

r2
− iz

r2
t√

t2 − t2s
. (11.94)

Furthermore, it follows from (11.84) that

p = p2 : γs =
tz

r2
+
ix

r2

√
t2 − t2s = i

√
t2 − t2s

{ x

r2
− iz

r2
t√

t2 − t2s

}
. (11.95)

It now follows from (11.94) and (11.95) that

p = p2 :
dp

dt
= − iγs√

t2 − t2s
. (11.96)
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The lower part of the integral (11.81) can now be written as

w22 =
Q

2πµ

∫ ∞

ts

2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2 − t2s

dt, (11.97)

where a minus sign has been omitted because the integration path has been reversed.

The sum of the upper and lower paths

On the two parts p1 and p2 the values of p, γp and γs are complex conjugates. This means that one may write for the sum of the integrals along
these two parts of the integration path

w2 =
Q

πµ
<

∫ ∞

0

2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

H(t− ts)√
t2 − t2s

exp(−st) dt. (11.98)

Again, the integral happens to be in the form of a Laplace transform, and it can be concluded that the inverse Laplace transform is

w2 =
Q

πµ
<

{ 2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

} H(t− ts)√
t2 − t2s

. (11.99)

The second contribution to the surface displacements

For the calculation of the contribution of the expression (11.99) to the surface displacements one may write, with (11.87),

z = 0 : p = t/x = τ/cs, (11.100)

where, as before, see equation (11.69),
τ = cst/x, (11.101)

which is the basic variable. It may be noted that in the part of the solution considered here, see equation (11.99), the variable t > ts, where
now ts = x/cs, see (11.89). This means that τ > 1.

The values of γp and γs, as defined in general by equations (11.82) and (11.82), now are, because the argument of the expressions 1/c2p − p2

and 1/c2s − p2 is −π for points p following a path just above the real axis,

γp = −i
√
τ2 − n2/cs, (11.102)

γs = −i
√
τ2 − 1/cs. (11.103)
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Furthermore, √
t2 − t2s = (x/cs)

√
τ2 − 1. (11.104)

Using these results it follows that the expression (11.99) can be calculated as

z = 0, τ < 1 : w2 = 0, (11.105)

z = 0, τ > 1 : w2 = −Qcs
πµx

{ 2τ2
√
τ2 − n2

(1− 2τ2)2 − 4τ2
√

(τ2 − n2)(τ2 − 1)

}
. (11.106)

This defines the value of the second contribution to the surface displacements, as a function of the dimensionless variable τ = cst/x.

The contribution of the loop

The intersection of the branches p1 and p2 with the real axis =(p) = 0 can be found by determining the value of p1 or p2 for t = ts. With (11.87)
or (11.88) this gives

t = ts : p = ps =
tsx

r2
=
x

r

1
cs
. (11.107)

This point is always located to the left of the branch point 1/cs, whatever the values of x and z are. The point ps may be located to the left or
right of the branch point 1/cp, however. It is located to the left of that branch point if

x

r

1
cs
<

1
cp
, (11.108)

or
x

r
=

x√
x2 + z2

< n, (11.109)

where, as before,

n =
cs
cp

=
√

µ

λ+ 2µ
. (11.110)

If the depth z is sufficiently large for the condition (11.109) to be satisfied, the loop around the branch point 1/cp is not needed, and there is
no further contribution to the integral w2.

On the other hand, if
x

r
=

x√
x2 + z2

> n, (11.111)

the loop around the branch point 1/cp is necessary to ensure the applicability of the transformation of the integration path without passing any
singularities, and there are two more contributions to the integral w2. The additional contribution will be denoted by w3.
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The upper part of the loop

Along the upper part of the loop t < ts and p < 1/cs. This means that γs, as defined by equation (11.50),

γs =
√

1/c2s − p2, (11.112)

now is real. Because t = px+ γsz, see equation (11.84), it now follows that γs can also be expressed as

γs =
t

z
− px

z
. (11.113)

It follows from (11.112) and (11.113) that the value of p can be determined from

r2p2 − 2tpx+ t2 − z2/c2s = 0, (11.114)

which now gives

p1 =
xt

r2
− z

r2

√
t2s − t2, (11.115)

where the minus-sign has been taken to ensure that p < ps. Actually, it follows from (11.115) that

p = p1 :
dp

dt
=

x

r2
+

z

r2
t√

t2s − t2
, (11.116)

which shows that dp/dt > 0 if 0 < t < ts.
The smallest value of t along the upper part of the loop occurs in the point p = 1/cp. If this value is denoted by tq, it follows from (11.115)

that
1
cp

=
tqx

r2
− z

r2

√
t2s − t2q, (11.117)

or, with tp = r/cp,
tp = (x/r) tq − (z/r)

√
t2s − t2q. (11.118)

It follows from this equation that
tq = (x/r) tp + (z/r)

√
t2s − t2p, (11.119)

where the plus-sign has been chosen to ensure that tq ≥ tp. Equation (11.119) can also be written as

tq/ts = (x/r)n+ (z/r)
√

1− n2. (11.120)
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It can be shown that this is always smaller than 1.
It follows from (11.112) and (11.115) that on the upper part of the loop

γs =
√
t2s − t2

{ x

r2
+

z

r2
t√

t2s − t2

}
. (11.121)

Comparison with (11.116) shows that

p = p1 :
dp

dt
=

γs√
t2s − t2

, (11.122)

which enables to write the integral along this part of the loop as an integral over the variable t. Actually, with (11.81) one obtains

w31 =
Q

2πiµ

∫ ts

tq

2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2s − t2

dt. (11.123)

In this case all the parameters in the integrand are real, except for γp. Because on this part of the integration path 1/cp < p < 1/cs it follows
that arg(1/c2p − p2) = −π, so that γp is purely imaginary, and its argument is −π/2.

The lower part of the loop

Along the lower part of the loop all quantities are the same as on the upper part of the loop, except for γp, which now is the complex conjugate
of the previous value. Furthermore the integration path is from p = 1/cs to p = 1/cp, i.e. from the right to the left. By reversing the integration
path the result will be

w32 = − Q

2πiµ

∫ ts

tq

2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2s − t2

dt, (11.124)

where it should be noted that the value of γp is the complex conjugate of the value in the integral (11.123).

The sum of the upper and lower loops

If the integral (11.123) is written as w31 = (a+ ib)/i, the integral (11.124) will be of the form w32 = −(a− ib)/i. The sum of these two integrals
then is w31 + w32 = 2b. This means that

w3 =
Q

πµ
=

∫ ts

tq

2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

exp(−st)√
t2s − t2

dt. (11.125)



Arnold Verruijt, Soil Dynamics : 11. ELASTODYNAMICS OF A LINE LOAD ON A HALF SPACE 198

The integral is again in the form of a Laplace transform. The Laplace transform parameter s appears only in the factor exp(−st), but the time
t may appear in various forms in the integrand. It can be concluded that the original function is

w3 =
Q

πµ
=

{ 2p2γpγs

(1/c2s − 2p2)2 + 4p2γpγs

} H(t− tq)−H(t− ts)√
t2s − t2

. (11.126)

It may be noted that the function H(t− tq)−H(t− ts) is equal to 1 only in the interval tq < t < ts, elsewhere it is zero.

The third contribution to the surface displacements

For the calculation of the contribution of the expression (11.126) to the surface displacements one may write, with (11.115),

z = 0 : p = t/x = τ/cs, (11.127)

where, as before, see equations (11.69) and (11.101),
τ = cst/x, (11.128)

which is the basic variable. It may be noted that in the part of the solution considered here, see equation (11.126), the variable t varies in the
range tq < t < ts. Because for z = 0 it follows from (11.119) that tq = tp, the range of t is tp < t < ts. This means that n < τ < 1. It may also
be noted that for z = 0 the condition (11.111), which is necessary for this contribution to be applicable, is always satisfied.
In this case

γp = −i
√
τ2 − n2/cs, (11.129)

γs =
√

1− τ2/cs, (11.130)√
t2s − t2 = (x/cs)

√
1− τ2. (11.131)

Using these results it follows that the expression (11.126) can be calculated as

z = 0, τ < n : w3 = 0, (11.132)

z = 0, n < τ < 1 : w3 = −Qcs
πµx

=
{ 2iτ2

√
τ2 − n2

(1− 2τ2)2 − 4iτ2
√

(τ2 − n2)(1− τ2)

}
, (11.133)

z = 0, τ > 1 : w3 = 0. (11.134)

This defines the value of the third contribution to the surface displacements, as a function of the dimensionless variable τ = cst/x.
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Total surface displacements

Adding the three contributions to the surface displacements the final expressions for the displacements of the surface z = 0 are, with τ = cst/x,

z = 0, τ < n : w = 0, (11.135)

z = 0, n < τ < 1 : w = −Qcs
πµx

{ (1− 2τ2)2
√
τ2 − n2

(1− 2τ2)4 + 16τ4(τ2 − n2)(1− τ2)

}
, (11.136)

z = 0, τ > 1 : w = −Qcs
πµx

{ √
τ2 − n2

(1− 2τ2)2 − 4τ2
√

(τ2 − n2)(τ2 − 1)

}
. (11.137)

This completely defines the surface displacements, as a function of the dimensionless variable τ = cst/x. The displacement is a continuous
function of this variable, but there is a singularity for the value τ = τr, where τr denotes the arrival time of the Rayleigh wave.

The solution derived here, as given in equations (11.135) – (11.137), is in agreement with the solution given by Eringen & Suhubi (1975),
and with Lamb’s original solution (Lamb, 1904). The present solution method has the advantage that it gives the solution for every point in
the half-plane, even though these have not been elaborated here.

11.1.5 Computer program

A function (in C) that calculates the vertical displacement for given values of ν and cst/x is reproduced below. It is assumed that x ≥ 0. For
values of x < 0 the displacements can be obtained using the symmetry of the solution.

The parameters ν and cst/x are denoted by nu and t in the program. The quantity tr denotes the parameter cstr/x, where tr is the Rayleigh
wave velocity.

double LinePulseW(double nu, double t)
{
double pi,fac,n,nn,e,f,a,b,b1,b2,s,tt,tr,eps;
pi=4*atan(1.0);fac=1/pi;eps=0.0001;
nn=(1-2*nu)/(2*(1-nu));n=sqrt(nn);e=0.000001;e*=e;f=1;b=(1-nu)/8;
if (nu>0.1) {while(f>e) {a=b;b=(1-nu)/(8*(1+a)*(nu+a));f=fabs(b-a);}}
else {while (f>e) {a=b;b=sqrt((1-nu)/(8*(1+a)*(1+nu/a)));f=fabs(b-a);}}
tr=sqrt(1+b);if (t<=n) s=0;else if (t<=1)
{
tt=t*t;a=sqrt(tt-nn);
b1=(1-2*tt)*(1-2*tt);b2=4*tt*sqrt((tt-nn)*(1-tt));b=b1*b1+b2*b2;
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s=-fac*a*b1/b;
}
else
{
if (fabs(t-tr)<eps) {if (t<tr) t=tr-eps;else t=tr+eps;}
tt=t*t;a=sqrt(tt-nn);
b=(1-2*tt)*(1-2*tt)-4*tt*sqrt((tt-nn)*(tt-1));
s=-fac*a/b;

}
return(s);
}

11.1.6 Results

The surface displacements are shown in graphical form in the Figures 11.4, 11.5 and 11.6, for three values of ν. In each case the displacements
remain zero until the arrival of the compression wave, and there is a singularity at the passage of the Rayleigh wave. At the time of arrival of
the shear wave, cst/x = 1, there is a discontinuity in the slope of the curves.
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Figure 11.4: Vertical displacement, ν = 0.00.
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Figure 11.5: Vertical displacement, ν = 0.25.
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Figure 11.6: Vertical displacement, ν = 0.50.
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11.2 Line load on elastic half plane

In this section the problem of a line load on a half plane, applied at time t = 0 is considered. In this case the boundary condition for the normal
stress on the boundary is

z = 0 : σzz = −F H(t) δ(x), (11.138)

where F is the magnitude of the load (per unit length), δ(x) is a Dirac delta function, and H(t) is Heaviside’s unit step function. This boundary
condition expresses that a line load of magnitude F is applied at time t = 0, and that this load then remains constant.

The Laplace transform of the boundary condition is

z = 0 : σzz = −F
s
δ(x), (11.139)

or, when the delta-function is expressed as a Fourier integral,

z = 0 : σzz = − F

2π

∫ ∞

−∞
exp(−isαx)dα. (11.140)

The difference with the impulse problem considered in the previous section is that the quantity Qs is now replaced by F . This is in agreement
with the difference in the loading function. Dirac’s delta function is the derivative of Heaviside’s unit step function, and in the Laplace transforms
this results in multiplication by s.

It can be concluded that in this case the two constants in the general solution of the problem are, compare equations (11.43) and (11.44),

Cp =
F

µs2
2α2 + 1/c2s

(2α2 + 1/c2s)2 − 4α2γpγs
, (11.141)

Cs = − F

µs2
2αγp

(2α2 + 1/c2s)2 − 4α2γpγs
. (11.142)

For this problem the stresses will be elaborated. The streses are of particular interest in geotechnical problems. They can be evaluated using
De Hoop’s method, in the same way as in the previous section. In this case no details of the analysis will be given.

11.2.1 Isotropic stress

The simplest quantity to evaluate is the isotropic stress σ = (σxx + σzz)/2. It is recalled from equation (11.40) that the Laplace transform of
this isotropic stress is

σ = − (λ+ µ)s2

2πc2p

∫ ∞

−∞
Cp exp(−γpsz − isαx) dα (11.143)
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Substitution of (11.141) into this expression gives

σ = − (m2 − 1)F
2πc2p

∫ ∞

−∞

2α2 + 1/c2s
(2α2 + 1/c2s)2 − 4α2γpγs

exp[−s(γpz + iαx)] dα, (11.144)

where

m2 =
λ+ 2µ
µ

=
c2p
c2s
. (11.145)

Using the same methods as in the previous section this integral can be transformed into the form

σ = − (m2 − 1)F
πc2p

∫ ∞

0

<
{ (1/c2s − 2p2)γp

(1/c2s − 2p2)2 + 4p2γpγs

}H(t− tp)√
t2 − t2p

exp(−st) dt, p = p1, (11.146)

where p1 is defined by the equation

p1 =
tx

r2
+
iz

r2

√
t2 − t2p, (11.147)

The integral (11.146) is of the form of a Laplace transform, which means that the inverse Laplace transform is

σ = − (m2 − 1)F
πc2p

<
{ (1/c2s − 2p2)γp

(1/c2s − 2p2)2 + 4p2γpγs

}H(t− tp)√
t2 − t2p

, p = p1. (11.148)

This is the final expression for the isotropic stress.
The limiting static values of the isotropic stress can be obtained by letting t → ∞ in equation (11.148). This gives, after some elementary

algebraic operations,

t→∞ : σ = −F
π

z

x2 + z2
. (11.149)

This is indeed the known elastostatic solution. Although the elastodynamic solution depends upon the value of Poisson’s ratio, through the
value of m = cp/cs, the static limit is independent of Poisson’s ratio.

Calculation of numerical values

Using the dimensionless variables
ξ = x/z, τ = cpt/z, τp = cptp/z = r/z =

√
1 + ξ2, b = p cp, (11.150)
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equation (11.148) can also be written as

σ

F/πz
= −(m2 − 1)<

{ (m2 − 2b2)
√

1− b2

(m2 − 2b2)2 + 4b2
√

1− b2
√
m2 − b2

}H(τ − τp)√
τ2 − τ2

p

, (11.151)

where

b =
ξτ + i

√
τ2 − τ2

p

1 + ξ2
. (11.152)

It may be noted that τp =
√

1 + ξ2, the dimensionless arrival time of the compression wave.
Equation (11.151) can be used to produce numerical results, by a simple computer program. Great care should be taken that the sign of

the square roots is taken correctly, to ensure that the parameters γp and γs correspond to the correct analytic continuation of their original
definition. A function (in C++, using complex calculus) to determine the value of the dimensionless isotropic stress σπz/F as a function of the
parameters ξ = x/z, τ = cpt/z and Poisson’s ratio ν, is shown below. In this function the dimensionless parameters ξ, τ and ν are denoted by
x, t and nu.

double LineLoadS(double x,double t,double nu)
{
double s,mm,tp2,t2;
complex b,bb,mb,gp,gs,d,n;
mm=2*(1-nu)/(1-2*nu);tp2=1+x*x;t2=t*t;
if (t2<=tp2) s=0;else
{
b=complex(x*t/tp2,(sqrt(t2-tp2))/tp2);bb=b*b;mb=mm-2*bb;
gp=sqrt(1-bb);gs=sqrt(mm-bb);d=mb*gp;n=mb*mb+4*bb*gp*gs;
s=-(mm-1)*real(d/n)/sqrt(t2-tp2);

}
return(s);
}

It may be noted that the argument of the functions 1− b2 and m2− b2 is in the range (0,+π), and that the square roots should be calculated
separately, to ensure that the arguments are determined correctly.

Some examples are shown in the Figures 11.7, 11.8 and 11.9. The figures show the isotropic stress as a function of x/z, for ν = 0 and for
three increasing values of time, cpt/z = 2.5, cpt/z = 10 and cpt/z = 100. Although in these figures the maximum value of the dimensionless
stress is 1, it has been found that higher values may occur in the vicinity of the wave front. Also, the numerical values depend upon the value
of Poisson’s ratio, but for very large values of time no such dependency is found, in agreement with the static solution.
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Figure 11.7: Line Load - Isotropic Stress, ν = 0, cpt/z = 2.5.
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Figure 11.8: Line Load - Isotropic Stress, ν = 0, cpt/z = 10.
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Figure 11.9: Line Load - Isotropic Stress, ν = 0, cpt/z = 100.

The results in the last figure are approaching the static values. Actually, the static solution of this problem, as given in equation (11.149), can
also be written as is

σ πz

F
= − 1

1 + x2/z2
. (11.153)

This static solution is shown in Figure 11.9 by small asterisks. The agreement appears to be excellent.
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11.2.2 The vertical normal stress

In soil mechanics an interesting quantity is the vertical normal stress σzz. It is recalled from equation (11.37) that its Laplace transform is

σzz = −s
2µ

2π

∫ ∞

−∞
{(2α2 + 1/c2s)Cp exp(−γpsz) + 2αγsCs exp(−γssz)} exp(−isαx) dα. (11.154)

Substitution of the expressions (11.141) and (11.142) for the two constants Cp and Cs gives

σzz = σ1 + σ2, (11.155)

where

σ1 = − F

2π

∫ ∞

−∞

(2α2 + 1/c2s)
2

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γpz − iαx)] dα, (11.156)

σ2 =
F

2π

∫ ∞

−∞

4α2γpγs

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γsz − iαx)] dα. (11.157)

In these equations the parameter m is defined by equation (11.145),

m2 =
λ+ 2µ
µ

=
c2p
c2s
. (11.158)

The evaluation of the two integrals (11.156) and (11.157) can be performed by using the same procedures as for the first problem of this chapter,
the vertical displacement due to a pulse load.

The first integral, equation (11.156), leads to the expression

σ1 = −F
π
<

{ (1/c2s − 2p2)2γp

(1/c2s − 2p2)2 + 4p2γpγs

}H(t− tp)√
t2 − t2p

, p = p1, (11.159)

where p1 is defined by equation (11.147),

p1 =
tx

r2
+
iz

r2

√
t2 − t2p. (11.160)

The second integral, equation (11.157), leads to two contributions to the vertical normal stress, which will be denoted by σ2 and σ3. The part
σ2, which is generated by integrating along the curved parts of the integration path shown in Figure 11.3, is found to be

σ2 = −F
π
<

{ 4p2γpγ
2
s

(1/c2s − 2p2)2 + 4p2γpγs

} H(t− ts)√
t2 − t2s

, p = p2. (11.161)
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where p2 is defined by

p2 =
tx

r2
+
iz

r2

√
t2 − t2s, (11.162)

If
z2

x2
< m2 − 1, (11.163)

there is an additional contribution, denoted by σ3, to the second integral, produced by integrating along the loop in the integration path shown
in Figure 11.3. This contribution is found to be

σ3 = −F
π
=

{ 4p2γpγ
2
s

(1/c2s − 2p2)2 + 4p2γpγs

} H(t− tq)−H(t− ts)√
t2s − t2

H(ξ − 1/
√
m2 − 1), p = p3, (11.164)

where p3 is defined by

p3 =
xt

r2
− z

r2

√
t2s − t2, (11.165)

and tq is defined by
tq/ts = (x/r)(1/m) + (z/r)

√
1− (1/m)2. (11.166)

It may be noted that the function H(t − tq) − H(t − ts) is equal to 1 in the interval tq < t < ts only, elsewhere it is zero. The factor
H(ξ − 1/

√
m2 − 1) must be added to take into account that a contribution of the loop should be included only if the condition (11.163) is

satisfied.

Calculation of numerical values

The vertical normal stress σzz can be written as
σzz = σ1 + σ2 + σ3, (11.167)

where σ1 is given by equation (11.159), σ2 by equation (11.161) and σ3 by equation (11.164. For the computation of numerical results these
formulas may be made dimensionless by introducing a reference stress F/z and a reference time z/cp, and using the dimensionless parameters

ξ = x/z, τ = cpt/z, τp =
√

1 + ξ2, τs = m
√

1 + ξ2, τq = ξ +
√
m2 − 1. (11.168)

The dimensionless form of the first term is

σ1πz

F
= −<

{ (m2 − 2a2)2
√

1− a2

(m2 − 2a2)2 + 4a2
√

1− a2
√
m2 − a2

}H(τ − τp)√
τ2 − τ2

p

, (11.169)
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where

a =
τξ + i

√
τ2 − τ2

p

1 + ξ2
. (11.170)

The dimensionless form of the second term is

σ2πz

F
= −<

{ 4b2(m2 − b2)
√

1− b2

(m2 − 2b2)2 + 4b2
√

1− b2
√
m2 − b2

}H(τ − τs)√
τ2 − τ2

s

, (11.171)

where

b =
τξ + i

√
τ2 − τ2

s

1 + ξ2
. (11.172)

The dimensionless form of the third term can be written as

σ3πz

F
=

4c2(m2 − c2)(m2 − 2c2)2
√
c2 − 1

(m2 − 2c2)4 + 16c4(c2 − 1)(m2 − c2)
H(τ − τq)−H(τ − τs)√

τ2
s − τ2

H(ξ − 1√
m2 − 1

), (11.173)

where

c =
ξτ −

√
τ2
s − τ2

1 + ξ2
. (11.174)

All factors in the expression (11.173) are real.
It should be noted that in the derivation of these expressions it has been assumed that x > 0, so that ξ > 0. Values for ξ < 0 can be obtained

by using the symmetry of the problem.
A function to calculate the value of the dimensionless parameter σzzπz/2F as a function of the parameters ξ = x/z (with ξ ≥ 0), τ = cpt/z

and Poisson’s ratio ν, is shown below. In this function the dimensionless parameters ξ, τ and ν are denoted by x, t and nu. The function
consists of three parts, as given by equations (11.169), (11.171) and (11.173).

double LineLoadSzz(double x,double t,double nu)
{
double s,s1,s2,s3,mm,mm1,tp2,ts2,ts,tq,t2,c,cc,f,g,h;
complex a,aa,ma,gp,gs,d,n;
mm=2*(1-nu)/(1-2*nu);mm1=sqrt(mm-1);
tp2=1+x*x;ts2=mm*tp2;ts=sqrt(ts2);t2=t*t;tq=x+mm1;
if (t2<=tp2) s1=0;else
{
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a=complex(x*t/tp2,sqrt(t2-tp2)/tp2);aa=a*a;ma=mm-2*aa;
gp=sqrt(1-aa);gs=sqrt(mm-aa);d=ma*ma*gp;n=ma*ma+4*aa*gp*gs;
s1=-real(d/n)/(2*sqrt(t2-tp2));

}
if (t2<=ts2) s2=0;else
{
a=complex(x*t/tp2,sqrt(t2-ts2)/tp2);aa=a*a;ma=mm-2*aa;
gp=sqrt(1-aa);gs=sqrt(mm-aa);d=4*aa*(mm-aa)*gp;n=ma*ma+4*aa*gp*gs;
s2=-real(d/n)/(2*sqrt(t2-ts2));

}
if ((t<=tq)||(t>=ts)||(mm1*x<1)) s3=0;else
{
c=(x*t-sqrt(ts2-t2))/tp2;cc=c*c;f=(mm-2*cc)*(mm-2*cc);
g=4*cc*(mm-cc)*f*sqrt(cc-1);h=f*f+16*cc*cc*(cc-1)*(mm-cc);
s3=g/(2*h*sqrt(ts2-t2));

}
s=s1+s2+s3;
return(s);
}

Some examples are shown in the Figures 11.10 – 11.13. These figures show the vertical normal stress σzz as a function of x/z, for two values
of time: cpt/z = 10 and cpt/z = 100, and for two values of Poisson’s ratio: ν = 0.0 and ν = 0.4. The results for large values of cpt/z are
approaching the static values. In general the numerical values depend upon the value of Poisson’s ratio, but for very large values of time no
such dependency is found, in agreement with the static solution.

Actually, the static solution of this problem is
σzz πz

2F
= − 1

(1 + x2/z2)2
. (11.175)

This static solution is also shown in Figures 11.12 and 11.13, by small asterisks. Again the agreement is excellent.
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Figure 11.10: Line Load - Vertical Normal Stress, ν = 0, cpt/z = 10.
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Figure 11.11: Line Load - Vertical Normal Stress, ν = 0.4, cpt/z = 10.
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Figure 11.12: Line Load - Vertical Normal Stress, ν = 0, cpt/z = 100.
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Figure 11.13: Line Load - Vertical Normal Stress, ν = 0.4, cpt/z = 100.
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11.2.3 The horizontal normal stress

It is recalled from equation (11.36) that the general expression for the Laplace transform of the horizontal normal stress σxx in an elastic half
plane is

σxx =
s2µ

2π

∫ ∞

−∞
{(2α2 − λ/µc2p)Cp exp(−γpsz) + 2αγsCs exp(−γssz)} exp(−isαx) dα. (11.176)

Substitution of the expressions (11.141) and (11.142) for the two constants Cp and Cs gives

σxx = σ1 + σ2, (11.177)

where

σ1 =
F

2π

∫ ∞

−∞

(2α2 + 1/c2s)(2α
2 − λ/µc2p)

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γpz − iαx)] dα, (11.178)

σ2 = − F

2π

∫ ∞

−∞

4α2γpγs

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γsz − iαx)] dα. (11.179)

In these equations the parameter m is defined by equation (11.145),

m2 =
λ+ 2µ
µ

=
2(1− ν)
1− 2ν

. (11.180)

The two integrals can be evaluated using the techniques of De Hoop’s method, in the same way as in the previous problems of this chapter. The
result is that the horizontal normal stress σxx can be written as the sum of three contributions,

σxx = σ1 + σ2 + σ3. (11.181)

The first term is, in dimensionless form,

σ1πz

F
= −<

{ (m2 − 2a2)[(m2 − 2) + 2a2]
√

1− a2

(m2 − 2a2)2 + 4a2
√

1− a2
√
m2 − a2

}H(τ − τp)√
τ2 − τ2

p

, (11.182)

where

a =
τξ + i

√
τ2 − τ2

p

1 + ξ2
. (11.183)

The second term is
σ2πz

F
= <

{ 4b2(m2 − b2)
√

1− b2

(m2 − 2b2)2 + 4b2
√

1− b2
√
m2 − b2

}H(τ − τs)√
τ2 − τ2

s

, (11.184)



Arnold Verruijt, Soil Dynamics : 11. ELASTODYNAMICS OF A LINE LOAD ON A HALF SPACE 214

where

b =
τξ + i

√
τ2 − τ2

s

1 + ξ2
. (11.185)

And the third term is

σ3πz

F
= − 4c2(m2 − c2)(m2 − 2c2)2

√
c2 − 1

(m2 − 2c2)4 + 16c4(c2 − 1)(m2 − c2)
H(τ − τq)−H(τ − τs)√

τ2
s − τ2

H(ξ − 1/
√
m2 − 1). (11.186)

where

c =
ξτ −

√
τ2
s − τ2

1 + ξ2
. (11.187)

In these expressions the following dimensionless parameters have been used,

ξ = x/z, τ = cpt/z, τp =
√

1 + ξ2, τs = m
√

1 + ξ2, τq = ξ +
√
m2 − 1. (11.188)

In the derivation of the expressions it has been assumed that x > 0, so that ξ > 0. Values for ξ < 0 can be obtained by using the symmetry of
the problem.

Calculation of numerical values

A function to calculate the value of the dimensionless parameter σxxπz/2F as a function of the parameters ξ = x/z (with ξ ≥ 0), τ = cpt/z and
Poisson’s ratio ν, is shown below. In this function the dimensionless parameters ξ, τ and ν are denoted by x, t and nu. The function consists
of three parts, as given by equations (11.182), (11.184) and (11.186).

double LineLoadSxx(double x,double t,double nu)
{
double s,s1,s2,s3,mm,mm1,tp2,ts2,ts,tq,t2,c,cc,f,g,h;
complex a,aa,ma,gp,gs,d,n;
mm=2*(1-nu)/(1-2*nu);mm1=sqrt(mm-1);
tp2=1+x*x;ts2=mm*tp2;ts=sqrt(ts2);t2=t*t;tq=x+mm1;
if (t2<=tp2) s1=0;else
{
a=complex(x*t/tp2,sqrt(t2-tp2)/tp2);aa=a*a;ma=mm-2*aa;
gp=sqrt(1-aa);gs=sqrt(mm-aa);d=ma*(mm-2+2*aa)*gp;n=ma*ma+4*aa*gp*gs;
s1=-real(d/n)/(2*sqrt(t2-tp2));
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}
if (t2<=ts2) s2=0;else
{
a=complex(x*t/tp2,sqrt(t2-ts2)/tp2);aa=a*a;ma=mm-2*aa;
gp=sqrt(1-aa);gs=sqrt(mm-aa);d=4*aa*(mm-aa)*gp;n=ma*ma+4*aa*gp*gs;
s2=real(d/n)/(2*sqrt(t2-ts2));

}
if ((t<=tq)||(t>=ts)||(x*mm1<1)) s3=0;else
{
c=(x*t-sqrt(ts2-t2))/tp2;cc=c*c;f=(mm-2*cc)*(mm-2*cc);
g=4*cc*(mm-cc)*f*sqrt(cc-1);h=f*f+16*cc*cc*(cc-1)*(mm-cc);
s3=-g/(2*h*sqrt(ts2-t2));

}
s=s1+s2+s3;
return(s);
}

Some examples are shown in the Figures 11.14 – 11.17. These figures show the horizontal normal stress σxx as a function of x/z, for two values
of time: cpt/z = 10 and cpt/z = 100, and for two values of Poisson’s ratio: ν = 0.0 and ν = 0.4. The results for large values of cpt/z are
approaching the static values. In general the numerical values depend upon the value of Poisson’s ratio, but for very large values of time no
such dependency is found, in agreement with the static solution.

Actually, the static solution of this problem is
σxx πz

2F
= − x2/z2

(1 + x2/z2)2
. (11.189)

This static solution is also shown in Figures 11.16 and 11.17, by small asterisks. Again the agreement is excellent.
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Figure 11.14: Line Load - Horizontal Normal Stress, ν = 0, cpt/z = 10.
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Figure 11.15: Line Load - Horizontal Normal Stress, ν = 0.4, cpt/z = 10.
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Figure 11.16: Line Load - Horizontal Normal Stress, ν = 0, cpt/z = 100.
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Figure 11.17: Line Load - Horizontal Normal Stress, ν = 0.4, cpt/z = 100.
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11.2.4 The shear stress

It is recalled from equation (11.38) that the Laplace transform of the shear stress σxz in an elastic half plane is

σzx = − iµs
2

2π

∫ ∞

−∞
{2αγpCp exp(−γpsz) + (2α2 + 1/c2s)Cs exp(−γssz)} exp(−isαx) dα. (11.190)

Substitution of the expressions (11.141) and (11.142) for the two constants Cp and Cs gives

σxz = σ1 + σ2, (11.191)

where

σ1 =
F

2πi

∫ ∞

−∞

2αγp(2α2 + 1/c2s)
(2α2 + 1/c2s)2 − 4α2γpγs

exp[−s(γpz − iαx)] dα, (11.192)

σ2 = − F

2πi

∫ ∞

−∞

2αγp(2α2 + 1/c2s)
(2α2 + 1/c2s)2 − 4α2γpγs

exp[−s(γsz − iαx)] dα. (11.193)

The two integrals can be evaluated using the techniques of De Hoop’s method, in the same way as in the previous problems of this chapter. The
result is that the shear stress σxz can be written as the sum of three contributions,

σxz = σ1 + σ2 + σ3. (11.194)

The first term is, in dimensionless form,

σ1 πz

2F
= −<

{ a(1− a2)(m2 − 2a2)
(m2 − 2a2)2 + 4a2

√
1− a2

√
m2 − a2

} H(τ − τp)√
τ2 − τ2

p

, (11.195)

where

a =
ξτ + i

√
τ2 − τ2

p

1 + ξ2
. (11.196)

The second term is
σ2 πz

2F
= <

{ b
√

1− b2
√
m2 − b2(m2 − 2b2)

(m2 − 2b2)2 + 4b2
√

1− b2
√
m2 − b2

} H(τ − τs)√
τ2 − τ2

s

, (11.197)

where

b =
ξτ + i

√
τ2 − τ2

s

1 + ξ2
. (11.198)
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And the third term is

σ3 πz

2F
= − c(m2 − 2c2)3

√
c2 − 1

√
m2 − c2

(m2 − 2c2)4 + 16c4(c2 − 1)(m2 − c2)
H(τ − τq)−H(τ − τs)√

t2s − τ2
H(ξ − 1/

√
m2 − 1), (11.199)

where c is defined by

c =
ξτ −

√
τ2
s − τ2

1 + ξ2
. (11.200)

As before, the following dimensionless parameters have been introduced,

ξ = x/z, τ = cpt/z, τp =
√

1 + ξ2, τs = m
√

1 + ξ2, τq = ξ +
√
m2 − 1. (11.201)

In the derivation of the expressions it has been assumed that x > 0, so that ξ > 0. Values for ξ < 0 can be obtained by using the antisymmetry
of the shear stress.

Calculation of numerical values

A function to calculate the value of the dimensionless parameter σxzπz/2F as a function of the parameters ξ = x/z (with ξ ≥ 0), τ = cpt/z and
Poisson’s ratio ν, is shown below. In this function the dimensionless parameters ξ, τ and ν are denoted by x, t and nu. The function consists
of three parts, as given by equations (11.195), (11.197) and (11.199).

double LineLoadSxz(double x,double t,double nu)
{
double s,s1,s2,s3,mm,mm1,tp2,ts2,ts,tq,t2,c,cc,f,g,h;
complex a,aa,ma,gp,gs,d,n;
mm=2*(1-nu)/(1-2*nu);mm1=sqrt(mm-1);
tp2=1+x*x;ts2=mm*tp2;ts=sqrt(ts2);t2=t*t;tq=x+mm1;
if (t2<=tp2) s1=0;else
{
a=complex(x*t/tp2,sqrt(t2-tp2)/tp2);aa=a*a;ma=mm-2*aa;
gp=sqrt(1-aa);gs=sqrt(mm-aa);d=a*(1-aa)*ma;n=ma*ma+4*aa*gp*gs;
s1=-real(d/n)/sqrt(t2-tp2);

}
if (t2<=ts2) s2=0;else
{
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a=complex(x*t/tp2,sqrt(t2-ts2)/tp2);aa=a*a;ma=mm-2*aa;
gp=sqrt(1-aa);gs=sqrt(mm-aa);d=a*ma*gp*gs;n=ma*ma+4*aa*gp*gs;
s2=real(d/n)/sqrt(t2-ts2);

}
if ((t<=tq)||(t>=ts)||(mm1*x<1)) s3=0;else
{
c=(x*t-sqrt(ts2-t2))/tp2;cc=c*c;f=(mm-2*cc)*(mm-2*cc);
g=c*(mm-2*cc)*f*sqrt(cc-1);h=f*f+16*cc*cc*(cc-1)*(mm-cc);
s3=-g/(h*sqrt(ts2-t2));

}
s=s1+s2+s3;
return(s);
}

Some examples are shown in the Figures 11.18 – 11.21. The figures show the shear stress σxz as a function of x/z, for two values of time:
cpt/z = 10 and cpt/z = 100, and for two values of Poisson’s ratio: ν = 0.0 and ν = 0.4. The results for large values of cpt/z are approaching the
static values. In general the numerical values depend upon the value of Poisson’s ratio, but for very large values of time no such dependency is
found, in agreement with the static solution.

Actually, the static solution of this problem is
σxz πz

2F
= − x/z

(1 + x2/z2)2
. (11.202)

This static solution is also shown in Figures 11.20 and 11.21, by small asterisks. As before, the agreement is excellent.
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Figure 11.18: Line Load - Shear Stress, ν = 0, cpt/z = 10.
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Figure 11.19: Line Load - Shear Stress, ν = 0.4, cpt/z = 10.
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Figure 11.20: Line Load - Shear Stress, ν = 0, cpt/z = 100.
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Figure 11.21: Line Load - Shear Stress, ν = 0.4, cpt/z = 100.



Chapter 12

ELASTODYNAMICS OF A STRIP LOAD ON A HALF SPACE

In this chapter the problem of a strip load on the surface of an elastic half plane is considered, i.e. problems in which the elastic half plane is loaded
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Figure 12.1: Half plane with strip load.

by a load that is constant over an area in the form of a strip of finite width,
see Figure 12.1. As a function of time the load may be an impulse load
or a step load. The case of an impulse load will be considered first. A
stepwise load will be considered later, with the solution being obtained from
the solution for the impulse load by integration over time.

The solutions will be obtained as an application of De Hoop’s method (De
Hoop, 1960, 1970), using a technique for a strip load due to Stam (1990).

Emphasis will be on the determination of the stress components
as functions of depth and time, as these are of main interest in
soil engineering. For very large values of time the results for a
step load should be in agreement with the elastostatic solutions, and
this condition will be used as a validation of the elastodynamic solu-
tions.

12.1 Strip pulse on elastic half plane

The first problem to be considered is the case of a strip pulse on an elastic half plane, see Figure 12.1. In this case the boundary conditions are

z = 0 : σzx = 0, (12.1)

z = 0 : σzz =

{
−q δ(t), if |x| < a,

0, if |x| > a.
(12.2)

The second boundary condition expresses that there is a homogeneous load on the strip between the points x = −a and x = a in the form of a
pulse of very short duration.

223



Arnold Verruijt, Soil Dynamics : 12. ELASTODYNAMICS OF A STRIP LOAD ON A HALF SPACE 224

The Laplace transform of this condition is

z = 0 : σzz =

{
−q, if |x| < a,

0, if |x| > a.
(12.3)

This can also be written in the form of a Fourier integral,

z = 0 : σzz = − q
π

∫ ∞

−∞

sin(sαa) exp(−isαx)
α

dα. (12.4)

It is recalled from the previous chapter, see equations (11.34) and (11.35) that the general solution of the elastodynamic problem for a half plane
is, in the form of the Laplace transforms of the two displacement components,

u =
is

2π

∫ ∞

−∞
{αCp exp(−sγpz) + γsCs exp(−sγsz)} exp(−isαx) dα, (12.5)

w =
s

2π

∫ ∞

−∞
{γpCp exp(−sγpz) + αCs exp(−sγsz)} exp(−isαx) dα. (12.6)

Furthermore, the Laplace transforms of the stress components are, from equations (11.36), (11.37) and (11.38),

σxx =
s2

2π

∫ ∞

−∞
{(2µα2 − λ/c2p)Cp exp(−sγpz) + 2µαγsCs exp(−sγsz)} exp(−isαx) dα, (12.7)

σzz = −µs
2

2π

∫ ∞

−∞
{(2α2 + 1/c2s)Cp exp(−sγpz) + 2αγsCs exp(−sγsz)} exp(−isαx) dα, (12.8)

σzx = − iµs
2

2π

∫ ∞

−∞
{2αγpCp exp(−sγpz) + (2α2 + 1/c2s)Cs exp(−sγsz)} exp(−isαx) dα. (12.9)

The Laplace transform of the isotropic stress σ = 1
2 (σxx + σzz) is given by equation (11.40),

σ = − (λ+ µ)s2

2πc2p

∫ ∞

−∞
Cp exp(−sγpz − isαx) dα. (12.10)

Using the boundary conditions (12.1) and (12.4) the two integration constants Cp and Cs in the general solution are found to be

Cp =
2q
µs2

sin(sαa)
α

2α2 + 1/c2s
(2α2 + 1/c2s)2 − 4α2γpγs

, (12.11)
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Cs = − 2q
µs2

sin(sαa)
α

2αγp

(2α2 + 1/c2s)2 − 4α2γpγs
. (12.12)

The stress components can now be evaluated.

12.1.1 The isotropic stress

The simplest quantity to evaluate is the isotropic stress. With (12.10) and (12.11) it is found that

σ

q
= −m

2 − 1
πc2p

∫ ∞

−∞

sin(sαa)
α

2α2 + 1/c2s
(2α2 + 1/c2s)2 − 4α2γpγs

exp[−s(γpz + iαx)] dα. (12.13)

Following a suggestion by Stam (1990) the function sin(sαa) is written as [exp(isαa)− exp(−isαa)]/2i. This gives

σ

q
= (m2 − 1)

{
g(x+ a)− g(x− a)

}
, (12.14)

where

g(x) =
1

2πi c2p

∫ ∞

−∞

1
α

2α2 + 1/c2s
(2α2 + 1/c2s)2 − 4α2γpγs

exp[−s(γpz + iαx)] dα. (12.15)

The value of this integral depends upon the sign of the variable x. The two possibilities will be considered separately.

The case x > 0

Using the substitution p = iα the integral (12.15) can be written as

g(x) =
1

2πi c2p

∫ i∞

−i∞

1
p

1/c2s − 2p2

(1/c2s − 2p2)2 + 4p2γpγs
exp[−s(γpz + px)] dp, (12.16)

where now γp and γs are related to p by the equations
γ2

p = 1/c2p − p2, (12.17)

γ2
s = 1/c2s − p2. (12.18)

As in the previous chapter, the integration path in the complex p-plane is modified such that the integral obtains the form of a Laplace transform
integral. For this purpose a parameter t is introduced (later to be identified with the time), defined as

t = γpz + px, (12.19)

with t being real and positive, by assumption. The shape of the transformed integration path remains undetermined in this stage.
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Figure 12.2: Modified integration path, for x > 0.

The integrand of the integral in equation (12.16) has singularities in the form
of branch points in the points p = ±1/cp and p = ±1/cs, simple poles in the
points p = ±1/cr, where cr is the Rayleigh wave velocity, which is slightly
smaller than the shear wave velocity, and a simple pole in the point p = 0.
It may be noted that cp > cs > cr, so that 1/cp < 1/cs < 1/cr. The original
integration path from p = −i∞ to p = ∞ is now modified to the two paths
p1 and p2 shown in Figure 12.2, with the parameter t varying along these
two curves from some initial value to infinity.

It follows from (12.19) and (12.17) that

r2p2 − 2tpx+ t2 − z2/c2p = 0, (12.20)

where

r2 = x2 + z2. (12.21)

The quadratic equation (12.20) has two solutions for p,

p1 =
tx

r2
+
iz

r2

√
t2 − t2p, (12.22)

p2 =
tx

r2
− iz

r2

√
t2 − t2p, (12.23)

where
tp = r/cp, (12.24)

If it is assumed that tp < t < ∞ the two branches p1 and p2 shown in Figure 12.2 form a continuous path, with the two branches intersecting
for t = tp, where p = p1 = p2 = (x/r)(1/cp), which is a point on the real axis, always located between the origin and the first singularity at
p = 1/cp. For the two integration paths to be equivalent, the contributions of the parts of the closing contour at infinity must vanish. This will
indeed be the case if x > 0. It has been assumed that the original integration path, along the imaginary axis, passes to the right of the pole in
the origin, see Figure 12.2. This should then also be the case for the case x < 0, which will have consequences for the contribution of this pole,
of course.

It can be shown that along the path p1

1
p

dp

dt
=

tr2
√
t2 − t2p + ixzt2p

r2(t2 − z2/c2p)
√
t2 − t2p

. (12.25)
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This means that the contribution of the path p1 to the integral (12.16) is

x > 0 : g1(x) =
1

2πi c2p

∫ ∞

tp

tr2
√
t2 − t2p + ixzt2p

r2(t2 − z2/c2p)
√
t2 − t2p

1/c2s − 2p2

(1/c2s − 2p2)2 + 4p2γpγs
exp(−st) dt. (12.26)

Along the path p2 all quantities will be complex conjugates, but the path is in inverse direction, so that if one writes g1(x) = A + iB then
g2(x) = −(A− iB). The sum of these two contributions is 2iB. It now follows that the sum is

x > 0 : g(x) =
1
π c2p

=
∫ ∞

tp

tr2
√
t2 − t2p + ixzt2p

r2(t2 − z2/c2p)
√
t2 − t2p

1/c2s − 2p2

(1/c2s − 2p2)2 + 4p2γpγs
exp(−st) dt. (12.27)

This expression happens to be in the form of a Laplace transform. Inverse Laplace transformation gives

x > 0 : g(x) =
1
π c2p

=
{ tr2

√
t2 − t2p + ixzt2p

r2(t2 − z2/c2p)
√
t2 − t2p

1/c2s − 2p2

(1/c2s − 2p2)2 + 4p2γpγs

}
H(t− tp), (12.28)

For the calculation of numerical values it is convenient to introduce the dimensionless parameters

ξ = x/a, ζ = z/a, τ = cpt/a, ρ = cptp/a =
√
ξ2 + ζ2, β = pcp, m = cp/cs. (12.29)

Using these parameters equation (12.28) can be written as

ξ > 0 : g(ξ) =
cp
a
h(ξ), (12.30)

with

h(ξ) =
1
π
=

{ τ
√
τ2 − ρ2 + iξζ

(τ2 − ζ2)
√
τ2 − ρ2

m2 − 2β2

(m2 − 2β2)2 + 4β2
√

1− β2
√
m2 − β2

}
H(τ − ρ), (12.31)

The parameter β in this expression is a complex variable defined by

β = (τξ + iζ
√
τ2 − ρ2)/ρ2, (12.32)

as follows immediately from equation (12.22). It may be noted that in equation (12.31) the parameter ξ > 0, and the only relevant values of τ
are those for which τ > ρ.
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The case x < 0

If the parameter x < 0 the integration path must be transformed by moving the integration path to the left, in order that the contributions by the
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Figure 12.3: Modified integration path, if x < 0.

arcs at infinity vanish. This means that the pole at p = 0 will be passed,
resulting in a contribution to the integral, see Figure 12.3. In this figure the
transformed integration path is indicated by the path consisting of the curves
p2 and p1, with a loop around the pole. It can be shown that the result of the
integration along p2 and p1 will be the same as before, see equation (12.28).
However, to this expression the contribution by integrating around the pole
must be added. Along this path the integration variable p is

p = ε exp(iθ), (12.33)

where ε → 0, and the angle θ runs from θ = −π to θ = +π along the small
circle around the pole. This contribution can be determined by considering
the limiting value of the Laplace transform g(x) as defined in equation (12.16)
for p→ 0. This leads to an additional contribution

∆g =
1
m2

exp(−sz/cp). (12.34)

Inverse Laplace transformation gives

∆g =
1
m2

δ(t− z/cp). (12.35)

Because τ = cpt/a this means that there is a second contribution to the function h(ξ),

∆h =
1
m2

δ(τ − ζ){1−H(ξ)}, (12.36)

where the factor 1 − H(ξ) has been addded to indicate that this contribution applies only if ξ < 0, and where it has been assumed that
δ(t− z/cp) = (cp/a)δ(τ − ζ), because it is postulated that both delta functions have an area equal to 1,∫ +∞

−∞
δ(t− z/cp) dt =

∫ +∞

−∞
δ(τ − ζ) dτ = 1. (12.37)
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General result

The results for ξ > 0 and ξ < 0 can be combined in the single formula

g(ξ, ζ, τ) =
cp
a
{h(ξ, ζ, τ) + ∆h(ξ, ζ, τ)}. (12.38)

Using the general formula (12.38), the expression for the isotropic stress (12.14) becomes, after inverse Laplace transformation,

σ

σ0
= (m2 − 1){h(ξ + 1, ζ, τ) + ∆h(ξ + 1, ζ, τ)− h(ξ − 1, ζ, τ)−∆h(ξ − 1, ζ, τ)}, (12.39)

where σ0 is a reference stress, defined by
σ0 =

q cp
a
. (12.40)

It may be noted that the physical dimension of q is a stress multiplied by time, so that the physical dimension of σ0 is indeed a stress.

Computer program

The isotropic stress can be calculated as a function of ξ, ζ, τ and ν by the function StripPulseS shown below. This function uses the functions
delta and h, which are also shown. The delta function is approximated by a parabolic arc of small width and of unit area.

double delta(double t,double z,double e)
{
double f;
if ((t<z-e)||(t>z+e)) f=0;else f=3*(e*e-(t-z)*(t-z))/(4*e*e*e);
return(f);
}
double h(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,tz,xx,zz,eps;
complex a,b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);eps=0.001;tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-rr;tz=tt-zz;
if (tr<=0) s=0;
else
{
a=complex(t/tz,x*z/(tz*sqrt(tr)));b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;
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gp=sqrt(1-bb);gs=sqrt(mm-bb);d=a*mb;n=mb*mb+4*bb*gp*gs;
s=imag(d/n)/pi;

}
if (x<0) s+=delta(t,z,eps)/mm;
return(s);
}
double StripPulseS(double x,double z,double t,double nu)
{
double s,mm;
mm=2*(1-nu)/(1-2*nu);s=(mm-1)*(h(x+1,z,t,nu)-h(x-1,z,t,nu));
return(s);
}
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Figure 12.4: Strip Pulse - Isotropic Stress, ν = 0, x/a = 0, z/a = 1.

Figure 12.4 shows the isotropic stress as a function of time, for ν = 0, in the point x/a = 0, z/a = 1. It appears that first the compressive wave
below the load arrives, at the time t = z/cp, and then some time later (actually a factor

√
2 later), the negative compression waves emanating

from the end points of the load arrive at this point. In this case of the isotropic stress, there is no shear wave.
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12.1.2 The vertical normal stress

Another interesting quantity is the vertical normal stress σzz. It is recalled from equation (12.8) that the Laplace transform of this quantity is

σzz = −s
2µ

2π

∫ ∞

−∞
{(2α2 + 1/c2s)Cp exp(−γpsz) + 2αγsCs exp(−γssz)} exp(−isαx) dα. (12.41)

Substitution of the expressions (12.11) and (12.12) for the two constants Cp and Cs gives

σzz = σ1 + σ2, (12.42)

where

σ1 = − q
π

∫ ∞

−∞

sin(sαa)
α

(2α2 + 1/c2s)
2

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γpz + iαx)] dα, (12.43)

σ2 =
q

π

∫ ∞

−∞

sin(sαa)
α

4α2γsγp

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γsz + iαx)] dα, (12.44)

These two integrals will be considered separately. It may be noted that the integrand of the first integral has a singularity at α = 0, which
means that special care must be taken when transforming the integration path. When passing the origin, the contribution of the pole must be
taken into account. The integrand of the second integral has no such singularity.

The first integral

Using the expression sin(αa) = [exp(isαa)− exp(−isαa)]/2i, the first integral can be written as

σ1 = q{g1(x+ a)− g1(x− a)}, (12.45)

where

g1(x) =
1

2πi

∫ ∞

−∞

1
α

(2α2 + 1/c2s)
2

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γpz + iαx)] dα, (12.46)

or, with p = iα,

g1(x) =
1

2πi

∫ i∞

−i∞

1
p

(1/c2s − 2p2)2

(1/c2s − 2p2)2 + 4p2γpγs
exp[−s(γpz + px)] dp. (12.47)

Comparison with the expression (12.16) for the function g(x) in the case of the isotropic stress shows that the two expressions are very similar.
The only differences are a constant factor c2p and the square of the factor 1/c2s − 2p2. This means that application of the same method to
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transform the integration path in the complex p-plane will give, in this case,

x > 0 : g1(x) =
1
π
=

{ tr2
√
t2 − t2p + ixzt2p

r2(t2 − z2/c2p)
√
t2 − t2p

(1/c2s − 2p2)2

(1/c2s − 2p2)2 + 4p2γpγs

}
H(t− tp), (12.48)

where, as before,
r =

√
x2 + z2, (12.49)

tp = r/cp. (12.50)

Using the dimensionless parameters defined in equation (12.29), the function g1(x) can be expressed as g1(ξ),

ξ > 0 : g1(ξ) =
cp
a
h1(ξ), (12.51)

where now

h1(ξ) =
1
π
=

{ τ
√
τ2 − ρ2 + iξζ

(τ2 − ζ2)
√
τ2 − ρ2

(m2 − 2β2
1)2

(m2 − 2β2
1)2 + 4β2

1

√
1− β2

1

√
m2 − β2

1

}
H(τ − ρ). (12.52)

For x < 0 (or ξ < 0) the modified integration path again includes the small circle around the pole at the origin p = 0. Using the same procedures
as for the isotropic stress, the contribution of this pole is found to be

∆h1(ξ) = δ(τ − ζ){1−H(ξ)}. (12.53)

Combination of equations (12.52) and (12.53) finally gives

h1(ξ) =
1
π
=

{ τ
√
τ2 − ρ2 + iξζ

(τ2 − ζ2)
√
τ2 − ρ2

(m2 − 2β2
1)2

(m2 − 2β2
1)2 + 4β2

1

√
1− β2

1

√
m2 − β2

1

}
H(τ − ρ) + δ(τ − ζ){1−H(ξ)}, (12.54)

which is valid for all values of ξ.
With (12.45) and (12.51) the expression for the first term σ1 is

σ1

q
=
cp
a
{h1(ξ + 1)− h1(ξ − 1)}, (12.55)

where the function h1(ξ) is given in dimensionless form in equation (12.54), and the parameter β1 is the dimensionless complex variable defined
by equation (12.32),

β1 = (τξ + iζ
√
τ2 − ρ2)/ρ2. (12.56)
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The second integral

Using the expression sin(αa) = [exp(isαa)− exp(−isαa)]/2i, the second integral, equation (12.44), can be written as

σ2 = q{g2(x+ a)− g2(x− a)}, (12.57)

where
g2(x) = − 1

2πi

∫ ∞

−∞

4αγpγs

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γsz + iαx)] dα. (12.58)

The integration parameter is renamed by the substitution p = iα. This gives

g2(x) =
1

2πi

∫ i∞

−i∞

4pγpγs

(1/c2s − 2p2)2 + 4p2γpγs
exp[−s(γsz + px)] dp, (12.59)

where
γp =

√
1/c2p − p2, γs =

√
1/c2s − p2. (12.60)

The integral (12.59) can be evaluated in the same way as the integral σ2 in equation (11.157) in the previous chapter, the main difference being
a factor p in the numerator of the integrand. The result, which will not be presented in detail here, is that the function g2(x) can be expressed
as

g2(x) =
cp
a
{h2(ξ) + h3(ξ)}, (12.61)

where h2(ξ) is the dimensionless contribution of the integration along the curved parts p1 and p2 in Figure 11.3, and h3(ξ) is the possible
contribution of the integration along the loop on the real axis around the branch point p = 1/cp. The expression for h2(ξ) is found to be

h2(ξ) =
1
π
<

{ 4β2(m2 − β2
2)

√
1− β2

2

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

} H(τ −mρ)√
τ2 −m2ρ2

, (12.62)

where the dimensionless complex parameter β2 is defined by

β2 = (τξ + iζ
√
τ2 −m2ρ2)/ρ2, (12.63)

and the other parameters are defined in equations (12.29).
The expression for h3(ξ) is found to be

h3(ξ) = − 1
π

4β3(m2 − β2
3)(m2 − 2β2

3)2
√
β2

3 − 1
(m2 − 2β2

3)4 + 16β4
3(m2 − β2

3)(β2
3 − 1)

H(τ − τq)−H(τ − τs)√
τ2
s − τ2

H(mξ − ρ), (12.64)
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where the dimensionless complex parameter β3 is defined by

β3 = (ξτ − ζ
√
m2ρ2 − τ2)/ρ2, (12.65)

and the dimensionless parameters τq and τs are defined by

τq = ξ + ζ
√
m2 − 1, τs = mρ. (12.66)

Equations (12.62) and (12.64) apply only for x > 0 or ξ > 0. For x < 0 the value of g2(x) can be determined by noting that g2(−x) = −g2(x),
which can be derived from the definition (12.59) when the integration variable p is replaced by −p.

The vertical normal stress σzz can be obtained by substituting the results derived above into equation (12.42), using the further elaborations
of σ1 and σ2. This gives

σzz

σ0
= h1(ξ + 1)− h1(ξ − 1) + h2(ξ + 1)− h2(ξ − 1) + h3(ξ + 1)− h3(ξ − 1), (12.67)

where σ0 is a reference stress defined as
σ0 =

qcp
a
, (12.68)

and where the functions h1(ξ), h2(ξ) and h3(ξ) are defined in equations (12.54), (12.62) and (12.64).

Computer program

The vertical normal stress σzz can be calculated by the function StripPulseSzz shown below. This function uses the functions delta, h1, h2,
and h3, which are also shown. The delta function is approximated by a parabolic arc of small width and of unit area.

double delta(double t,double z,double e)
{
double f;if ((t<z-e)||(t>z+e)) f=0;else f=3*(e*e-(t-z)*(t-z))/(4*e*e*e);return(f);
}
double h1(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,tz,xx,zz,eps;complex a,b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);eps=0.001;tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-rr;tz=tt-zz;
if (tr<=0) s=0;else
{
a=complex(t/tz,x*z/(tz*sqrt(tr)));b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;
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gp=sqrt(1-bb);gs=sqrt(mm-bb);d=a*mb*mb;n=mb*mb+4*bb*gp*gs;s=imag(d/n)/pi;
}
if (x<0) s+=delta(t,z,eps);return(s);
}
double h2(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,xx,zz;complex b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-mm*rr;
if (tr<=0) s=0;else
{
b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;gp=sqrt(1-bb);gs=sqrt(mm-bb);
d=4*b*(mm-bb)*gp;n=mb*mb+4*bb*gp*gs;s=real(d/n)/(pi*sqrt(tr));

}
return(s);
}
double h3(double x,double z,double t,double nu)
{
double mm,rr,pi,s,b,bb,tt,xx,zz,mr,tq,mb2,c,d;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;mr=mm*rr;tq=fabs(x)+z*sqrt(mm-1);
if ((tt>=mr)||(t<=tq)||(rr>=xx*mm)) s=0;else
{
if (x>0) b=x*t/rr-(z/rr)*sqrt(mr-tt);else b=x*t/rr+(z/rr)*sqrt(mr-tt);
bb=b*b;mb2=(mm-2*bb)*(mm-2*bb);c=4*b*(mm-bb)*mb2*sqrt(bb-1);
d=mb2*mb2+16*bb*bb*(mm-bb)*(bb-1);s=-c/(pi*d*sqrt(mr-tt));

}
return(s);
}
double StripPulseSzz(double x,double z,double t,double nu)
{
double s;
s=h1(x+1,z,t,nu)-h1(x-1,z,t,nu)+h2(x+1,z,t,nu)-h2(x-1,z,t,nu)+h3(x+1,z,t,nu)-h3(x-1,z,t,nu);
return(s);
}
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Example

The vertical normal stress σzz in the point x = 0, z = a, is shown, as a function of time, in the Figures 12.5 for the case that Poisson’s ratio is
ν = 0. In this figure the first singularity indicates the arrival of the compression wave under the load, the second singularity indicates the arrival
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Figure 12.5: Strip Pulse - Vertical Normal Stress, ν = 0, x/a = 0, z/a = 1.

of the (negative) compression waves emanating from the end points of the load (which arrive at time t = a
√

2/cp), and the third singularity
indicates the arrival of the shear waves from these points.



Arnold Verruijt, Soil Dynamics : 12. ELASTODYNAMICS OF A STRIP LOAD ON A HALF SPACE 237

12.1.3 The horizontal normal stress

The next quantity to be evaluated is the horizontal normal stress σxx. It is recalled from equation (12.7) that the Laplace transform of this
quantity is

σxx =
s2

2π

∫ ∞

−∞
{(2µα2 − λ/c2p)Cp exp(−sγpz) + 2µαγsCs exp(−sγsz)} exp(−isαx) dα, (12.69)

Substitution of the expressions (12.11) and (12.12) for the two constants Cp and Cs gives

σxx = σ1 + σ2, (12.70)

where

σ1 =
q

π

∫ ∞

−∞

sin(sαa)
α

(2α2 + 1/c2s)(2α
2 − λ/µc2p)

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γpz + iαx)] dα, (12.71)

σ2 = − q
π

∫ ∞

−∞

sin(sαa)
α

4α2γsγp

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γsz + iαx)] dα, (12.72)

The first integral, equation (12.71), is very similar to the expression (12.43) obtained when considering the vertical normal stress. Using the
same procedures, with a change of variable and a modification of the integration path, gives, by analogy with equations (12.55) and (12.54),

σ1

q
=
cp
a
{h1(ξ + 1)− h1(ξ − 1)}, (12.73)

where the function h1(ξ) is defined by the dimensionless form

h1(ξ) =
1
π
=

{ τ
√
τ2 − ρ2 + iξζ

(τ2 − ζ2)
√
τ2 − ρ2

(m2 − 2β2
1)(m2 − 2 + 2β2

1)
(m2 − 2β2

1)2 + 4β2
1

√
1− β2

1

√
m2 − β2

1

}
H(τ − ρ) + (1− 2/m2)δ(τ − ζ){1−H(ξ)}. (12.74)

The parameter β1 is a dimensionless complex variable defined by equation (12.56),

β1 = (τξ + iζ
√
τ2 − ρ2)/ρ2. (12.75)

The coefficient of the last term in equation (12.74) is a consequence of the limiting behaviour of the integrand of equation (12.71) for α → 0,
which determines the contribution of the pole for x < 0.

The second integral, equation (12.72), is just the opposite of the expression in equation (12.44), obtained when considering the vertical
normal stress σzz. It follows that the final expression for the second integral can be written as

σ2

q
=
cp
a
{h2(ξ + 1)− h2(ξ − 1) + h3(ξ + 1)− h3(ξ − 1)}, (12.76)
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where the functions h2(ξ) and h3(ξ) are the opposite of the functions given in equations (12.62) and (12.64), i.e.

h2(ξ) = − 1
π
<

{ 4β2(m2 − β2
2)

√
1− β2

2

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

} H(τ −mρ)√
τ2 −m2ρ2

, (12.77)

where in the complex parameter β is defined by equation (12.63),

β2 = (τξ + iζ
√
τ2 −m2ρ2)/ρ2. (12.78)

h3(ξ) =
1
π

4β3(m2 − β2
3)(m2 − 2β2

3)2
√
β2

3 − 1
(m2 − 2β2

3)4 + 16β4
3(m2 − β2

3)(β2
3 − 1)

H(τ − τq)−H(τ − τs)√
τ2
s − τ2

H(mξ − ρ), (12.79)

where the parameter β3 is the real value defined by equation (12.65),

β3 =
ξτ

ρ2
− ζ

√
m2ρ2 − τ2

ρ2
. (12.80)

The horizontal normal stress σxx can be obtained by substituting the results derived above into equation (12.70), using the further elaborations
of σ1 and σ2. This gives

σxx

σ0
= h1(ξ + 1)− h1(ξ − 1) + h2(ξ + 1)− h2(ξ − 1) + h3(ξ + 1)− h3(ξ − 1), (12.81)

where σ0 is a reference stress defined as
σ0 =

qcp
a
, (12.82)

and where the functions h1(ξ), h2(ξ) and h3(ξ) are defined in equations (12.74), (12.77) and (12.79). It should be noted that the functions h2(ξ)
and h3(ξ) are antisymmetric in ξ.

Computer program

The horizontal normal stress σxx can be calculated by the function StripPulseSxx shown below. This function uses the functions delta, h1,
h2, and h3, which are also shown. The delta function is approximated by a parabolic arc of small width and of unit area.

double delta(double t,double z,double e)
{
double f;if ((t<z-e)||(t>z+e)) f=0;else f=3*(e*e-(t-z)*(t-z))/(4*e*e*e);return(f);
}
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double h1(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,tz,xx,zz,eps;complex a,b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);eps=0.001;tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-rr;tz=tt-zz;
if (tr<=0) s=0;else
{
a=complex(t/tz,x*z/(tz*sqrt(tr)));b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;
gp=sqrt(1-bb);gs=sqrt(mm-bb);d=a*mb*(mm-2+2*bb);n=mb*mb+4*bb*gp*gs;s=imag(d/n)/pi;

}
if (x<0) s+=(1-2/mm)*delta(t,z,eps);
return(s);
}
double h2(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,xx,zz;complex b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-mm*rr;
if (tr<=0) s=0;else
{
b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;gp=sqrt(1-bb);gs=sqrt(mm-bb);
d=4*b*(mm-bb)*gp;n=mb*mb+4*bb*gp*gs;s=real(d/n)/(pi*sqrt(tr));

}
return(s);
}
double h3(double x,double z,double t,double nu)
{
double mm,rr,pi,s,b,bb,tt,xx,zz,mr,tq,mb2,c,d;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;mr=mm*rr;tq=fabs(x)+z*sqrt(mm-1);
if ((tt>=mr)||(t<=tq)||(rr>=xx*mm)) s=0;else
{
b=fabs(x)*t/rr-(z/rr)*sqrt(mr-tt);bb=b*b;mb2=(mm-2*bb)*(mm-2*bb);
c=4*b*(mm-bb)*mb2*sqrt(bb-1);d=mb2*mb2+16*bb*bb*(mm-bb)*(bb-1);
s=-c/(pi*d*sqrt(mr-tt));if (x<0) s*=-1;

}
return(s);
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}
double StripPulseSxx(double x,double z,double t,double nu)
{
double s;
s=h1(x+1,z,t,nu)-h1(x-1,z,t,nu)+h2(x-1,z,t,nu)-h2(x+1,z,t,nu)+h3(x-1,z,t,nu)-h3(x+1,z,t,nu);
return(s);
}

Example

The horizontal normal stress σxx in the point x = 0, z = a, is shown, as a function of time, in Figure 12.6 for a value of Poisson’s ratio ν = 0.
In the figure the possible first singularity, indicating the arrival of the compression wave under the load does not appear (its strength appears
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Figure 12.6: Strip Pulse - Horizontal Normal Stress, ν = 0, x/a = 0, z/a = 1.

to be zero), the second singularity indicates the arrival of the (negative) compression waves emanating from the end points of the load (which
arrive at time t = a

√
2/cp), and the third singularity indicates the arrival of the shear waves from these points.
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12.1.4 The shear stress

The last stress component to be evaluated is the shear stress σzx. It is recalled from equation (12.9) that the Laplace transform of this quantity
is

σzx = − iµs
2

2π

∫ ∞

−∞
{2αγpCp exp(−γpsz) + (2α2 + 1/c2s)Cs exp(−γssz)} exp(−isαx) dα. (12.83)

Substitution of the expressions (12.11) and (12.12) for the two constants Cp and Cs gives

σzx = σ1 + σ2, (12.84)

where

σ1 = −2iq
π

∫ ∞

−∞

sin(sαa)
α

(2α2 + 1/c2s)αγp

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γpz + iαx)] dα, (12.85)

σ2 =
2iq
π

∫ ∞

−∞

sin(sαa)
α

(2α2 + 1/c2s)αγp

(2α2 + 1/c2s)2 − 4α2γpγs
exp[−s(γsz + iαx)] dα, (12.86)

It may be interesting to note that it is immediately clear from these two expressions that for z = 0 the two integrals cancel, so that the boundary
condition along the upper surface, that the shear stress vanishes, is indeed satisfied. Inspection also shows that in these expressions the point
α = 0 is not a singularity.

Using the same methods as for the other stress components leads to the following expression for the shear stress

σzx

σ0
= h1(ξ + 1)− h1(ξ − 1) + h2(ξ + 1)− h2(ξ − 1) + h3(ξ + 1)− h3(ξ − 1), (12.87)

where σ0 is a reference stress defined as
σ0 =

qcp
a
, (12.88)

and where the functions h1(ξ), h2(ξ) and h3(ξ) are defined as follows.

h1(ξ) =
2
π
<

{ (1− β2
1)(m2 − 2β2

1)
(m2 − 2β2

1)2 + 4β2
1

√
1− β2

1

√
m2 − β2

1

} H(τ − ρ)√
τ2 − ρ2

, (12.89)

where

β1 =
ξτ + iζ

√
τ2 − ρ2

ρ2
, (12.90)
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h2(ξ) = − 2
π
<

{ √
1− β2

2

√
m2 − β2

2(m2 − 2β2
2)

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

} H(τ −mρ)√
τ2 −m2ρ2

, (12.91)

where

β2 =
ξτ + iζ

√
τ2 −m2ρ2

ρ2
, (12.92)

h3(ξ) =
2
π

(m2 − 2β2
3)3

√
β2

3 − 1
√
m2 − β2

3

(m2 − 2β2
3)4 + 16β4

3(m2 − β2
3)(β2

3 − 1)
H(τ − τq)−H(τ − τs)√

τ2
s − τ2

H(mξ − ρ), (12.93)

where

β3 =
ξτ

ρ2
− ζ

√
m2ρ2 − τ2

ρ2
. (12.94)

These expressions have been derived assuming that x > 0. For x < 0 the values can be obtained by noting from the original integrals that the
functions must be symmetric in x. The shear stress itself should be antisymmetric.

Computer program

The shear stress σzx can be calculated by the function StripPulseSzx shown below. This function uses the functions h1, h2, and h3, which are
also shown.

double h1(double x,double z,double t,double nu)
{
double xa,mm,rr,pi,s,tt,tr,xx,zz;complex b,bb,mb,gp,gs,d,n;
xa=fabs(x);pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;tr=tt-rr;
if (tr<=0) s=0;else
{
b=complex(t*xa/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;gp=sqrt(1-bb);gs=sqrt(mm-bb);
d=(1-bb)*mb;n=mb*mb+4*bb*gp*gs;s=2*real(d/n)/(pi*sqrt(tr));

}
return(s);
}
double h2(double x,double z,double t,double nu)
{
double xa,mm,rr,pi,s,tt,tr,xx,zz;complex b,bb,mb,gp,gs,d,n;
xa=fabs(x);pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;tr=tt-mm*rr;
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if (tr<=0) s=0;else
{
b=complex(t*xa/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;gp=sqrt(1-bb);gs=sqrt(mm-bb);
d=gp*gs*mb;n=mb*mb+4*bb*gp*gs;s=2*real(d/n)/(pi*sqrt(tr));

}
return(s);
}
double h3(double x,double z,double t,double nu)
{
double xa,mm,rr,pi,s,b,bb,tt,xx,zz,mr,tq,mb2,c,d;
xa=fabs(x);pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);
tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;mr=mm*rr;tq=fabs(x)+z*sqrt(mm-1);
if ((tt>=mr)||(t<=tq)||(rr>=xx*mm)) s=0;else
{
b=xa*t/rr-(z/rr)*sqrt(mr-tt);bb=b*b;mb2=(mm-2*bb)*(mm-2*bb);
c=mb2*(mm-2*bb)*sqrt(bb-1)*sqrt(mm-bb);d=mb2*mb2+16*bb*bb*(mm-bb)*(bb-1);
s=2*c/(pi*d*sqrt(mr-tt));

}
return(s);
double StripPulseSzx(double x,double z,double t,double nu)
{
double s;
s=h1(x+1,z,t,nu)-h1(x-1,z,t,nu)+h2(x-1,z,t,nu)-h2(x+1,z,t,nu)+h3(x-1,z,t,nu)-h3(x+1,z,t,nu);
return(s);
}
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Example

The shear stress σzx in the point x = a, z = a, is shown, as a function of time, in Figure 12.7 for a value of Poisson’s ratio ν = 0. In the
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Figure 12.7: Strip Pulse - Shear Stress, ν = 0, x/a = 1, z/a = 1.

figure the first singularity indicates the arrival of the compression wave under the load, and the further singularities indicate the arrival of the
compression waves and shear waves emanating from the end points of the loaded strip.



Arnold Verruijt, Soil Dynamics : 12. ELASTODYNAMICS OF A STRIP LOAD ON A HALF SPACE 245

12.2 Strip load on elastic half plane

The second problem to be considered in this chapter is the case of a strip load on an elastic half plane, i.e. a load that is applied at time t = 0,
and then remains constant in time. In this case the boundary conditions are

z = 0 : σzx = 0, (12.95)

z = 0 : σzz =

{
−q H(t), if |x| < a,

0, if |x| > a.
(12.96)

The Laplace transform of the last condition is

z = 0 : σzz =

{
−q/s, if |x| < a,

0, if |x| > a.
(12.97)

Compared to the boundary condition in case of a strip pulse, see equation (12.3), the difference is a division by s. In the time domain this
corresponds to integration with respect to time t. The stresses will be evaluated for this case, starting from the solutions given in the previous
section for the strip impulse. In each case the analysis is just an integration over time.

12.2.1 The isotropic stress

The isotropic stress is, on the basis of a time integration of equation (12.39),

σ

q
= (m2 − 1){f(ξ + 1, ζ, τ) + ∆f(ξ + 1, ζ, τ)− f(ξ − 1, ζ, τ)−∆f(ξ − 1, ζ, τ)}, (12.98)

where

f(ξ, ζ, τ) =
∫ τ

ρ

h(ξ, ζ, κ) dκ, (12.99)

∆f(ξ, ζ, τ) =
∫ τ

ρ

∆h(ξ, ζ, κ) dκ. (12.100)

The factor cp/a in the reference value of the stress has been omitted, because dt = (cp/a)dκ. In both integrals the lower limit of integration
has been set equal to ρ, because for κ < ρ the actual functions contain a factor zero. The two integrals (12.99) and (12.100) will be considered
separately.
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The first integral

In the first integral the integrand is, with (12.31),

h(ξ, ζ, κ) =
1
π
=

{ κ
√
κ2 − ρ2 + iξζ

(κ2 − ζ2)
√
κ2 − ρ2

m2 − 2β2

(m2 − 2β2)2 + 4β2
√

1− β2
√
m2 − β2

}
. (12.101)

Because of the complicated character of this expression a numerical integration seems to be required. For such a numerical integration a
complication is that the expression (12.101) has a singularity at the lower limit, for κ = ρ, of the character 1/

√
κ2 − ρ2. Although this is an

integrable singularity, the results may be easier to compute, and more accurate, if the function is written as

h(ξ, ζ, κ) =
k(ξ, ζ, ρ)

(κ2 − ζ2)
√
κ2 − ρ2

+ h∗(ξ, ζ, κ), (12.102)

where

h∗(ξ, ζ, κ) =
k(ξ, ζ, κ)− k(ξ, ζ, ρ)

(κ2 − ζ2)
√
κ2 − ρ2

, (12.103)

and

k(ξ, ζ, κ) =
1
π
=

{
(κ

√
κ2 − ρ2 + iξζ)

m2 − 2β2

(m2 − 2β2)2 + 4β2
√

1− β2
√
m2 − β2

}
. (12.104)

It can easily be seen that the value for κ = ρ is

k(ξ, ζ, ρ) =
1
π

ξζ (m2 − 2β2
1)

(m2 − 2β2
1)2 + 4β2

1

√
1− β2

1

√
m2 − β2

1

, (12.105)

where β1 is a real value,
β1 = ξ/ρ. (12.106)

This is always smaller than 1, because ξ ≤ ρ, so that the square roots
√

1− β2
1 and

√
m2 − β2

1 are always real.
A standard integral is ∫ τ

ρ

dκ

(κ2 − ζ2)
√
κ2 − ρ2

=
1

ζ
√
ρ2 − ζ2

arctan
(ζ√τ2 − ρ2

τ
√
ρ2 − ζ2

)
. ζ < ρ, (12.107)

The validity of this equation may be verified by differentiating the right hand side.
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Using this integral, substitution of (12.102) into (12.99) gives

f(ξ, ζ, τ) =
k(ξ, ζ, ρ)

ζ
√
ρ2 − ζ2

arctan
(ζ√τ2 − ρ2

τ
√
ρ2 − ζ2

)
+

∫ τ

ρ

h∗(ξ, ζ, κ) dκ, (12.108)

where the value of the function h∗(ξ, ζ, κ) at the lower limit of integration is zero,

h∗(ξ, ζ, ρ) = 0. (12.109)

The integral in equation (12.108) can be computed accurately by numerical integration, taking into account that the value of the integrand for
κ = ρ is zero.

The second integral

The integrand of the second integral is, with (12.36)

∆h(ξ, ζ, κ) =
1
m2

δ(κ− ζ){1−H(ξ)}. (12.110)

Substitution into (12.100) gives

∆f(ξ, ζ, τ) =
1
m2

H(τ − ζ){1−H(ξ)}. (12.111)

This represents a compression wave just below the load.

Computer program

The isotropic stress can be calculated as a function of ξ, ζ, τ and ν by the function StripLoadS shown below. The functions k, f and df, used
by this function, are also shown. The numerical integration is performed using Simspon’s rule.

double k(double x,double z,double w,double nu)
{
double mm,rr,pi,s,ww,xx,zz,wr;complex a,b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);ww=w*w;xx=x*x;zz=z*z;rr=xx+zz;wr=ww-rr;
if (ww<=rr) s=0;else
{
a=complex(w*sqrt(wr),x*z);b=complex(w*x/rr,(z/rr)*sqrt(wr));bb=b*b;mb=mm-2*bb;
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gp=sqrt(1-bb);gs=sqrt(mm-bb);d=a*mb;n=mb*mb+4*bb*gp*gs;s=imag(d/n)/pi;
}
return(s);
}
double f(double x,double z,double t,double nu)
{
double r,rr,xa,xx,zz,rz,tt,b,p,pp,pr,pz,s,s1,s2,s3,h,hh,eps;
eps=0.01;xa=x;if (fabs(xa)<eps) {if (x>=0) xa=eps;else xa=-eps;}
tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;r=sqrt(rr);rz=rr-zz;
h=0.01;p=r+h;pp=p*p;b=k(xa,z,p,nu);hh=h*h;if (rz<hh) rz=hh;
if (tt<=rr) s=0;else
{
s=(b/(z*sqrt(rz)))*atan((z*sqrt(tt-rr))/(t*sqrt(rz)));s1=0;
while (pp<tt)
{
p+=h;pp=p*p;pz=pp-zz;pr=pp-rr;s2=(k(xa,z,p,nu)-b)/(pz*sqrt(pr));
p+=h;pp=p*p;pz=pp-zz;pr=pp-rr;s3=(k(xa,z,p,nu)-b)/(pz*sqrt(pr));
s+=(s1+4*s2+s3)*h/3;s1=s3;
}

}
return(s);
}
double df(double x,double z,double t,double nu)
{
double s;s=1;if ((t<=z)||(x>=0)) s=0;return(s);
}
double StripLoadS(double x,double z,double t,double nu)
{
double s,mm;mm=2*(1-nu)/(1-2*nu);
s=(mm-1)*(f(x+1,z,t,nu)+df(x+1,z,t,nu)/mm-f(x-1,z,t,nu)-df(x-1,z,t,nu)/mm);return(s);
}

In these functions special care has been taken to avoid discontinuities or singularities at x=1 and x=-1, by introducing a small parameter eps.
The magnitude of the step in the numerical integration is denoted by h. Accuracy may be further improved by giving this parameter an even
smaller value, at the price of computation time, of course.
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Examples

Isotropic stress as a function of time

Figure 12.8 shows the isotropic stress as a function of time, for ν = 0 and ν = 0.499, in the point x/a = 0, z/a = 1. In this point the elastostatic
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Figure 12.8: Strip Load - Isotropic Stress, ν = 0, x/a = 0, z/a = 1; ν = 0 (left) and ν = 0.499 (right).

value is σ/q = −0.5, for all values of ν. It can be seen from these figures that this limiting value is indeed approached for large values of time,
with the velocity of compression waves used as a scaling factor. It may be noted that for ν = 0.499 the ratio of the shear wave velocity to
the compression wave velocity is about

√
500 ≈ 22, whereas for ν = 0 this ratio is

√
2 ≈ 1.4. This may help to explain why the static limit is

approached so slow for an almost incompressible material, with ν → 0.5.
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Isotropic stress as a function of x

Figure 12.9 shows the isotropic stress as a function of the lateral coordinate x, for z/a = 1.0 and ν = 0.4, and for two values of time, namely
cpt/a = 4 and cpt/a = 40. In the second figure the elastostatic values, which should obtain for t→∞, are also shown, by small asterisks. These
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Figure 12.9: Strip Load - Isotropic Stress, ν = 0.4, z/a = 1; cpt/a = 4 (left) and cpt/a = 40 (right).

elastostatic stresses are, see e.g. Sneddon [1951],

σ

q
= − 1

π

{
arctan(

x+ a

z
)− arctan(

x− a

z
)
}
. (12.112)

The agreement appears to be very good. It can be concluded from the figures that the elastodynamic solution presented here is in agreement
with the elastostatic limit.
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12.2.2 The vertical normal stress

The vertical normal stress σzz for the case of a strip load constant in time can be obtained by integration with respect to time t of the solution
of the strip pulse problem, as given in equation (12.67). This gives

σzz

q
= f1(ξ + 1)− f1(ξ − 1) + f2(ξ + 1)− f2(ξ − 1) + f3(ξ + 1)− f3(ξ − 1), (12.113)

where
f1(ξ, ζ, τ) =

∫ τ

ρ

h1(ξ, ζ, κ) dκ, (12.114)

f2(ξ, ζ, τ) =
∫ τ

ρ

h2(ξ, ζ, κ) dκ, (12.115)

f3(ξ, ζ, τ) =
∫ τ

ρ

h3(ξ, ζ, κ) dκ, (12.116)

and where the functions h1(ξ), h2(ξ) and h3(ξ) are defined in equations (12.54), (12.62) and (12.64).
The evaluation of the three integrals will be considered separately.

The first integral

In the first integral the integrand is, with (12.54),

h1(ξ, ζ, κ) =
1
π
=

{ κ
√
κ2 − ρ2 + iξζ

(κ2 − ζ2)
√
κ2 − ρ2

(m2 − 2β2
1)2

(m2 − 2β2
1)2 + 4β2

1

√
1− β2

1

√
m2 − β2

1

}
H(κ− ρ) + δ(κ− ζ){1−H(ξ)}, (12.117)

where β1 is defined by
β1 = (κξ + iζ

√
κ2 − ρ2)/ρ2. (12.118)

To avoid the difficulties caused by the singularity at the lower limit of integration, for κ = ρ, the function h1(ξ, ζ, κ) is written as

h1(ξ, ζ, κ) =
k1(ξ, ζ, ρ)

(κ2 − ζ2)
√
κ2 − ρ2

+ h∗1(ξ, ζ, κ) + δ(κ− ζ){1−H(ξ)}, (12.119)

where

h∗1(ξ, ζ, κ) =
k1(ξ, ζ, κ)− k1(ξ, ζ, ρ)

(κ2 − ζ2)
√
κ2 − ρ2

, (12.120)
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and

k1(ξ, ζ, κ) =
1
π
=

{
(κ

√
κ2 − ρ2 + iξζ)

(m2 − 2β2
1)2

(m2 − 2β2
1)2 + 4β2

1

√
1− β2

1

√
m2 − β2

1

}
. (12.121)

Substitution of (12.119) into (12.114) gives, using the integral (12.107),

f1(ξ, ζ, τ) =
k1(ξ, ζ, ρ)

ζ
√
ρ2 − ζ2

arctan
(ζ√τ2 − ρ2

τ
√
ρ2 − ζ2

)
H(τ − ρ) +

∫ τ

ρ

h∗1(ξ, ζ, κ) dκ+H(τ − ζ){1−H(ξ)}, (12.122)

where the value of the function h∗1(ξ, ζ, κ) at the lower limit integration is zero,

h∗1(ξ, ζ, ρ) = 0. (12.123)

The integral in equation (12.122) can be computed numerically.

The second integral

In the second integral, equation (12.115), the integrand is, with (12.62),

h2(ξ, ζ, κ) =
1
π
<

{ 4β2(m2 − β2
2)

√
1− β2

2

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

} H(κ−mρ)√
κ2 −m2ρ2

, (12.124)

where β2 is defined by
β2 = (τξ + iζ

√
τ2 −m2ρ2)/ρ2. (12.125)

In this case there is again a singularity at the beginning of the integration interval, but this point is now located at κ = mρ. In order to avoid
the numerical difficulties caused by this singularity the function h2(ξ, ζ, κ) is written as

h2(ξ, ζ, κ) =
k2(ξ, ζ, ρ)√
κ2 −m2ρ2

+ h∗2(ξ, ζ, κ), (12.126)

where

h∗2(ξ, ζ, κ) =
k2(ξ, ζ, κ)− k2(ξ, ζ,mρ)√

κ2 −m2ρ2
, (12.127)

and

k2(ξ, ζ, κ) =
1
π
<

{ 4β2(m2 − β2
2)

√
1− β2

2

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

}
. (12.128)
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Substitution of (12.126) into (12.115) gives

f2(ξ, ζ, τ) = k2(ξ, ζ,mρ) log(
τ +

√
τ2 −m2ρ2

mρ
) +

∫ τ

mρ

h∗2(ξ, ζ, κ) dκ, (12.129)

where the value of the function h∗2(ξ, ζ, κ) at the lower limit integration is zero,

h∗2(ξ, ζ,mρ) = 0. (12.130)

The integral in equation (12.129) can be computed numerically.

The third integral

In the third integral, equation (12.116), the integrand is, with (12.64),

h3(ξ) = − 1
π

4β(m2 − β2
3)(m2 − 2β2

3)2
√
β2

3 − 1
(m2 − 2β2

3)4 + 16β4
3(m2 − β2

3)(β2
3 − 1)

H(τ − τq)−H(τ − τs)√
τ2
s − τ2

H(mξ − ρ), (12.131)

where β3 is defined by

β3 =
ξτ

ρ2
+
ζ
√
m2ρ2 − τ2

ρ2
, (12.132)

and where τq and τs are defined by equations (12.66),

τq = ξ + ζ
√
m2 − 1, τs = mρ. (12.133)

It may be noted that this third integral gives a non-zero contribution only if mξ > ρ. The lower limit of integration is τq and the upper limit is
τs, or τ when this is smaller. The integral can be computed numerically.
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Computer program

The vertical normal stress can be calculated as a function of ξ, ζ, τ and ν by the function StripLoadSzz shown below. The auxiliary functions
used by this function, in which the three integrals are calculated, are also shown.

double k1(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,xx,zz,eps;complex a,b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-rr;
if (tt<=rr) s=0;else
{
a=complex(t*sqrt(tr),x*z);b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;
gp=sqrt(1-bb);gs=sqrt(mm-bb);d=a*mb*mb;n=mb*mb+4*bb*gp*gs;s=imag(d/n)/pi;

}
return(s);
}
double f1(double x,double z,double t,double nu)
{
double r,rr,xx,zz,rz,tt,b,p,pp,pr,pz,s,s1,s2,s3,xa,h,hh,eps;
eps=0.01;xa=x;if (fabs(x)<eps) {if (x>=0) xa=eps;else xa=-eps;}
tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;r=sqrt(rr);h=0.002;hh=h*h;
p=r+hh;pp=p*p;b=k1(xa,z,p,nu);rz=pp-zz;if (rz<hh) rz=hh;
if (tt<=pp) s=0;else
{
s=(b/(z*sqrt(rz)))*atan((z*sqrt(tt-rr))/(t*sqrt(rz)));s1=0;
while (pp<tt)
{
p+=h;pp=p*p;pz=pp-zz;pr=pp-rr;s2=(k1(xa,z,p,nu)-b)/(pz*sqrt(pr));
p+=h;pp=p*p;pz=pp-zz;pr=pp-rr;s3=(k1(xa,z,p,nu)-b)/(pz*sqrt(pr));
s+=(s1+4*s2+s3)*h/3;s1=s3;
}

}
if ((t>z)&&(xa<0)) s+=1;
return(s);
}
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double k2(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,xx,zz,eps;complex b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-mm*rr;
if (tr<=0) s=0;
else
{
b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;gp=sqrt(1-bb);gs=sqrt(mm-bb);
d=4*b*(mm-bb)*gp;n=mb*mb+4*bb*gp*gs;s=real(d/n)/pi;

}
return(s);
}
double f2(double x,double z,double t,double nu)
{
double m,mm,r,rr,mr,tt,tr,b,p,pp,pr,s,s1,s2,s3,xa,h,hh,eps;
mm=2*(1-nu)/(1-2*nu);m=sqrt(mm);eps=0.01;
xa=x;if (fabs(x)<eps) {if (x>=0) xa=eps;else xa=-eps;}
tt=t*t;rr=xa*xa+z*z;r=sqrt(rr);mr=m*r;tr=t/mr;
h=0.002;hh=h*h;p=mr+hh;pp=p*p;b=k2(xa,z,mr+eps,nu);
if (tt<=pp) s=0;else
{
s=b*log(tr+sqrt(tr*tr-1));s1=0;
while (pp<tt)
{
p+=h;pp=p*p;pr=pp-mm*rr;s2=(k2(xa,z,p,nu)-b)/sqrt(pr);
p+=h;pp=p*p;pr=pp-mm*rr;s3=(k2(xa,z,p,nu)-b)/sqrt(pr);
s+=(s1+4*s2+s3)*h/3;s1=s3;
}

}
return(s);
}
double k3(double x,double z,double t,double nu)
{
double mm,rr,pi,s,b,bb,tt,xx,zz,mr,tq,mb2,c,d;
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pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;
mr=mm*rr;tq=fabs(x)+z*sqrt(mm-1);
if ((tt>=mr)||(t<=tq)||(rr>=xx*mm)) s=0;else
{
if (x>0) b=x*t/rr-(z/rr)*sqrt(mr-tt);else b=x*t/rr+(z/rr)*sqrt(mr-tt);
bb=b*b;mb2=(mm-2*bb)*(mm-2*bb);c=4*b*(mm-bb)*mb2*sqrt(bb-1);
d=mb2*mb2+16*bb*bb*(mm-bb)*(bb-1);s=-c/(pi*d*sqrt(mr-tt));

}
return(s);
}
double f3(double x,double z,double t,double nu)
{
int n;double m,mm,xx,zz,r,rr,p,s,h,ts,tq;
mm=2*(1-nu)/(1-2*nu);m=sqrt(mm);xx=x*x;zz=z*z;rr=xx+zz;r=sqrt(rr);ts=m*r;tq=fabs(x)+z*sqrt(mm-1);
if ((t<=tq)||(rr>=xx*mm)) s=0;else
{
if (t<ts) ts=t;n=10000;h=(ts-tq)/n;s=0;p=tq+h/2;
while (p<ts) {s+=k3SzzX(x,z,p,nu)*h;p+=h;}

}
return(s);
}
double StripLoadSzz(double x,double z,double t,double nu)
{
double s;
s=f1(x+1,z,t,nu)-f1(x-1,z,t,nu)+f2(x+1,z,t,nu)-f2(x-1,z,t,nu)+f3(x+1,z,t,nu)-f3(x-1,z,t,nu);
return(s);
}
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Examples

Vertical normal stress as a function of time

Figure 12.10 shows the vertical normal stress as a function of time, with the velocity of compression waves as a scaling factor, for ν = 0 and
ν = 0.499, in the point x/a = 0, z/a = 1. In this point the elastostatic value is σzz/q = −0.818, for all values of ν. It can be seen from the
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Figure 12.10: Strip Load - Vertical Normal Stress, x/a = 0, z/a = 1; ν = 0 (left) and ν = 0.499 (right).

figures that this limiting value is indeed approached for large values of time. Actually, the final values in both figures are σzz/q = −0.822. Again
it may be noted that for ν = 0.499 the limiting value is approached much slower than for ν = 0. This is due to the use of cp as the scaling factor
for time. If the velocity of shear waves cs were used as the scaling factor for time the limiting values would be approached in about the same
rate.
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Vertical normal stress as a function of x

Figure 12.11 shows the vertical normal stress as a function of the lateral coordinate x, for z/a = 1.0 and ν = 0.4, and for two values of time,
namely cpt/a = 4 and cpt/a = 40. In the second figure the elastostatic values, which should obtain for t→∞, are also shown, by small asterisks.
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Figure 12.11: Strip Load - Vertical Normal Stress, ν = 0.4, z/a = 1; cpt/a = 4 (left) and cpt/a = 40 (right).

These elastostatic stresses are, see e.g. Sneddon [1951],

σzz

q
= − 1

π

{
arctan(

x+ a

z
)− arctan(

x− a

z
) +

(x+ a)z
(x+ a)2 + z2

− (x− a)z
(x− a)2 + z2

}
. (12.134)

The agreement appears to be very good. This has also been found to be the case for other values of ν, so that it can be concluded that the
solution is in agreement with the elastostatic solution.
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12.2.3 The horizontal normal stress

The horizontal normal stress σxx for the case of a strip load constant in time can be obtained by integration with respect to time t of the solution
of the strip pulse problem, as given in equation (12.81). This gives

σxx

q
= f1(ξ + 1)− f1(ξ − 1) + f2(ξ + 1)− f2(ξ − 1) + f3(ξ + 1)− f3(ξ − 1), (12.135)

where
f1(ξ, ζ, τ) =

∫ τ

ρ

h1(ξ, ζ, κ) dκ, (12.136)

f2(ξ, ζ, τ) =
∫ τ

ρ

h2(ξ, ζ, κ) dκ, (12.137)

f3(ξ, ζ, τ) =
∫ τ

ρ

h3(ξ, ζ, κ) dκ, (12.138)

and where the functions h1(ξ), h2(ξ) and h3(ξ) are defined in equations (12.74), (12.77) and (12.79).
Again the evaluation of the three integrals will be considered separately.

The first integral

In the first integral the integrand is, with (12.74),

h1(ξ, ζ, κ) =
1
π
=

{ κ
√
κ2 − ρ2 + iξζ

(κ2 − ζ2)
√
κ2 − ρ2

(m2 − 2β2
1)(m2 − 2 + 2β2

1)
(m2 − 2β2

1)2 + 4β2
1

√
1− β2

1

√
m2 − β2

1

}
H(κ− ρ) + (1− 2/m2)δ(κ− ζ){1−H(ξ)}, (12.139)

where β1 is defined by
β1 = (κξ + iζ

√
κ2 − ρ2)/ρ2. (12.140)

To avoid the difficulties caused by the singularity at the lower limit of integration, for κ = ρ, the function h1(ξ, ζ, κ) is written as

h1(ξ, ζ, κ) =
k1(ξ, ζ, ρ)

(κ2 − ζ2)
√
κ2 − ρ2

+ h∗1(ξ, ζ, κ) + (1− 2/m2)δ(κ− ζ){1−H(ξ)}, (12.141)

where

h∗1(ξ, ζ, κ) =
k1(ξ, ζ, κ)− k1(ξ, ζ, ρ)

(κ2 − ζ2)
√
κ2 − ρ2

, (12.142)
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and

k1(ξ, ζ, κ) =
1
π
=

{
(κ

√
κ2 − ρ2 + iξζ)

(m2 − 2β2
1)(m2 − 2 + 2β2

1)
(m2 − 2β2

1)2 + 4β2
1

√
1− β2

1

√
m2 − β2

1

}
. (12.143)

Substitution of (12.141) into (12.136) gives, using the integral (12.107),

f1(ξ, ζ, τ) =
k1(ξ, ζ, ρ)

ζ
√
ρ2 − ζ2

arctan
(ζ√τ2 − ρ2

τ
√
ρ2 − ζ2

)
H(τ − ρ) +

∫ τ

ρ

h∗1(ξ, ζ, κ) dκ+ (1− 2/m2)H(τ − ζ){1−H(ξ)}, (12.144)

where the value of the function h∗1(ξ, ζ, κ) at the lower limit integration is zero,

h∗1(ξ, ζ, ρ) = 0. (12.145)

The integral in equation (12.144) can be computed numerically.

The second integral

In the second integral, equation (12.137), the integrand is, with (12.77),

h2(ξ, ζ, κ) = − 1
π
<

{ 4β2(m2 − β2
2)

√
1− β2

2

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

} H(κ−mρ)√
κ2 −m2ρ2

, (12.146)

where β2 is defined by
β2 = (τξ + iζ

√
τ2 −m2ρ2)/ρ2. (12.147)

In this case there is again a singularity at the beginning of the integration interval, but this point is now located at κ = mρ. In order to avoid
the numerical difficulties caused by this singularity the function h2(ξ, ζ, κ) is written as

h2(ξ, ζ, κ) =
k2(ξ, ζ,mρ)√
κ2 −m2ρ2

+ h∗2(ξ, ζ, κ), (12.148)

where

h∗2(ξ, ζ, κ) =
k2(ξ, ζ, κ)− k2(ξ, ζ,mρ)√

κ2 −m2ρ2
, (12.149)

and

k2(ξ, ζ, κ) = − 1
π
<

{ 4β2(m2 − β2
2)

√
1− β2

2

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

}
. (12.150)
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Substitution of (12.148) into (12.137) gives

f2(ξ, ζ, τ) = k2(ξ, ζ,mρ) log(
τ +

√
τ2 −m2ρ2

mρ
) +

∫ τ

mρ

h∗2(ξ, ζ, κ) dκ, (12.151)

where the value of the function h∗2(ξ, ζ, κ) at the lower limit integration is zero,

h∗2(ξ, ζ,mρ) = 0. (12.152)

The integral in equation (12.151) can be computed numerically.

The third integral

In the third integral, equation (12.138), the integrand is, with (12.79),

h3(ξ, ζ, κ) =
1
π

4β3(m2 − β2
3)(m2 − 2β2

3)2
√
β2

3 − 1
(m2 − 2β2

3)4 + 16β4
3(m2 − β2

3)(β2
3 − 1)

H(τ − τq)−H(τ − τs)√
τ2
s − τ2

H(mξ − ρ), (12.153)

where β3 is defined by

β3 =
ξτ

ρ2
− ζ

√
m2ρ2 − τ2

ρ2
, (12.154)

and where τq and τs are defined by equations (12.66),

τq = ξ + ζ
√
m2 − 1, τs = mρ. (12.155)

It may be noted that this third integral gives a non-zero contribution only if mξ > ρ. The lower limit of integration is τq and the upper limit is
τs, or τ when this is smaller. The integral can be computed numerically.
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Computer program

The horizontal normal stress can be calculated as a function of ξ, ζ, τ and ν by the function StripLoadSxx shown below. The auxiliary functions
used by this function, in which the three integrals are calculated, are also shown.

double k1(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,xx,zz,eps;complex a,b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-rr;
if (tt<=rr) s=0;else
{
a=complex(t*sqrt(tr),x*z);b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;
gp=sqrt(1-bb);gs=sqrt(mm-bb);d=a*mb*(mm-2+2*bb);n=mb*mb+4*bb*gp*gs;s=imag(d/n)/pi;

}
return(s);
}
double f1(double x,double z,double t,double nu)
{
double mm,r,rr,xx,zz,rz,tt,b,p,pp,pr,pz,s,s1,s2,s3,xa,h,hh,eps;
mm=2*(1-nu)/(1-2*nu);eps=0.01;xa=x;if (fabs(x)<eps) {if (x>=0) xa=eps;else xa=-eps;}
tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;r=sqrt(rr);
h=0.002;hh=h*h;p=r+hh;pp=p*p;b=k1(xa,z,p,nu);rz=pp-zz;if (rz<hh) rz=hh;
if (tt<=pp) s=0;else
{
s=(b/(z*sqrt(rz)))*atan((z*sqrt(tt-rr))/(t*sqrt(rz)));s1=0;
while (pp<tt)
{
p+=h;pp=p*p;pz=pp-zz;pr=pp-rr;s2=(k1(xa,z,p,nu)-b)/(pz*sqrt(pr));
p+=h;pp=p*p;pz=pp-zz;pr=pp-rr;s3=(k1(xa,z,p,nu)-b)/(pz*sqrt(pr));
s+=(s1+4*s2+s3)*h/3;s1=s3;
}

}
if ((t>z)&&(xa<0)) s+=1-2/mm;
return(s);
}



Arnold Verruijt, Soil Dynamics : 12. ELASTODYNAMICS OF A STRIP LOAD ON A HALF SPACE 263

double k2(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,xx,zz,eps;complex b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;tr=tt-mm*rr;
if (tr<=0) s=0;else
{
b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;
gp=sqrt(1-bb);gs=sqrt(mm-bb);d=4*b*(mm-bb)*gp;n=mb*mb+4*bb*gp*gs;s=-real(d/n)/pi;

}
return(s);
}
double f2(double x,double z,double t,double nu)
{
double m,mm,r,rr,mr,tt,tr,b,p,pp,pr,s,s1,s2,s3,xa,h,hh,eps;
mm=2*(1-nu)/(1-2*nu);m=sqrt(mm);eps=0.01;xa=x;if (fabs(x)<eps) {if (x>=0) xa=eps;else xa=-eps;}
tt=t*t;rr=xa*xa+z*z;r=sqrt(rr);mr=m*r;tr=t/mr;h=0.002;hh=h*h;p=mr+hh;pp=p*p;b=k2(xa,z,mr+eps,nu);
if (tt<=pp) s=0;else
{
s=b*log(tr+sqrt(tr*tr-1));s1=0;
while (pp<tt)
{
p+=h;pp=p*p;pr=pp-mm*rr;s2=(k2(xa,z,p,nu)-b)/sqrt(pr);
p+=h;pp=p*p;pr=pp-mm*rr;s3=(k2(xa,z,p,nu)-b)/sqrt(pr);
s+=(s1+4*s2+s3)*h/3;s1=s3;
}

}
return(s);
}
double k3(double x,double z,double t,double nu)
{
double mm,rr,pi,s,b,bb,tt,xx,zz,mr,tq,mb2,c,d;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);tt=t*t;xx=x*x;zz=z*z;rr=xx+zz;mr=mm*rr;tq=fabs(x)+z*sqrt(mm-1);
if ((tt>=mr)||(t<=tq)||(rr>=xx*mm)) s=0;
else
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{
if (x>0) b=x*t/rr-(z/rr)*sqrt(mr-tt);else b=x*t/rr+(z/rr)*sqrt(mr-tt);
bb=b*b;mb2=(mm-2*bb)*(mm-2*bb);c=4*b*(mm-bb)*mb2*sqrt(bb-1);
d=mb2*mb2+16*bb*bb*(mm-bb)*(bb-1);s=c/(pi*d*sqrt(mr-tt));

}
return(s);
}
double f3(double x,double z,double t,double nu)
{
int n;double m,mm,xx,zz,r,rr,p,s,h,ts,tq;
mm=2*(1-nu)/(1-2*nu);m=sqrt(mm);xx=x*x;zz=z*z;rr=xx+zz;r=sqrt(rr);
ts=m*r;tq=fabs(x)+z*sqrt(mm-1);
if ((t<=tq)||(rr>=xx*mm)) s=0;else
{
if (t<ts) ts=t;n=10000;h=(ts-tq)/n;s=0;p=tq+h/2;
while (p<ts) {s+=k3SzzX(x,z,p,nu)*h;p+=h;}

}
return(s);
}
double StripLoadSxx(double x,double z,double t,double nu)
{
double s;
s=f1(x+1,z,t,nu)-f1(x-1,z,t,nu)+f2(x+1,z,t,nu)-f2(x-1,z,t,nu)+f3(x+1,z,t,nu)-f3(x-1,z,t,nu);
return(s);
}
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Examples

Horizontal normal stress as a function of time

Figure 12.12 shows the horizontal normal stress as a function of time, with the velocity of compression waves as a scaling factor, for ν = 0 and
ν = 0.499, in the point x/a = 0, z/a = 1. In this point the elastostatic value is σxx/q = −0.182, for all values of ν. It can be seen from the
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Figure 12.12: Strip Load - Vertical Normal Stress, x/a = 0, z/a = 1; ν = 0 (left) and ν = 0.499 (right).

figures that this limiting value is indeed approached for large values of time. Actually, the final values in the figures are σxx/q = −0.176 and
σxx/q = −0.174. For larger values of cpt/a the elastostatic limit is approached even closer, but this may require a value as large as cpt/a = 1000,
especially for large values of ν, when the velocity of compression waves is very large.
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Horizontal normal stress as a function of x

Figure 12.13 shows the vertical normal stress as a function of the lateral coordinate x, for z/a = 1.0 and ν = 0.4, and for two values of time,
namely cpt/a = 4 and cpt/a = 40. In the second figure the elastostatic values, which should obtain for t→∞, are also shown. These elastostatic
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Figure 12.13: Strip Load - Vertical Normal Stress, ν = 0.4, z/a = 1; cpt/a = 4 (left) and cpt/a = 40 (right).

stresses are, see e.g. Sneddon [1951],

σxx

q
= − 1

π

{
arctan(

x+ a

z
)− arctan(

x− a

z
)− (x+ a)z

(x+ a)2 + z2
+

(x− a)z
(x− a)2 + z2

}
. (12.156)

The agreement appears to be very good. This has also been found to be the case for other values of ν, so that it can be concluded that the
solution is in agreement with the elastostatic solution.
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12.2.4 The shear stress

The shear stress σzx for the case of a strip load constant in time can be obtained by integration with respect to time t of the solution of the
strip pulse problem, as given in equation (12.87). This gives

σzx

q
= f1(ξ + 1)− f1(ξ − 1) + f2(ξ + 1)− f2(ξ − 1) + f3(ξ + 1)− f3(ξ − 1), (12.157)

where
f1(ξ, ζ, τ) =

∫ τ

ρ

h1(ξ, ζ, κ) dκ, (12.158)

f2(ξ, ζ, τ) =
∫ τ

ρ

h2(ξ, ζ, κ) dκ, (12.159)

f3(ξ, ζ, τ) =
∫ τ

ρ

h3(ξ, ζ, κ) dκ, (12.160)

and where the functions h1(ξ), h2(ξ) and h3(ξ) are defined in equations (12.89), (12.91) and (12.93).
The evaluation of the three integrals will be considered separately.

The first integral

In the first integral the integrand is, with (12.89),

h1(ξ, ζ, κ) =
2
π
<

{ (1− β2
1)(m2 − 2β2

1)
(m2 − 2β2

1)2 + 4β2
1

√
1− β2

1

√
m2 − β2

1

} H(κ− ρ)√
κ2 − ρ2

, (12.161)

where β1 is defined by
β1 = (κξ + iζ

√
κ2 − ρ2)/ρ2. (12.162)

To avoid the difficulties caused by the singularity at the lower limit of integration, for κ = ρ, the function h1(ξ, ζ, κ) is written as

h1(ξ, ζ, κ) =
k1(ξ, ζ, ρ)√
κ2 − ρ2

+ h∗1(ξ, ζ, κ), (12.163)

where now

h∗1(ξ, ζ, κ) =
k1(ξ, ζ, κ)− k1(ξ, ζ, ρ)√

κ2 − ρ2
, (12.164)
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and

k1(ξ, ζ, κ) =
2
π
<

{ (1− β2)(m2 − 2β2)

(m2 − 2β2)2 + 4β2
√

1− β2
√
m2 − β2

}
H(κ− ρ). (12.165)

Substitution of (12.163) into (12.158) gives, using a standard integral,

f1(ξ, ζ, τ) = k1(ξ, ζ, ρ) log
(τ +

√
τ2 − ρ2

ρ

)
H(τ − ρ) +

∫ τ

ρ

h∗1(ξ, ζ, κ) dκ, (12.166)

where the value of the function h∗1(ξ, ζ, κ) at the lower limit integration is zero,

h∗1(ξ, ζ, ρ) = 0. (12.167)

The integral in equation (12.166) can be computed numerically.

The second integral

In the second integral, equation (12.159), the integrand is, with (12.91),

h2(ξ, ζ, κ) = − 2
π
<

{ √
1− β2

2

√
m2 − β2

2(m2 − 2β2
2)

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

} H(κ−mρ)√
κ2 −m2ρ2

, (12.168)

where β2 is defined by
β2 = (κξ + iζ

√
κ2 −m2ρ2)/ρ2. (12.169)

In this case there is again a singularity at the beginning of the integration interval, but this point is now located at κ = mρ. In order to avoid
the numerical difficulties caused by this singularity the function h2(ξ, ζ, κ) is written as

h2(ξ, ζ, κ) =
k2(ξ, ζ, ρ)√
κ2 −m2ρ2

+ h∗2(ξ, ζ, κ), (12.170)

where

h∗2(ξ, ζ, κ) =
k2(ξ, ζ, κ)− k2(ξ, ζ,mρ)√

κ2 −m2ρ2
, (12.171)

and

k2(ξ, ζ, κ) = − 2
π
<

{ √
1− β2

2

√
m2 − β2

2(m2 − 2β2
2)

(m2 − 2β2
2)2 + 4β2

2

√
1− β2

2

√
m2 − β2

2

}
H(κ−mρ). (12.172)
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Substitution of (12.170) into (12.159) gives

f2(ξ, ζ, τ) = k2(ξ, ζ,mρ) log
(τ +

√
τ2 −m2ρ2

mρ

)
H(τ −mρ) +

∫ τ

mρ

h∗2(ξ, ζ, κ) dκ, (12.173)

where the value of the function h∗2(ξ, ζ, κ) at the lower limit integration is zero,

h∗2(ξ, ζ,mρ) = 0. (12.174)

The integral in equation (12.173) can be computed numerically.

The third integral

In the third integral, equation (12.160), the integrand is, with (12.93),

h3(ξ, ζ, κ) =
2
π

(m2 − 2β2
3)3

√
β2

3 − 1
√
m2 − β2

3

(m2 − 2β2
3)4 + 16β4

3(m2 − β2
3)(β2

3 − 1)
H(κ− τq)−H(κ− τs)√

τ2
s − κ2

H(mξ − ρ). (12.175)

where β3 is defined by
β3 = (ξκ− ζ

√
m2ρ2 − κ2)/ρ2, (12.176)

and where τq and τs are defined by equations (12.66),

τq = ξ + ζ
√
m2 − 1, τs = mρ. (12.177)

It may be noted that this third integral gives a non-zero contribution only if mξ > ρ. The lower limit of integration is τq and the upper limit is
τs, or τ when this is smaller. The integral can be computed numerically.
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Computer program

The shear stress can be calculated as a function of ξ, ζ, τ and ν by the function StripLoadSxz shown below. The auxiliary functions used by
this function, in which the three integrals are calculated, are also shown.

double k1(double x,double z,double t,double nu)
{
double mm,rr,pi,s,tt,tr,xa,xx,zz;complex a,b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);xa=fabs(x);tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;tr=tt-rr;
if (tt<=rr) s=0;else
{
b=complex(t*x/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;
gp=sqrt(1-bb);gs=sqrt(mm-bb);d=(1-bb)*mb;n=mb*mb+4*bb*gp*gs;s=2*real(d/n)/pi;

}
return(s);
}
double f1(double x,double z,double t,double nu)
{
double r,rr,xx,zz,tt,tr,b,p,pp,pr,s,s1,s2,s3,xa,h,hh,eps;
eps=0.01;xa=x;if (fabs(xa)<eps) {if (x>=0) xa=eps;else xa=-eps;}
tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;r=sqrt(rr);tr=t/r;h=0.0005;hh=h*h;p=r+hh;pp=p*p;b=k1(xa,z,p,nu);
if (tt<=pp) s=0;else
{
s=b*log(tr+sqrt(tr*tr-1));s1=0;
while (pp<tt)
{
p+=h;pp=p*p;pr=pp-rr;s2=(k1(xa,z,p,nu)-b)/sqrt(pr);
p+=h;pp=p*p;pr=pp-rr;s3=(k1(xa,z,p,nu)-b)/sqrt(pr);
s+=(s1+4*s2+s3)*h/3;s1=s3;
}

}
return(s);
}
double k2(double x,double z,double t,double nu)
{
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double mm,rr,pi,s,tt,tr,xa,xx,zz;complex b,bb,mb,gp,gs,d,n;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);xa=fabs(x);tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;tr=tt-mm*rr;
if (tr<=0) s=0;else
{
b=complex(t*xa/rr,(z/rr)*sqrt(tr));bb=b*b;mb=mm-2*bb;gp=sqrt(1-bb);gs=sqrt(mm-bb);
d=gp*gs*mb;n=mb*mb+4*bb*gp*gs;s=-2*real(d/n)/pi;

}
return(s);
}
double f2SxzX(double x,double z,double t,double nu)
{
double m,mm,r,rr,mr,tt,tr,b,p,pp,pr,s,s1,s2,s3,xa,h,hh,eps;
mm=2*(1-nu)/(1-2*nu);m=sqrt(mm);eps=0.01;xa=x;if (fabs(xa)<eps) {if (x>=0) xa=eps;else xa=-eps;}
tt=t*t;rr=xa*xa+z*z;r=sqrt(rr);mr=m*r;tr=t/mr;h=0.0005;hh=h*h;p=mr+hh;pp=p*p;b=k2(xa,z,mr+eps,nu);
if (tt<=pp) s=0;else
{
s=b*log(tr+sqrt(tr*tr-1));s1=0;
while (pp<tt)
{
p+=h;pp=p*p;pr=pp-mm*rr;s2=(k2(xa,z,p,nu)-b)/sqrt(pr);
p+=h;pp=p*p;pr=pp-mm*rr;s3=(k2(xa,z,p,nu)-b)/sqrt(pr);
s+=(s1+4*s2+s3)*h/3;s1=s3;
}

}
return(s);
}
double k3(double x,double z,double t,double nu)
{
double mm,rr,pi,s,b,bb,tt,xa,xx,zz,mr,tq,mb2,c,d;
pi=4*atan(1.0);mm=2*(1-nu)/(1-2*nu);xa=fabs(x);tt=t*t;xx=xa*xa;zz=z*z;rr=xx+zz;
mr=mm*rr;tq=xa+z*sqrt(mm-1);
if ((tt>=mr)||(t<=tq)||(rr>=xx*mm)) s=0;else
{
b=xa*t/rr-(z/rr)*sqrt(mr-tt);bb=b*b;mb2=(mm-2*bb)*(mm-2*bb);
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c=mb2*(mm-2*bb)*sqrt(bb-1)*sqrt(mm-bb);d=mb2*mb2+16*bb*bb*(mm-bb)*(bb-1);
s=2*c/(pi*d*sqrt(mr-tt));

}
return(s);
}
double f3(double x,double z,double t,double nu)
{
int n;double m,mm,xa,xx,zz,r,rr,p,s,h,ts,tq;
mm=2*(1-nu)/(1-2*nu);m=sqrt(mm);xa=x;xx=xa*xa;zz=z*z;rr=xx+zz;r=sqrt(rr);
ts=m*r;tq=xa+z*sqrt(mm-1);
if ((t<=tq)||(rr>=xx*mm)) s=0;else
{
if (t<ts) ts=t;n=10000;h=(ts-tq)/n;s=0;p=tq+h/2;
while (p<ts) {s+=k3(x,z,p,nu)*h;p+=h;}

}
return(s);
}
double StripLoadSxz(double x,double z,double t,double nu)
{
double s;
s=f1(x+1,z,t,nu)-f1(x-1,z,t,nu)+f2(x+1,z,t,nu)-f2(x-1,z,t,nu)+f3(x+1,z,t,nu)-f3(x-1,z,t,nu);
if (x<0) s*=-1;
return(s);
}
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Examples

Shear stress as a function of time

Figure 12.14 shows the shear stress as a function of time, with the velocity of compression waves as a scaling factor, for ν = 0 and ν = 0.499, in
the point x/a = 1, z/a = 1. In this point the elastostatic value is σxz/q = −0.255, for all values of ν. It can be seen from the figures that this
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Figure 12.14: Strip Load - Shear Stress, x/a = 1, z/a = 1; ν = 0 (left) and ν = 0.499 (right).

limiting value is indeed approached for large values of time. Actually, the final values in the figures are σxz/q = −0.254 and σxz/q = −0.255.
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Shear stress as a function of x

Figure 12.15 shows the shear stress as a function of the lateral coordinate x, for z/a = 1.0 and ν = 0.4, and for two values of time, namely
cpt/a = 4 and cpt/a = 40. In the second figure the elastostatic values, which should obtain for t → ∞, are also shown. For x > 0 these
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Figure 12.15: Strip Load - Shear Stress, ν = 0.4, z/a = 1; cpt/a = 4 (left) and cpt/a = 40 (right).

elastostatic stresses are, see e.g. Sneddon [1951],

σzx

q
=

1
π

{ z2

(x+ a)2 + z2
− z2

(x− a)2 + z2

}
. (12.178)

Again the agreement appears to be very good. This has also been found to be the case for other values of ν, so that it can be concluded that
the solution is in agreement with the elastostatic solution.



Chapter 13

ELASTODYNAMICS OF A POINT LOAD ON A HALF SPACE

This chapter presents a solution by Pekeris (1955) of the problem of a point load on the surface of an elastic half space. The derivation follows
the presentation of the solution in the original paper by Pekeris, but some notations have been modified, and a numerical technique is used to
evaluate certain integrals. This enables to generalize the solution by Pekeris for other values of Poisson’s ratio than ν = 1

4 . The solution for
other values of ν was given in closed form by Mooney (1974), and the solution is further analyzed and discussed by Eringen & Suhubi (1975)
and by Foinquinos & Roësset (2000).

13.1 The problem

13.1.1 Basic equations

The problem considered in this paper is a point load on the surface of an elastic half space, applied at time t = 0, see Figure 13.1. The basic

..
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Figure 13.1: Point load on half space.

differential equations are the equations of motion in the radial and vertical directions r and z, for a linear elastic material, characterized by the
Lamé constants λ and µ. These equations are, when expressed in terms of the displacement components u and w in radial and vertical direction,

275
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respectively,

(λ+ µ)
∂e

∂r
+ µ

(∂2u

∂r2
+

1
r

∂u

∂r
− u

r2
+
∂2u

∂z2

)
= ρ

∂2u

∂t2
, (13.1)

(λ+ µ)
∂e

∂z
+ µ

(∂2w

∂r2
+

1
r

∂w

∂r
+
∂2w

∂z2

)
= ρ

∂2w

∂t2
, (13.2)

where e is the volume strain,

e =
∂u

∂r
+
u

r
+
∂w

∂z
. (13.3)

The boundary conditions are supposed to describe a vertical point load on a small circular area, applied at time t = 0, with the shear stress
being zero all along the boundary z = 0 for all values of time,

z = 0 : σzr = 0, (13.4)

z = 0 : σzz =

{
− P
πε2

if t > 0 and r < ε,

0 if t < 0 or r > ε.
(13.5)

Here P is the magnitude of the point load and ε is the small radius of the loaded area, which tends towards zero.
The Laplace transforms of the displacements are defined by

u =
∫ ∞

0

u exp(−st) dt, (13.6)

w =
∫ ∞

0

w exp(−st) dt. (13.7)

Using some elementary properties of the Laplace transform (Churchill, 1972) the basic equations now become, assuming that at time t = 0 all
displacements and velocities are zero,

(λ+ µ)
∂e

∂r
+ µ

(∂2u

∂r2
+

1
r

∂u

∂r
− u

r2
+
∂2u

∂z2

)
= ρ s2 u, (13.8)

(λ+ µ)
∂e

∂z
+ µ

(∂2w

∂r2
+

1
r

∂w

∂r
+
∂2w

∂z2

)
= ρ s2 w. (13.9)

The axial symmetry of the problem suggests to seek the solution in the form of Hankel integrals (Titchmarsh, 1948; Sneddon, 1951). For this
purpose the following Hankel transforms are introduced

U =
∫ ∞

0

u r J1(ξr) dr, (13.10)
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W =
∫ ∞

0

w r J0(ξr) dr, (13.11)

with the inverse transforms
u =

∫ ∞

0

U ξ J1(rξ) dξ, (13.12)

w =
∫ ∞

0

W ξ J0(rξ) dξ. (13.13)

The use of the Bessel functions J1(ξr) and J0(ξr) in the transforms (13.10) and (13.11) has been suggested by the nature of the radial operators
in equations (13.8) and (13.9), see Sneddon (1951).

Multiplication of equation (13.8) by rJ1(ξr), and integration over the interval from r = 0 to r = ∞ gives, using a transformation of the
integrals by partial integration, following the usual Hankel transform methods (Sneddon, 1951),

µ
d2U

dz2
− [ρs2 + (λ+ 2µ)ξ2]U − (λ+ µ)ξ

dW

dz
= 0. (13.14)

Similarly, multiplication of equation (13.9) by rJ0(ξr), and integration over the interval from r = 0 to r = ∞ gives

(λ+ 2µ)
d2W

dz2
− [ρs2 + µξ2]W + (λ+ µ)ξ

dU

dz
= 0. (13.15)

The form of these differential equations can be somewhat simplified by the introduction of the following parameters,

cs =
√
µ/ρ, (13.16)

k = s/cs, (13.17)

n2 =
µ

λ+ 2µ
=

1− 2ν
2(1− ν)

=
cs
cp
. (13.18)

The quantity cs is the propagation velocity of shear waves, cp is the propagation velocity of compression waves, k is a simple scale transformation
of the Laplace transform parameter, and n is an auxiliary elastic parameter, completely defined by the value of Poisson’s ratio ν. Using these
parameters the basic equations can be written as

n2 d
2U

dz2
− (n2k2 + ξ2)U − (1− n2)ξ

dW

dz
= 0, (13.19)

d2W

dz2
− n2(k2 + ξ2)W + (1− n2)ξ

dU

dz
= 0. (13.20)
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13.1.2 General solution

The general solution of the equations (13.19) and (13.20) for the half space z > 0 is

U = Aα exp(−αz) +Bξ exp(−βz), (13.21)

W = Aξ exp(−αz) +Bβ exp(−βz), (13.22)

in which
α2 = ξ2 + k2, (13.23)

β2 = ξ2 + n2k2. (13.24)

The validity of this solution can easily be verified by substitution into the equations (13.19) and (13.20). The solutions that increase exponentially
for z →∞ have been excluded because of the conditions at infinity.

Inverse tranformation of the two equations (13.21) and (13.22) now gives

u =
∫ ∞

0

[Aα exp(−αz) +Bξ exp(−βz)] ξ J1(rξ) dξ, (13.25)

w =
∫ ∞

0

[Aξ exp(−αz) +Bβ exp(−βz)] ξ J0(rξ) dξ. (13.26)

The boundary conditions are formulated in terms of the stresses σrz and σzz. Their Laplace transforms can be related to those of the displacements
by the equations

σrz = µ
(∂u
∂z

+
∂w

∂x

)
, (13.27)

σzz = (λ+ 2µ)
∂w

∂z
+ λ

(∂u
∂r

+
u

r

)
. (13.28)

With (13.25) and (13.26) this gives, using the definitions (13.23) and (13.24),

σrz = −µ
∫ ∞

0

[A(k2 + 2ξ2) exp(−αz) + 2Bβξ exp(−βz)] ξ J1(rξ) dξ, (13.29)

σzz = −µ
∫ ∞

0

[2Aαξ exp(−αz) +B(k2 + 2ξ2) exp(−βz)] ξ J0(rξ) dξ, (13.30)

The coefficients A and B, which may depend upon the parameters s and ξ, may be determined from the boundary conditions.
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The Laplace transforms of the boundary conditions (13.4) and (13.5) are

z = 0 : σzr = 0, (13.31)

z = 0 : σzz =

{
− P
πε2s

if r < ε,

0 if r > ε.
(13.32)

Using a well known Hankel integral representation, see for instance Erdélyi et al. (1954), formula (8.3.18), the boundary condition (13.32) can
also be written as

z = 0 : σzz = −
∫ ∞

0

P

2πs
ξ J0(rξ) dξ, (13.33)

where the parameter ε has been taken infinitely small, so that the load is a point load.
Substituting the general expressions (13.29) and (13.30) into these two boundary conditions leads to the following equations for the deter-

mination of the coefficients A and B,
A(k2 + 2ξ2) + 2Bβξ = 0, (13.34)

2Aαξ +B(k2 + 2ξ2) =
P

2πµs
. (13.35)

Solution of these equations gives

A = − P

2πµs
2βξ

(k2 + 2ξ2)2 − 4αβξ2
, (13.36)

B =
P

2πµs
k2 + 2ξ2

(k2 + 2ξ2)2 − 4αβξ2
. (13.37)

The final expressions for the Laplace transforms of the displacements are

u = − P

2πµs

∫ ∞

0

2αβ exp(−αz)− (k2 + 2ξ2) exp(−βz)
(k2 + 2ξ2)2 − 4αβξ2

ξ2 J1(rξ) dξ, (13.38)

w = − P

2πµs

∫ ∞

0

2ξ2 exp(−αz)− (k2 + 2ξ2) exp(−βz)
(k2 + 2ξ2)2 − 4αβξ2

βξ J0(rξ) dξ, (13.39)

The remaining mathematical problem is to evaluate the integrals in these expressions, and then to perform the inverse Laplace transform. This
is a formidable task. In this paper only the vertical displacements of the surface will be determined.
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13.1.3 Vertical displacement of the surface

At the surface z = 0 of the half space the vertical displacement (13.39) is

w0 =
Pk2

2πµs

∫ ∞

0

βξ

(k2 + 2ξ2)2 − 4αβξ2
J0(rξ) dξ. (13.40)

This equation can be somewhat simplified by introducing the following (dimensionless) parameters,

x = ξ/k, (13.41)

a = α/k, (13.42)

b = β/k. (13.43)

Equation (13.40) can now be written as

w0 =
P

2πµcs

∫ ∞

0

bx

(1 + 2x2)2 − 4abx2
J0(krx) dx. (13.44)

In this expression the parameters a and b are defined by
a2 = x2 + 1, (13.45)

b2 = x2 + n2. (13.46)

The integral representation (13.44) can not easily be expressed into elementary functions. Furthermore, the inverse Laplace transform has to
be performed. Pekeris (1955) has indicated that a closed form solution can be obtained by first transforming the integration path in equation
(13.44), then performing the inverse Laplace transform, and finally elaborating the remaining integrals. This procedure will be described in
some detail below.

13.1.4 The Pekeris procedure

To modify the integration path the variable x in the solution (13.44) is considered to be the real part of a complex variable z = x + iy. The
Bateman-Pekeris theorem (see Appendix C) can now be used,∫ ∞

0

x f(x) J0(px) dx = − 2
π
=

∫ ∞

0

y f(iy)K0(py) dy, (13.47)

which is valid if the function f(z) has no singularities for <(z) > 0, =(f(z)) = 0 for =(z) = 0, and if the function z3/2f(z) tends towards zero
for z →∞. The parameter p must be positive, p > 0.
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In the case of the integral (13.44) the parameter p = kr = sr/cs, which indeed is always positive. Furthermore in this case the function f(z)
is

f(z) =
b

(1 + 2z2)2 − 4abz2
, (13.48)

in which, by analytic continuation, the parameters a and b now are defined as

a2 = z2 + 1, (13.49)

b2 = z2 + n2, (13.50)

The function f(z) has singularities on the imaginary axis in the form of branch points, at z = ± i and z = ±ni. It follows from (13.18) that n
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Figure 13.2: The complex z-plane.

varies between n = 1/
√

2 (for ν = 0) and n = 0 (for ν = 1
2 ). By assuming appropriate branch cuts in the complex z-plane the function f(z) can

be made single-valued in the entire plane, see Figure 13.2. It is assumed that the arguments of the parameters a and b are chosen such that for
z →∞ they coincide with the argument of z. At infinity the function f(z), as defined by equation (13.48) behaves as z−2 so that the condition
that z3/2f(z) → 0 for z →∞ is certainly satisfied.

The function f(z) may also have poles in the complex z-plane. The location of these poles can be investigated by considering the values for
which the denominator is zero. For this purpose a new variable ζ is introduced, defined as ζ = z2. The denominator of f(z) will be zero if

(1 + 2ζ)2 = 4abζ, (13.51)
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or, after squaring both sides,
(1 + 2ζ)4 = 16(ζ + 1)(ζ + n2)ζ2. (13.52)

This leads to an algebraic equation of the third degree in ζ,

16(1− n2)ζ3 + 8(3− 2n2)ζ2 + 8ζ + 1 = 0. (13.53)

The zeroes are shown, for various values of Poisson’s ratio ν in Table 13.1.4. Only the zeroes ζ = ζ3 correspond to poles of the function f(z) in

ν ζ1 ζ2 ζ3
0.00 −0.5000 −0.1910 −1.3090
0.05 −0.4737 −0.1958 −1.2805
0.10 −0.4444 −0.2019 −1.2537
0.15 −0.4111 −0.2104 −1.2285
0.20 −0.3719 −0.2232 −1.2049
0.25 −0.3170 −0.2500 −1.1830
0.30 −0.2687 + 0.0555i −0.2687− 0.0555i −1.1627
0.35 −0.2531 + 0.0836i −0.2531− 0.0836i −1.1438
0.40 −0.2368 + 0.1026i −0.2368− 0.1026i −1.1265
0.45 −0.2198 + 0.1167i −0.2198− 0.1167i −1.1105
0.50 −0.2021 + 0.1272i −0.2021− 0.1272i −1.0957

Table 13.1: Zeroes of denominator

the area shown in Figure 13.2, the other singularities are located in other blades of the multivalued function. The negative values of ζ3 indicate
that the poles are located along the imaginary axis in the z-plane. They are indicated in Figure 13.2 by dots.

It can be concluded that the Bateman-Pekeris theorem can indeed be applied, so that equation (13.44) can be transformed into

w0 = − P

π2µcs
=

∫ ∞

0

y f(iy)K0(kry) dy, (13.54)

where the path of integration should pass the singularities on the imaginary axis on the right side, see Figure 13.3.
The vertical displacement itself can be obtained from its Laplace transform by application of the complex inversion integral (Churchill, 1972),

w0 =
1

2πi

∫ γ+i∞

γ−i∞
w0 exp(st) ds, (13.55)
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Figure 13.3: Integration path.

where γ should be large enough to ensure that there are no singularities to the right of the integration path. Substitution of (13.54) into (13.55)
gives, after interchanging the orders of integration,

w0 = − P

π2µcs
=

∫ ∞

0

y f(iy)
{ 1

2πi

∫ γ+i∞

γ−i∞
K0(sry/c) exp(st) ds

}
dy. (13.56)

The inverse Laplace transform between brackets can be found in standard tables, see for instance Erdélyi et al. (1954), formula (5.15.8),

1
2πi

∫ γ+i∞

γ−i∞
K0(sry/c) ds =

{
0, t < ry/cs,

(t2 − r2y2/c2s)
−1/2, t > ry/cs.

(13.57)

It follows that the integrand of the integral (13.56) will contain a factor zero if y > cst/r. Hence this integral reduces to

w0 = − P

π2µcs
=

∫ cst/r

0

y f(iy)√
t2 − r2y2/c2s

dy = − P

π2µr
=

∫ cst/r

0

y f(iy)√
c2st

2/r2 − y2
dy. (13.58)

In order to further evaluate this integral the behaviour of the function f(iy) along the various parts of the path of integration must be considered.
For this purpose it is most convenient to consider the parts between the branch points separately.
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The general definition of the function f(z) is, see equation (13.48),

f(z) =
b

(1 + 2z2)2 − 4abz2
, (13.59)

where the parameters a and b are defined by
a2 = z2 + 1 = (z − i)(z + i), (13.60)

b2 = z2 + n2 = (z − ni)(z + ni), (13.61)

and the arguments of a and b coincide with that of z at infinity. For z = iy the function f(z) becomes

f(iy) =
b

(1− 2y2)2 + 4aby2
, (13.62)

where the values of a and b depend upon the location of the point y on the imaginary axis. In particular

0 < y < n : a =
√

1− y2, b =
√
n2 − y2, (13.63)

n < y < 1 : a =
√

1− y2, b = i
√
y2 − n2, (13.64)

1 < y <∞ : a = i
√
y2 − 1, b = i

√
y2 − n2. (13.65)

It follows from (13.63) that for 0 < y < n the function f(iy) will be real. This means that any integration along the interval 0 < y < n will give
no contribution to the imaginary part of the integral in equation (13.58). Now, if the time parameter is so small that cst/r < n it follows that
there will be no contribution at all to the integral, and it can be concluded that then the displacement is zero,

cst/r < n : w0 = 0. (13.66)

Because n is the ratio of the shear wave velocity and the compression wave velocity, see equation (13.18), this can also be written as

cpt/r < 1 : w0 = 0. (13.67)

This result expresses that the displacements are zero until the arrival of the compression wave.
Next consider the behaviour of the integral (13.58) if n < cst/r < 1. Then there will be only contributions to the integral from the range

n < y < cst/r, where the largest possible value of cst/r is 1. In that range the function f(iy) is, if we write τ = cst/r,

n < y < τ : f(iy) =
i
√
y2 − n2

(1− 2y2)2 + 4iy2
√

1− y2
√
y2 − n2

, (13.68)
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For the evaluation of the integral only the imaginary part is relevant,

n < y < τ : = f(iy) =

√
y2 − n2(1− 2y2)2

(1− 2y2)4 + 16y4(1− y2)(y2 − n2)
, (13.69)

or, after some elaboration,

n < y < τ : = f(iy) =

√
y2 − n2(1− 2y2)2

[1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6]
, (13.70)

The integral (13.58) now becomes

n < τ < 1 : w0 = − P

π2µr

∫ τ

n

y
√
y2 − n2(1− 2y2)2

[1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6]
√
τ2 − y2

dy, (13.71)

where, as before,
τ = cst/r. (13.72)

This part of the solution can also be written as

n < τ < 1 : w0 = − P

π2µr
G1(ν, τ), (13.73)

where now

G1(ν, τ) =
∫ τ

n

y
√
y2 − n2(1− 2y2)2

[1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6]
√
τ2 − y2

dy. (13.74)

The values of the integral G1(ν, τ), in the range n < τ < 1, can be determined by a numerical integration procedure. The integral has been
evaluated in closed form by Pekeris (1955) for the case that ν = 1

4 , i.e. n2 = 1
3 . For arbitrary values of ν a closed form solution has been given

by Mooney (1974).
For values of the dimensionless time variable τ > 1 there will also be a contribution to the integral (13.58) from the interval 1 < y < τ .

Actually, for large enough values of τ there might also be a contribution to the integral from the small semi-circle around the pole, see Figure 13.3,
but it can be shown that this leads to a completely real value, so that its imaginary part is zero. On the interval 1 < y < τ the function f(iy)
is, with (13.65),

1 < y < τ : f(iy) =
i
√
y2 − n2

(1− 2y2)2 − 4y2
√
y2 − 1

√
y2 − n2

, (13.75)

which can also be written as

1 < y < τ : f(iy) =
i
√
y2 − n2(1− 2y2) + 4iy2(y2 − n2)

√
y2 − 1

[1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6]
√
y2 − n2

. (13.76)
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This is purely imaginary.
The displacement of the surface now can be written as

τ > 1 : w0 = − P

π2µr

{
G1(ν, τ) +G2(ν, τ)

}
, (13.77)

where the function G1(ν, τ) is the same as before, see equation (13.74), and the function G2(ν, τ) is defined by

G2(ν, τ) =
∫ τ

1

4y3(y2 − n2)
√
y2 − 1

[1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6]
√
τ2 − y2

dy. (13.78)

13.1.5 Numerical evaluation of the integrals

The first integral

The first integral to be evaluated is G1(ν, τ), see (13.74),

G1(ν, τ) =
∫ τ

n

y
√
y2 − n2(1− 2y2)2

[1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6]
√
τ2 − y2

dy. (13.79)

The integral can be somewhat simplified, and the singularity at y = τ can be removed, by the substitution

y2 = n2 + (τ2 − n2) sin2 θ, (13.80)

so that
y dy = (τ2 −m2) sin θ cos θ dθ, (13.81)√

y2 − n2 =
√
τ2 − n2 sin θ, (13.82)

and √
τ2 − y2 =

√
τ2 − n2 cos θ. (13.83)

The integral (13.79) can now be written as

G1 = (τ2 − n2)
∫ π/2

0

(1− 2y2)2 sin2 θ

1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6
dθ, (13.84)

where y is defined by (13.80). The integrand of the integral (13.84) has no singularities if n < τ < 1. This means that the value of this integral
can easily be calculated by a standard numerical algorithm. For larger values of τ the integrand may have a pole, and the integral must be
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calculated as a Cauchy principal value. The contribution of integration along the semi-circle around the pole can be disregarded because this
can be shown to have a zero imaginary part.

The precise value of the location of the pole can be determined by writing y2 = p, and assuming that the denominator is zero if p = pR = 1+d,
where d can be supposed to be a small number, because the values of |ζ3| in Table 13.1.4 are only slightly larger than 1,

p = pR = 1 + d, (13.85)

The value p = pR is a zero of the term between square brackets in the denominator of the integrand of equation (13.94). It follows that

F (p) = 1− 8pR + 8(3− 4n2)p2
R − 16(1− n2)p3

R = 0. (13.86)

This gives, with (13.85) and using the definition of n2 in equation (13.18),

d(d+ 1)(d+ ν) = (1− ν)/8, (13.87)

from which it follows that

d =
(1− ν)/8

(1 + d)(d+ ν)
. (13.88)

From this equation the value of d can be determined to any desired accuracy by an iterative process, starting with the value d = (1−ν)/8. It can
be concluded that the value of pR, which determines the arrival of the Rayleigh wave, can be determined with great accuracy. The corresponding
value of yR then is

yR =
√
pR =

√
1 + d. (13.89)

and the corresponding value of θR is, with (13.80),

θR = arcsin
(y2

R − n2

τ2 − n2

)
. (13.90)

For values of τ < yR the pole is not on the path of integration, so that the integral can be evaluated immediately from equation (13.84), but for
values of τ > yR the pole is on the path of integration, and the integral must be separated into two parts,

τ > yR : G1(ν, τ) = G11(ν, τ) +G12(ν, τ), (13.91)

where

G11 = (τ2 −m2)
∫ θR−ε

0

(1− 2y2)2 sin2 θ

1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6
dθ, (13.92)

G12 = (τ2 − n2)
∫ π/2

θR+ε

(1− 2y2)2 sin2 θ

1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6
dθ, (13.93)

where ε is a very small number.
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The second integral

The second integral to be evaluated is G2(ν, τ), see (13.78),

G2(ν, τ) =
∫ τ

1

4y3(y2 − n2)
√
y2 − 1

[1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6]
√
τ2 − y2

dy. (13.94)

In this case a convenient substitution, which also removes the singularity at y = τ , is

y2 = 1 + (τ2 − 1) sin2 θ, (13.95)

so that
y dy = (τ2 − 1) sin θ cos θ dθ, (13.96)√

y2 − 1 =
√
τ2 − 1 sin θ, (13.97)

and √
τ2 − y2 =

√
τ2 − 1 cos θ. (13.98)

The integral (13.94) can now be written as

G2(ν, τ) = 4(τ2 − 1)
∫ π/2

0

y2(y2 − n2) sin2 θ

1− 8y2 + 8(3− 2n2)y4 − 16(1− n2)y6
dθ, (13.99)

where the value of y now is determined by equation (13.95). Again, the integral can be calculated directly if τ < yR, but for values of τ > yR

the integration interval must be separated into two parts, to calculate the Cauchy principal value.

13.1.6 Computer program

A function that calculates the vertical displacement for given values of ν and cst/r is reproduced below.

double wpekeris(double nu, double t)
{
int j,k;
double pi,fac,n,nn,e,f,fa,a,b,g,s,ta,tt,tr,xa,xb,xr,dx,yy,ss,eps,eps1;
pi=4*atan(1.0);fac=1/(2*pi*pi);eps=0.000001;eps*=eps;eps1=0.001;
nn=(1-2*nu)/(2*(1-nu));n=sqrt(nn);e=0.000001;e*=e;f=1;b=(1-nu)/8;
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if (nu>0.1) {while(f>e) {a=b;b=(1-nu)/(8*(1+a)*(nu+a));f=fabs(b-a);}}
else {while (f>e) {a=b;b=sqrt((1-nu)/(8*(1+a)*(1+nu/a)));f=fabs(b-a);}}
tr=sqrt(1+b); // tr indicates the arrival time of the Rayleigh wave
if (t<=n) g=0; // zero displacement before the arrival of the compression wave
else if (t<=1)
{
tt=t*t;xa=0;xb=pi/2;k=1000*(xb-xa);dx=(xb-xa)/k;fa=0;g=0;
for (j=0;j<k;j++)
{
s=sin(xa+j*dx);ss=s*s;yy=nn+(tt-nn)*ss;
a=(1-2*yy)*(1-2*yy)*(tt-nn)*ss;b=(1+8*yy*(-1+yy*(3-2*nn-2*yy*(1-nn))));
f=a/b;if (j>0) g-=fac*(f+fa)*dx;fa=f;
}

}
else if (t>tr)
{
ta=t;if (t<tr-eps) ta=tr+eps1;tt=ta*ta;
xr=ArcSin(sqrt((tr*tr-nn)/(tt-nn)));
xa=0;xb=xr-eps1;k=1000*(xb-xa);dx=(xb-xa)/k;fa=0;g=0;
for (j=0;j<=k;j++)
{
s=sin(xa+j*dx);ss=s*s;yy=nn+(tt-nn)*ss;
a=(1-2*yy)*(1-2*yy)*(tt-nn)*ss;b=(1+8*yy*(-1+yy*(3-2*nn-2*yy*(1-nn))));
f=a/b;if (j>0) g-=fac*(f+fa)*dx;fa=f;
}
xa=xr+eps1;xb=pi/2;k=1000*(xb-xa);dx=(xb-xa)/k;
for (j=0;j<=k;j++)
{
s=sin(xa+j*dx);ss=s*s;yy=nn+(tt-nn)*ss;
a=(1-2*yy)*(1-2*yy)*(tt-nn)*ss;b=(1+8*yy*(-1+yy*(3-2*nn-2*yy*(1-nn))));
f=a/b;if (j>0) g-=fac*(f+fa)*dx;fa=f;
}
xr=ArcSin(sqrt((tr*tr-1)/(tt-1)));
xa=0;xb=xr-eps1;k=1000*(xb-xa);dx=(xb-xa)/k;
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for (j=0;j<=k;j++)
{
s=sin(xa+j*dx);ss=s*s;yy=1+(tt-1)*ss;
a=4*yy*(tt-1)*(yy-nn)*ss;b=(1+8*yy*(-1+yy*(3-2*nn-2*yy*(1-nn))));
f=a/b;if (j>0) g-=fac*(f+fa)*dx;fa=f;
}
xa=xr+eps1;xb=pi/2;k=1000*(xb-xa);dx=(xb-xa)/k;
for (j=0;j<=k;j++)
{
s=sin(xa+j*dx);ss=s*s;yy=1+(tt-1)*ss;
a=4*yy*(tt-1)*(yy-nn)*ss;b=(1+8*yy*(-1+yy*(3-2*nn-2*yy*(1-nn))));
f=a/b;if (j>0) g-=fac*(f+fa)*dx;fa=f;
}

}
else
{
ta=t;if (t>tr-eps) ta=tr-eps1;tt=ta*ta;
xa=0;xb=pi/2;k=1000*(xb-xa);dx=(xb-xa)/k;g=0;
for (j=0;j<=k;j++)
{
s=sin(xa+j*dx);ss=s*s;yy=nn+(tt-nn)*ss;
a=(1-2*yy)*(1-2*yy)*(tt-nn)*ss;b=(1+8*yy*(-1+yy*(3-2*nn-2*yy*(1-nn))));
f=a/b;if (j>0) g-=fac*(f+fa)*dx;fa=f;
}
for (j=0;j<=k;j++)
{
s=sin(xa+j*dx);ss=s*s;yy=1+(tt-1)*ss;
a=4*yy*(tt-1)*(yy-nn)*ss;b=(1+8*yy*(-1+yy*(3-2*nn-2*yy*(1-nn))));
f=a/b;if (j>0) g-=fac*(f+fa)*dx;fa=f;
}

}
return(g);
}
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13.1.7 Results

Some results of the computations are shown in Figure 13.4, Figure 13.5 and Figure 13.6, for the values ν = 0.00, ν = 0.25 and ν = 0.50. The
figures show the vertical displacements as a function of the variable cst/r. The case ν = 0.25 is the case for which Pekeris (1955) obtained a
closed form solution. The results of the present computations are in good agreement with the original results of Pekeris.
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Figure 13.4: Vertical displacement, ν = 0.00.

The figures show that a first effect occurs when the compression wave arrives, and somewhat larger displacements occur upon arrival of the
shear wave, with a discontinuity in the slope of the curve. A singularity occurs upon arrival of the Rayleigh wave, but after the passage of this
wave the displacements remain constant. The values obtained for this final steady state displacement are in perfect agreement with the result
from the classical theory of elasticity,

ws =
P (1− ν)

2πµr
. (13.100)

Actually, for ν = 0.00 the numerical solution gives w = 0.159 P/µr, for ν = 0.25 the numerical solution gives w = 0.119 P/µr, and for ν = 0.50
the numerical solution gives w = 0.0795 P/µr. These values compare very well to the results obtained using equation (13.100).
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Figure 13.5: Vertical displacement, ν = 0.25.
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Figure 13.6: Vertical displacement, ν = 0.50.
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FOUNDATION VIBRATIONS
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Figure 14.1: Foundation element on soil.

In this chapter the problem of propagation of vibration of waves
in soils due to vibrating foundation elements is considered. The
type of problem is illustrated in Figure 14.1.

The purpose of the discussions in this chapter is not
to derive rigorous theoretical solutions, but rather to de-
scribe practical methods of analysis, based upon theoreti-
cal solutions presented in earlier chapters, and in the litera-
ture.

14.1 Response of a foundation

In this section the response of a footing on an elastic soil will be considered. The mass of the footing (perhaps including the mass of the machine
causing the vibrations) is denoted by M . The response of the foundation mass depends upon the applied load and the soil reaction. If the
contact pressure between the foundation mass and the soil is denoted by p, the equation of motion of the foundation mass is

F − pA = M
d2w

dt2
, (14.1)

where A is the area of the footing, and w is the vertical displacement of the footing. It is assumed that the footing is completely rigid, and that it
remains in contact with the soil at all times, so that the displacement of the footing w is equal to the displacement of the soil surface immediately
beneath it. It is now assumed that the applied force, the soil reaction, and the displacement are all periodic, with a circular frequency ω,

F = Re[F0 exp(iωt)], (14.2)

p = Re[p0 exp(iωt)], (14.3)

w = Re[w0 exp(iωt)]. (14.4)

293
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Substitution of these equations into (14.1) gives
F0 = p0A− ω2Mw0. (14.5)

In earlier chapters the response of the soil to a periodic load was generally found to be also periodic, but with a certain phase difference. In
general one may therefore write

p0A = (K + iωC)w0, (14.6)

where the dynamic stiffness K and the dynamic damping C may depend upon the frequency ω, and upon parameters such as the shear modulus
G, the soil density ρ and the dimensions of the foundation plate, for instance the radius of a circular plate a. Substitution of (14.6) into (14.5)
gives

F0 = (K + iωC − ω2M)w0. (14.7)

This is the standard form of the differential equation for the response of a single mass system, supported by a spring of stiffness K and a
damper having a viscosity C. This system has been considered in great detail in chapter 1. All results obtained there, such as the occurrence of
resonance at certain frequencies, and the influence of damping upon the maximum response, can be immediately applied to the present system,
but taking into account that the stiffness K and the damping C may depend upon the frequency ω.

It remains to determine the dynamic parameters K and C for a particular system. This requires the solution of the response problem of the
soil for that particular case.

Circular footing

In chapter 10 the problem of a circular footing of radius a on a confined elastic half space has been considered. For this case the relation between
the amplitudes was found to be, see equation (10.83),

w0 =
p0ma sin(ω/ωc)
(λ+ 2µ) (ω/ωc)

exp(−iω/ωc)], (14.8)

where m is a material constant, defined by

m2 =
λ+ 2µ
µ

=
2(1− ν)
1− 2ν

, (14.9)

and where ωc is a characteristic frequency, defined by

ω2
c =

4µ
ρa2

. (14.10)

It should be noted that this is an approximate solution, derived under the assumption that the horizontal displacements are negligible, compared
to the vertical displacements. In eq. (14.6) the inverse relation of (14.8) is needed. This inverse relation is

p0 =
(λ+ 2µ)(ω/ωc)
ma sin(ω/ωc)

exp(iω/ωc)w0. (14.11)
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Comparing this with eq. (14.6) shows that

K + iωC =
(λ+ 2µ)(ω/ωc)
ma sin(ω/ωc)

exp(iω/ωc)A. (14.12)

With A = πa2 it now follows that

K =
(λ+ 2µ)πa

m

(ω/ωc)
tan(ω/ωc)

, (14.13)

and

C =
(λ+ 2µ)πa

mωc
. (14.14)

These values will be used in the next section.
It is convenient to write the last term of eq. (14.5), which represents the influence of the mass M , in a somewhat different form, to let it

include the effect of the mass of the soil. For this purpose the mass of the foundation M is expressed into a representative mass of the soil by
writing

M =
4ρa3

1− ν
B =

4ρAa
π(1− ν)

B, (14.15)

where B is a dimensionless factor, the mass ratio, representing the ratio of the mass M of the foundation to the mass of a volume of soil below
it. The form of this expression is suggested by the form of a similar factor introduced by Lysmer and Richart (1966).

Because ω2
c can be expressed as in equation (14.10), the mass M can also be written as

M =
16Aµ

πa(1− ν)ω2
c

B =
16A(λ+ 2µ)

πm2a(1− ν)ω2
c

B. (14.16)

Substitution of (14.16) and (14.12) into eq. (14.7) finally gives the following relation between the amplitudes of the applied force and the
displacement,

F0

A
=
λ+ 2µ
ma

[ ω
ωc

exp(iω/ωc)
sin(ω/ωc)

− 16B
πm(1− ν)

( ω
ωc

)2
]
w0. (14.17)

In the static case, with ω → 0, the value of sin(ω/ωc) can be approximated by ω/ωc, and one obtains

ω → 0 :
F0

A
=
λ+ 2µ
ma

ws. (14.18)

The static displacement ws is a reference value, which can be used to present the final results in dimensionless form. Using this reference value
the dynamic response can be written as

w0

ws
=

[ ω
ωc

exp(iω/ωc)
sin(ω/ω0)

− 16B
πm(1− ν)

( ω
ωc

)2
]−1

. (14.19)
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Figure 14.2: Dynamic response of footing, ν = 1/3.

This expression gives the dynamic multiplication factor. For
ν = 1/3 the absolute value of the factor w0/ws is shown in
Figure 14.2, for various values of the mass ratio B.

It appears that for sufficiently large values of the mass ratio
B a certain resonance may occur, for frequencies in the order
of magnitude 1

4ω0. For frequencies large compared to ω0 the
amplitude of the dynamic vibrations tends towards zero.

It is interesting to also show the force on the soil, as a ratio
of the force applied to the foundation mass. From eqs. (14.11)
and (14.17) it follows that

p0A

F0
=

[
1− 16mB

π(1− ν)
( ω
ω0

) sin(ω/ω0)
exp(iω/ω0)

]−1

. (14.20)

This function is shown in Figure 14.3, for various values of the
mass ratio B and for ν = 1/3. When the foundation has no
mass (B = 0) the entire force is transmitted to the soil, of

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ...................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

............................

...........................

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

...

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
....................

.............
.............

............
............
............
.............

.............................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................
.............

...........
..........
.........
........
........
........
........
........
........
.......
........
............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................
............
..........
........
........
.......
........
.......
.......
......
........
.......
........
.......
.......
........
......
......
......
.......
......
......
............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................
.........
........
......
........
.......
........
......
......
......
........
.......
.......
.......
.......
........
.......
.......
.......
.......
.......
.......
.......
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ω/ω0

p0A/F0

0 1 2
0

1

2

3

4

B = 0.0

B = 0.5

B = 1.0

B = 2.0

B = 5.0

Figure 14.3: Force transmitted to half space, ν = 1/3.

course. For larger values of the mass ratio the force on the soil
may be somewhat smaller than the applied force, because part
of the force is used to move the foundation mass. It can be seen,
however, that the force between foundation and soil may also
be considerably larger than the applied force. It may also be
mentioned that for very high frequencies the force transmitted
to the soil may be extremely large, at least in theory.

Although the results shown in Figures 14.2 and 14.3 should
be considered as indicative only, because of the approximate
character of the solution used to construct them, it is interesting
to note that the general shape of the functions shown in the
figure is very similar to the behaviour obtained by Lysmer and
Richart (1966) for a circular footing, which is based upon a
more rigorous analysis. This gives support to the results of the
approximate analysis used here, which is based upon confined
elastic deformations.
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14.2 Equivalent spring and damping

The procedure described in the previous section can easily be generalized, on the basis of the response function of the soil to a surface load. All
that is needed is to write the relation in the form of eq. (14.6),

p0A = (K + iωC)w0. (14.21)

For one particular case, namely the response of a confined elastic half space due to a uniform load on a circular area, approximate relations have
been derived in the previous section. There it was found, see (14.13) and (14.14) that

K =
(λ+ 2µ)πa

m

(ω/ωc)
tan(ω/ωc)

, (14.22)

and

C =
(λ+ 2µ)πa

mωc
. (14.23)

The formula for the spring constant is a function of the frequency ω, but it is a slowly varying function, so that it can be approximated reasonably
well, at least for relatively small frequencies, by the elastic value

ω � ωc : K ≈ (λ+ 2µ)πa
m

= πµma. (14.24)

The expression for the dynamic damping C can be written in a somewhat different form by using equations (14.9) and (14.10). The result is

C = 1
2πma

2√ρµ, (14.25)

which is a constant, depending upon the area of the loaded surface, and the soil properties, but independent of the frequency.
A more general procedure, based on work of Lysmer and Richart (1966), is as follows (see also Gazetas, 1991). The spring constant K is

defined by the elastic deformation of the footing in static conditions. For a rigid circular plate of radius a, for instance, the relation between the
applied load and the displacement is (Timoshenko & Goodier, 1951)

w =
π(1− ν2)pa

2E
, (14.26)

so that for this case
K =

4µa
1− ν

. (14.27)
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This closely resembles the expression (14.24), which is of course not very surprising, as they all express the stiffness of an elastic half space.
Relations of this form are very common in soil dynamics, see for instance Richart, Hall & Woods (1970).

The dynamic damping C can be obtained for various cases, at least as a first approximation, by trial and error, and curve fitting. A convenient
choice, due to Lysmer, appears to be (Gazetas, 1991)

C =
3.4 a2√ρµ

1− ν
, (14.28)

which closely resembles (14.25). Again, relations of this form are often used in soil dynamics.
The damping ratio ζ, which plays an important role in the analysis of dynamic systems, is usually defined as

ζ =
C

2
√
KM

. (14.29)

For the case of a rigid circular foundation plate, the mass ratio B is usually defined as follows (Richart, Hall & Woods, 1991, p. 204), see also
equation (14.15),

B =
(1− ν)M

4ρa3
. (14.30)

With (14.13), (14.14) and (14.30) equation (14.29) can also be written as

ζ =
0.425√
B

(14.31)

This shows that for a very small mass of the foundation the damping ratio will be very large, because then the mass ratio is small. For a very
large mass of the foundation the damping ratio is small, because then the mass ratio is large. All this is due to the fact that the dynamic
damping of the elastic half space, which is caused by radiation damping, is constant.

Expressions for equivalent dynamic stiffnesses K and for equivalent dynamic dampings C for various cases are given, for instance, by Gazetas
(1991). These include foundations with various shapes of the contact area, footings loaded by lateral or rocking loads, and buried foundations.

14.3 Soil properties

In order to determine the response of a foundation to vibrations the soil parameters needed are the density ρ, the shear modulus G, and the
Poisson ratio ν. Of these the density can most easily be determined or estimated. Moreover, its variability is rather restricted : most soils have
a density of about 1600 kg/m3 when completely dry, and about 2000 kg/m3 when completely saturated.

Poisson’s ratio is usually not so easy to measure, or to estimate. Fortunately, its value does not influence the results very much. Common
values are in the range from 0.3 (for sand) to 0.5 (for clays, or saturated soils).
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Figure 14.4: Dynamic shear modulus.

The most important parameter is the shear modulus G. Its
value may vary between fairly wide limits, and its influence on
the results is very large. A complication is that the value of
the shear modulus for natural soils depends very much on the
magnitude of the shear strains. For very small strains the shear
modulus may be a factor 10 or even 100 larger than it is for
large strains. A typical example is shown in Figure 14.4. Thus
it is very important to know beforehand the order of magnitude
of the shear strains.

The actual value of the shear modulus may be determined
from laboratory tests, or from a field test. In field tests it is usu-
ally the propagation velocity of shear waves cs that is measured.
The shear modulus then follows from the formula

G = ρ2cs. (14.32)

Again it is of importance to note the dependence of the shear modulus of the shear strain level. A value measured using very small deformations
may not be representative for a case in which large deformations can be expected.

14.4 Propagation of vibrations

In previous chapters the propagation of vibrations in space has been investigated for various cases. These were restricted to linear elastic
materials, in which the only damping is due to radiation. In real soils some damping may occur due to irreversible deformations (material
damping). This is very difficult to estimate theoretically, but it may be quite significant, especially for large vibrations and soft soils. Theoretical
solutions, which are available only for a few cases of linear elastic bodies, usually indicate that the amplitude of the vibrations decays with the
radius r of the distance in the form r0/r (for a wave from a cavity in an infinite body), or

√
r0/r (for Rayleigh waves on the surface of a half

space).
In order to include the effect of material damping as well, in addition to the radiation damping, Bornitz (1931) has suggested to use a formula

of the type
w

w0
=

√
r0
r

exp
(
−α(r − r0)

)
(14.33)

The value of the parameter α may vary between 1/(30 m) for very stiff soils to 1/(6 m) for very soft soils (Barkan, 1962).
The best procedure to determine the value of α in engineering practice is to perform a field test, in which the attenuation of the response to

the action of a vibrator (or, more simply, to a dropped weight) is measured at various distances from the source of the disturbance.
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14.5 Design criteria

Vibrations in the soil may cause serious damage to structures. This means that strong vibrations, such as caused by pile driving or heavy traffic,
may not be allowable in the vicinity of sensitive structures. In order to give criteria for the assessment of the possibility of damage the vibrations
are usually represented by a harmonic vibration of the type

u = u0 sin(ωt) = u0 sin(2πft), (14.34)

where u0 is the amplitude of the vibration, ω is the circular frequency, and f is the frequency expressed in cycles per second (Hz). The velocity
corresponding to this vibration is

v = ωu0 cos(ωt) = 2πfu0 cos(2πft), (14.35)

and the acceleration is
a = −ω2u0 sin(ωt) = −4π2f2u0 sin(2πft). (14.36)
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Figure 14.5: Frequency, displacement and acceleration.

If the amplitude of the velocity is denoted by v0 and the
amplitude of the acceleration is denoted by a0, it follows
that

v0 = 2πfu0, (14.37)

and

a0 = 4π2f2u0. (14.38)

Design criteria are often expressed in terms of allowable
velocities or allowable accelerations, as a function of the
frequency. Such criteria can conveniently be represented
graphically in a diagram such as shown in Figure 14.5.
In this diagram the relation between frequency, displace-
ment and acceleration is given. The basic variables in
the diagram are the frequency f , and the amplitude of
the acceleration a0. The frequency f is constant along
vertical lines, and the acceleration is constant along hor-
izontal lines. A point in which the acceleration is a∗

corresponds to a displacement a∗/(4π2f2). This means
that the displacement is constant along lines of constant
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a/f2. These lines are shown in the diagram as lines with a slope 2:1. They give the displacement corresponding to a certain acceleration and
a certain frequency. Similarly, lines of constant velocity would be lines with a slope 1:1. They are not shown in the figure. As an example one
may consider the point on the lower horizontal axis along which the acceleration is a0 = 10−2 m/s, and the displacement is u0 = 10−2 m. With
eq. (14.38) the frequency is then found to be f = 0.159.

0.1 1 10 100
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Figure 14.6: Frequency, displacement, velocity and acceleration.

An alternative, even more convenient representation is
shown in Figure 14.6. In this figure the basic parameters
are the frequency f and the amplitude of the velocity v0.
Lines of constant displacement u0 = c can now be rep-
resented by lines with a slope 1:1 because, with (14.37),
v0 = 2πfu0. Similarly, lines of constant acceleration, say
a0 = d can be represented by lines having a slope 1:1 in
downward direction because, with (14.37) and (14.38),
v0 = a0/2πf .

As an example, or a check, one may consider the point
for which f = 1 and v0 = 10−1 m/s. In this case the
corresponding displacement is, with eq. (14.37), u0 =
0.0159 m. This value is indeed indicated by the scale
of displacements on the right, together with the upward
sloping lines of constant displacement. The acceleration
is found to be a0 = 0.628 m/s2, which is indicated by the
scale of accelerations at the top of the figure, together
with the downward sloping lines of constant acceleration.

Several countries have established design criteria in
their building standards. Such a standard may, for in-
stance, give a maximum velocity for various categories
of buildings, distinguishing between newly constructed

general purpose buildings, houses and masonry structures, and monuments or very sensitive buildings.
Normal values for the allowable velocities are 16 mm/s, 6 mm/s, and 3 mm/s. These values are the allowable vibrations of structural

elements, for the three categories of buildings. Allowable vibrations of the foundation or the soil in its immediate vicinity, are usually much
smaller, of the order of magnitude of 4 mm/s or 2 mm/s. For tall buildings the allowable vibrations at the top levels of the structure may be
considerably larger (say 40 mm/s, 15 mm/s or 8 mm/s for the three categories of buildings mentioned above) because swaying of the structure
may occur without causing structural damage. In very tall buildings (skyscrapers) the displacements and velocities may become so large that
they cause severe discomfort for the residents, even though the structure itself is perfectly safe. In some of these buildings movable masses have
been installed which counteract the natural vibrations, to reduce the discomfort.



Chapter 15

MOVING LOADS ON AN ELASTIC HALF PLANE

In this chapter some analytical solutions are derived for problems of vertical loads moving at constant speed over the upper boundary of the
half plane z > 0. The material is isotropic linear elastic with quasi-viscous damping to represent hysteretic damping. The method used is a
Fourier integral method (Sneddon, 1951). The analysis in this chapter is due to Verruijt & Cornejo Córdova (2001).

15.1 Moving wave

In this section the problem of a moving sinusoidal wave on the half plane z > 0 is considered, for an isotropic elastic material with hysteretic
damping. This will be used as the basic case for the more general case of a moving strip load or a moving point load. Hysteretic damping is
defined as a special type of visco-elastic damping, the special property being that the damping ratio in each full cycle of loading is independent
of the frequency of the loading (Hardin, 1965; Verruijt, 1999).

15.1.1 Basic equations

The basic equations are the equations of motion,
∂σxx

∂x
+
∂σzx

∂z
= ρ

∂2u

∂t2
, (15.1)

∂σxz

∂x
+
∂σzz

∂z
= ρ

∂2w

∂t2
. (15.2)

For a linear visco-elastic material the stresses are related to the displacements by the following relations.

σxx = λ

(
∂u

∂x
+
∂w

∂z

)
+ λtr

∂

∂t

(
∂u

∂x
+
∂w

∂z

)
+ 2µ

∂u

∂x
+ 2µtr

∂

∂t

∂u

∂x
, (15.3)

σzz = λ

(
∂u

∂x
+
∂w

∂z

)
+ λtr

∂

∂t

(
∂u

∂x
+
∂w

∂z

)
+ 2µ

∂w

∂z
+ 2µtr

∂

∂t

∂w

∂z
, (15.4)

σxz = µ

(
∂u

∂z
+
∂w

∂x

)
+ µtr

∂

∂t

(
∂u

∂z
+
∂w

∂x

)
, (15.5)
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where λ and µ are the Lamé constants of the material, and tr is a relaxation time. In order to describe hysteretic damping the value of tr should
be inversely proportional to the frequency of the loading.

Substitution of the equations (15.3) – (15.5) into (15.1) and (15.2) leads to the basic differential equations

(λ+ µ)
∂

∂x

(
∂u

∂x
+
∂w

∂z

)
+ µ

(
∂2u

∂x2
+
∂2u

∂z2

)
+(λ+ µ)tr

∂

∂t

∂

∂x

(
∂u

∂x
+
∂w

∂z

)
+ µtr

∂

∂t

(
∂2u

∂x2
+
∂2u

∂z2

)
= ρ

∂2u

∂t2
, (15.6)

(λ+ µ)
∂

∂z

(
∂u

∂x
+
∂w

∂z

)
+ µ

(
∂2w

∂x2
+
∂2w

∂z2

)
+(λ+ µ)tr

∂

∂t

∂

∂z

(
∂u

∂x
+
∂w

∂z

)
+ µtr

∂

∂t

(
∂2w

∂x2
+
∂2w

∂z2

)
= ρ

∂2w

∂t2
. (15.7)

These equations can also be written as

(λ+ 2µ)
∂2u

∂x2
+ (λ+ µ)

∂2w

∂z∂x
+ µ

∂2u

∂z2

+(λ+ 2µ)tr
∂3u

∂x2∂t
+ (λ+ µ)tr

∂3w

∂z∂x∂t
+ µtr

∂3u

∂z2∂t
= ρ

∂2u

∂t2
, (15.8)

(λ+ 2µ)
∂2w

∂z2
+ (λ+ µ)

∂2u

∂z∂x
+ µ

∂2w

∂x2

+(λ+ 2µ)tr
∂3w

∂z2∂t
+ (λ+ µ)tr

∂3u

∂x∂z∂t
+ µtr

∂3w

∂x2∂t
= ρ

∂2w

∂t2
. (15.9)

It is assumed that the problem is to determine stresses and displacements in the half plane z > 0, subject to the boundary conditions

z = 0 : σzx = 0, (15.10)

z = 0 : σzz = −p0 exp[iα(x− vt)]. (15.11)

These boundary conditions express that the half plane is loaded by a wave load normal to the surface, moving at a speed v, in positive x-direction.
Actually only the real part of the boundary condition applies, because the stress σzz is a real quantity. This means that the real part of all
quantities should be taken to obtain physically meaningful results.
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15.1.2 Solutions

The solutions are assumed to be of the following form,

αu = A exp[iα(x− vt)] exp(−aαz), (15.12)

αw = B exp[iα(x− vt)] exp(−aαz), (15.13)

where α is a given positive real constant, and the (complex) constant a is unknown. It is assumed that its real part is positive, so that the
solution will vanish for z →∞. It is assumed that the imaginary part of a is negative, so that waves will propagate in positive z-direction (this
is Rayleigh’s radiation condition). If we write a = p− iq the solution will then contain a factor of the form exp[iqα(z− vt)], where q is a positive
number. If q > 0 this ensures that for a fixed value of x the wave form is propagated in positive z-direction.

The unknown coefficients A and B in general are complex. A factor α has been added to the variables so that the constants A and B will
be dimensionless.

The derivatives needed in the expressions for the stresses are as follows.

∂u

∂x
= iA exp[iα(x− vt)] exp(−aαz), (15.14)

∂u

∂z
= −Aa exp[iα(x− vt)] exp(−aαz), (15.15)

∂w

∂x
= iB exp[iα(x− vt)] exp(−aαz), (15.16)

∂w

∂z
= −Ba exp[iα(x− vt)] exp(−aαz), (15.17)

∂2u

∂x∂t
= Aαv exp[iα(x− vt)] exp(−aαz), (15.18)

∂2u

∂z∂t
= iAaαv exp[iα(x− vt)] exp(−aαz), (15.19)

∂2w

∂x∂t
= Bαv exp[iα(x− vt)] exp(−aαz), (15.20)

∂2w

∂z∂t
= iBaαv exp[iα(x− vt)] exp(−aαz). (15.21)



Arnold Verruijt, Soil Dynamics : 15. MOVING LOADS ON AN ELASTIC HALF PLANE 305

The second and third order derivatives needed in the basic differential equations (15.6) and (15.7) are as follows.

∂2u

∂x2
= −Aα exp[iα(x− vt)] exp(−aαz), (15.22)

∂2u

∂z2
= Aa2α exp[iα(x− vt)] exp(−aαz), (15.23)

∂2w

∂x2
= −Bα exp[iα(x− vt)] exp(−aαz), (15.24)

∂2w

∂z2
= Ba2α exp[iα(x− vt)] exp(−aαz), (15.25)

∂2u

∂x∂z
= −iAaα exp[iα(x− vt)] exp(−aαz), (15.26)

∂2w

∂x∂z
= −iBaα exp[iα(x− vt)] exp(−aαz), (15.27)

∂3u

∂x2∂t
= iAα2v exp[iα(x− vt)] exp(−aαz), (15.28)

∂3u

∂z2∂t
= −iAa2α2v exp[iα(x− vt)] exp(−aαz), (15.29)

∂3w

∂x2∂t
= iBα2v exp[iα(x− vt)] exp(−aαz), (15.30)

∂3w

∂z2∂t
= −iBa2α2v exp[iα(x− vt)] exp(−aαz), (15.31)

∂3u

∂x∂z∂t
= −Aaα2v exp[iα(x− vt)] exp(−aαz), (15.32)

∂3w

∂x∂z∂t
= −Baα2v exp[α(x− vt)] exp(−aαz). (15.33)

Substitution of these expressions into the equations (15.8) and (15.9) now leads to the following system of equations for the determination of
the constants A and B, {

[(λ+ 2µ)− µa2 − ρv2]− 2iζ[(λ+ 2µ)− µa2]
}
A+ i(λ+ µ)(1− 2iζ)aB = 0, (15.34)
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i(λ+ µ)(1− 2iζ)aA+
{
[µ− (λ+ 2µ)a2 − ρv2]− 2iζ[µ− (λ+ 2µ)a2]

}
B = 0, (15.35)

where the damping factor ζ is defined by
2ζ = αvtr. (15.36)

In order to represent hysteretic damping, rather than visco-elastic damping, the product of the parameters ω = αv and tr should be considered as
a constant. Thus the parameter ζ is an independent material parameter. This means that the relaxation time tr must be inversely proportional
to the frequency αv.

The equations (15.34) and (15.35) can be somewhat simplified by introducing the parameters

m2 =
λ+ 2µ
µ

=
2(1− ν)
1− 2ν

=
c2p
c2s
, (15.37)

ξ2 =
ρv2

µ
=
v2

c2s
. (15.38)

Here cp and cs are the propagation velocities of compression waves and shear waves in the elastic material. The system of equations (15.34) and
(15.35) now is {

(m2 − a2)(1− 2iζ)− ξ2
}
A+ i(m2 − 1)(1− 2iζ)aB = 0, (15.39)

i(m2 − 1)(1− 2iζ)aA+
{
(1−m2a2)(1− 2iζ)− ξ2

}
B = 0, (15.40)

It may be noted that the matrix of this system of equations is symmetric.
The system of equations has a non-zero solution only if the determinant ∆ is zero. This determinant is defined as

∆ =
∣∣∣∣ (m2 − a2)(1− 2iζ)− ξ2 i(m2 − 1)(1− 2iζ)a

i(m2 − 1)(1− 2iζ)a (1−m2a2)(1− 2iζ)− ξ2

∣∣∣∣ (15.41)

or, after some elementary elaboration,

∆ = m2(1− a2)2(1− 2iζ)2 − (m2 + 1)(1− a2)(1− 2iζ)ξ2 + ξ4. (15.42)

The condition that this must be zero leads to the possible roots

1− a2
1 =

ξ2

1− 2iζ
, 1− a2

2 =
ξ2

m2(1− 2iζ)
. (15.43)

For the undamped case (ζ = 0) the roots are real, 1− a2
1 = ξ2 and 1− a2

2 = ξ2/m2, in agreement with the known results for this case (Cole and
Huth, 1958).
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15.1.3 Solution 1

The first solution is determined by the root

a2
1 = 1− ξ2

1− 2iζ
=

(1− ξ2 + 4ζ2)− 2iζξ2

1 + 4ζ2
. (15.44)

This is written as
a2
1 = R2

1 exp(−2iθ1), (15.45)

where R1 and θ1 are determined by the equations

R4
1 =

(1− ξ2 + 4ζ2)2 + 4ζ2ξ4

(1 + 4ζ2)2
, (15.46)

2θ1 = arctan
(

2ζξ2

1− ξ2 + 4ζ2

)
. (15.47)

It is assumed that the angle 2θ1 lies in the interval
0 ≤ 2θ1 < π. (15.48)

It may be noted that this definition of the function arctan(x) is different from the usual definition of the principal value. The present definition
has been used so that the real part of a1 is always positive and the imaginary part of a1 is always negative. This ensures that the solution
vanishes for z →∞, and that the waves are going out, from the boundary towards infinity (this is a form of the radiation condition). It may be
noted that the present definition of the interval also ensures that 2θ1 is continuous when ξ varies between 0 and ∞. If 2θ1 would be defined in
the interval −π/2 < 2θ1 < +π/2, the value of 2θ1 would jump from π/2 to −π/2 when ξ2 passes the value 1 + 4ζ2.

The value of a1 now is
a1 = R1 exp(−iθ1) = p1 − iq1, (15.49)

where
p1 = R1 cos(θ1), (15.50)

q1 = R1 sin(θ1). (15.51)

The value of p1, the real part of a1, is always positive because of the definition (15.48). This ensures that the solution will vanish for z → ∞,
as required. The value of q1 is also always positive, so that all waves will travel towards infinity.

The values of the real and imaginary parts of a1 are shown graphically in Figure 15.1, for relatively small values of ζ. It may be noted that
the point ξ = 0, ζ = 0 corresponds to a1 = 1. The point ξ = 1, ζ = 0 corresponds to a1 = 0, and the point ξ = 2, ζ = 0 corresponds to
a1 = −i

√
3. The real part of a1 is always positive, and the imaginary part is always negative.

Substitution of the value of a2
1 into either of the equations (15.39) or (15.40) shows that the constants A1 and B are related by

A1 = −ia1B1 = −i(p1 − iq1)B1 = −(q1 + ip1)B1. (15.52)
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Figure 15.1: First root a1 as a function of ξ and ζ, for small values of ζ.

Thus the first solution is

αu = −ia1B1 exp[iα(x− vt)] exp(−a1αz), (15.53)

αw = B1 exp[iα(x− vt)] exp(−a1αz). (15.54)

The solution can also be written as

αu = −(q1 + ip1)B1 exp[iα(x+ q1z − vt)] exp(−p1αz), (15.55)

αw = B1 exp[iα(x+ q1z − vt)] exp(−p1αz). (15.56)
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15.1.4 Solution 2

The second solution is determined by the root

a2
2 = 1− ξ2/m2

1− 2iζ
=

(1− ξ2/m2 + 4ζ2)− 2iζξ2/m2

1 + 4ζ2
. (15.57)

This is written as
a2
2 = R2

2 exp(−2iθ2), (15.58)

where R2 and θ2 are determined by the equations

R4
2 =

(1− ξ2/m2 + 4ζ2)2 + 4ζ2ξ4/m4

(1 + 4ζ2)2
, (15.59)

2θ2 = arctan
(

2ζξ2/m2

1− ξ2/m2 + 4ζ2

)
. (15.60)

It is assumed that the angle 2θ2 lies in the interval
0 ≤ 2θ2 < π. (15.61)

The value of a2 now is
a2 = R2 exp(−iθ2) = p2 − iq2, (15.62)

where
p2 = R2 cos(θ2), (15.63)

q2 = R2 sin(θ2). (15.64)

The values of p2 and q2 are always positive because of the definition (15.61). This ensures that the solution will vanish for z →∞, and that the
waves will be propagated towards infinity, as required.

The values of the real and imaginary parts of a2 are shown graphically in Figure 15.2, for relatively large values of ζ. This is actually the
same figure as Figure 15.1, except that ξ must be replaced by ξ/

√
k. It may be noted that the point ξ = 0, ζ = 0 corresponds to a2 = 1. For

large values of the damping parameter ζ the values of a2 all approach the point a2 = 1. The real part of a2 is always positive, and the imaginary
part is always negative.

Substitution of the value of a2
2 into either of the equations (15.39) or (15.40) shows that the constants A2 and B2 are related by

B2 = ia2A2 = i(p2 − iq2)A2 = (q2 + ip2)A2. (15.65)
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Figure 15.2: Second root a2 as a function of ξ/m and ζ, for large values of ζ.

Thus the second solution is

αu = A2 exp[iα(x− vt)] exp(−a2αz), (15.66)

αw = ia2A2 exp[iα(x− vt)] exp(−a2αz). (15.67)

This solution can also be written as

αu = A2 exp[iα(x+ q2z − vt)] exp(−p2αz), (15.68)

αw = (q2 + ip2)A2 exp[iα(x+ q2z − vt)] exp(−p2αz). (15.69)



Arnold Verruijt, Soil Dynamics : 15. MOVING LOADS ON AN ELASTIC HALF PLANE 311

15.1.5 Completion of the solution

By addition of the two possible solutions the general solution is obtained,

αu =
[
−ia1B1 exp(−a1αz) +A2 exp(−a2αz)

]
exp[iα(x− vt)], (15.70)

αw =
[
B1 exp(−a1αz) + ia2A2 exp(−a2αz)

]
exp[iα(x− vt)]. (15.71)

The first order derivatives of these functions are

∂u

∂x
=

[
a1B1 exp(−a1αz) + iA2 exp(−a2αz)

]
exp[iα(x− vt)], (15.72)

∂u

∂z
=

[
ia2

1B1 exp(−a1αz)− a2A2 exp(−a2αz)
]
exp[iα(x− vt)], (15.73)

∂w

∂x
=

[
iB1 exp(−a1αz)− a2A2 exp(−a2αz)

]
exp[iα(x− vt)], (15.74)

∂w

∂z
=

[
−a1B1 exp(−a1αz)− ia2

2A2 exp(−a2αz)
]
exp[iα(x− vt)]. (15.75)

It may be noted that the factor α, which was introduced in the general solutions for the displacements, equations (15.70) and (15.71), does not
appear in the derivatives, which are dimensionless.

15.1.6 First boundary condition

In order to satisfy the first boundary condition, which expresses that the shear stresses at the surface z = 0 are zero, the following combination
is needed, (∂u

∂z
+
∂w

∂x

)
=

[
i(1 + a2

1)B1 exp(−a1αz)− 2a2A2 exp(−a2αz)
]
exp[iα(x− vt)]. (15.76)

It now follows that

tr
∂

∂t

(∂u
∂z

+
∂w

∂x

)
= −2iζ

[
i(1 + a2

1)B1 exp(−a1αz)− 2a2A2 exp(−a2αz)
]
exp[iα(x− vt)]. (15.77)

Using these results the expression for the shear stress is

σzx

µ
= (1− 2iζ)

[
i(1 + a2

1)B1 exp(−a1αz)− 2a2A2 exp(−a2αz)
]
exp[iα(x− vt)]. (15.78)
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On the boundary z = 0 this must be zero, because of the boundary condition (15.10). This gives

2a2A2 = i(1 + a2
1)B1. (15.79)

This enables to write the expression for the shear stress, eq. (15.78), in a slightly simpler form,

σzx

µ
= 2a2A2(1− 2iζ)

[
exp(−a1αz)− exp(−a2αz)

]
exp[iα(x− vt)]. (15.80)

Written in this form it can immediately be seen that the boundary condition of zero shear stress at the upper boundary z = 0 is indeed satisfied.

15.1.7 Second boundary condition

The second boundary condition refers to the vertical normal stress σzz, which is prescribed along the boundary z = 0, see equation (15.11),

z = 0 : σzz = −p0 exp[iα(x− vt)]. (15.81)

This stress can be expressed into the displacement components u and w by equation (15.4), which can also be written as

σzz

µ
= (m2 − 2)

(∂u
∂x

+
∂w

∂z

)
+ (m2 − 2)tr

∂

∂t

(∂u
∂x

+
∂w

∂z

)
+ 2

∂w

∂z
+ 2tr

∂

∂t

∂w

∂z
, (15.82)

The first term (the volume strain) is, from (15.72) and (15.75),(∂u
∂x

+
∂w

∂z

)
= i(1− a2

2)A2 exp(−a2αz) exp[iα(x− vt)]. (15.83)

It may be noted that the volume strain due to the first solution, with the coefficient B1, is zero. This suggests that the first solution represents
the shear waves.

It follows from (15.83) that

tr
∂

∂t

(∂u
∂x

+
∂w

∂z

)
= 2ζ(1− a2

2)A2 exp(−a2αz) exp[iα(x− vt)]. (15.84)

The value of ∂w/∂z has been given in (15.75),

∂w

∂z
=

[
−a1B1 exp(−a1αz)− ia2

2A2 exp(−a2αz)
]
exp[iα(x− vt)]. (15.85)

Differentiation with respect to t gives

tr
∂2w

∂z∂t
= 2iζ

[
a1B1 exp(−a1αz) + ia2

2A2 exp(−a2αz)
]
exp[iα(x− vt)]. (15.86)
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Using these results the expression for the vertical normal stress is

σzz

µ
= (1− 2iζ)

[
i(m2 − 2−m2a2

2)A2 exp(−a2αz)− 2a1B1 exp(−a1αz)
]
exp[iα(x− vt)], (15.87)

or, because it follows from the definition of the roots a1 and a2, see (15.43), that m2 −m2a2
2 = 1− a2

1,

σzz

µ
= −(1− 2iζ)

[
i(1 + a2

1)A2 exp(−a2αz) + 2a1B1 exp(−a1αz)
]
exp[iα(x− vt)]. (15.88)

The boundary condition (15.81) now leads to the equation

i(1 + a2
1)A2 + 2a1B1 =

p0

µ(1− 2iζ)
, (15.89)

which is the second relation between the two constants A2 and B1, the first relation being (15.79).
Equations (15.89) makes it possible to write the expression for the vertical normal stress, eq. (15.88), in a slightly simpler form,

σzz

µ
= −p0

µ
exp(−a2αz) exp[iα(x− vt)]

+2a1(1− 2iζ)B1

[
exp(−a2αz)− exp(−a1αz)

]
exp[iα(x− vt)]. (15.90)

Written in this form it can immediately be seen that the boundary condition for the vertical normal stress at the upper boundary z = 0 is
indeed satisfied.

15.1.8 The two constants

The two constants A2 and B1 can be determined from the equations (15.79) and (15.89). This gives

A2 = − p0

µ(1− 2iζ)
i(1 + a2

1)
(1 + a2

1)2 − 4a1a2
, (15.91)

B1 = − p0

µ(1− 2iζ)
2a2

(1 + a2
1)2 − 4a1a2

. (15.92)

This completes the solution of the problem for a traveling wave load.
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15.1.9 Final solution

The final expressions for the displacements are

αu =
ip0

µ(1− 2iζ)
2a1a2 exp(−a1αz)− (1 + a2

1) exp(−a2αz)
(1 + a2

1)2 − 4a1a2
exp[iα(x− vt)], (15.93)

αw = − p0

µ(1− 2iζ)
2a2 exp(−a1αz)− a2(1 + a2

1) exp(−a2αz)
(1 + a2

1)2 − 4a1a2
exp[iα(x− vt)]. (15.94)

The final expressions for the stresses are found to be

σxx

p0
=

(1 + a2
1)(1− a2

1 + 2a2
2) exp(−a2αz)− 4a1a2 exp(−a1αz)

(1 + a2
1)2 − 4a1a2

exp[iα(x− vt)], (15.95)

σzz

p0
= − (1 + a2

1)
2 exp(−a2αz)− 4a1a2 exp(−a1αz)

(1 + a2
1)2 − 4a1a2

exp[iα(x− vt)], (15.96)

σxz

p0
=

2ia2(1 + a2
1)

[
exp(−a2αz)− exp(−a1αz)

]
(1 + a2

1)2 − 4a1a2
exp[iα(x− vt)]. (15.97)

The isotropic stress σ0 = 1
2 (σxx + σzz) is of a relatively simple form,

σ0

p0
=

(1 + a2
1)(a

2
2 − a2

1) exp(−a2αz)
(1 + a2

1)2 − 4a1a2
exp[iα(x− vt)]. (15.98)

This equation can also be derived immediately from the volume strain, of course.

15.1.10 The displacement of the origin

Of particular interest is the vertical displacement of the surface z = 0 below the center of the load, for x = vt. With (15.94) this gives

αwd = − p0

µ(1− 2iζ)
a2(1− a2

1)
(1 + a2

1)2 − 4a1a2
. (15.99)

It follows from the definition of a1, see (15.44), that 1− a2
1 = ξ2/(1− 2iζ), hence

αwd = − p0

µ(1− 2iζ)2
a2ξ

2

(1 + a2
1)2 − 4a1a2

. (15.100)
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The actual value of the displacement is the real part of this expression. This means that the amplitude of the displacement is determined by
the absolute value |wd|. This can be expressed in dimensionless form as

αµ|wd|
p0

=
1

|1− 2iζ|2
|a2|ξ2

|(1 + a2
1)2 − 4a1a2|

. (15.101)

All quantities in the right hand side of this equation can be expressed in terms of parameters introduced before. In fact,

|1− 2iζ|2 = 1 + 4ζ2, (15.102)

|a2| = R2, (15.103)

|(1 + a2
1)

2 − 4a1a2| =
√
P 2 +Q2, (15.104)

where
P = (1 + p2

1 − q21)2 − 4p2
1q

2
1 − 4p1p2 + 4q1q2, (15.105)

Q = 4(p1q2 + p2q1 − p1q1(1 + p2
1 − q21). (15.106)

The parameters in these expressions have been defined in sections 1.3 and 1.4.

The amplitude of the vertical displacement is shown as a function of the dimensionless velocity of the wave load v/cs in Figure 15.3, for
ν = 0 and four values of the damping ratio ζ. The amplitude is shown as a ratio to the static value, obtained for v/cs → 0. It appears that
there is a definite peak in the displacements, which corresponds to the velocity of the Rayleigh wave in the undamped case. Actually, for ν = 0
the velocity of the Rayleigh wave is cr = 0.874 cs. The magnitude of the peak depends very much upon the value of the damping ratio ζ. A
damping ratio ζ = 0.1 reduces the peak value to about three times the static value.
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Figure 15.3: Moving wave load, Dynamic amplification factor, ν = 0.
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15.2 Solution for a moving strip load

The solution for a moving strip load can be derived from the previous solution using Fourier transforms. The boundary condition is supposed
to be

z = 0 : σzz =
{
−p0, if |x− vt| < b,
0, if |x− vt| > b.

(15.107)

This boundary condition can also be written as

z = 0 : σzz = − 2p0

π

∫ ∞

0

sin(αb) cos[α(x− vt)]
α

dα. (15.108)

Comparing this with the boundary condition for the previous case, see (15.11), and remembering that the real part of this boundary condition
and of the solution should be considered only, it follows that the solution of the problem for a moving strip load (say F (x, z, t)) can be obtained
from the solution of the problem for a moving wave load (say f(x, z, t, α)) by multiplication of the real part of the solution by a factor

2
π

sin(αb)
α

dα,

and then integrating from α = 0 to α = ∞. Hence

F (x, z, t) =
2
π

∫ ∞

0

sin(αb)<{f(x, z, t, α)}
α

dα, (15.109)

or, because only the function f(x, y, z, t) can be complex,

F (x, z, t) =
2
π
<

∫ ∞

0

sin(αb)f(x, z, t, α)
α

dα, (15.110)

This is simply an application of the Fourier integral, of course. The same result could have been obtained by using the Fourier transform method
(Sneddon, 1951). It may be noted that in the formulation used here the parameter α is always positive.

15.2.1 Vertical displacement of the surface

Application of the Fourier integral (15.110) to the expression (15.100) for the vertical displacements gives, taking into account that the real part
should be taken,

w = − 2p0

πµ
<

∫ ∞

0

a2[2 exp(−a1αz)− (1 + a2
1) exp(−a2αz)]

α2(1− 2iζ)[(1 + a2
1)2 − 4a1a2]

sin(αb) exp[iα(x− vt)] dα. (15.111)
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Because the coefficients a1 and a2 depend upon the velocity factor ξ (= v/cs) and the damping ratio ζ, but not on α, this can also be written as

w = − p0

µ
<

{ a2[2I1 − (1 + a2
1)I2]

(1− 2iζ)[(1 + a2
1)2 − 4a1a2]

}
, (15.112)

where

I1 =
2
π

∫ ∞

0

sin(αb) exp{α[i(x− vt)− a1z]}
α2

dα, (15.113)

I2 =
2
π

∫ ∞

0

sin(αb) exp{α[i(x− vt)− a2z]}
α2

dα. (15.114)

Although these integrals are of a relatively simple form, they can not be evaluated in analytic form, because of the singularity for α = 0. This
is a well known property of elastic problems for a half plane with a load on its surface. The displacements can not be determined uniquely, and
the solution will have a logarithmic singularity. It is possible, however, to consider some special properties of the solution, by considering some
special points, for instance.

As an example one may consider the displacements of the upper surface z = 0. Then the two integrals (15.113) and (15.114) are equal,

I0 = I1 = I2 =
2
π

∫ ∞

0

sin(αb) exp[iα(x− vt)]
α2

dα, (15.115)

and the displacement of the surface is, using the definition of a1 in (15.44),

wd = − p0

µ
<

{ a2ξ
2

(1− 2iζ)2[(1 + a2
1)2 − 4a1a2]

I0

}
. (15.116)

As before, the integral does not converge, but it is independent of ξ and ζ. Of particular interest is the amplitude of the displacement. Because
the displacement will always be a sinusoidal function of time, it follows that

|wd| =
p0

µ

|a2| ξ2

|1− 2iζ|2|(1 + a2
1)2 − 4a1a2|

|I0|. (15.117)

The static value is obtained by letting ξ → 0. This gives

|ws| =
p0

2µ|1− 2iζ|
k − 1
k

|I0| =
p0(1− ν)

µ
√

1 + 4ζ2
|I0|. (15.118)
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Figure 15.4: Moving strip load, Dynamic amplification factor, ν = 0.3333.

The ratio of the dynamic to the static displacement now is

|wd|
|ws|

=
|a2| ξ2

(1− ν)
√

1 + 4ζ2 |(1 + a2
1)2 − 4a1a2|

. (15.119)

The dynamic amplification factor is shown in graphical form in Figure 15.4, for ν = 1
3 , and four values of the damping factor ζ. Actually,

this is the same relationship as for the wave loads, shown in Figure 15.3. These figures differ only because the value of ν is different.
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15.2.2 Vertical normal stress

Application of the Fourier integral (15.110) to the expression (15.96) for the vertical normal stress gives, taking into account that the real part
should be taken,

σzz

p0
= −<

{ (1 + a2
1)

2(J1 + iJ2)− 4a1a2(J3 + iJ4)
(1 + a2

1)2 − 4a1a2

}
, (15.120)

where

J1 =
2
π

∫ ∞

0

sin(αb) cos[α(x− vt+ q2z)]
α

exp(−p2αz) dα, (15.121)

J2 =
2
π

∫ ∞

0

sin(αb) sin[α(x− vt+ q2z)]
α

exp(−p2αz) dα, (15.122)

J3 =
2
π

∫ ∞

0

sin(αb) cos[α(x− vt+ q1z)]
α

exp(−p1αz) dα, (15.123)

J4 =
2
π

∫ ∞

0

sin(αb) sin[α(x− vt+ q1z)]
α

exp(−p1αz) dα, (15.124)

These integrals can be evaluated using the standard integrals

2
∫ ∞

0

sin(αx) cos(αy)
α

exp(−αz) dα = arctan
{y + x

z

}
− arctan

{y − x

z

}
, (15.125)

2
∫ ∞

0

sin(αx) sin(αy)
α

exp(−αz) dα = 1
2 log

{z2 + (x+ y)2

z2 + (x− y)2
}
. (15.126)

Using these integrals it follows that

J1 =
1
π

arctan
{x− vt+ q2z + b

p2z

}
− 1
π

arctan
{x− vt+ q2z − b

p2z

}
(15.127)

J2 =
1
2π

log
{p2

2z
2 + (x− vt+ q2z + b)2

p2
2z

2 + (x− vt+ q2z − b)2
}
, (15.128)

J3 =
1
π

arctan
{x− vt+ q1z + b

p1z

}
− 1
π

arctan
{x− vt+ q1z − b

p1z

}
(15.129)

J4 =
1
2π

log
{p2

1z
2 + (x− vt+ q1z + b)2

p2
1z

2 + (x− vt+ q1z − b)2
}
. (15.130)
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It is now assumed that the width of the strip (2b) is very small, and the load p0 is very large, so that the total load P = 2p0b remains finite.
The load then is a point load. Then the following approximations can be used,

arctan(x+ ε)− arctan(x− ε) ≈ 2ε
1 + x2

, (15.131)

log
{1 + ε

1− ε

}
≈ 2ε. (15.132)

The expressions (15.127) – (15.130) now become

J1 =
2b
z
K1 =

2b
z

1
π

p2

p2
2 + [(x− vt)/z + q2]2

, (15.133)

J2 =
2b
z
K2 =

2b
z

1
π

(x− vt)/z + q2
p2
2 + [(x− vt)/z + q2]2

, (15.134)

J3 =
2b
z
K3 =

2b
z

1
π

p1

p2
1 + [(x− vt)/z + q1]2

, (15.135)

J4 =
2b
z
K4 =

2b
z

1
π

(x− vt)/z + q1
p2
1 + [(x− vt)/z + q1]2

. (15.136)

We now write, by definition of the factors C and D, which will depend upon ξ and ζ,

(1 + a2
1)

2

(1 + a2
1)2 − 4a1a2

= 1
2 + C + iD. (15.137)

Then
−4a1a2

(1 + a2
1)2 − 4a1a2

= 1
2 − C − iD, (15.138)

because the sum of these two quantities must be 1. Now taking into account that the stress σzz is the real part of eq. (15.120), it follows that

− σzzz

P
= 1

2 (K1 +K3) + C(K1 −K3)−D(K2 −K4), (15.139)

where P is the total load, P = 2p0b, and the functions K1 – K4 have been defined in eqs. (15.133) – (15.136).
Equation (15.139) is the final expression for the vertical normal stress. The functions K1 – K4 can easily be expressed in terms of the

constants defined before, and the variable (x− vt)/z. The constants C and D can also be expressed in the constants defined before, as will be
shown below.



Arnold Verruijt, Soil Dynamics : 15. MOVING LOADS ON AN ELASTIC HALF PLANE 322

It follows from (15.137) that

C + iD =
(1 + a2

1)
2 + 4a1a2

2[(1 + a2
1)2 − 4a1a2]

, (15.140)

which enables to determine C and D. Actually, one may write

(1 + a2
1)

2 = f1 + ig1 = [(1 + p2
1 − q21)2 − 4p2

1q
2
1 ] + i[−4p1q1(1 + p2

1 − q21)], (15.141)

4a1a2 = f2 + ig2 = [4(p1p2 − q1q2)] + i[−4(p1q2 + p2q1], (15.142)

so that

C + iD =
f1 + ig1 + f2 + ig2

2(f1 + ig1 − f2 − ig2)
=

(f1 + f2) + i(g1 + g2)
2[(f1 − f2) + i(g1 − g2)]

. (15.143)

This means that

C =
(f1 + f2)(f1 − f2) + (g1 + g2)(g1 − g2)

2[(f1 − f2)2 + (g1 − g2)2]
, (15.144)

D =
(f1 − f2)(g1 + g2)− (f1 + f2)(g1 − g2)

2[(f1 − f2)2 + (g1 − g2)2]
. (15.145)

These expressions enable to evaluate numerical values of the vertical stress.
The distribution of the vertical normal stress is shown in graphical form in Figures 15.5 and 15.6 for ν = 0 and for two values of the damping

ratio: ζ = 0.01, ζ = 0.1, respectively.
The two figures show the stress distributions for three values of the velocity, v/cs = 0.001, v/cs = 0.8 and v/cs = 2.0. The case v/cs = 0.001

can be considered to be very close to the static case. The stress distribution for this case is in agreement with the classical Flamant solution
(Timoshenko & Goodier, 1951), as is indeed the case in both figures. The maximum value of the stress in this case occurs for (x − vt)/z = 0,
and its theoretical value is σzzz/P = 2/π = 0.637. The values that can be read from the two Figures 15.5 and 15.6 are close to the theoretical
value.

For the case v/cs = 0.8 the results for ζ = 0.01 are in reasonable agreement with the undamped solution given by Cole & Huth (1958), see
also Fryba (1999). A comparison with this solution will be presented in some more detail later. The location of the two pulses for the supersonic
case v/cs = 2.0 are also in good agreement with the results obtained by Cole & Huth for the undamped problem. Actually, the two singularities
are given by (x− vt) = −|as|z and (x− vt) = −|ap|z. In the undamped case the values of |as| and |ap| are, for ν = 0 and v/cs = 2: |as| =

√
3

and ap = 1, which is in agreement with the location of the peaks in Figure 15.5.
For larger values of the damping ratio ζ, see Figure 15.6, the results indicate that the effect of a moderate amount of damping is sufficient to

limit the maximum stresses to the level of the static stresses. This is an important result. It means that the damping properties of soils eliminate
the extreme peaks in the stresses that occur in an elastic material without internal damping. This does not mean that it is advisable to construct
infrastructure for moving loads on soft soils. Peaks in the stresses may be avoided by the damping of the material, but the displacements will
be very large, because the material is so soft.
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Figure 15.5: Moving point load, vertical normal stress, ν = 0.0, ζ = 0.01.
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Figure 15.6: Moving point load, vertical normal stress, ν = 0.0, ζ = 0.1.
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Figure 15.7 shows a comparison of the present solution for a very small value of the damping ratio with the solution by Cole & Huth (1958)
for a purely elastic material, without damping. The left half of the figure indicates the solution of Cole & Huth, the right half of the figure
represents the present solution with ζ = 0.000001. The two solutions are indistinguishable, confirming that the present solution is a proper
generalization of the earlier solution by Cole & Huth (1958).
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Figure 15.7: Comparison of solutions, ν = 0.333333.
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15.2.3 Isotropic stress

Of the other stress components the isotropic stress σ0 = 1
2 (σxx +σzz) is perhaps the simplest one to evaluate. Application of the Fourier integral

(15.110) to the expression (15.98) gives
σ0

p0
= <

{ (1 + a2
1)(a

2
2 − a2

1)(J1 + iJ2)
(1 + a2

1)2 − 4a1a2

}
, (15.146)

where the integrals J1 and J2 have been defined in eqs. (15.121) and (15.122).
We now write, by definition of the constants E and F ,

(1 + a2
1)(a

2
2 − a2

1)
(1 + a2

1)2 − 4a1a2
= E + iF. (15.147)

Furthermore it is again assumed that the width of the loaded strip (2b) is very small. In that case eq. (15.146) reduces to

σ0z

P
= <

{
(E + iF )(K1 + iK2)

}
= EK1 − FK2. (15.148)

This is the final expression for the isotropic stress. The constants E and F can be calculated by elaborating the definition (15.147). This gives

E + iF =
[(1 + p2

1 − q21)− 2ip1q1][(p2
2 − p2

1 − q22 + q21) + 2i(p1q1 − p2q2)]
(f1 − f2) + i(g1 − g2)

, (15.149)

from which it follows that

E =
(us− vt)(f1 − f2) + (vs+ ut)(g1 − g2)

(f1 − f2)2 + (g1 − g2)2
, (15.150)

F =
(vs+ ut)(f1 − f2)− (us− vt)(g1 − g2)

(f1 − f2)2 + (g1 − g2)2
, (15.151)

where
u = 1 + p2

1 − q21 , (15.152)

v = −2p1q1, (15.153)

s = p2
2 − p2

1 − q22 + q21 , (15.154)

t = 2p1q1 − 2p2q2. (15.155)

This enables to elaborate the isotropic stress.
Some examples are shown in Figure 15.8, for a practically undamped material, and three values of the velocity. The pseudo-static case

v/cs = 0.001 is in agreement with the elastostatic solution (Timoshenko & Goodier, 1951).
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Figure 15.8: Moving point load, isotropic stress, ν = 0.0, ζ = 0.01.

15.2.4 Horizontal normal stress

The horizontal normal stress σxx can most simply be evaluated by noting that

σxx = 2σ0 − σzz. (15.156)

Some examples are shown in Figure 15.9, for a practically undamped material, and three values of the velocity. As before, the pseudo-static
case v/cs = 0.001 is in agreement with the elastostatic solution (Timoshenko & Goodier, 1951).

15.2.5 Shear stress

Application of the Fourier integral (15.110) to the expression (15.97) for the shear stress gives, taking into account that the real part should be
taken,

σxz

p0
= <

{2ia2(1 + a2
1)(J1 + iJ2 − J3 − iJ4)

(1 + a2
1)2 − 4a1a2

}
, (15.157)
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1

0

−1
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−3

v/cs = 0.001

v/cs = 2.0

v/cs = 0.8

σxx z
P

(x− vt)/z

Figure 15.9: Moving point load, horizontal normal stress, ν = 0.0, ζ = 0.01.

or, in the limiting case b→ 0,
σxzz

P
= <

{2ia2(1 + a2
1)(K1 + iK2 −K3 − iK4)

(1 + a2
1)2 − 4a1a2

}
. (15.158)

This can be elaborated by writing
2ia2(1 + a2

1)
(1 + a2

1)2 − 4a1a2
= G+ iH. (15.159)

Then the final expression for the shear stress is
σxzz

P
= G(K1 −K3)−H(K2 −K4). (15.160)

The constants G and H can be calculated by elaborating the definition (15.159),

G+ iH =
2(q2 + ip2)[(1 + p2

1 − q21)− 2ip1q1]
(f1 − f2) + i(g1 − g2)

. (15.161)

It follows that

G =
2(q2u− p2u)(f1 − f2) + 2(p2u+ q2v)(g1 − g2)

(f1 − f2)2 + (g1 − g2)2
, (15.162)
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Figure 15.10: Moving point load, shear stress, ν = 0.0, ζ = 0.01.

H =
2(p2u+ q2v)(f1 − f2)− 2(q2u− p2v)(g1 − g2)

(f1 − f2)2 + (g1 − g2)2
. (15.163)

Some examples are shown in Figure 15.10, for a practically undamped material, and three values of the velocity. As before, the pseudo-static
case v/cs = 0.001 is in agreement with the elastostatic solution (Timoshenko & Goodier, 1951).



Appendix A

INTEGRAL TRANSFORMS

In this appendix a brief review is given of some integral transform methods. These are techniques used to reduce a differential equation to an
algebraic equation. The main transforms are the Laplace transform, the Fourier transform and the Hankel transform. These will be presented
here, together with some of their main properties. Derivations of the theorems will be given in condensed form, or not at all. Complete
derivations are given by Titchmarsh (1948), Sneddon (1951) and Churchill (1972). Extensive tables of transforms have been published by the
staff of the Bateman project (Erdélyi et al., 1954).

Short tables of Laplace transforms, Fourier transforms and Hankel transforms are presented, with references to their derivation, and some
numerical illustrations and verifications.

Finally, an elegant and effective method is described for the determination of the inverse Fourier-Laplace transform for certain problems, in
particular problems of elastodynamics (De Hoop, 1960).

A.1 LAPLACE TRANSFORMS

A.1.1 Definitions

The Laplace transform is particularly useful for problems in which the variables are defined in a semi-infinite domain 0 < t <∞, where t may,
for instance, be the time, and t = 0 indicates the initial value of time. The Laplace transform of a function f(t) is defined as

F (s) =
∫ ∞

0

f(t) exp(−st) dt, (A.1)

where s is a parameter, which is assumed to be sufficiently large for the integral to exist. By the integration over the time domain, for various
values of s, the function f(t) is transformed into a function F (s). For various functions the Laplace transform can be calculated, sometimes
very easily, sometimes with considerable effort. Tables of such transforms are widely available (Churchill, 1972; Erdelyi et al., 1954). A short
table is given in table A.1. The integrals in this table can all be evaluated with little effort, using techniques such as partial integration.

330
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The fundamental property of the Laplace transform appears when considering the transform of the time derivative. Using partial integration
this is found to be ∫ ∞

0

df(t)
dt

exp(−st) dt = sF (s)− f(0). (A.2)

Thus differentiation with respect to time is transformed into multiplication by s, and subtraction of the initial value f(0).

No. f(t) F (s) =
∫∞
0
f(t) exp(−st) dt

1 1
1
s

2 t
1
s2

3 tn
n!
sn+1

4 exp(at)
1

s− a

5 sin(at)
a

s2 + a2

6 cos(at)
s

s2 + a2

7
sin(at)
t

arctan(
a

s
)

Table A.1: Some Laplace transforms.
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A.1.2 Example

In order to illustrate the application of the Laplace transform technique consider the differential equation

df(t)
dt

+ 2f = 0, (A.3)

with the initial condition f(0) = 5. Using the property (A.2) the differential equation (A.3) is transformed into the algebraic equation

(s+ 2)F (s)− 5 = 0, (A.4)

the solution of which is
F (s) =

5
s+ 2

. (A.5)

Inverse transformation now gives, using transform no. 4 from table A.1.1,

f(t) = 5 exp(−2t). (A.6)

Substitution into the original differential equation (A.3) will show that this is indeed the correct solution, satisfying the given initial condition.
This example shows that the solution of the problem can be performed in a straightforward way. The main problem is the inverse transfor-

mation of the solution (A.5), which depends upon the availability of a sufficiently wide range of Laplace transforms. If the inverse transformation
can not be found in a table of transforms it may be possible to use the general inverse transformation theorem (Churchill, 1972), but this requires
considerable mathematical skill.

A.1.3 Heaviside’s expansion theorem

A powerful inversion method is provided by the expansion theorem developed by Heaviside, one of the pioneers of the Laplace transform method.
This applies to functions that can be written as a quotient of two polynomials,

F (s) =
p(s)
q(s)

, (A.7)

where q(s) must be a polynomial of higher order than p(s). It is assumed that the function q(s) possesses single zeroes only, so that it may be
written as

q(s) = (s− s1)(s− s2) · · · (s− sn). (A.8)

One may now write

F (s) =
p(s)
q(s)

=
a1

s− s1
+

a2

s− s2
+ · · ·+ an

s− sn
. (A.9)
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The coefficient ai can be determined by multiplication of both sides of eq. (A.9) by (s− si), and then passing into the limit s→ si. This gives

ai = lim
s→si

(s− si) p(s)
q(s)

. (A.10)

Because q(si) = 0 the limit may be evaluated using L’Hôpital’s rule, giving

ai =
p(si)
q′(si)

. (A.11)

Inverse transformation of the expression (A.9) now gives, using formula no. 4 from table A.1.1,

f(t) =
n∑

i=1

p(si)
q′(si)

exp(sit). (A.12)

This is Heaviside’s expansion theorem. It provides a useful method to determine the inverse Laplace transform of functions of the form (A.7). It
can also be used to determine the inverse transform of functions of a more general form, although such inverse transforms can usually be found
in a more general way by application of the complex inversion integral (Churchill, 1972).
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A.2 FOURIER TRANSFORMS

A.2.1 Fourier series

For certain partial differential equations the Fourier transform method can be used to derive solutions. These include problems of potential flow,
and elasticity problems, especially in the case of problems for infinite regions, semi-infinite regions, or infinite strips. The main principles of the
method will be presented in this section.

The main property of the Fourier transform can most easily be derived by first considering a Fourier series expansion. For this purpose let there
be given a function g(θ), which is periodic with a period 2π, such that g(θ + 2π) = g(θ). This function can be written as

g(θ) =
1
2
A0 +

∞∑
k=1

{
Ak cos(kθ) +Bk sin(kθ)

}
, (A.13)

where

Ak =
1
π

∫ +π

−π

g(t) cos(kt) dt, (A.14)

and

Bk =
1
π

∫ +π

−π

g(t) sin(kt) dt, (A.15)

These formulas can be derived by multiplication of eq. (A.13) by cos(jθ) or sin(jθ), and then integrating the result from θ = −π to θ = +π. It
will then appear that from the infinite series only one term is unequal to zero, namely for k = j. This leads to eqs. (A.14) and (A.15).

For a function with period 2πl the Fourier expansion can be obtained from (A.13) by replacing θ with x/l, t by t/l and then renaming g(x/l)
as f(x). The result is

f(x) =
1
2
A0 +

∞∑
k=1

{
Ak cos(kx/l) +Bk sin(kx/l)

}
, (A.16)

where now

Ak =
1
πl

∫ +πl

−πl

f(t) cos(kt/l) dt, (A.17)

and

Bk =
1
πl

∫ +πl

−πl

f(t) sin(kt/l) dt. (A.18)
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Example

As an example consider the block function defined by

f(x) =

{
0, |x| > πl/2,

1, |x| < πl/2.
(A.19)

For this case the coefficients Ak and Bk can easily be calculated, using the expressions (A.17) and (A.18). The factors Bk are all zero, which is
a consequence of the fact that the function f(x) is even, f(−x) = f(x). The factors Ak are equal to zero when k is even, and the uneven terms
are proportional to 1/k. The series (A.16) finally can be written as

f(x) =
1
2

+
2
π

{
cos

(x
l

)
− 1

3
cos

(3x
l

)
+

1
5

cos
(5x
l

)
− 1

7
cos

(7x
l

)
+ . . .

}
. (A.20)
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x
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0

1

2

Figure A.1: Fourier series, 40 terms.

The first term of this series represents the average value of the func-
tion, the second term causes the main fluctuation, and the remaining
terms together modify this first sinusoidal fluctuation into the block func-
tion.

Figure A.1 shows the approximation of the series (A.20) by its first 40 terms.
It appears that the approximation is reasonably good, except very close to
the discontinuities. This is a well known effect, often referred to as the
Gibbs phenomenon. The approximation becomes better, of course, when
more terms are taken into account, but the overshoot near the discontinuities
remains.



Arnold Verruijt, Soil Dynamics : A. INTEGRAL TRANSFORMS 336

A.2.2 From Fourier series to Fourier integral

Substitution of (A.17) and (A.18) into (A.16) gives

f(x) =
1

2πl

∫ +πl

−πl

f(t) dt+
∞∑

k=1

f(t)
1
πl

∫ +πl

−πl

f(t) cos[k(t− x)/l] dt. (A.21)

The interval can be made very large by writing 1/l = ∆ξ. Then (A.21) becomes

f(x) =
∆ξ
2π

∫ +π/∆ξ

−π/∆ξ

f(t) dt+
∞∑

k=1

f(t)
∆ξ
π

∫ +π/∆ξ

−π/∆ξ

f(t) cos[k∆ξ(t− x)] dt. (A.22)

Writing k∆ξ = ξ and letting ∆ξ → 0 this reduces to

f(x) =
1
π

∫ ∞

0

dξ

∫ +∞

−∞
f(t) cos[ξ(x− t)] dt. (A.23)

This can also be written as
f(x) =

1
2π

∫ ∞

0

[
A(ξ) cos(xξ) +B(ξ) sin(xξ)

]
dξ, (A.24)

where
A(ξ) = 2

∫ ∞

−∞
f(t) cos(ξt) dt, (A.25)

and
B(ξ) = 2

∫ ∞

−∞
f(t) sin(ξt) dt. (A.26)

It can be seen from (A.25) that A(ξ) is an even function, A(−ξ) = A(ξ), and from (A.26) it can be seen that B(ξ) is uneven, B(−ξ) = −B(ξ).
Therefore, if F (ξ) = 1

2 [A(ξ) + iB(ξ)], it follows that∫ ∞

−∞
F (ξ) exp(−ixξ) dξ =

∫ ∞

0

[
A(ξ) cos(xξ) +B(ξ) sin(xξ)

]
dξ, (A.27)

as can be verified by elaborating the functions in the integral on the left hand side. It follows that eq. (A.24) may also be written as

f(x) =
1
2π

∫ ∞

−∞
F (ξ) exp(−ixξ) dξ, (A.28)
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where, if the integration variable t is replaced by x,

F (ξ) =
∫ ∞

−∞
f(x) exp(ixξ) dx, (A.29)

This is the basic formula of the Fourier transform method. The function F (ξ) is called the Fourier transform of f(x). It may be mentioned that
the asymmetry of the formulas is often eliminated by writing a factor 1/

√
2π in each of the two integrals.

The main property of the Fourier transform appears when considering the Fourier transform of the second derivative d2f/dx2. This is found
to be, using partial integration, ∫ ∞

−∞

d2f

dx2
exp(ixξ) dx = −ξ2 F (y), (A.30)

if it is assumed that f(x) and its derivative df/dx tend towards zero for ξ → −∞ and ξ → ∞. Thus, under these conditions, the second
derivative is transformed into multiplication by −ξ2.

When it is known that the function f(x) is even, f(−x) = f(x), one may write

f(x) =
2
π

∫ ∞

0

Fc(ξ) cos(xξ) dξ, (A.31)

where now
Fc(ξ) =

∫ ∞

0

f(x) cos(xξ) dx. (A.32)

The function Fc(ξ) is called the Fourier cosine-transform of f(x).

For uneven functions, f(−x) = −f(x), the Fourier sine-transform may be used,

f(x) =
2
π

∫ ∞

0

Fs(ξ) sin(xξ) dξ, (A.33)

where
Fs(ξ) =

∫ ∞

0

f(x) sin(xξ) dx. (A.34)

Both for the Fourier cosine transform and for the Fourier sine transform various examples are given in the tables published by Churchill (1972)
and Erdelyi et al. (1954).
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A.2.3 Application
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Figure A.2: Half plane.

As an example consider the problem of potential flow in a half plane y > 0,
see Figure A.2. Along the upper boundary y = 0 the potential is given to be
a step function. The differential equation is

∂2f

∂x2
+
∂2f

∂y2
= 0, (A.35)

and the boundary condition is supposed to be

y = 0 : f =

{
0, |x| > a,

p, |x| < a.
(A.36)

Because the boundary condition (A.36) is symmetric with respect to the y-
axis, it can be expected that the solution will be even, and therefore the
Fourier cosine transform (A.32) may be used. The transformed problem is,
using equation (A.30),

−ξ2Fc +
dFc

dy2
= 0. (A.37)

The solution of this ordinary differential equation that vanishes at infinity is

Fc = A(ξ) exp(−ξy). (A.38)

From this it follows that the value at the surface y = 0 is
y = 0 : Fc = A(ξ). (A.39)

The transformed boundary condition is, with (A.36) and (A.32),

y = 0 : Fc =
2p
π

sin(ξa)
ξ

. (A.40)

From eqs. (A.39) and (A.40) the integration factor A(ξ) can be determined,

A(ξ) =
2p
π

sin(ξa)
ξ

. (A.41)
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The final solution of the transformed problem is

Fc =
2p
π

sin(ξa)
ξ

exp(−ξy). (A.42)

The solution of the original problem can now be obtained by the inverse transform, (A.31),

f =
2p
π

∫ ∞

0

sin(ξa) cos(ξx)
ξ

exp(−ξy) dξ. (A.43)

Although this integral has been obtained as a Fourier integral, it can actually most easily be found in a table of Laplace transforms, because of
the function exp(−ξy) in the integral. In such tables the following integral may be found∫ ∞

0

sin(at)
t

exp(−st) dt = arctan
(a
s

)
. (A.44)

Using this result, and some trigonometric relations to bring the integrand of (A.43) into the correct form to apply (A.44), the final solution of
the problem considered here is found to be

f =
p

π
arctan

(a+ x

y

)
+
p

π
arctan

(a− x

y

)
. (A.45)

It can easily be verified that this solution satisfies the differential equation (A.35) and the boundary condition (A.36). Thus the expression
(A.45) is indeed the solution of the problem.
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A.2.4 List of Fourier transforms

In this section a number of Fourier transforms is listed, together with references or indications for their derivation. For some integrals a numerical
verification is shown, using Simpson’s numerical integration scheme. The numerical results confirm the analytical formulas.

In this section the Fourier cosine transform, see (A.32), is defined as

Fc(y) =
∫ ∞

0

f(x) cos(xy) dx. (A.46)

The inverse transform is, with (A.31),

f(x) =
2
π

∫ ∞

0

Fc(y) cos(xy) dy. (A.47)

The Fourier sine transform, see (A.34), is defined as

Fs(y) =
∫ ∞

0

f(x) sin(xy) dx. (A.48)

The inverse transform is, with (A.33),

f(x) =
2
π

∫ ∞

0

Fs(y) sin(xy) dy. (A.49)

It may be noted that in some publications the definitions (A.46) and (A.48) contain a factor
√

2/π. The inverse transforms then also contain
this factor, so that the pair of transforms becomes symmetric. This is especially valuable when constructing a table of transforms.

A well known integral of the Laplace transform type (Churchill, 1972) is, when formulated as a Fourier cosine transform,∫ ∞

0

exp(−xt) cos(xy) dx =
t

y2 + t2
. (A.50)

Using the inversion theorem (A.47) it follows that ∫ ∞

0

1
x2 + t2

cos(xy) dx =
π

2t
exp(−yt). (A.51)

Differentiation of (A.51) with respect to t gives∫ ∞

0

1
(x2 + t2)2

cos(xy) dx =
π

4t3
(1 + yt) exp(−yt). (A.52)
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Another well known integral of the Laplace transform type (Churchill, 1972) is, when formulated as a Fourier sine transform,∫ ∞

0

exp(−xt) sin(xy) dx =
y

y2 + t2
. (A.53)

The inverse form of this integral is, with (A.49), ∫ ∞

0

x

x2 + t2
sin(xy) dx =

π

2
exp(−yt). (A.54)

Differentiation of (A.54) with respect to t gives ∫ ∞

0

x

(x2 + t2)2
sin(xy) dx =

πy

4t
exp(−yt). (A.55)
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Figure A.3: F (y) =
∫∞
0

[sin(x)/x] cos(xy)dx.

Differentiation of (A.53) with respect to y gives∫ ∞

0

x exp(−xt) cos(xy) dx =
t2 − y2

(t2 + y2)2
. (A.56)

Differentiation of (A.53) with respect to t gives∫ ∞

0

x exp(−xt) sin(xy) dx =
2yt

(y2 + t2)2
. (A.57)

A well known discontinuous integral is (Titchmarsh, 1948, p. 177)∫ ∞

0

sin(xt)
x

cos(xy) dx =

{ π
2 , y < t,

0, y > t.
(A.58)

A numerical verification of the integral (A.58) is shown in Figure A.3. The analytical
results, as given by (A.58), are indicated by the fully drawn lines. Some numerical results,
calculated using Simpson’s integration formula, are indicated by the dots.
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Figure A.4: F (y) =
∫∞
0

[sin(x)/x] sin(xy)dx.

An integral similar to (A.58) is (Titchmarsh, 1948, p. 179)∫ ∞

0

sin(xt)
x

sin(xy) dx = 1
2 log

∣∣∣∣ t+ y

t− y

∣∣∣∣ , (A.59)

A comparison with the results of a numerical computation of this inte-
gral is shown in Figure A.4. Again the analytical results are indicated
by the fully drawn lines, and the numerical data are indicated by the
dots.

Some integrals of the Weber-Schafheitlin type (Watson, 1966, p.405) are∫ ∞

0

J0(xt) sin(xy) dx =

{
0, y < t,

(y2 − t2)−1/2, y > t.
(A.60)

∫ ∞

0

J0(xt) cos(xy) dx =

{
(t2 − y2)−1/2, y < t,

0, y > t.
(A.61)

∫ ∞

0

J0(xt)
x

sin(xy) dx =

{
arcsin(y/t), y < t,

1
2π, y > t.

(A.62)

It may be noted that eq. (A.61) may be derived from (A.62) by differentiation with respect to the parameter y.

Differentiating equation (A.62) with respect to t gives∫ ∞

0

J1(xt) sin(xy) dx =

{
(y/t)(t2 − y2)−1/2, y < t,

0, y > t.
(A.63)

Finally, another useful Weber-Schafheitlin integral is (Watson, 1966, p. 405)

∫ ∞

0

J1(xt) cos(xy) dx =


1
t , y < t,

− t√
y2 − t2

(
y +

√
y2 − t2

) , y > t.
(A.64)
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A.3 HANKEL TRANSFORMS

A.3.1 Definitions

For problems with radial symmetry a useful solution method is provided by the Hankel transform. This transform is defined by

F (y) =
∫ ∞

0

x f(x) J0(xy) dx. (A.65)

The inverse transform is
f(x) =

∫ ∞

0

y F (y) J0(xy) dy. (A.66)

For a derivation of this relation the reader is referred to the literature, see e.g. Sneddon (1951).
The main property of the Hankel transform is that it transforms the operator often appearing in radially symmetric problems into a simple

multiplication, ∫ ∞

0

[d2f

dx2
+

1
x

df

dx

]
xJ0(xy) dx = −y2 F (y). (A.67)

This property can be derived by using partial integration, and noting that the Bessel function w = J0(xy) satisfies the differential equation

d2w

dx2
+

1
x

dw

dx
+ y2w = 0. (A.68)

Thus the combination d2f/dx2 + (1/x) df/dx is transformed into multiplication of the Hankel transform F (y) by −y2. This means that a
differential equation in which this combination of derivatives appears may be transformed into an algebraic equation. In many cases this
algebraic equation is relatively simple to solve, but the problem then remains to find the inverse transform. For the inverse transformation tables
of transforms may be consulted, but if the tables do not give the inverse transform, it may be a formidable mathematical problem to derive it.

A.3.2 List of Hankel transforms

In this section a number of Hankel transforms is listed, together with references or indications for their derivation. For some integrals a numerical
verification is shown, using Simpson’s numerical integration scheme. The numerical results confirm the analytical formulas.

A pair of integrals of the Weber-Schafheitlin type is (Abramowitz & Stegun, 1964, 11.4.33, 11.4.34)

∫ ∞

0

J1(xt)
x

J0(xy) dx =


2
π E(

y2

t2
), y < t,

2y
πt

{
E(

t2

y2
)− (1− t2

y2
)K(

t2

y2
)
}
, y > t.

(A.69)
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In these equations the functions K(x) and E(x) are complete elliptic integrals of the first and second kind, respectively. A short list of values

x K(x) E(x)
0.0 1.57079 1.57079
0.1 1.61244 1.53076
0.2 1.65962 1.48903
0.3 1.71389 1.44536
0.4 1.77751 1.39939
0.5 1.85407 1.35064
0.6 1.94956 1.29842
0.7 2.07536 1.24167
0.8 2.25720 1.17848
0.9 2.57809 1.10477
1.0 ∞ 1.00000

Table A.2: Complete Elliptic integrals.

of these functions, adapted from Abramowitz & Stegun (1964) is given in table A.2.

Two well known integrals of the Hankel transform type are (Sneddon, 1951, p. 528)∫ ∞

0

x

(x2 + t2)1/2
J0(xy) dx =

1
y

exp(−yt). (A.70)

∫ ∞

0

x

(x2 + t2)3/2
J0(xy) dx =

1
t

exp(−yt). (A.71)

Differentiation of (A.71) with respect to t gives ∫ ∞

0

x

(x2 + t2)5/2
J0(xy) dx =

1 + yt

3t3
exp(−yt). (A.72)
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Differentiating this again with respect to t gives∫ ∞

0

x

(x2 + t2)7/2
J0(xy) dx =

3 + 3yt+ (yt)2

15t5
exp(−yt). (A.73)

The inverse form of (A.71) is ∫ ∞

0

exp(−xt)xJ0(xy) dx =
t

(y2 + t2)3/2
. (A.74)

This integral can also be considered as a Laplace transform.
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Figure A.5: F (y) =
∫∞
0

exp(−x)J0(xy)dx.

Integration of the integral (A.74) with respect to t gives∫ ∞

0

exp(−xt) J0(xy) dx =
1

(y2 + t2)1/2
. (A.75)

Equation (A.75) is the inverse form of (A.70). It is a well known integral, which can also
be considered as a Laplace transform, and can be found in many tables (see e.g. Churchill,
1958, p. 327).

A comparison of analytical and numerical computations of the integral (A.75) is shown
in Figure A.5.

The Fourier transforms (A.60) – (A.64) can also be considered as Hankel transforms.
Written in the form of Hankel transforms these integrals are as follows.∫ ∞

0

sin(xt) J0(xy) dx =

{
(t2 − y2)−1/2, y < t,

0, y > t.
(A.76)

∫ ∞

0

cos(xt) J0(xy) dx =

{
0, y < t,

(y2 − t2)−1/2, y > t.
(A.77)

∫ ∞

0

sin(xt)
x

J0(xy) dx =

{
1
2π, y < t,

arcsin(t/y), y > t.
(A.78)

∫ ∞

0

sin(xt)J1(xy) dx =

{
0, y < t,

(t/y)(y2 − t2)−1/2, y > t.
(A.79)



Arnold Verruijt, Soil Dynamics : A. INTEGRAL TRANSFORMS 346

∫ ∞

0

cos(xt) J1(xy) dx =


− y√

t2 − y2
(
t+

√
t2 − y2

) , y < t,

1
y , y > t.

(A.80)
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Figure A.6: F (y) = −
∫∞
0

cos(x)J1(xy)dx.

A numerical verification of the integral (A.80) is shown in Figure A.6.
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A.4 DE HOOP’S INVERSION METHOD

A.4.1 Introduction

An elegant method to determine the inverse Laplace-Fourier transform for certain problems was developed by De Hoop (1970). In this method
the Laplace transform and the Fourier transform are used, and the integration path for the inverse Fourier transform is modified in such a way
that the two inverse transforms can be traded off. Actually, the inverse Fourier integral is transformed so that it obtains the form of a Laplace
transform. The inverse Laplace transform then simply is the function itself. The method is particularly useful for the solution of problems of
elastodynamics. It will be illustrated here by an example of general dynamics.

A.4.2 Example

..
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Figure A.7: Half plane with impulse load.

As an example consider a problem of dynamics for a half plane, see Fig-
ure A.7, defined by the partial differential equation

∂2w

∂t2
= c2

{∂2w

∂x2
+
∂2w

∂y2

}
, (A.81)

where c is a given constant (the wave velocity), defined by c2 = µ/ρ, where
µ is the elasticity of the material, and ρ its density. The differential equation
(A.81) is a basic equation of acoustics (Morse & Ingard, 1968).

It is assumed that the boundary condition at the upper boundary y = 0
describes a line impulse,

y = 0 : µ
∂w

∂y
= −Pδ(x)δ(t), (A.82)

where P denotes the strength of the impulse, and µ is the elasticity of the
medium.

Solution by Laplace and Fourier transforms

The Laplace transform of the variable w is defined as

w =
∫ ∞

0

w exp(−st) dt. (A.83)
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If it is assumed that at time t = 0 the system is at rest, the differential equation (A.81) is transformed into

∂2w

∂x2
+
∂2w

∂y2
= (s2/c2)w. (A.84)

The Fourier transform of the function w is defined, using equation (A.29), as

W =
∫ ∞

−∞
w exp(ixξ) dx. (A.85)

Using the property (A.30) the differential equation (A.84) is now further transformed into

∂2W

∂y2
= (s2/c2 + ξ2)W. (A.86)

For mathematical convenience the parameter ξ is now written as ξ = sα. This gives

∂2W

∂y2
= s2k2W, (A.87)

where
k2 = 1/c2 + α2. (A.88)

It may be noted that the inverse Fourier transform is, with equation (A.28),

w =
1
2π

∫ ∞

−∞
W exp(−ixξ) dξ, (A.89)

or, with ξ = sα,

w =
s

2π

∫ ∞

−∞
W exp(−isαx) dα. (A.90)

The general solution of the ordinary differential equation (A.87) is, assuming that the solution should vanish for y →∞,

W = A exp(−sky), (A.91)

The integration constant A must be determined from the boundary condition at the surface y = 0.
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The Laplace transform of the boundary condition (A.82) is

y = 0 : µ
∂w

∂y
= −Pδ(x), (A.92)

and the Fourier transform of this condition is, using (A.85),

y = 0 : µ
∂W

∂y
= −P. (A.93)

It now follows from equations (A.91) and (A.93) that

A =
P

µsk
. (A.94)

Substitution of this result in the general solution (A.91) gives

W =
P

µsk
exp(−sky). (A.95)

Inverse Fourier transformation using equation (A.90) gives

w =
P

2πµ

∫ ∞

−∞

exp[−s(iαx+ ky)]
k

dα. (A.96)

where k is defined by equation (A.88).

Inverse transform

The remaining mathematical problem is to evaluate the integral (A.96), and then to determine the inverse Laplace transform. In general this
may be a formidable problem.

An elegant way to determine the inverse transforms was developed by De Hoop (1960). In this method the integration variable α is first
replaced by p = iα. The integral (A.96) then becomes

w =
P

2πiµ

∫ i∞

−i∞

exp[−s(px+ ky)]
k

dp, (A.97)

where now the parameter k can be expressed, with (A.88), into p by

k2 = 1/c2 − p2. (A.98)

The integrand of the integral is now continued analytically in the complex p-plane, see Figure A.8.
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Figure A.8: Integration path in the complex p-plane.

Two branch cuts are necessary, from the branch points at p = ±1/c to
infinity. It is most convenient to let the branch cuts follow the real axis, as
shown in the figure.

The integration path in the complex p-plane now is modified to a curved
path, also indicated in Figure A.8. It is assumed that along this curved path
a parameter t can be defined so that

t = px+ ky. (A.99)

It is assumed that t is a real and positive parameter. It will later be identified
with the time.

It follows from equations (A.96) and (A.99) that

k2 = 1/c2 − p2 = (t2 − 2px+ p2x2)/y2. (A.100)

or

r2p2 − 2txp+ t2 − y2/c2 = 0, (A.101)

where

r2 = x2 + y2. (A.102)

Equation (A.101) is a quadratic equation in p, with two solutions,

p1 =
tx

r2
+
iy

r2

√
t2 − r2/c2, p2 =

tx

r2
− iy

r2

√
t2 − r2/c2. (A.103)

It is assumed that along the two parts of the integration path the variable t varies between the limits

r/c < t <∞. (A.104)

It follows that on the upper half of the curve in Figure A.8 (indicated by p1) the value of p varies from the real value p = x/rc, if t = r/c, to
a complex value p = (x + iz)t/r2, if t → ∞. The point p = x/rc is always located between the origin and the branch point p = 1/c, if x > 0,
which will be assumed here.

It now remains to express the integral (A.97) in terms of the new variable t. For this purpose it may first be noted from the expressions
(A.103) that

dp1

dt
=

x

r2
+
iy

r2
t√

t2 − r2/c2
,

dp2

dt
=

x

r2
− iy

r2
t√

t2 − r2/c2
. (A.105)
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Furthermore, it follows from equation (A.99) that k = t/y − px/y. This gives, with (A.103),

k1 =
ty

r2
− ix

r2

√
t2 − r2/c2, k2 =

ty

r2
+
ix

r2

√
t2 − r2/c2, (A.106)

or
ik1√

t2 − r2/c2
=
tx

r2
+
iy

r2
t√

t2 − r2/c2
,

ik2√
t2 − r2/c2

=
tx

r2
− iy

r2
t√

t2 − r2/c2
. (A.107)

It now follows from (A.105) and (A.107) that

1
k1

dp1

dt
=

i√
t2 − r2/c2

,
1
k2

dp2

dt
= − i√

t2 − r2/c2
. (A.108)

Substitution into the integral (A.97) now gives, noting that this consists of two branches p1 and p2, with the integration path on p1 from t = r/c
to t = ∞, and on p2 from t = ∞ to t = r/c,

w =
P

πµ

∫ ∞

r/c

exp(−st)√
t2 − r2/c2

dt. (A.109)

This can also be written as

w =
P

πµ

∫ ∞

0

H(t− r/c)√
t2 − r2/c2

exp(−st) dt, (A.110)

where H(t− r/c) is Heaviside’s unit step function.
Equation (A.110) has precisely the form of a Laplace transform. It can be concluded that the original function w is

w =
P

πµ

H(t− r/c)√
t2 − r2/c2

. (A.111)

This completes the solution of the problem. It may be noted that it has been determined without using any explicit form of an inverse Fourier
transform formula, or an inverse Laplace transform formula. Actually, the inverse Fourier transform has been modified into a Laplace transform,
so that it can be traded off with the inverse Laplace transform.



Appendix B

DUAL INTEGRAL EQUATIONS

This appendix gives a general procedure for the solution of a system of dual integral equations, as developed by (Sneddon, 1966).
The system of equations is supposed to be ∫ ∞

0

F (ξ)A(ξ)J0(rξ) dξ = f(r), 0 ≤ r < a, (B.1)

∫ ∞

0

ξA(ξ)J0(rξ) dξ = 0, r > a, (B.2)

where the functions F (ξ) and f(r) are given in their domain of definition, and A(ξ) is unknown.
The function A(ξ) is represented by a finite Fourier transform

A(ξ) =
∫ a

0

φ(t) cos(ξt) dt. (B.3)

Using partial integration this can also be written as

A(ξ) = φ(a)
sin(ξa)
ξ

−
∫ a

0

φ′(t)
sin(ξt)
ξ

dt. (B.4)

Using the integral (A.76), ∫ ∞

0

sin(ξt)J0(ξr) dξ = 0, r > t, (B.5)

it follows that equation (B.2) is automatically satisfied.
We now use the integral ∫ s

0

r

(s2 − r2)1/2
J0(ξr) dr =

sin(ξs)
ξ

, (B.6)

which is the inverse form of the integral (A.76), when this is considered as the Hankel transform of the function sin(ξt)/ξ.

352
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Application of the operation defined by eq. (B.6) to eq. (B.1) gives∫ ∞

0

F (ξ)A(ξ)
sin(ξs)
ξ

dξ = h(s), 0 ≤ s < a, (B.7)

where

h(s) =
∫ s

0

rf(r)
(s2 − r2)1/2

dr. (B.8)

Substitution of (B.3) into (B.7) gives ∫ a

0

φ(t)
{∫ ∞

0

F (ξ)
sin(ξs) cos(ξt)

ξ
dξ

}
dt = h(s), 0 ≤ s < a, (B.9)

A well known Fourier cosine transform is (Titchmarsh, 1948, p. 177)∫ ∞

0

sin(ξs) cos(ξt)
ξ

dξ =

{ π
2 , t < s,

0, t > s.
(B.10)

It now follows that (B.9) can be written as

π

2

∫ s

0

φ(t) dt+
∫ a

0

φ(t)
{∫ ∞

0

[F (ξ)− 1]
sin(ξs) cos(ξt)

ξ
dξ

}
dt = h(s), 0 ≤ s < a. (B.11)

Differentiation with respect to s leads to the Fredholm integral equation

φ(s) +
∫ a

0

K(t, s)φ(t)dt = H(s), 0 ≤ s < a. (B.12)

where K(t, s) is the kernel function

K(t, s) =
2
π

∫ ∞

0

[F (ξ)− 1] cos(ξs) cos(ξt) dξ, (B.13)

and H(s) is the given function

H(s) =
2
π
h′(s) =

2
π

d

ds

∫ s

0

rf(r)
(s2 − r2)1/2

dr. (B.14)

The problem has now been reduced to the solution of the Fredholm integral equation (B.12). If this can be solved, the unknown function A(ξ)
can be determined using equation (B.3). It may be noted that in the special case that F (ξ) = 1, the kernel function vanishes, and the integral
equation (B.12) reduces to the explicit solution φ(s) = H(s).



Appendix C

BATEMAN-PEKERIS THEOREM

This appendix presents the Bateman-Pekeris theorem (Bateman & Pekeris, 1945), which is used in Chapter 13.

The theorem is ∫ ∞

0

x f(x) J0(px) dx = − 2
π
=

∫ ∞

0

y f(iy)K0(py) dy, (C.1)

where p > 0, and f(z) is an analytic function of z in the half plane <(z) > 0, such that f(z) is real if z is real, and satisfies the condition

lim
z→∞

z3/2f(z) = 0, (<(z) > 0). (C.2)

In order to prove this theorem the basic integral is written as

N(p) =
∫ ∞

0

x f(x) J0(px) dx. (C.3)

The Bessel function J0(z) can be written as the sum of two Hankel functions (Abramowitz & Stegun [1964], eq. 9.1.3 and 9.1.4),

J0(z) = 1
2H

(1)
0 (z) + 1

2H
(2)
0 (z), (C.4)

so that the integral N(p) can be decomposed into two parts

N(p) = N1(p) +N2(p), (C.5)

where

N1(p) = 1
2

∫ ∞

0

x f(x)H(1)
0 (px) dx, (C.6)

and

N2(p) = 1
2

∫ ∞

0

x f(x)H(2)
0 (px) dx. (C.7)

354
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Figure C.1: Quarter plane <(z) > 0,=(z) > 0.

The integral N1(p) will be considered first. Because the function f(z), by assumption, is analytic in the half plane <(z) > 0, and H(1)
0 (z) is an

analytic function of z in the entire plane except at infinity, the function z f(z)H(1)
0 (pz) is analytic in the quarter plane <(z) > 0,=(z) > 0. This

means that the integral along the contour OABCO in Figure C.1 is zero,∮
z f(z)H(1)

0 (pz) dz = 0, (C.8)

for every value of the radius R.
It can be shown that the integral over the arc AB tends towards zero for large values of the radius R. For this purpose it may be noted that

the asymptotic behaviour of the function H(1)
0 (z) is (Abramowitz & Stegun [1964], eq. 9.2.3)

H
(1)
0 (z) ≈ (

2
πz

)1/2 exp(ix− y − 1
4 iπ), (−π < arg(z) < 2π). (C.9)

Along the arc AB the Bessel function is H(1)
0 (pz) ≈ (2/πRp)1/2. The integral of the function z f(z)H(1)

0 (pz) along the arc AB is, approximately,

IAB =
∫

AB

z f(z)H(1)
0 (pz) dz ≈ Rf(A) (

2
πRp

)1/2Rα. (C.10)
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Because of the condition (C.2) this will tend towards zero if R→∞.
Along the arc BC the integral will also tend towards zero, because there the integral can be overestimated by

1
2πR

2 f(R exp(iϕ))(
2

πRp
)1/2 exp(−αRp). (C.11)

For R→∞ this will certainly tend towards zero, because of the exponential factor,

lim
R→∞

IBC = 0. (C.12)

Because the contour integral is zero, see (C.8), and the integral along the arc AC is zero, it follows, with (C.6), that

N1(p) = − 1
2

∫ ∞

0

y f(iy)H(1)
0 (ipy) dy. (C.13)

The Hankel function of imaginary argument can be expressed into the modified Bessel function K0(z) (Abramowitz & Stegun [1964], eq. 9.6.4),

K0(y) = 1
2 iπ H

(1)
0 (iy), (C.14)

so that the final expression for the integral N1(p) is

N1(p) =
i

π

∫ ∞

0

y f(iy)K0(py) dy. (C.15)

In a similar way the integral N2(p) can be transformed into an integral along the imaginary axis. Because at infinity the behaviour of the
function H(2)

0 (z) is different from that of H(1)
0 (z), however,

H
(2)
0 (z) ≈ (

2
πz

)1/2 exp(−ix+ y + 1
4 iπ), (−2π < arg(z) < π), (C.16)

the contour must now be closed by a quarter circle in the lower right half plane. This will give

N2(p) = − 1
2

∫ ∞

0

y f(−iy)H(2)
0 (−ipy) dy. (C.17)

Again this can be expressed into the modified Bessel function K0(z), using the formula (Abramowitz & Stegun [1964], eq. 9.6.4),

K0(y) = − 1
2 iπ H

(2)
0 (−iy). (C.18)
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The final expression for the integral N2(p) is

N2(p) = − i

π

∫ ∞

0

y f(−iy)K0(py) dy. (C.19)

Because the function f(z) is real along the real axis, it follows from the reflection principle (Titchmarsh [1948], p. 155) that

f(−iy) = f(iy). (C.20)

Thus it follows that
N2(p) = N1(p). (C.21)

With (C.5) and (C.15) it now follows that

N(p) = − 2
π
=

∫ ∞

0

y f(iy)K0(py) dy. (C.22)

This proves the theorem.
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W. Gröbner and N. Hofreiter, Integraltafel, Springer, Wien, 1961.
B.O. Hardin, The nature of damping in soils, J. Soil Mech. and Found. Div., Proc. ASCE, 91, No. SM1, 63-97, 1965.
M.E. Harr, Foundations of Theoretical Soil Mechanics, McGraw-Hill, New York, 1966.
H.G. Hopkins, Dynamic expansion of spherical cavities in metals, Progress in Solid Mechanics, 1, 83-164, 1960.
M.K. Kassir and G.C. Sih, Three-dimensional crack problems, Noordhoff, Leyden, 1975.
H. Kolsky, Stress Waves in Solids, Dover, New York, 1963.
S.L. Kramer, Geotechnical Earthquake Engineering, Prentice-Hall, Upper Saddle River, 1996.
D.E. Knuth, The TeXbook, Addison Wesley, Reading, 1986.
H. Lamb, Hydrodynamics, 6th ed., University Press, Cambridge, 1932.
H. Lamb, On the propagation of tremors over the surface of an elastic solid, Phil. Trans. Royal Soc., series A, 203, 1-42, 1904.
T.W. Lambe and R.V. Whitman, Soil Mechanics, Wiley, New York, 1969.
L. Lamport, LaTeX, 2nd ed., Addison Wesley, Reading, 1994.
J. Lysmer and F. E. Richart Jr., Dynamic response of footings to vertical loading, J. Soil Mech. and Found. Div., Proc. ASCE, 92, No. SM1,

65-91, 1966.
M.M. Mooney, Some numerical solutions of Lamb’s problem, Bull. Seismological Soc. Amer., 64, 473-491, 1974.
P.M. Morse and K.U. Ingard, Theoretical Acoustics, McGraw-Hill, New York, 1968.
B. Noble, Wiener-Hopf Technique, Pergamon Press, London, 1958.
C.L. Pekeris, The seismic surface pulse, Proc. Nat. Acad. Sci., 41, 469-480, 1955.
W.H. Press, B.P. Flannery, S.A. Teukolsky and W.T. Vetterling, Numerical Recipes in C, Cambridge University Press, Cambridge, 1988.
Lord Rayleigh, On waves propagated along the plane surface of an elastic solid, Proc. London Math. Soc., 17, 4-11, 1885.
Lord Rayleigh, The Theory of Sound, Macmillan, London, 1894, (reprinted by Dover, New York, 1945).
F.E. Richart, J.R. Hall and R.D. Woods, Vibrations of Soils and Foundations, Prentice-Hall, Englewood Cliffs, 1970.
R.L. Schiffman, A bibliography of consolidation, Fundamentals of Transport Phenomena in Porous Media (J. Bear and M.Y. Corapcioglu,

editors), Martinus Nijhoff, Dordrecht, 617-669, 1984.
E.A.L. Smith, Pile driving analysis by the wave equation, Trans. ASCE, 127, 1145-1193, 1962.
I.N. Sneddon, Fourier Transforms, McGraw-Hill, New York, 1951.
I.N. Sneddon, Mixed Boundary Value Problems in Potential Theory, North-Holland, Amsterdam, 1966.
I.S. Sokolnikoff, Mathematical Theory of Elasticity, 2nd ed., McGraw-Hill, New York, 1956.



REFERENCES 360

H.J. Stam, A Time-Domain Finite-Element Method for the Computation of Three-Dimensional Acoustic Wave Fields in Inhomgeneous Fluids
and Solids, Ph.D. Thesis Delft, 1990.

S.P. Timoshenko and J.N. Goodier, Theory of Elasticity, 3d ed., McGraw-Hill, New York, 1970.
E.C. Titchmarsh, Theory of Fourier Integrals, 2nd ed., Clarendon Press, Oxford, 1948.
A. Verruijt, Elastic storage of aquifers, Flow through Porous Media, (R.J.M. De Wiest, editor), Academic Press, New York, 1969.
A. Verruijt, The theory of consolidation, Fundamentals of Transport Phenomena in Porous Media, (J. Bear and Y.M. Corapcioglu, editors),

Martinus Nijhoff, Dordrecht, 330-350, 1984.
A. Verruijt, Dynamics of soils with hysteretic damping, Proc. 12th Eur. Conf. Soil Mech. and Geotechnical Engineering, vol. 1, (F.B.J.

Barends et al., editors), Balkema, Rotterdam, 3-14, 1999.
A. Verruijt and C. Cornejo Cordova, Moving loads on an elastic half-plane with hysteretic damping, J. Appl. Mech., 68, 915-922, 2001.
G.N. Watson, Theory of Bessel Functions, 2nd ed., Cambridge University Press, 1944.
H.M. Westergaard, A problem of elasticity suggested by a problem in soil mechanics: soft material reinforced by numerous strong horizontal

sheets, Contributions to the Mechanics of Solids, Stephen Timoshenko 60th Anniversary Volume, Macmillan, New York, 1938.
M.J. Wichura, The PiCTeX Manual, TeX Users Group, Providence, 1987.
C.R. Wylie, Advanced Engineering Mathematics, 2nd ed., McGraw-Hill, New York, 1960.



Index

Abel, 146
added mass, 39
axial symmetry, 141, 154

Bateman-Pekeris theorem, 280, 354
Bessel function, 100, 106
Biot’s theory, 18, 39
Boussinesq, 132, 134
bulk modulus, 30

cavity expansion, 99, 116
characteristic equation, 6
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confined elasticity, 153, 167, 176
consolidation, 18
consolidation coefficient, 24
Courant condition, 92
critical damping, 8

critical time step, 72
cylindrical symmetry, 94
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Darcy’s law, 20, 41
dashpot, 4
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degree of consolidation, 28
displacement function, 132
dissipation of work, 12
drained deformations, 31
dual integral equations, 145, 150, 352
dynamic damping, 294
dynamic stiffness, 294

earthquake, 77
effective stress, 22, 30
eigen frequency, 10, 56, 58
eigen functions, 56
elastic modulus, 42
elasticity, 130
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equilibrium, 131
equivalent damping, 104, 297
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expansion theorem, 332

finite differences, 90
finite pile, 52, 54
Flamant, 137, 139
fluid compressibility, 19, 39
forced vibrations, 9
foundation response, 293
foundation vibrations, 293
Fourier integral, 317
Fourier series, 334
Fourier transform, 136, 169, 334
free vibrations, 5
free viscosity, 5
friction, 65, 73
FRICTION (Program), 75

Gibson material, 83

half plane, 130, 182, 202, 223, 245
half space, 130, 275
Hankel transform, 141, 174, 343
Heaviside, 332
hollow cylinder, 97
hollow sphere, 115
Hooke’s law, 30, 94, 112, 131, 160
horizontal normal stress, 213
horizontal vibrations, 79
hydraulic conductivity, 21
hysteretic damping, 15, 85

IMPACT (Program), 73
impedance, 60, 71
inertia, 104
infinite pile, 51

integral transforms, 330
inversion theorem, 137
isotropic stress, 202

Lamé constants, 30, 95, 113, 131, 160
Lamé constants, 303
Lamb, 182
Laplace equation, 134
Laplace transform, 13, 51, 106, 124, 168, 174, 330
leap frog, 69
line load, 137, 158, 168, 182, 202
line pulse, 172, 182

Mandel-Cryer effect, 37
mass coupling, 39
mass density, 42
mass ratio, 295, 298
massive cylinder, 96
massive sphere, 114
material damping, 299
mixed boundary value problems, 144
moving load, 302
moving strip load, 317
moving wave, 302

Navier equations, 132
numerical solution, 90

one-dimensional consolidation, 22

Pekeris, 275
penny shaped crack, 149
periodic load, 176
permeability, 20, 39
pile driving, 50
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point load, 173, 275, 321
Poisson’s ratio, 131
pressuremeter, 99

radial consolidation, 36
radiation condition, 69, 101
radiation damping, 123, 180, 299
Rayleigh wave, 162, 172, 287, 315
references, 358
reflection, 61
reflection coefficient, 63
relaxation time, 303
resonance, 10, 11, 58, 80
response time, 5
rigid circular inclusion, 98
rigid circular plate, 144
rigid soils, 43
rigid spherical inclusion, 115

separation of variables, 54, 100, 109
settlement, 27
shear modulus, 30
shear stress, 218
shear waves, 108, 161, 167, 179
SHOCK (Program), 48
shock wave, 45, 106, 123
single mass system, 4
Sneddon, 145
specific discharge, 41
spherical symmetry, 112
spring, 4
spring constant, 121
storage equation, 20
strains, 131
strip load, 140, 157, 223, 245

strip pulse, 223
subgrade modulus, 66
surface displacements, 200, 280

Terzaghi’s principle, 22, 30
Terzaghi’s problem, 23
three-dimensional consolidation, 29
transmission, 61
transmission coefficient, 63

uncoupled consolidation, 34
undrained deformations, 32
undrained waves, 42

vertical normal stress, 207
vibrating systems, 4
visco-elastic material, 302
viscosity, 20, 39
viscous damping, 4, 85
volumetric weight, 21

wave equation, 51, 161
wave propagation, 39, 106, 108, 118
wave velocity, 43
waves in piles, 50

Young’s modulus, 131
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