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Foreword
I have had the honor to be a friend, classmate, and colleague of Professor

Shahram Azadi since 1995. Shahramwas a great classmate who studied every

subject far more than what was required and far deeper than normal texts

provided. That gave Shahram an excellent capability to be a teacher and

researcher later when he became an academic. As a colleague, I enjoyed

working with Shahram on some projects on vehicle vibrations, vehicle

dynamics, vehicle stability, vehicle chassis systems, and vehicle control. In

all of them, Shahram has been the supervisor manager of scientific aspects.

Shahram has devoted his career to vehicle control, and he is one of the best in

the world at it.

I have personally learned very much from Shahram, who always had a

clear and correct feeling on engineering aspects of vehicles. Such a vision

is crucial when your limited time needs a hint to move in the right research

directions.

Professor Azadi is a great teacher who explains everything in the simplest

way to his class. Shahram’s students and colleagues always appreciate the

simplicity of his explanations. Such an ability is the thing that makes a gifted

instructor a teacher. Readers of this book will quickly realize how compli-

cated concepts are simply and logically explained.

Shahram is a warm, welcoming, and kind person with a positive outlook

on life and a fundamental faith in engineering. He could always put his stu-

dents at ease with his stories on applied engineering projects. Some of those

stories I have heard several times, but I never tire of hearing them again.

Shahram’s rich analytic and experimental knowledge and experience on

applied vehicle projects make him the best person to write this book.

Researchers, instructors, and students will learn from this book to the edge

of knowledge in vehicle dynamics and control. The information in the book

is excellent for a researcher interested in mathematical modeling of vehicles

and those looking for the future of transportation such as control of auton-

omous vehicles.

This book covers the material straightforwardly and directly to create a

shortcut in reviewing the concepts and techniques to prepare readers for

their future research. The aim is to provide readers with recent novel control

methods and the biggest challenges facing researchers. The authors distribute

that knowledge by taking the readers through important aspects of the
xiii



xiv Foreword
advanced approach of vehicle dynamics and control. The contents of the

book have been organized into 10 chapters, as follows:

Chapter 1. This chapter reviews the advantages of the simplified vehicle

model and shows its shortcoming due to ignoring some variables. In this

chapter, an advanced control strategy called “the optimal adaptive self-

tuning control” has been used for vehicle dynamic control. The simplified

vehicle model is a two-track model for which we will be using an advanced

control strategy to compensate for the inaccuracies in the model.

Chapter 2. Modern software tools have enhanced modeling, analysis, and

simulation capabilities regarding the control of dynamic systems. In this

chapter, a full vehicle model is designed with a flexible body that is exposed

to MSC ADAMS and MSC NASTRAN. A vehicle dynamic control sys-

tem has been implemented to improve the vehicle lateral and yaw motions

in critical maneuvers. The readers will appreciate the differences between

models’ control efforts due to the differences in dynamic behaviors of rigid

and flexible vehicle dynamic models.

Chapter 3. During extreme maneuvers, the probability of vehicle roll-

over increases, and the stability of lateral and yaw motions deteriorates

because of the saturation of tire forces. This chapter presents an integrated

control of yaw, roll, and vertical dynamics based on a semiactive suspension

and electronic stability control with an active differential braking system.

Chapter 4. The purpose of this chapter is to develop an advanced driver

assistance system for integrated longitudinal and lateral guidance of vehicles

in high-speed lane-change maneuvers. As the first step, several feasible and

collision-free trajectories are generated at different accelerations by consid-

ering the position of a target vehicle, the road’s speed limit, and the host

vehicle’s available longitudinal acceleration range.

Chapter 5. In this chapter, the problem of controlling a string of vehicles

moving in one dimension is considered. A hierarchical platoon controller

design framework is established. The stability criterion is examined using a

partial differential equation approximation for a limited number of vehicles

subjected to unequal asymmetry in position and velocity feedback. For dis-

turbance attenuation, string stability analysis is examined.

Chapter 6. In terms of articulated vehicles and fluid carriers, the direc-

tional response and roll stability characteristics of a partly filled tractor semi-

trailer vehicle with a cylindrical tank shape are investigated in various

maneuvers. In this chapter, the liquid’s dynamic interaction with the trac-

tor semitrailer vehicle is evaluated by integrating liquid sloshing dynamics

in a partly filled tank with a tractor semitrailer’s multibody dynamics.
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Chapter 7. This chapter is dedicated to improving maneuverability and

preventing jackknifing as well as the rollover stability of an articulated vehi-

cle carrying liquid. A new active roll control system and an active steering

control system are designed to control such vehicles.

Chapter 8. In this chapter, the desired articulation angle is considered for

directional control of the articulated vehicles. The significant effect on

improving the articulated vehicle’s directional stability behavior is proven

through high-speed lane change maneuver simulations on slippery roads.

Chapter 9. This chapter reviews the problem that articulated vehicle

parking is much more complicated than a passenger car. In other words,

due to many factors such as control theory, vehicle and environmental

nonholonomic constraint, nonlinearities, and time-varying kinematic

equations of motion, the articulated vehicle requires a sophisticated control

method. In this chapter, the autonomous parking of articulated vehicles is

presented using a supervised training technique.

Chapter 10. This chapter’s main goal is to extract an algorithm for truck-

semitrailer lane change maneuver decision-making in a real dynamic envi-

ronment. The chosen feasible trajectory is collision-free. It will be shown

that because trajectory planning is carried out algebraically, its computa-

tional cost will be low, which is very valuable in the experimental

implementation.

Reza N. Jazar



Preface
It is hoped that this book will provide a unified and balanced treatment and a

useful perspective on the enterprise of an advanced approach to vehicle

dynamics and control as well as emphasize the common links and connec-

tions that exist between layers of vehicle dynamics and control problems.

The first five chapters are related to passenger car topics, and the other

chapters deal with articulated vehicles.

The main contents are excerpts from many postgraduate theses, books,

and articles that have been compiled from various sources; at the end of each

chapter, a list of references is provided to inform and refer the readers. We

hope the reader enjoys this book and, more importantly, finds this work

educational.

We hope that the sincere efforts of all those involved in preparing this

book will be noticed. Because there is no perfect work, we ask all experts

to help us with their feedback to correct any defects and improve the book’s

quality in future editions. Please feel free to inform us if you spot a typo or

other error. Our email addresses are listed below:

Shahram Azadi azadi@kntu.ac.ir
Reza Kazemi
 kazemi@kntu.ac.ir
Hamidreza Rezaei Nedamani
 rezaei.h@airic-ir.com
xvii

mailto:azadi@kntu.ac.ir
mailto:azadi@kntu.ac.ir
mailto:kazemi@kntu.ac.ir
mailto:kazemi@kntu.ac.ir
mailto:rezaei.h@airic-ir.com
mailto:rezaei.h@airic-ir.com


CHAPTER 1

Integrated vehicle dynamics
and suspension control
1.1 Introduction

Modern vehicles include several control systems responsible for a wide

variety of control tasks. A review of past control systems reveals that the

controller was individually designed and implemented on the vehicle. How-

ever, with modern advancements in electronic systems, remarkable progress

has been made in analyzing, transferring, and transmitting data in the digital

field. Therefore, this industry is witnessing the emergence of novel tech-

niques and ideas in integrating control systems to improve the overall vehicle

performance and optimize costs. Currently, vehicles are equipped with

many control systems, which increases their complexity.

The most commonly presented solution is the use of hierarchical con-

trol structures, in the sense that all control commands are computed using

a single central algorithm, and the key to control integration is the coor-

dination of subsystem performance. According to the definition presented

in [1], the integrated vehicle dynamics control can be considered respon-

sible for combining and coordinating all the control subsystems affecting

the vehicle’s dynamics behavior to improve performance, safety, and com-

fort while reducing costs.

Chassis control systems follow two main objectives: handling and ride

comfort. These systems are divided into active and passive classes. Seat belts

and airbags are common passive systems. Passive systems usually reduce the

damage from accidents, whereas active systems prevent the occurrence of

accidents. On the other hand, active systems primarily avoid some of the

vehicle’s unwanted events, such as wheel locking, traction dissipation, or

excessive changes in the roll and yaw angles, which can result in the loss

of vehicle control by the driver. In other words, in the case of incorrect vehi-

cle behavior, these systems either fully take control of the vehicle or partic-

ipate with the driver in the vehicle’s control until the vehicle behavior is

corrected [2].
1
Vehicle Dynamics and Control Copyright © 2021 Elsevier Ltd.
https://doi.org/10.1016/B978-0-323-85659-1.00007-0 All rights reserved.
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2 Vehicle dynamics and control
In summary, the reasons for the tendency toward integration are the

following:

▪ Diversity of control systems

▪ Diversity in the technology and requirements of each system

▪ Independent performance of these systems

▪ Undesired effects of these systems on each other.

Handling and ride comfort have an inverse relationship, such that an

improvement in one leads to a loss in the other. For example, to improve

vehicle handling, it is preferable to increase the damping ratio and stiffness

of the dampers, which decreases the ride comfort [3]. According to these

discussions and the fact that control systems usually improve only one of

these two parameters, a significant role integration can combine the systems

related to these parameters. Several techniques have been developed to reach

integrated control of the chassis. These techniques can be divided into the

following two groups:

▪ Multivariable control

▪ Hierarchical control.

In this chapter, we used a hierarchical control system. The advantages of

hierarchical control include the following:

▪ Facilitation of designing control subsystems

▪ Control of the complexities by taking them into account in the lower

control layers

▪ Preference for more tasks and workload.
1.2 Control system design

Fig. 1.1 shows an integrated control system with a hierarchical strategy that

has combined ABS (antilock braking system) and ASS (active suspension

system). The lower controller layer consists of the individual ABS and

ASS, whereas the upper layer contains an algorithm for combining the

two systems. Indeed, such a process is more straightforward and more

understandable than a complicated model with a single control layer for

reaching the desired state [4].

One of the most important factors in achieving the main objectives is a

suitable integration algorithm. This is the most important goal in the current

chapter. In the algorithm used during the vehicle maneuver, contact

between the tire and the road may be eliminated due to the existing



Fig. 1.1 Sample of an integrated control system with a hierarchical strategy.

3Integrated vehicle dynamics and suspension control
conditions, especially road input. It is worth mentioning that the ride com-

fort is important under normal conditions, and the system must act in such a

way that the passenger does not become tired under normal driving

conditions.

In this chapter, self-tuning regulator (STR) adaptive optimal control is

selected to explain the control structure by introducing the optimal control

strategy and the recursive least squares (RLS) error estimator. The self-

tuning regulator adaptive control strategy is used to design the ESP (elec-

tronic stability program). The algorithm used to design the ABS is simple

and consists of several logical conditions. Moreover, an optimal control

strategy has been used to design the ASS. Finally, the integration algorithm

utilized will be introduced.

Adaptive control is defined as a control scheme with adjustable param-

eters and a mechanism for adapting the parameters. The reasons for using this

strategy include the following:

▪ Changes in the process dynamics

▪ Changes in the properties of the system disturbance

▪ Engineering efficiency and simplicity of use

▪ Various adaptive control ideas

▪ Gain scheduling.

In the STR structure, the controller is updated by estimating the parameters.

The self-tuning in this controller means that the controller parameters are

tuned automatically to attain the desired state; see Fig. 1.2 [5].

In the STR method, we update the structure of the controller, but we

also update the desired state in the design of the ESP. The STRmethod will



Fig. 1.2 STR schematic.

4 Vehicle dynamics and control
assist the optimal control method in the proposed algorithm. The RLS

method has been employed to estimate the system parameters. The combi-

nation of these two methods will provide us with a self-tuning adaptive

controller that updates in each step with changes in the system parameters.

As will be discussed, significant and wide changes in the lateral stiffness

of the tires make it impossible to obtain the desired results using only

optimal control. Because changes in the parameters affecting the system

vibrations are slight, the LQR control strategy is used alone in the design

of the ASS.
1.2.1 Design of the ESP
1.2.1.1 Lateral force estimator
The self-tuning adaptive control strategy has been employed to design the

ESP. For this purpose, an estimator suitable for this system must be devel-

oped first. It is worth mentioning that the parameters with the most changes

in the ESP control system’s design are the lateral stiffness of the front and rear

wheels. The variation ranges of these parameters change with a change in the

road surface material or even in the tire load. The estimator is responsible for

determining the values of these two parameters at each instant. In this sec-

tion, we use the equations of the bicycle model, as shown in Fig. 1.3. These

equations are presented in Eqs. (1.1)–(1.3);

_X ¼AX +BUc +EU (1.1)

X ¼ vy
r

� �
,Uc ¼Mz,U ¼ δ (1.2)



Fig. 1.3 Vehicle bicycle model.
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A¼
�Cαr +Cαf

mt vx

Cαr lr +Cαf lf

mt vx
� vx

Cαr lr +Cαf lf

Izz vx

Cαr lr
2 +Cαf lf

2

Izz vx

2
664

3
775,B¼

0
1

Izz

" #
,E¼

Cαf

mt
Cαf lf

Izz

2
64

3
75 (1.3)

where Cαf and Cαr are the turning constants of the front and rear tires,
respectively. To this end, we use the bicycle model in the form of Eq. (1.4);

ay¼ 1

mt

Fyf +Fyr

� �
_r ¼ 1

Izz
Fyf lf �Fyr lr +Mz

� �
8>><
>>: (1.4)

In Eq. (1.4), the values of ay and _r are readily determined using the exist-
ing sensors. Moreover,Mz is the output of this system. As mentioned before,

Fyf and Fyr are the parameters that must be estimated. The last equation can

be written in the form of Eqs. (1.5) and (1.6) to use the RLS method.

y tð Þ¼
ay

_r �Mz

Izz

2
4

3
5 (1.5)

θ tð Þ¼ Fyf

Fyr

� �
(1.6)

After determining the lateral forces and obtaining the slip angle values
from the above relationships, the lateral stiffness values can be determined.
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It is worth mentioning that the technique of tuning the forgetting factor is

used to design the estimator.
1.2.1.2 Longitudinal velocity estimation
Longitudinal velocity is another parameter that can have a wide range of

variations. This parameter plays an important role both in determining the

control gain and in determining the desired state. Because deciding the lon-

gitudinal velocity using a sensor is not economical, it must be specified in

another way. One method is employing an observer. However, because

the sensors for the longitudinal and lateral velocity and the yaw rate of the

vehicle are both economic and accurate, one can use the simplemethod intro-

duced in Eq. (1.7) to compute the longitudinal and the lateral velocity:

d

dt

vx
vy

� �
¼ 0 r

�r 0

� �
vx
vy

� �
+

ax
ay

� �
(1.7)
where ax, ay, and r are obtained from the sensor. This recursive relationship is

derived from the equations of vehicle acceleration in the 3-DOF model [6].
1.2.1.3 Determination of the yaw moment
The LQR (linear–quadratic regulator) strategy has been used to determine the

yawmoment. It must be noted that systems discussed in these types of problems

are either linear themselves or the linearized part of a nonlinear system. The cost

function is selected as a square of the system’s state variables and the control func-

tion. This feedback system’s significant advantage is that the design is performed

based on minimizing the cost function instead of determining the closed-loop

poles. As such, the closed-loop system’s eigenvalues are automatically selected,

and thedesignermustonlydeterminethe specificparametersof thecost function.

Bychoosing theseparameters, thephysical constraintsof the systemand statevar-

iables are determined. The system configuration is selected in the form of (1.8).

_x tð Þ¼A tð Þx tð Þ+B tð Þuc tð Þ+E tð Þu tð Þ (1.8)

In Eq. (1.8), uc is the control input, and u is the noncontrol input. The
cost function is defined as follows:

J ¼ 1

2
x tf

� 	
� r tf

� 	� 	T
G x tf

� 	
� r tf

� 	� 	
+
1

2

Z tf

tr

x tð Þ� r tð Þð ÞTQ tð Þ x tð Þ� r tð Þð ÞT + uT tð ÞR tð Þu tð Þ� �
dt≜

1

2
x tf

� 	
� r tf

� 	


 


2
H

+
1

2

Z tf

tr

x tð Þ� r tð Þð Þk k2Q tð Þ � u tð Þk k2R tð Þ
� 	

dt

(1.9)
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In Eq. (1.9), the matrices G and Q are real, positive semidefinite, and

symmetric, whereas the matrix R is real, positive definite, and symmetric.

r(t) is the desired state. Existing relationships have been used for the bicycle

model, and Eq. (1.10) has been employed to determine the desired state:

rd tð Þ¼ vx

ρ
¼ vx

lf + lr +
mtv

2
x lrCαr � lf Cαf

� �
2CαrCαf lf + lr

� � δ (1.10)

In Eq. (1.10), ρ is the radius of the curvature of the vehicle path. How-
ever, this relationship is limited by the friction capacity of the road surface.

The range of validity of this relationship is determined as Eq. (1.11). In this

equation, μ is the friction coefficient between the road surface and the tire,

and g is the gravitational acceleration.

r
up:lim : tð Þ¼ 0:85

μg

vx
(1.11)

Eventually, Eqs. (1.10) and (1.11) lead to the following conclusion;
rf :d tð Þ¼ rd tð Þ, rd tð Þj j � r
up:lim : tð Þ

rf :d tð Þ¼ r
up:lim : tð Þ� sign rd tð Þð Þ, rd tð Þj j> r

up:lim : tð Þ
�

(1.12)

To implement optimal control in this section,Q¼ 0 0

0 q

� �
andR ¼ ξ are
assumed, where the values of ξ and q have been optimized via trial and error.
As such, the matrix r(t) will be as follows (1.13):

r tð Þ¼ 0

rf :d tð Þ
� �

(1.13)

1.2.1.4 Braking strategy in the ESP system
After the adequate yaw moment is determined, it must be applied to the

vehicle, which is done in the ESP system via braking. Hence, a proper brak-

ing strategy must be established. Before the establishment of this strategy, its

concepts must be well understood.
Understeer: This is when the slippage of the front wheels is larger than that

of the rear wheels during a turn, leading the vehicle outward and forcing

the driver to steer more than usual to return the vehicle to the

intended path.

Oversteer: This is when the slippage of the front wheels is smaller than that

of the rearwheels during a turn, leading the vehicle inward and forcing the

driver to steer less than usual to return the vehicle to the intended path.
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When none of the above conditions were presented, neutral steering is said to

exist. Given the bicycle model presented in the previous sections, a param-

eter called the understeering gradient is defined as in (1.14).

Kv ¼ mt

lf + lr
� � lr

Cαf
+

lf

Cαr

� �
(1.14)

Considering Eq. (1.14), the concepts of understeering, oversteering, and
neutral steering can also be expressed via Eq. (1.15) [7].

lr

Cαf
¼ lf

Cαr
)Kv ¼ 0)Nuetral

lr

Cαf
>

lf

Cαr
)Kv > 0)Understeer

lr

Cαf
<

lf

Cαr
)Kv < 0)Oversteer

8>>>>>><
>>>>>>:

(1.15)

In the design process, the vehicle should be understeered because, in this
case, its control is more comfortable and far from instability. On the other

hand, when an understeered vehicle veers out of the road turn, the radius of

curvature of its path increases, leading to a decrease in the lateral acceleration

and slipping, and therefore a decrease in understeering. On the opposite, in

an oversteered vehicle, the oversteering increases, and the vehicle’s condi-

tion becomes more critical (Fig. 1.4).

Because applying braking on the wheels increases their slipping and

given the above discussion, it is better to use the braking on the front wheels

for oversteered vehicles and the rear wheels for understeered vehicles. Here,

the yaw moment is provided only by applying a brake on one wheel. The

process of selecting that wheel is shown in Table 1.1.
Fig. 1.4 Handling comparison between oversteered and understeered vehicles.



Table 1.1 Strategy for determining the brake wheel in ESP design.

Steering
angle

Desired
yaw rate

Applied yaw
moment

Handling
state

Braking force and
corresponding wheel

δ > 0 r > 0 Mz < 0 Oversteer Fbfr ¼ 2 Mz

Tf

r > 0 Mz > 0 Understeer Fbrl ¼ 2 Mz

Tr

δ < 0 r < 0 Mz < 0 Understeer Fbrr ¼ 2 Mz

Tr

r < 0 Mz > 0 Oversteer Fbfl ¼ 2 Mz

Tf

9Integrated vehicle dynamics and suspension control
After the brake force and the suitable wheel for applying this force are

determined, one must determine the brake torque, which is easily distin-

guished from (1.16).

Tbi ¼Fbi �Reff :, i¼ fr, fl, rr, rlð Þ (1.16)

1.2.2 Design of the ABS
The aim of designing the ABS is to maintain the wheels’ longitudinal slip in

the range from 0.1 to 0.15. The braking efficiency is highest in this range.

Fig. 1.5 displays the optimal range of braking performance [3]. In this region,

the performances of longitudinal and lateral forces are simultaneously at

their best.
Fig. 1.5 Desired region for optimal performance of the brakes [8].



Table 1.2 Longitudinal slip limitation in the ABS.

Longitudinal slip 0.15 < λ 0.125 < λ < 0.15 0 < λ < 0.125

ABS reaction TABS ¼ 0.9 Tbprev.
TABS ¼ Tbprev.

TABS ¼ Tb

10 Vehicle dynamics and control
Table 1.2 is recommended to reach the above goal. In this table, TbPrev

refers to the brake torque applied in the previous step. In fact, by increasing

the longitudinal slip ratio beyond 0.125, the ABS will not increase the

brake torque even if needed. Under more critical conditions where the lon-

gitudinal slip exceeds 0.15, the ABS will even act to reduce the brake

torque [6].
1.2.3 Active suspension system design
The LQR optimal control strategy has been used in the design of the active

suspension system. Because the parameters do not change much here, and

the variable intensity of the lateral stiffness coefficient is not observed in

parameters of the 7-DOF and 2-DOF vibration models, there is no need

for adaptive control. Besides, the linear property of the models makes the

use of this strategy possible.

In the active suspension system design, the matrix Q in Eq. (1.8) plays a

significant role in obtaining satisfactory results. During the active suspension

system design, four 2-DOF vibrationmodels are used on the four sides of the

body. Depending on which state variable must be optimized, the corre-

sponding element on the matrix Q’s main diagonal must be given a nonzero

value, and the other elements of the matrix must be set to zero. When the

aim is to improve ride comfort, the matrix Qwill be different fromwhen the

objective is to improve handling.When using the 7-DOFmodel, this matrix

is 14�14, and if we would like to improve ride comfort, only the main diag-

onal elements on rows 1 to 6 must be nonzero. In this case, the matrix Rwill

be 4�4, and thematrix r(t) in Eq. (1.9) will be a 1�4 zeromatrix. However,

when using the one-fourth vibration model, the matrix Q is 4�4, and if we

would like to improve ride comfort, only the main diagonal elements on the

first and third rows are nonzero. Besides, the matrix R will be 1�1, and

the matrix r(t) will be a 1�1 zero matrix. However, if we would like to

use the one-fourth vibrationmodel to improve the road-holding of the tires,

the matrix r(t) will be in the form zri 0 zui 0½ �T , where zri is the road input
from the ith wheel, and zui is the bounce of the ith wheel [9].
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1.3 Integration strategy

The lower control layer consists of the ABS, ESP, and ASS systems, and the

upper layer consists of an integration algorithm. According to this integra-

tion algorithm, the ESP is always active, and its output is applied to the vehi-

cle. However, the ASS will have two types of inputs. One is FHandling, which

is determined with the aim of minimizing tire compression and improving

handling. The other is FRide, which is determined with the aim of improving

ride comfort. The upper layer plays an important role here. In this layer, each

of these outputs is given a weighting factor based on which outcome is

determined. The lateral acceleration is the indicator that determines the

weight given to each of these outputs. The integration algorithm is proposed

in the form of Eq. (1.17):

F ¼ FRide , ay


 

< 0:2g

F ¼ e 0:2g� ayj jð Þ �FRide + e ayj j�0:4gð Þ �FHandling,0:2< ay


 

< 0:4g

F ¼ FHandling ,0:4g< ay


 



8><
>: (1.17)

1.4 Simulation of the proposed strategies

First, the outputs resulting from controlling the vehicle using the ESP have

been shown. Then, the ASS is implemented on the model, and the results

have been delivered. In this part, the controller designed based on a 7-DOF

vibration model has been compared to one created based on a four 2-DOF

vibration model. Moreover, we have improved the tires’ road-holding using

four 2-DOF vibration models, and the related graphs are displayed. Ulti-

mately, the obtained results for the integrated system have been plotted.

The parameters used in the design are shown in Table 1.3.

1.4.1 Handling control of the vehicle
In this case, the only input is the steering angle, and the results are as follows;

see Figs. 1.6–1.9.

1.4.2 Suspension system control
In this section, the only input is the road surface roughness. First, the goal is

to improve the ride comfort using the 7-DOF [8] vibration model and the

one-fourth ride model. Subsequently, the results will be compared. As seen

in Fig. 1.10, we have applied this input so that all the ride comfort DOFs,

namely the vertical displacement of the body and wheels and the pitch and



Table 1.3 Quantities used in the models.

Quantity Value

Moment of inertia about the Z-axis (IZZ) 1350 kg m2

Moment of inertia about the X-axis (IXX) 350 kg m2

Moment of inertia about the Y-axis (IYY) 1288 kg m2

Rotational inertia of the wheel IW 1.2544 kg m2

Mass of the body (ms) 1300 kg

Mass of each wheel (mu) 31.9 kg

Spring constant of the front suspension (ksf) 14200 N/m

Spring constant of the rear suspension (ksr) 18500 N/m

The equivalent spring constant of the front tire (ktf) 180000 N/m

The equivalent spring constant of the rear tire (ktr) 180000 N/m

The damping ratio of the front suspension (csf) 1085 N s/m

The damping ratio of the rear suspension (csr) 5850 N s/m

Rolling resistance coefficient (froll) 0.015

Lateral stiffness coefficient of the tire (Cα) 44248 N/rad

Lateral stiffness coefficient of the tire (Cλ) 50000 N

Friction coefficient for full slipping (μmin) 0.7

Friction coefficient for zero slipping (μmax) 0.9

Longitudinal distance between the mass center and the front

wheels (lf)

1224.7 mm

Longitudinal distance between the mass center and the front

wheels (lr)

1437.3 mm

Lateral distance between the front wheels (tf) 1408 mm

Lateral distance between the rear wheels (tr) 1388 mm

Effective radius of the tire (Reff.) 283 mm

Height of the vehicle mass center (h) 307 mm

Tire width (Width) 235 mm

Fig. 1.6 The steering input used in the handling test of the vehicle.



Fig. 1.7 The lateral acceleration of the vehicle with and without ABS and ESP.

Fig. 1.8 The lateral velocity of the vehicle with and without ABS and ESP.
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roll angles, are activated. Although the active suspension systems used have

improved the ride comfort, the graphs in Figs. 1.11–1.16 clearly show the

advantage of using the 7-DOF vibration model instead of four one-fourth

vibration models at four sides of the vehicle body. This is because the

dynamics used to design the controller via the 7-DOF vibration model con-

sider the four vehicle sides’ interaction.

The following presents the results of another test. Also, in this case, the

steering input is zero, and the initial velocity of the velocity is 120 km/s.



Fig. 1.9 Motion path of the vehicle with and without ABS and ESP.

Fig. 1.10 Road irregularity in the ride test.

Fig. 1.11 Vertical displacement of the body in the ride test.



Fig. 1.12 Body vertical velocity in the ride test.

Fig. 1.13 Roll angle in the ride test.
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Besides, a constant brake torque has been considered on the rear wheels. We

have applied the road input so that the contact between the tire and the road

is removed; see Fig. 1.17.

Given that the positive in downward in the coordinate system used, neg-

ative values in Fig. 1.18 mean that the downward movement of the wheel

mass center is more, compared to the road input and the tire is compressed.

Positive values indicate that the road input is lower than the displacement of

the wheel mass center and the tire is separated from the road. Using the



Fig. 1.14 Roll rate in the ride test.

Fig. 1.15 Pitch angle in the ride test.
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controller has reduced the absolute value of the difference between the road

input and the displacement of the wheel center.

One result of keeping contact between the tires and the road is reducing

the longitudinal slip ratio. A comparison of Figs. 1.19 and 1.20 indicates this

reduction. The separation of the tire from the road surface causes the wheel

to rotate idly, and the absolute value of the longitudinal slip ratio increases.

Here, because a brake torque has been applied on the rear wheels, the lon-

gitudinal slip ratio’s absolute value is larger for these wheels. Moreover,

the longitudinal slip ratio’s negative values in these two graphs indicate



Fig. 1.16 Pitch velocity in the ride test.

Fig. 1.17 Road irregularities for removing contact between the tire and the road.
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the smaller wheel rotation equivalent velocity compared to the velocity of

the point of contact of the wheel and the ground.

In the following, we consider the initial velocity to be 50 km
h= �½ with the

same road input and steering input. In this case, we apply a constant traction

torque to the rear wheels instead of brake torque. As will be seen later, the

road-holding of the tire has improved significantly, and, hence, the absolute

value of the longitudinal slip ratio has decreased. Here also, the longitudinal

slip ratio’s absolute values are larger in the rear wheels due to the application



Fig. 1.18 Difference between the road input and the displacement of the wheel center
in the active suspension system test with an applied brake torque.

Fig. 1.19 Longitudinal slip ratio of the wheels without the controller in the active
suspension system test with an applied brake torque.
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of the traction torque on them. Moreover, the longitudinal slip ratio’s pos-

itive values in these two graphs indicate the larger wheel rotation equivalent

velocity compared to the velocity of the point of contact of the wheel and

the ground. Finally, as expected, the increase in the vehicle velocity will be

larger in the controller’s presence due to the reduction of the longitudinal

slip ratio in the rear wheels; see Figs. 1.21–1.24.



Fig. 1.20 Longitudinal slip ratio of the wheels in the presence of the controller in the
active suspension system test with an applied brake torque.

Fig. 1.21 Difference between the road input and the displacement of the wheel center
in the active suspension system test with an applied traction torque.
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1.4.3 Integrated control of suspension system and vehicle
dynamics
It must be noted that, in this section, the active suspension system contrib-

utes to stability improvement only in the integrated control state, and only

when the lateral acceleration of the vehicle exceeds 0.2 g. In other control



Fig. 1.22 Longitudinal slip ratio of the wheels without the controller in the active
suspension system test with an applied traction torque.

Fig. 1.23 Longitudinal slip ratio of the wheels in the presence of the controller in the
active suspension system test with an applied traction torque.
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states, its only goal is to improve the ride comfort. It is seen in Fig. 1.25 that

the lateral acceleration is at its worst in the ride improvement mode. The

best state is using integrated control. Although this improvement is not

remarkable compared to stability control and individual control states, it still

considerably improves the lateral velocity, yaw rate, lateral slip angle, and

vehicle path.



Fig. 1.24 The longitudinal velocity of the vehicle in the active suspension system test
with an applied traction torque.

Fig. 1.25 The lateral acceleration of the vehicle in the integration test.
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As seen in Figs. 1.26–1.28, the integration strategy used has led to reduc-
tions in the lateral slip angle and lateral velocity of the vehicle and an

improvement in the vehicle’s yaw rate. This strategy has especially been

effective in areas where the lateral acceleration exceeds 0.2 g.

We see in Fig. 1.29 that the results in the ride comfort improvement and

individual control states overlap. However, the use of the integration strat-

egy has led to a drop in ride comfort. As mentioned previously, under critical



Fig. 1.26 Lateral slip angle of the vehicle in the integration test.

Fig. 1.27 Yaw rate of the vehicle in the integration test.

Fig. 1.28 The lateral velocity of the vehicle in the integration test.



Fig. 1.29 Vertical displacement of the vehicle body in the integration test.

Fig. 1.30 The path traveled by the vehicle in the integration test.
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conditions, the emphasis is on handling; hence, the quality of ride comfort

decreases.

Given the quantities used, the tested vehicle is understeered. Fig. 1.30

shows the understeer characteristic of the vehicle, especially under critical

test conditions. The uncontrolled vehicle and the understeered vehicle with

the ASS controller show the most understeered states. Even using ESP and

ABS alone could not improve vehicle understeer. Using individual control-

lers has improved conditions because the vertical wheel forces change when

the ride comfort is improved. Finally, using integrated control has led to the



Fig. 1.31 Longitudinal slip ratio of the vehicle in the handling test without ABS.
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best handling state. In the following, the slip ratio of the wheels has been

drawn versus time. As mentioned before, the tested vehicle is understeered;

thus, the EPS system will apply the braking force on the front wheels. For

this purpose, the left or right wheel will be selected according to the input

steering angle. The graphs obtained for the longitudinal slip ratio confirm

this fact.

Fig. 1.31 displays the wheels’ slip ratio for when the ESP is active, but the

ABS does not control the slip ratio. It is seen that the longitudinal slip ratio of

the front wheels repeatedly becomes equal to�1, which is a 100% slip. This

can oversteer the vehicle up to critical limits. In other words, the ESP system

can make conditions more critical if it does not consider the longitudinal slip

ratio. In Fig. 1.32, the handling control system consists of the active ESP and

ABS systems. As seen in the figure, the ABS control system has control of the

longitudinal slip ratio to an adequate extent. Two points can be mentioned

in this figure. First, the slip in wheels without braking is still uncontrollable.

Second, despite ABS’s presence, the longitudinal slip ratio even exceeds the

desired limit at some points. Finally, as shown in Fig. 1.32, the systems’ inte-

grated control provides the best conditions for the longitudinal slip ratio,

such that the longitudinal slip ratio has decreased even in wheels without

braking. In Fig. 1.33, integrated control provides the best conditions for

the longitudinal slip ratio; even in wheels without braking, the longitudinal

slip ratio is reduced.

Figs. 1.34 and 1.35 display the lateral forces’ real and estimated values for

the front and rear wheels. Because the estimator has been designed based on



Fig. 1.32 Longitudinal slip ratio of the vehicle in the presence of ESP and ABS alone.

Fig. 1.33 Longitudinal slip ratio of the vehicle in the integration test.

Fig. 1.34 Sum of the lateral forces exerted on the front wheels in the integration test.



Fig. 1.35 Sum of the lateral forces exerted on the rear wheels in the integration test.
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the bicycle model, its output is the sum of the front wheels’ lateral forces and

the lateral forces of the rear wheels.
1.5 Conclusion

It can be seen from the results that, given that the tested vehicle was under-

steered, using the ESP system has increased its handling and has improved its

lateral velocity and yaw rate. The active suspension system was designed to

enhance ride comfort. In the end, the controlled systems used were com-

pared in individual and integrated forms. An improvement in lateral accel-

eration was observed, which has a desirable effect on the vehicle’s other

outputs, including the lateral slip angle, lateral velocity, and yaw rate of

the vehicle.
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CHAPTER 2

Vehicle dynamics control using
a flexible body model
2.1 Introduction

The dynamics responses of a vehicle are defined based on the forces applied to

the vehicle. These responses are studied in the dynamics of vehicles and their

components to determine what forces are generated by each of these sources

in a given maneuver or how the vehicle responds to these forces. For this rea-

son, it is necessary to develop an accurate and suitable model for simulating the

systems and principles used in describing the motion. The collection of all

vehicle motions; the relationship between these motions and accelerating,

braking, aerodynamic effects, and steering angle; and the influence of forces

and moments on the vehicle responses make up the kinematics and dynamics

of vehicles. In vehicle dynamics, some of the vehicle’s motions and degrees of

freedom (DOFs) become more important based on the desired response

parameters and the type and accuracy of the analysis. After the significant

motions and DOFs are determined, the vehicle is modeled accordingly,

and the vehicle equations are derived according to the considered model.

There are various vehicle models, including 1-DOF one-fourth vehicle

models (used to analyze ride comfort), 2-DOF bicycle vehicle models (used

to analyze handling), and several-hundred-DOF models created in vehicle

analysis software. In full vehicle dynamics models generated in software such

as MSC ADAMS, the vehicle body is conventionally assumed to be rigid.

For the vehicle model to replicate real-world behavior more accurately,

one can model the vehicle body as flexible. In this case, the vehicle body’s

flexibility effects will be added as DOFs to the dynamics model.
2.2 Vehicle dynamics control

Vehicle stability control systems are usually equipped with the following

sensors:

▪ Longitudinal acceleration sensor.

▪ Lateral acceleration sensor.
29
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▪ Yaw rate sensor.

▪ Steering wheel angle sensor.

▪ Wheel speed sensor.

The vehicle dynamics control system automatically maintains vehicle equi-

librium within the physical and motion ranges of the vehicle. However,

when the boundaries of these ranges are reached, when the control system

cannot maintain the vehicle stability under existing conditions, the driver is

warned via blinkers that the vehicle dynamics control system has been deac-

tivated or is no longer able to keep the vehicle equilibrium.

Generally, using vehicle stability control systems has the following

advantages [1]:

▪ Vehicle motion correction according to the path desired by the driver.

▪ Reduction of lateral and longitudinal slip hazards.

▪ Increase in vehicle stability during severe maneuvers and motion on

slippery roads.

▪ Possibility of readily converting the antilock brake system (ABS) to a

dynamic control system.

▪ Improvement in handling during critical conditions.

▪ Better performance during braking in turns and on slippery roads com-

pared to ABS.

During recent years, models with higher DOFs have seen wider use due to

advances in software and modeling capability [2]. To design more efficient

controllers, one must use dynamics models that mimic actual vehicle behav-

ior. Therefore, nonlinear models with high DOFs must be used to improve

accuracy. For this purpose, the ADAMS/CAR module within MSC

ADAMS software can be used for modeling.
2.2.1 Full vehicle dynamics model
In this chapter, an attempt has been made to present a full vehicle dynamics

model in ADAMS software to investigate vehicle dynamics, given the

importance of modeling and simulation. In addition to a large number of

DOFs, the model must include a flexible body.

To this end, first, the finite element (FE) model of the vehicle body is

created inHYPER-MESH software, and then this model is used in ADAMS

software (ADAMS/CAR module) via the NASTRAN solver and the

ADAMS/FLEX module. A linearized 2-DOF dynamics vehicle model

has been utilized to design the controller.
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2.2.1.1 Full vehicle dynamics model in ADAMS software
Virtual models of the SEDAN vehicle have been used in ADAMS/CAR

software to examine their dynamics behavior. The performances of these

two virtual models, which are created by combining accurate mathematical

models of chassis subsystems, engine transmission train subsystems, steering

subsystems, controllers, and bodies, can be simulated on a virtual test road or

a virtual laboratory. Various analytical models are used to study vehicle

dynamics performance. Numerous simplifying assumptions have been used

in these analytical models, resulting in a lack of ability to represent the vehi-

cle’s actual behavior and its significant parameters. The major shortcomings

of these models include ignoring the suspension, steering, transmission, and

engine subsystems.

Here, we will understand the necessity of using ADAMS/CAR soft-

ware for accurately modeling the vehicle. Various elements, such as

springs and dampers, tire stiffness, bushing, joint stiffness, positions of

the components, and the type of suspension system, affect the vehicle’s

vibration behavior. Therefore, to better understand the vehicle dynamics

behavior, a better and more sophisticated model in which springs,

dampers, bushings, and joint positions have been considered must be

employed. ADAMS software has become a powerful tool for modeling

vehicle behavior due to its capability of creating nonlinear models for

springs, dampers, bushings, and tires. Besides, this software can represent

the effect of the type of suspension mechanism, which is a function of the

joint locations and suspension joints in the vehicle’s behavior. In addition

to the mentioned capabilities, this software can communicate with other

software to employ their abilities to improve model behavior. For exam-

ple, by connecting FE software such as IDEAS, NASTRAN, and ANSYS

to this software, one can create a flexible model and import it into

ADAMS. Another capability of this software is its ability to connect with

control software such as MATLAB.

First, the sample vehicle is selected as the reference vehicle. The full

model is then built using the reference vehicle data in ADAMS/CAR soft-

ware, which is the most powerful software in this field. Because debugging

and evaluating a large model is very difficult, the vehicle is first divided into

several subsystems built in ADAMS/CAR software. Then, each of these

subsystems is checked using the analyses in ADAMS software. After these

steps and validation of the subsystems, they must be connected. This is per-

formed by defining connectors. Connectors are, in fact, the interactions
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between two secondary systems. After completing the sample vehicle’s full

model, several special analyses are performed on the model, and the analysis

results are compared to the effects of actual tests performed on the sample

vehicle. If the results are not in agreement, some secondary system param-

eters are modified to produce an agreement. If the process of creating this

agreement is successful, the model is validated. Otherwise, the model is

incorrect and requires general modifications.

The overall modeling procedure is as follows:

▪ Dividing the vehicle into subsystems (front suspension system, rear sus-

pension system, steering system, brake system, tire, and body).

▪ Accessing subsystem data (component geometry, bushings, tire,

dampers, masses, and moments of inertia).

▪ Subsystem modeling.

▪ Validating the subsystems via analysis.

▪ Building the full model by combining the subsystems.

▪ Comparing the model with the vehicle test.

▪ Performing necessary modifications to improve model accuracy.

▪ Confirming the model.

In order to model the vehicle in ADAMS/CAR software, the vehicle

must first be divided into its constituent subsystems. Then, these subsys-

tems are modeled in various modules of ADAMS and carefully examined.

The subsystems and the modules used for modeling them are shown in

Table 2.1.

It must be noted that other than the modules mentioned above, there are

other modules and software used in the modeling process. For example,

because ADAMS/CAR cannot create flexible objects, MSC NASTRAN

software and the ADAMS/Flex module are used instead for this purpose.
Table 2.1 Modules used in the modeling.

Subsystem Module used in the modeling

Front suspension system set ADAMS/CAR

Rear suspension system set ADAMS/CAR

Brake system set ADAMS/CAR-ADAMS/VIEW

Steering system set ADAMS/CAR

Transmission system set ADAMS/CAR-ADAMS/VIEW

Body set ADAMS/CAR

Tire set ADAMS/CAR-ADAMS/VIEW
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To create the sets, their TEMPLATE must be built first. Each TEMPLATE

is a parametric expression of a subset in which the parameters are editable

inside the subset. Hence, the modeling procedure can be divided into

TEMPLATE creation, subset creation, and subset assembly.
2.2.1.2 Full SEDAN vehicle model
The vehicle used in this section is a medium-sized SEDAN weighing

approximately 1000 kg. This vehicle has a MacPherson suspension system

in the front and a torsion beam suspension system in the back. The steering

system used in this car is the rack and pinion type. The vehicle engine has

four cylinders and produces 68 hp. The vehicle is a front-wheel-drive type

and uses a five-gear transmission. The body in the vehicle model has been

created in rigid and flexible modes, as explained subsequently.
Full SEDAN vehicle model with rigid a body
According to Table 2.1, the subsystems used in the full vehicle model are the

following:

Front suspension system set: The front suspension of the SEDAN vehicle is

of the MacPherson type with its schematic model shown in Fig. 2.1.

The front spring in the vehicle is linear, with its stiffness characteristic

curve shown in Fig. 2.2.
Fig. 2.1 Front suspension set of the SEDAN vehicle.



Fig. 2.2 Stiffness coefficient of the front spring of the SEDAN vehicle.
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Hardpoints, construction frames, bushings, springs, dampers, shock abs-

orbers, various parts, communicators, etc., have been used to create this

TEMPLATE. The vehicle’s front dampers are nonlinear, and the corre-

sponding stiffness characteristic curve is shown in Fig. 2.3.

Besides, flexible components in the form of nonlinear rods have been

used to model the antiroll bar.

Rear suspension system set: The SEDAN vehicle’s rear suspension is a tor-

sion beam suspension system with its schematic model shown in Fig. 2.4.

The rear spring in the vehicle is nonlinear with its stiffness characteristic

curve shown in Fig. 2.5. The elements used in this TEMPLATE are almost

similar to those used in the front suspension systemmodel. In order to model

the flexible torsion beam, first, the geometry was meshed in the I-DEAS fin-

ite element software, and the material properties and element type of the

beam were defined. Then, this model was converted to the model-neutral
Fig. 2.3 The characteristic curve of the front damper of the SEDAN vehicle.



Fig. 2.4 Rear suspension set of the SEDAN vehicle.

Fig. 2.5 The characteristic curve of the rear spring of the SEDAN vehicle.
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format (MNF) using the options in I-DEAS software because the finite ele-

ment model of a flexible object must be converted to this format so that it

can be modeled in ADAMS software.

The vehicle’s rear dampers are nonlinear, and the corresponding stiffness

characteristic curve is shown in Fig. 2.6.

Brake system set: The brake system has been modeled as a disc brake for

each of the four wheels. The brake torque, the control input of the vehicle

dynamics control system, is applied to the wheel disc via a caliper.

Steering system set: The steering system is the rack and pinion type with

the schematic displayed in Fig. 2.7. In this TEMPLATE, hardpoints, con-

struction frames, bushings, communicators, etc., have been used. In this

model, too, splines have been used to model the bushings’ characteristic

curve accurately.



Fig. 2.6 The characteristic curve of the rear damper of the SEDAN vehicle.

Fig. 2.7 Steering system set of the SEDAN vehicle.
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Transmission system set: The transmission set was modeled in the ADAMS/

DRIVELINE module and was then transferred to the ADAMS/CAR envi-

ronment where it was connected to the body at three points via communi-

cators and bushings.

Body: In order to model the body in the rigid mode, concentrated masses

have been used, and the body has been attached to them in the form of a shell.

This is the standard method of modeling the body in ADAMS/CAR soft-

ware. The schematic of the body model is shown in Fig. 2.8.

Tires: It is possible to create tires using different mathematical models in the

ADAMS/TIRE module. In this model, the Fiala [3] tire model has been uti-

lized to model the tire. This model has then been finalized in the ADAMS/

CAR environment to be connected to the front and rear suspension via

communicators.



Fig. 2.8 The rigid body of the SEDAN vehicle.
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The full model of the SEDAN vehicle with a flexible body
The full vehicle model has been created in this mode with a flexible body.

The body in white (BIW) model converted into MNF has been used to

model the vehicle body. ADAMS software is unable to create a flexible obj-

ect capable of vibrating. In other words, only rigid bodies can be made in

ADAMS software. However, it is possible to create flexible items with sim-

ple geometries in ADAMS software using its tools. For example, one can

directly create a flexible beam with a circular or rectangular cross-section

inside the ADAMS environment. However, to create a flexible object with

complex geometry such as a vehicle body, the torsion beam of the rear sus-

pension, or other vehicle components, they must be first modeled in a finite

element software package such as ALTAIRHYPERMESH. Then, specific

actions must be taken to convert the model data into the MNF format, after

which the MNF finite element model can be imported to the ADAMS

software.

The MNF file includes the following data:

▪ Model geometry (node locations and connections).

▪ Masses and moments of inertia of the nodes and elements.

▪ Natural frequencies and mode shapes of the finite element model.

▪ General mass and stiffness matrices for each mode shape.

However, it must be noted that the MNF file not only contains data relating

to the mode shape and natural frequency but also can contain data relating to

the stress and strain computed from the static analysis or fatigue analysis per-

formed in the finite element software. The latter MNF-converted file is used
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in theADAMS/DURABILITYenvironment. TheBIW finite elementmodel

comprises 128 separate parts meshed using shell elements and connected using

rigid connection elements. Thismodel consists of 149,076 quadrilateral and tri-

angular shell elements and 3879 rigid connection elements of the RBE2 type,

with a total BIW mass of 228 kg.

After the finite element model is converted to MNF and analyzed using

MSC.NASTRAN, a *.out file is generated, which is converted to MNF

using ADAMS/FLEX to be used in the ADAMS/CAR environment.

Eventually, the vehicle body model is generated as a combination of flexible

BIW and the sum of the vehicle body components’ masses. The vehicle

body model is shown in the flexible form in Fig. 2.9.

It is worth mentioning that the first 36 frequency modes of the body, up

to 51 Hz, are selected given the type of dynamics analysis performed on the

vehicle, which is the handling analysis; see Table 2.2 (Figs. 2.10 and 2.11).

Fig. 2.12 represents the normal modes of the body and the corresponding

natural frequency. It must be noted that the first six modes correspond to

the free movement of the body with zero frequencies.
2.2.1.3 Fully assembled model of the SEDAN vehicle
After the vehicle subsystems are created in the ADAMS/CARenvironment,

they are combined to generate the vehicle’s fully assembled model

(Fig. 2.13). Based on the obtained final model, one can perform the handling

analyses of the vehicle.
Fig. 2.9 The flexible body of the SEDAN vehicle.



Table 2.2 Vehicle body’s flexible natural modes.

Mode Shape mode Frequency (Hz)

7 Spare tire mount local bending 14.1

8 First body global torsion 18.1

9 Floor local torsion 18.2

10 Floor local bending 18.7

11 First body global bending 20.7

12 Body front half torsion 21.1

13 Body rear half torsion 23.5

14 First rear-end bending 24.4

15 First front-end bending 28.0

16 Second body global bending 31.9

17 Second body global bending 33.8

18 First front-end local bending 34.3

19 First rear-seat support bending 34.4

20 Third body global torsion 36.5

21 Second rear-end bending 37.7

22 Second front-end bending 40.2

23 Second rear-seat support bending 41.5

24 Third rear-seat support bending 42.9

25 Third body local bending 43.6

26 Front end local torsion 44.7

27 Second front-end local bending 45.1

28 First rear-end local torsion 46.1

29 Second rear-end local torsion 47.0

30 Third rear-end local torsion 47.2

31 First rear right quarter panel bending 48.4

32 Second rear right quarter panel bending 49.1

33 Third rear right quarter panel bending 49.2

34 Fourth rear right quarter panel bending 49.6

35 Rear left lamp support bending 49.8

36 Roof local bending 51.9
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The values determined for the primary vehicle parameters are shown in

Table 2.3.
2.2.2 Vehicle dynamics control using the ADAMS/CONTROL
module
One of the MSC ADAMS software modules is the ADAMS/CONTROL

module, which can be used to apply a control variable to the dynamics

model in the software and provide to the controller the state variable from

the dynamics model. In fact, after creating a full dynamics model as the plant



Fig. 2.10 The sixth vehicle body’s flexible natural frequency at body front half torsion
mode.

Fig. 2.11 The 10th vehicle body’s flexible natural frequency at second body global
bending mode.
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in the ADAMS/CAR or ADAMS/VIEW environment using the corre-

sponding module, one can apply the designed controller to the model in

an online manner, as shown in Fig. 2.14.

The ADAMS/CONTROL module provides online communication

between ADAMS as the dynamics modeling software and software packages

such as MATLAB, MATRIX X, and MSC EASY5 as the control software.



Fig. 2.12 The 14th vehicle body’s flexible natural frequency at third body global torsion
mode.

Fig. 2.13 The full model of the SEDAN vehicle in the ADAMS/CAR environment.

Table 2.3 Main vehicle parameters.

Parameter SEDAN vehicle dynamics model Unit

m 1000 kg

Iz 1.5e9 kg mm2

Jw 4.8e5 kg mm2

l1 1007 mm

l2 1403 mm

h 496.6 mm

bF 1408 mm

bR 1410 mm



Fig. 2.14 Online communication between the dynamics model and the control system.
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Using such a method has the following advantages [4]:

▪ Use of the dynamics model created in MSC ADAMS software for the

control system.

▪ Application of the control system, no matter how simple or complex, to

the dynamics model.

▪ Possibility of simulating the created set (model and controller) and ana-

lyzing the results in the ADAMS environment or the control software

environment.

In this chapter, because the vehicle dynamics model has been created in the

ADAMS/CAR software and the designed controller has been implemented

in the MATLAB software, this section presents the online communication

between ADAMS/CAR and MATLAB software.
2.2.2.1 Preparation of the mechanical model
To create a link between the dynamics model and the control system, one

needs to provide the controller with the required signals as the output state

variables and apply the signal created by the controller as the input state var-

iable to the dynamics model. Thus, it is required to generate the input and

output state variables in the dynamics model. The steps are fully explained in

the following.
Creating the input state variables
The input state variables must be created according to the number of inputs

we would like to apply to the dynamics model, as shown in Fig. 2.15.

As seen in this figure, F(time) equals zero. This means that the created

state variable takes its value from the controller. Hence, an initial value of

zero is recorded for the corresponding variable at each time step so that it

is updated via the value determined by the controller. In this chapter,



Fig. 2.15 Creating the input state variable.
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two control modifications have occurred, namely the direct torque input to

the vehicle and the brake torque input to each of the wheels.
Creating the input functions
The created input state variables must be defined at the appropriate loca-

tions, mostly in force or displacement. VARVAL-type input functions have

been employed for this purpose, as shown in Fig. 2.16.
Fig. 2.16 Creating the input functions.
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Creating the output state variables and functions
Given the controller’s number of outputs, the output state variables must be

created in the dynamics model. Accordingly, the outlet variables can be

made, as shown in Fig. 2.17.

As seen in Fig. 2.17, the value of F(time) is no longer zero and is deter-

mined by the output function. In other words, the output state variables

obtain their values from functions, as shown in Fig. 2.18. With these
Fig. 2.18 Functions in the function generator.

Fig. 2.17 Creating the outlet state variable.
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functions’ help, onemay assign the displacement, velocity, acceleration, etc.,

of the model’s point to the corresponding state variable. In the present chap-

ter, given the vehicle dynamics control system’s performance and the ABS,

the longitudinal, lateral, and rotational velocities of the vehicle mass center,

the steering angle, and the wheels’ angular velocity have been considered the

output state variables.
Defining the model inputs and outputs
After the input and output state variables are created, we must define the

created variables as model inputs and outputs in another step, as shown in

Fig. 2.19.

As seen in Fig. 2.19, plant input and plant output have been defined for

the input and output state variables.
2.2.2.2 Creating a link between the dynamics model and the controller
In this section, the ADAMS/CONTROL module will be used to describe

how to create a link between the ADAMS and MATLAB software.
Loading the ADAMS/CONTROL module
The first step is loading the ADAMS/CONTROL module in the work

environment, namely ADAMS/CAR, as shown in Fig. 2.20.
Fig. 2.19 Creating the plant input and plant output.



Fig. 2.20 Loading the ADAMS/CONTROL module.
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Plant export process
After the loading, the ADAMS/CONTROL module is added to the work

environment. By entering this module in the control section, as shown in

Fig. 2.21, the following results:

As shown in this figure, in this section, one first applies the Plant Vars

defined as inputs and outputs and then determines the control software

(MATLAB here). Eventually, one can determine whether the dynamics

model provided to the controller is linear or nonlinear.
Importing the model to the control software
After the above steps are completed, one may import the laden dynamics

model to MATLAB software to apply control inputs. Depending on the

selected analysis type and by choosing the simulation type as Files Only, files

with (*.adm), (*.acf ), etc., extensions are generated that contain informa-

tion about the model and analysis type and provide the user with the dynam-

ics model in MATLAB software inside the SIMULINK environment, as

shown in Fig. 2.22.

In Fig. 2.22, three types of blocks are generated, which represent the

dynamics model created in ADAMS.

▪ The S-Function block contains the model of the nonlinear dynamics.



Fig. 2.21 Plant export process.

Fig. 2.22 A dynamics model in the SIMULINK environment.
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▪ The ADAMS subblock provides direct access to input and output state

variables in addition to containing the S-Function block.

▪ The State-Space block contains the linear dynamics model.

The second block diagram, namely ADAMS-sub, has been used in this pro-

ject. After the controller was designed and implemented in the SIMULINK

environment, the simulation variables such as the final time, time step, etc.,

were tuned. Then, by performing analyses inMATLAB’s SIMULINK envi-

ronment using the ADAMS solver at each time step, a control input has been

applied to the ADAMS model, and the corresponding effect has been made

available online to the controller, as shown in Fig. 2.23.



Fig. 2.23 ADAMS-sub block diagram.

48 Vehicle dynamics and control
As shown in this figure, the control input has been applied to the dynam-

ics model in two forms: a direct moment MZ about the vertical axis of the

vehicle and brake torques exerted on each of the four wheels, which can be

activated or deactivated based on the type of controller performance.

▪ Direct torque around the vertical axis of the vehicle.

▪ Brake torques on each of the four wheels.

Moreover, the outputs of the dynamics model, namely the longitudinal, lat-

eral, and rotational velocities of the vehicle mass center, steering angle, and

rotational velocity of each of the four wheels, are made available to the con-

troller in the form of state variables to be used by the control system.

▪ The longitudinal velocity of the vehicle center of mass.

▪ The lateral velocity of the vehicle center of mass.

▪ The rotational velocity of the vehicle center of mass.

▪ The steering wheel angle.

▪ The rotational speed of each of the four wheels.

It should be noted that the next step after completing the full vehicle model

in ADAMS software is to ensure the correct behavior of the model; detailed

validation results can be provided in [5, 6].
2.3 Optimal control of vehicle dynamics

A vehicle may veer off course when turning. This occurs when the forces

created in the tires have reached the adhesion threshold. Although the

ABS system can prevent wheel locking during braking and the traction con-

trol system prevents wheel-spinning during acceleration, these systems can-

not actively control the vehicle’s directional behavior.
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With an increase in safety requirements, a new type of control systemwas

proposed for controlling vehicle directional behavior. These systems were

used to improve the vehicle’s stability and its ability tomaintain course under

different operational conditions. These systems are known as vehicle dyna-

mics control systems or stability control systems.

Different vehicle manufacturers use other names for these systems, and

their respective designs might be different. However, the operation princi-

ples of these systems are identical: the desired vehicle path is determined

from the driver input (steering angle, gas pedal position, braking pressure,

etc.) and vehicle behavior (e.g., the angular velocity of the wheels), and

the actual vehicle path is specified from the measured variables such as

yaw rate, lateral acceleration, longitudinal acceleration, etc., of the vehicle.

Then, the desired vehicle path is compared to the actual vehicle path. If a

considerable difference exists between them, the vehicle dynamics control

system creates a yaw moment by adjusting the brake pressure on the wheels

or reducing the traction torque on one of the wheels. As a result, the differ-

ence between the desired and actual vehicle paths decreases. Fig. 2.24 dis-

plays the operational principles of the vehicle dynamics control system.
Sensing
Driver Input

and Vehicle Motion

Estimated Intended
Vehicle Behavior

Determining Actual
Vehicle Behavior

Regulating Individual
Wheel Brake Pressure
and/or Engine Output

Toqrue

Estimating the Restoring
Yaw Moment Required to
Minimize the Difference

Between the Intended and
Actual Vehicle Behavior

Comparing the Intended and Actual Vehicle
Behavior

Fig. 2.24 Operational principles of the vehicle dynamics control system.
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In many control systems, the vehicle’s yaw rate and slip angle are used as

the main parameters for determining the vehicle path. Therefore, the con-

trol system is designed to control these two parameters. The control system

controlling the vehicle’s yaw rate can maintain the vehicle’s yaw rate and

direction within the desired range. Nonetheless, merely controlling the

yaw rate does not seem sufficient for keeping the vehicle in the desired path.

For example, on slippery roads, controlling the yaw rate and correcting the

steering angle can only improve the rotational vehicle behavior about the

z-axis; however, the slip angle might vastly increase and veer the vehicle

off the desired path, as shown in Fig. 2.25.

1. Steep input at steering wheel.

2. On high friction road.

3. On slippery road with steering correction and yaw rate control.

4. On slippery road with body yaw rate and side slip angle control.

This issue highlights the necessity of simultaneously controlling the yaw rate

and the slip angle. Based on these discussions, it has been attempted to define

the desired path by specifying variables such as the longitudinal and lateral

velocities of the vehicle, yaw rate, angular velocity of each wheel, and steer-

ing angle and to design a controller based on this desired path that can bring

the vehicle yaw rate close to the desired value and simultaneously reduce the

slip angle by consuming optimal energy. The optimal control method has

been utilized to design the controller, given the problem’s tracking and
Fig. 2.25 Comparison between the handling behavior of the vehicle in the presence of
the yaw rate controller and the presence of yaw rate and slip angle controller.
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optimization nature. It must be noted that the effect of the vehicle traction

forces has been ignored, and therefore no traction control system has been

created. The control torque is created through differential braking, and,

hence, only ABS systems are designed for the wheels.

2.3.1 Designing the ABS
The ABS aims to minimize the braking distance while keeping the steerabil-

ity of the vehicle during braking. The shortest braking distance is obtained

when the wheel slip is within the maximum friction coefficient range. In

other words, the braking distance decreases when the maximum braking

force is applied to the wheels. The control torque MZ is created in the

designed vehicle dynamics control system. This control torque results from

brake forces generated in the tires.

In order to apply the control torque accurately to the vehicle, it is

required to have a correct understanding of tire dynamics. Moreover, the

brake torque exerted on the tire must be such that the tire brake force’s full

capacity is used. If we call the vehicle stability control and the determined

control torque the upper controller layer, the lower layer will adjust the lon-

gitudinal tire slip to exert the tire’s largest longitudinal brake force. Accord-

ing to the free-body diagram of the wheel presented in Fig. 2.26, one can

write (2.1);

Jω _ω¼TDrive�TBrake�TRoll + reff FX (2.1)

where
Fig.
Jω: wheel moment of inertia

_ω: angular acceleration
TBrake: braking torque

TRoll: rolling resistance torque
2.26 Wheel free-body diagram.



Fig. 2.27 Changes in the braking coefficient with slip [7].
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reff: effective wheel radius

FX: longitudinal force.
Given the above relationship, the brake torque required for each wheel is

determined. This braking torque must be corrected by the ABS regulator

to be exerted on the wheel in the next step. The friction coefficient (braking

coefficient) is proportional to the wheel slip, as shown in Fig. 2.27. In the

presented figure, the coefficients μs and μp, respectively, represent the brake
force coefficient corresponding to the full slip of the wheel and the brake

force coefficients corresponding to a 20% slip for a dry road. Therefore,

the ideal state for exerting the highest braking coefficient is keeping the

wheel slip in the range μp. The slip corresponding to this coefficient is very

unstable because the value of μ reduces strongly with a slight increase in

the slip.

On the other hand, other factors affect the changes in μ [7]:

Road surface: The effect of the road surface on the braking coefficient is

shown in Fig. 2.28. As seen in this figure, the higher the slip percentage

(from a dry road to a wet road), the lower the braking coefficient.

Velocity: The effect of velocity on the braking coefficient on an asphalt

road is shown in Fig. 2.29. As seen in the figure, the braking coefficient

drops with an increase in the velocity.

Tire pressure and normal tire load: The effect of the normal tire load on the

braking coefficient on an asphalt road is shown in Fig. 2.30. According to

this figure, a higher braking coefficient results from an increase in the normal

tire load.



Fig. 2.28 Effect of the road surface on the braking coefficient [8].

Fig. 2.29 Effect of velocity on the braking coefficient [8].

53Vehicle dynamics control using a flexible body model
Given the above factors, a slip of 12% is selected as the desired wheel slip.

The ABS works as follows: the longitudinal slip of the wheel is computed at

every instant based on the longitudinal slip estimation methods presented in

the modeling section. If the slip is smaller than the desired slip, the brake

torque determined by the dynamics control system is exerted on the wheel.

However, if the slip exceeds the desired value, the regulator designed for the

ABS controls the wheel slip by removing the brake torque from the current

wheel and exerting it on the wheel, which creates a torque in the same direc-

tion as the required control torque.



Fig. 2.30 Effect of normal tire load on the braking force [8].
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It must be noted that the lateral slip of the tire is also essential, given the

friction circle and the limitation on the total friction coefficient, which is

divided into lateral and longitudinal directions. Fig. 2.31 displays the changes

in the friction coefficient versus longitudinal and lateral slips. Because the

vehicle dynamics control system has controlled the lateral slip of the vehicle

and maintained its value at about 5 degrees, one can claim that adjusting the

tire’s longitudinal slip within the mentioned range will provide the wheel’s

braking coefficient.
Fig. 2.31 Changes in the longitudinal and lateral friction coefficients versus longitudinal
and lateral slip [8].
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The optimal control method is designed based on the linearized 2-DOF

dynamics model of the vehicle, and themethod of linear quadratic regulators

has been employed to implement this controller.
2.3.2 Designing the vehicle dynamics control system using
brake torque
The governing equations of the 2-DOF model according to Fig. 2.32, con-

sidering MZ in the state-space, are as (2.2):

_X ¼AX +BU +EδW (2.2)

The state vector based on the degrees of freedom of the system (v≡ lateral
velocity and r≡ yaw rate) is as (2.3):

X ¼ v r½ �T (2.3)

The control input is the torque Mz, which is exerted about the vertical
axis of the vehicle (2.4):

U ¼Mz (2.4)
Fig. 2.32 Vehicle 2 DOF schematic.
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Moreover, the front steering angle δW acts on the system as external exci-

tation. Based on the equations governing the 2-DOF model, which were

presented in Fig. 2.32, the matrices A, B, and E are as (2.5)–(2.7):

A¼
�2

Cαr +Cαf

mVx

+2
l2Cαr � l1Cαf

mVx

�2
l2Cαr � l1Cαf

IzVx

�2
l2
2Cαr + l1

2Cαf

mVx

2
664

3
775 (2.5)

B¼ 0
1

Iz

� �T
(2.6)

E¼ 2
Cαr

m
2
l1Cαr

Iz

� �
(2.7)

where Cαf and Cαr are the turning constants of the front and rear tires,
respectively.

In this optimal control problem, the objective is to optimize the foll-

owing performance criterion, in which Xd is the desired state vector or

path, (2.8):

e¼X�Xd

J ¼ 1

2

ðt
t0

f eTQe+UTRU
� �

dt

8<
: (2.8)

The matricesQ and R are selected as the positive semi-definite and pos-
itive definite, respectively, [9] as (2.9) and (2.10). Hence:

R¼ W3½ � (2.9)

Q¼ W1 0

0 W2

� �
(2.10)

The desired vehicle path is determined based on a zero lateral slip and the
desired yaw rate rd, and the basis for its choice is presented in the following.

The Hamiltonian relationship is written as (2.11):

e¼X�Xd

H X ,U , P, tð Þ¼ 1

2
eTQe+

1

2
UTRU +PT _X

(
(2.11)

The matrix P is defined as in (2.12):
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P¼ P1 P2½ �T (2.12)

According to the relationships in the tracking problem, (2.13):
_X ¼ ∂H

∂P
¼AX +BU +EδW

_P ¼�∂H

∂X
¼�Q X�Xdð Þ�ATP

0¼ ∂H

∂U
¼RU +BTP

8>>>>><
>>>>>:

(2.13)

On the other hand, P is equal to (2.14):
P¼KX + S (2.14)

And the control input is equal to (2.15):
U ¼�R�1BT KX + Sð Þ (2.15)

The algebraic Riccati equations are written according to (2.16):
KA+ATK +Q�KBR�1BTK ¼ 0

AT �KBR�1BT½ �S�Qr +KEδW ¼ 0

�
(2.16)

Accordingly, the matrix K is determined to be a 2 � 2 matrix, and its
value is obtained according to K ¼X2X1
�1. The matrix S, which is a

2 � 1 matrix, is also determined.

K ¼ K11 K12

K21 K22

� �
(2.17)

S¼ S1 S1½ �T (2.18)

With the determination of the matrices K and S, one can write the con-
trol input such as (2.19):

U ¼ 1

w3

B12 K11v+K12r + S1ð Þ+B22 K21v+K22r + S2ð Þ½ � (2.19)

As shown in the previous relationships, the matrix S is itself a function of
the steering angle; therefore, the control law can be presented as (2.20):

Mz¼KδW δW +Kvv+Krr (2.20)

whereKδW,Kv, andKr are the control gains of the front wheel steering angle,
the lateral vehicle velocity, and the vehicle yaw rate signals, respectively.
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The values of the matrices R and Q, or the weighting factors, are significant

in determining the control gains. The Brysonmethod can be used for an ini-

tial guess of the weighting factors, according to (2.21) [9]:

w1¼ 1

v maxð Þj j
w2¼ 1

r maxð Þj j
w3 ¼ 1

Mz maxð Þj j

8>>>>>><
>>>>>>:

(2.21)

The process of determining the weighting factors consists of regulating
the controller. In this section, the weighting factors’ suitable values have

been determined according to the dynamics model.
2.3.3 Determination of the desired vehicle path
The designed controller is of the tracking type; hence, the desired path must

be defined, as mentioned before. According to the dynamics control system

introduced by the Ford Motor Company, the determination of the desired

vehicle path is based on determining the desired yaw rate of the vehicle [1].

Based on this assumption, the desired path is defined as (2.22):

Xd ¼ 0 rd½ �T (2.22)

In other words, the controller aims to make the lateral velocity of the
vehicle zero and to track the vehicle yaw rate based on the desired yaw rate

rd. To determine the desired vehicle yaw rate, one can write based on Ack-

ermann’s formula:

δW ¼ l

R
+Kus

VX
2

gR
(2.23)

where l is the distance between the two-vehicle axles, VX denotes the lon-
gitudinal velocity of the vehicle, R is the turning radius of the vehicle, and

Kus represents the understeer coefficient with a static value equal to (2.24):

Kus¼Wf

Cαf
�Wr

Cαr
(2.24)

where Wf and Wr are the weights of the front and rear axles, respectively.
Given the centripetal behavior of the vehicle during turning, one can write
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the desired yaw rate of the vehicle in terms of its longitudinal velocity in the

form of (2.25):

VX ¼Rrd (2.25)

According to the obtained equations, the desired yaw rate of the vehicle
is defined as in (2.26):

rd ¼ δWVX

l +Kus

VX
2

g

(2.26)

Given the equations governing the directional stability of the vehicle in
the 2-DOF bicycle model of the vehicle, it is proven that the vehicle will be

stable if Kus > 0. Therefore, one attempts to select an appropriate value for

the understeer coefficient during the controller’s design to guarantee vehicle

stability under different driving conditions.
2.3.4 Distribution of braking forces
During handling maneuvers, the steering angle applied by the driver is used

as input to the vehicle. When the vehicle’s slip angle reaches an undesirable

value, the driver tries to correct the vehicle’s behavior by modifying the

steering angle. Under critical driving conditions, the driver becomes over-

loaded. The braking force inputs can correct the lateral and rotational behav-

ior of the vehicle. Depending on the conditions, even a small braking force

exerted on the wheel can stabilize the vehicle. Fig. 2.33 shows cases where

braking forces have been used to correct the vehicle’s rotational and lateral

behavior, depending on the desired vehicle path.

By looking at the naming of tires according to Fig. 2.34, when the

vehicle is understeered, the braking force Frr is exerted on the rear-right

wheel so that the torque MZ is generated about the vertical axis of the

vehicle. This torque can correct the understeer of the vehicle. For over-

steer conditions, this correction is performed by applying a braking force

on the front-left wheel Ffl. The control torque is determined according

to the system dynamics and the designed control system. The application of

the control torque has been evaluated in two parts. First, the provided

control torque is applied to the vehicle mass center, and, in another

part, the control torque is generated by differential braking in the front

wheels.



Fig. 2.33 Application of the braking force by the controller under oversteer and
understeer conditions.
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Fig. 2.34 Tire naming for braking strategy.
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The braking forces’ distribution has been explained using the following

algorithm, according to the steering angle and the detection of understeer or

oversteer in the vehicle.

▪ Oversteered vehicle; δw > 0, rd > 0, Mz < 0

Ffr ¼ 2
Mz

bf
▪ Understeered vehicle, δw > 0, rd > 0, Mz > 0

Frl ¼ 2
Mz

br
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▪ Understeered vehicle δw < 0, rd < 0, Mz < 0

Frr ¼ 2
Mz

br
▪ Oversteered vehicle δw < 0, rd < 0, Mz > 0

Ffl ¼ 2
Mz

bf
After determining the brake forces Fij, the brake torque is computed.

The ABS regulator then corrects the brake torque, and the corrected brake

torque is exerted on the wheels. One can now present an algorithm describ-

ing the modeling and controller design as well as their interaction in the form

of a vehicle dynamics control system; see Fig. 2.35.
Fig. 2.35 The vehicle dynamics control system set.
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2.3.5 Dynamics analysis of vehicle handling in the presence of
an optimal controller
In order to simulate the handling behavior of the vehicle, standard dynamics

analyses can be performed in ADAMS software on the full vehicle model.

The analyses selected for studying vehicle behavior have been performed

under transient conditions.

The performance of vehicle dynamics control systems is basically evalu-

ated under critical conditions. Consequently, the analyses performed were

such that they strongly destabilized the vehicle and veered it off course.

These analyses were performed on the full dynamics model of the vehicle

(SEDAN with a rigid and flexible body), and the difference in the vehicle

response has been shown. Then, the performances of the vehicle dynamics

control (VDC) and direct torque control systems have been evaluated under

the above conditions by creating a link between the control software

(MATLAB) and the dynamics software (ADAMS/CAR).

It must be noted that in the conducted analyses, the driver inputs applied

to the vehicle are the steering angle and initial speed. The studies performed

on the full vehicle dynamics model are the following:

▪ Single lane change analysis.

▪ Step steer input analysis.

▪ Single lane change on wet road analysis.

In this chapter, only the dry road has been examined, and other cases should

be referred to Refs. [5] and [6] for further study. The analyses were per-

formed under dry (friction coefficient of 0.9) road conditions (Table 2.4).

A significant factor in dynamics analyses is the vehicle’s loading condition,

which significantly affects vehicle behavior. Fig. 2.35 shows the approximate

loading changes of the SEDAN vehicle.
Table 2.4 Approximate changes in the SEDAN vehicle parameters under different
loading conditions.

Parameter

SEDAN vehicle dynamics model

Unladen condition Laden condition

m 1000 kg 1300 kg

Iz 1.54 e9 kg mm2 1.79 e9 kg mm2

l1 1007 mm 1167.3 mm

l2 1403 mm 1242.7 mm

h 496.6 mm 452.6 mm
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Accordingly, the single lane change analysis at a speed of 120 km/h and

with steering angle input has been performed with laden and unladen

SEDAN velocity models under dry road conditions, as shown in Fig. 2.36.

Figs. 2.37–2.40 show the performance results of the VDC system.

According to these figures, the controller has maintained the vehicle’s
Fig. 2.37 Control torque of the SEDAN vehicle under different loading conditions.

Fig. 2.36 Steering wheel angle.

Fig. 2.38 Yaw rate of the SEDAN vehicle under different loading conditions.



Fig. 2.40 The lateral velocity of the SEDAN vehicle under different loading conditions.

Fig. 2.39 The longitudinal velocity of the SEDAN vehicle under different loading
conditions.
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stability in each state by applying different control inputs. Given the

obtained results, we can conclude that the laden vehicle’s conditions are

more critical than those of the unladen vehicle. Hence, it is better to perform

the analyses under loaded conditions; however, given the limitation in the

availability of the full vehicle model in the flexible state, the performed

dynamics analyses presented in the following correspond to the

unladen state.
2.4 Dynamics handling analyses of the SEDAN vehicle

2.4.1 Single lane change analysis on a dry road
In this analysis, the vehicle moves at an initial velocity of 120 km/h, and

the steering input has been applied to it, as shown in Fig. 2.36. In

Figs. 2.41–2.44, changes in the rigid-body vehicle’s behavior in the presence



Fig. 2.41 Control torque of the SEDAN vehicle with a rigid body.

Fig. 2.42 Yaw rate of the SEDAN vehicle with a rigid body.

Fig. 2.43 Longitudinal velocity of the SEDAN vehicle with a rigid body.
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of direct yaw moment control (DYMC) and vehicle dynamics control

(VDC) are shown. The yaw rate and lateral velocity of the vehicle have been

acceptably controlled in both states, and the changes in the yaw rate have

followed the intended yaw rate. In the DYMC state, the yaw rate has



Fig. 2.44 The lateral velocity of the SEDAN vehicle with a rigid body.

Fig. 2.45 Control torque of the SEDAN vehicle in rigid-body and flexible-body states.
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accurately tracked the intended yaw rate, and the lateral velocity has

increased compared to VDC. In the VDC state, the vehicle’s lateral velocity

has decreased with a slight deviation from the intended yaw rate, indicating

the VDC system’s acceptable performance.

Figs. 2.45–2.51 display the vehicle’s behavior in rigid-body and flexible-
body states in the presence of the VDC system. As shown in the figures,

there is a significant difference between the vehicle’s behaviors in rigid-body

and flexible-body states in the uncontrolled mode. Via determining the

desired path for rigid-body and flexible-body states (due to the identical ini-

tial velocity and steering inputs), the controller has been able to control both

vehicles by consuming different amounts of energy to take the same path.



Fig. 2.46 Yaw rate of the SEDAN vehicle in rigid-body and flexible-body states.

Fig. 2.47 The longitudinal velocity of the SEDAN vehicle in rigid-body and flexible-body
states.

Fig. 2.48 The lateral velocity of the SEDAN vehicle in rigid-body and flexible-body
states.



Fig. 2.49 Roll angle of the SEDAN vehicle in rigid-body and flexible-body states.

Fig. 2.50 Lateral acceleration of the SEDAN vehicle in rigid-body and flexible-body
states.

Fig. 2.51 Path of the SEDAN vehicle in rigid-body and flexible-body states.
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2.4.2 Step steer analysis on a dry road
In this analysis, the vehicle moves at an initial velocity of 120 km/h, and the

steering input has been applied to it, as shown in Fig. 2.52.

In Figs. 2.53–2.56, changes in the rigid-body vehicle’s behavior in the

presence of direct yaw moment control (DYMC) and vehicle dynamics

control (VDC) are shown. The yaw rate and lateral velocity of the vehicle

have been acceptably controlled in both states, and the changes in the yaw

rate have followed the intended yaw rate. In the DYMC state, the yaw rate

has accurately tracked the intended yaw rate, and the lateral velocity has

increased compared to VDC. In the VDC state, the vehicle’s lateral velocity

has decreased with a slight deviation from the intended yaw rate, indicating

the VDC system’s acceptable performance.
Fig. 2.52 The steering angle of the SEDAN vehicle.

Fig. 2.53 Control torque of the SEDAN vehicle with a rigid body.



Fig. 2.54 Yaw rate of the SEDAN vehicle with a rigid body.

Fig. 2.55 The longitudinal velocity of the SEDAN vehicle with a rigid body.

Fig. 2.56 The lateral velocity of the SEDAN vehicle with a rigid body.
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Figs. 2.57–2.63 display the vehicle’s behavior in rigid-body and flexible-
body states in the presence of the VDC system. As shown in the figures,

there is a significant difference between the vehicle’s behaviors in rigid-body

and flexible-body states in the uncontrolled mode. Via determining the

desired path for rigid-body and flexible-body states (due to the identical ini-

tial velocity and steering inputs), the controller has been able to control both

vehicles by consuming different amounts of energy to take the same path.
Fig. 2.57 Control torque of the SEDAN vehicle in rigid-body and flexible-body states.

Fig. 2.58 Yaw rate of the SEDAN vehicle in rigid-body and flexible-body states.



Fig. 2.59 The longitudinal velocity of the SEDAN vehicle in rigid-body and flexible-body
states.

Fig. 2.60 The lateral velocity of the SEDAN vehicle in rigid-body and flexible-body
states.

Fig. 2.61 Roll angle of the SEDAN vehicle in rigid-body and flexible-body states.
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Fig. 2.62 The lateral acceleration of the SEDAN vehicle in rigid-body and flexible-body
states.

Fig. 2.63 Path of the SEDAN vehicle in rigid-body and flexible-body states.
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2.5 Conclusion

In this chapter, a vehicle dynamics control system was designed for a passen-

ger vehicle considering the vehicle body’s flexibility. The following summa-

rizes this chapter:

▪ Creating a link between finite element, dynamics, and control software.

▪ Presenting a dynamic model for a full vehicle with a flexible body,

which can communicate with control software.

▪ Suggesting a suitable control method for designing dynamics control

systems for vehicles, including vehicle dynamics control and four-wheel

steering.
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To reach a comprehensive dynamics control system, one must create its sub-

systems, namely the ABS and traction control system. One can succeed in

this task by considering the traction forces’ effects and designing a traction

control system.
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CHAPTER 3

Integrated vehicle dynamics
control using active braking
and semiactive suspension
systems
3.1 Introduction

Nowadays, vehicle safety is a significant competitive factor in the global

vehicle market. The top vehicle manufacturers always attempt to equip their

vehicles with the best safety systems. With an increase in vehicle speeds over

time, stability has become a significant issue in automotive engineering. The

focus has shifted toward research and development in control systems that

improve vehicle stability, resulting in a considerable increase in vehicle

safety.

Research on factors causing severe damage and injuries in accidents has

introduced strong and uncontrolled yaw and roll motions as well as slippage

in lateral motion as the most significant factors causing stability and severe

accidents. In the first type of instability, the yaw rate (angular speed about

a vertical axis) of the vehicle increases beyond limits and causes the vehicle

to gyrate. This turning also causes a lateral motion, which results in lateral

instability. The turning is due to the moments resulting from longitudinal

and lateral forces of the tires about the vertical axis of the vehicle. In a normal

situation (linear motion on a smooth road with no steering input), this

moment is zero, and hence no turning occurs. On the other hand, the turn-

ing appears under conditions such as steering input, a difference in the fric-

tion coefficient for different wheels, and asymmetric traction and braking

force moments exerted on the wheels.

In addition to yaw and lateral instability, vehicle rollover is another major

factor threatening vehicles, especially sport utility vehicles (SUVs). Vehicle

rollovers are either tripped or untripped. Tripped rollovers happen due to

the lateral impact of the vehicle with an obstacle such as a curb or a hole

in the ground. These types of rollovers can sometimes be prevented using
77
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an electronic stability program (ESP) system. Untripped rollovers occur

during critical maneuvers when the lateral acceleration increases. In this sit-

uation, the lateral tire forces increase, causing a large roll moment about the

roll axis of the vehicle. Untripped rollovers do not happen on low-friction

roads, at low vehicle speeds, or in general when the lateral acceleration

is small.

With advancements in control engineering, extensive research has been

conducted on the application of vehicle active safety systems, and they are

increasingly used in modern vehicles. These systems have replaced older

mechanical systems in order to improve handling, stability, and ride comfort.

Among the most important such systems are the antilock brake system

(ABS), active braking (AB), active front steering (AFS), electric power steer-

ing (EPS), active roll control (ARC), active suspension (AS), and semiactive

suspension (SAS).

Each of these active control systems is designed for a specific purpose in

the vehicle and acts independently; therefore, they have a parallel control

structure. These structures have two fundamental problems:

• The system will be physically complex because it has numerous hard-

ware and software items.

• Interference and coupling will be inevitable in the performance of the

control systems because vertical, lateral, and longitudinal motions are

inherently coupled, and an improvement in one can lead to a deterio-

ration in another.

Vehicle researchers and engineers have introduced an approach called inte-

grated vehicle dynamics control (IVDC) in recent decades to deal with this

issue. IVDC is a high-technology system that is tasked with coordination

between all the control systems and their components to improve the overall

dynamic performance of the vehicle in terms of safety, comfort, and econ-

omy. This coordination and cooperation happen between the sensors, hard-

ware, and control strategies. Hierarchical control methods are most often

used in IVDC systems. In this strategy, each layer in the hierarchy takes con-

trol of the motion of one element or one subsystem of the chassis. IVDC

systems have certain advantages, as mentioned in the following [1]:

• Overcoming interference and coupling in the performance of indepen-

dent control systems in the chassis.

• Reducing costs and complexities by sharing sensor data among control

subsystems in the chassis.

• Reducing the limitations usually encountered by the actuators while

attempting to achieve specific control objectives.
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Numerous studies have been carried out in recent years on the development

of these types of systems. Researchers investigated the integrated control of

SAS and four-wheel drive (FWD) systems in [1]. Two types of simulations

were performed for this purpose. In the first part, an 11-DOF (3 DOFs for

the yaw body movements, 1 DOF for each of the bounce and lateral move-

ments of themass center, 4DOFs for the rotations of thewheels, and 2DOFs

for the steering angle of the front and rearwheels) full vehiclemodelwas used.

Because the velocity of the vehicle had been considered as constant through-

out the research, the equation of longitudinal motion of the vehicle was

eliminated, andonly the lateral tire forcesweremodeled.The integrated con-

trol of the systemwas performed usingH∞ robust optimal control, which led

to an improvement in the overall dynamics of the vehicle that was moving

with a constant velocity on a random road with step steering input. In [2],

researchers introduced a method for integrating the FWD and traction/

braking distribution systems using online nonlinear optimization. This algo-

rithm was used to minimize the load density of each tire by estimating the

properties and the friction circle of that tire. Among these properties is the

fact that the self-aligning torque (SAT) of the tire is saturated more than

the lateral force in turningmovementswith smaller lateral acceleration. In this

research, a hierarchical control structure was designed. In the first layer, the

force and torque required for the desiredmovement of the vehicle,whichwas

under the effect of the gas pedal and steering inputs, were determined. In the

second layer, the determined force and torque were distributed among the

fourwheels based on the friction circle of each tire. In the last layer, themove-

ment of each wheel was controlled to create the required forces. A nonlinear

optimal control method was used in this research. Finally, the results of

simulating a lane-changemaneuver on a dry road indicated the adequate per-

formance of the integrated control of these systems in improving the lateral

stability and the handling of the vehicle.

A novel idea for integrating the control of the suspension system and the

ARC system was presented in [3]. A 9-DOF (3 DOFs for the rotation of the

body, 1 DOF for each of the bounce and lateral movements of the mass cen-

ter, and 4DOFs for the rotation of the wheels) full vehicle model and a linear

tire model were used in the modeling section. This research was conducted

with the aim of improving ride comfort and preventing rollover, and the

system was controlled using the H∞ robust control method. The method

proposed in this research led to an overall improvement in ride comfort

and roll angle control and a reduction in the lateral acceleration and the

probability of rollover.
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Karbalaei et al. [4] designed an IVDC systemwith a hierarchical structure

in which the AFS system was combined with direct yaw moment control

(DYC). A 7-DOF nonlinear model was used for the vehicle. The modified

Pacejka tire model, in which the longitudinal and lateral forces are a com-

bination of the vertical wheel forces, road friction coefficient, longitudinal

slip, and lateral slip angle, was used for the tire. The high-level controller

adjusted the yaw rate of the vehicle based on fuzzy logic to achieve adequate

value. The yaw rate error and the rate of its changes were the inputs to this

control level, and the yaw-moment control signal and the modified front-

wheel steering angle were the outputs. Meanwhile, the low-level controller,

which was designed separately for each wheel, maintained the lateral forces

and slip of the tires within the acceptable range. Fuzzy logic was also used in

the design of this control system.

In [5], a structure based on two control logicswas designed to integrate the

control of theAFSandESP systems.The first logicmonitored the control laws

of each of the AFS and ESP systems, and the second logic used the root locus

method along with a multivariable control strategy in the frequency domain.

A 27-DOF full vehicle model and a nonlinear tire model were used in the

simulation inCarSim software. Slidingmode control and LQRoptimal con-

trol were used in the design of the AFS and ESP systems, respectively.

An integrated control structure for the AS and AB systems for improving

vehicle safety and a diagnostic filter for the suspension actuators were

designed in [6]. The linear parameter varying (LPV) strategy was utilized

as the control method to guarantee stability, and a 9-DOF (3 DOFs for body

rotations, 2 DOFs for the bounce and lateral motions of the mass center, and

4 DOFs for the vertical displacement of the unsprung masses) full vehicle

model was used. The results showed that the integrated control of the chassis

systems using the LPV control method was able to activate the AB system

and reduce the rollover probability, despite the failure of one of the AS actu-

ators, by taking advantage of the diagnostic system.

Lu et al. [7] proposes a hierarchical control strategy for the integrated

control of the AS, AB, and active steering subsystems to improve ride com-

fort and stability. A 10-DOF full vehicle model was used for the vehicle and

the modified Pacejka tire model. The control structure in this research had

two layers, with the upper layer monitoring the system to identify the state

variables of the vehicle and making logical decisions under various driving

conditions and the lower layer containing the suspension, braking, and AFS

actuators. Fuzzy and sliding-mode control methods were used in the suspen-

sion system, and the active braking and active steering systems, respectively,
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and a design was made for switching the control subsystems. For instance,

the adopted active shock absorbers not only improve ride comfort but also

can reinforce safety during braking and stability during turnings by aiding the

active braking and front steering systems via an increase in the vertical

tire force.

In another study, IVDC was addressed in three parts. The first part

involved the integrated control of the EPS and AS systems using stochastic

optimal control. A nonlinear full vehicle model consisting of 14 ride and

handling DOFs (6 DOFs for the translational and yaw motions of the body,

4 DOFs for the vertical displacement of the unsprung masses, and 4 DOFs

for the rotation of the wheels) and a steering wheel model were employed.

The nonlinear Pacejka tire model was used for modeling the tire forces, and

random roads were used independently for each wheel in the ride analysis

section. A 2-DOF linear handling model was used as the reference model

for designing the controllers and computing the acceptable responses to

steering inputs. In the second section, the authors designed a two-layer

control structure for the integrated control of the ESP and ASS systems.

The upper-layer controller monitored the driver inputs and the vehicle state

variables, namely the front steering angle, slip angle, yaw rate, and lateral

acceleration of the vehicle, and calculated the adequate yaw moments to

be applied to the lower layer of the control system to achieve the desired

behavior of the vehicle. The lower layer consisted of ESP and AS, and linear

quadratic Gaussian (LQG) and adaptive fuzzy controllers were used in the

design of the AS and ESP controllers, respectively. In the third part, the

experimental tests were compared to the simulation results [8].

The integrated control of active braking and active steering systems and

SAS using MR dampers was investigated in a single lane-change maneuver

in [9]. In [10], a multilayer control structure was used to improve the yaw

stability and integrated chassis control in fully electric vehicles. Sliding mode

control was adopted to seek the desired outputs better, and the behavior of

the driver was also modeled for a more realistic study. Another study [11]

presented a coordination scheme for yaw moment control and active front

steering systems for improving vehicle handling characteristics. To this end,

the optimal yawmoment was computed by solving an adaptive optimization

problem, and then the optimal braking torque and active front steering angle

were calculated. In [12], optimization methods were proposed for improv-

ing the dynamic stability of the vehicle and overcoming the issues and lim-

itations associated with modeling the vehicle and the nonlinear tire

dynamics.
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Each active control system is designed for a specific purpose in the vehi-

cle and acts independently; therefore, they have a parallel control structure.

These structures have two fundamental problems. The first problem is the

physical complexity of the system due to its multitude of software and hard-

ware. The second problem is the inevitable interference and coupling in the

performance of the control systems. This is inevitable because the vertical,

lateral, and longitudinal motions are inherently coupled, and an improve-

ment in one can lead to a deterioration in another.

An IVDC approach has been used in this research in order to deal with

these issues. The integrated control of lateral, vertical, yaw, and roll motions

of the vehicle using active braking and semiactive suspension systems is

investigated. Sliding mode control has been selected for the stability control

system of the vehicle so as to make it accurate and robust against external

disturbance, sensor noise, and system uncertainties. The adaptive rule

method has been used to tune the controller gains. Furthermore, the

unscented Kalman filter is used to estimate the state variables because it is

uneconomical to measure some of the dynamic variables of the vehicle, such

as the longitudinal and lateral velocities of the vehicle body and the longi-

tudinal tire slip. The aim of using the semiactive suspension system in the

present chapter is to improve ride comfort in addition to increasing yaw sta-

bility and lateral stability and reducing the probability of vehicle rollover.
3.2 The dynamic model of the system

3.2.1 The full model of the vehicle with 14 DOFs
In this section, a nonlinear full vehicle model with 14 ride and handling

DOFs (6 DOFs for translational and yaw motion of the vehicle body, 4

DOFs for the vertical displacement of the unsprung masses, and 4 DOFs

for the rotation of the wheels) is presented [8]. Fig. 3.1A, B, and C respec-

tively display the yaw motion, pitch motion, and roll motion.

The equation of motion for the yaw motion shown in Fig. 3.1A is as

follows:

Iz _ωz¼Mz +Mzc +Mzd (3.1)

where Mzc is the corrective yaw moment generated by the ESP, and Mzd is
the disruptive yaw moment. Mz is expressed using the following

relationship:

Mz ¼ a Fy1 +Fy2
� �� b Fy3 +Fy4

� �
+ d Fx1 +Fx3�Fx2�Fx4ð Þ (3.2)



Fig. 3.1 Full vehicle model (A) Yaw motion, (B) Pitch motion, (C) Roll motion.
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The equations of motion for longitudinal and lateral motion are as fol-

lows, respectively:

m _vx� vyωz

� ��msh _ωzφ¼Fx1 +Fx2 +Fx3 +Fx4 (3.3)

m _vy + vxwz

� �
+msh€ϕ¼Fy1 +Fy2 +Fy3 +Fy4 (3.4)

The equations of motion for the pitch and roll motions shown respec-
tively in Fig. 3.1B and C are as follows, respectively:

Iy€θ¼ b Fz3 +Fz4ð Þ� a Fz1 +Fz2ð Þ (3.5)

Ix €φ+ms _vy + vxωz

� �
h¼msghφ+ Fz2 +Fz4�Fz1�Fz3ð Þd (3.6)

The equations of motion for vertical and lateral motions of the sprung
and unsprung masses are as follows, respectively:

ms €zs ¼Fz1 +Fz2 +Fz3 +Fz4 (3.7)

mui €zui ¼ kti zri�zuið Þ�Fzi, i¼ 1,2,3,4 (3.8)

The values of the counter i for the front-right, front-left, rear-right, and
rear-left wheels are 1, 2, 3, and 4, respectively. Moreover, the force Fzi is

obtained from the following relationships:

Fz1¼ ks1 zu1�zs1ð Þ+ c1 _zu1� _zs1ð Þ�kaf

2d
φ� zu2�zu1ð Þ

2d

� �
+ f1 (3.9)

Fz2¼ ks2 zu2�zs2ð Þ+ c2 _zu2� _zs2ð Þ+ kaf

2d
φ� zu2�zu1ð Þ

2d

� �
+ f2 (3.10)

Fz3¼ ks3 zu3�zs3ð Þ+ c3 _zu3� _zs3ð Þ+ kar

2d
φ� zu3�zu4ð Þ

2d

� �
+ f3 (3.11)

Fz4¼ ks4 zu4�zs4ð Þ+ c4 _zu4� _zs4ð Þ�kar

2d
φ� zu3�zu4ð Þ

2d

� �
+ f4 (3.12)

where fi represents the control force of the semiactive suspension system and
is generated by the MR damper. The following approximations can be used

if the angles θ and φ are small:

zs1 ¼ zs� aθ�dφ (3.13)

zs2¼ zs� aθ+ dφ (3.14)



Fig. 3.2 Wheel dynamic model.
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zs3¼ zs + bθ�dφ (3.15)

zs4¼ zs + bθ+ dφ (3.16)

Considering the yaw dynamics of the wheel shown in Fig. 3.2, the cor-
responding equation of motion can be written as below:

Iw _ωi¼�FxwiRw�Tbi i¼ 1, :::4ð Þ (3.17)

It must also be noted that due to the angle between the coordinate system
attached to the ith wheel, (x�y)w, and the coordinate system attached to the

body along the longitudinal axis, (x�y), which is the steering angle δi, there
is a relationship between the longitudinal and lateral tire forces in the refer-

ence frame attached to the wheel (Fxwi,Fywi) and the vehicle body coordinate

system (Fxi,Fyi), expressed as follows for the ith wheel:

Fxi ¼ Fxwi�Fzwiμrollð Þcos δi�Fywi sin δi +Fxd (3.18)

Fyi ¼ Fxwi�Fzwiμrollð Þ sin δi +Fywi cos δi +Fyd (3.19)

The vertical force exerted on the ith wheel is obtained from the follow-
ing relationships:

Fzwi ¼ kti zgi�zui
� �

+
0:5mgb

L
i¼ 1, 2ð Þ (3.20)

Fzwi ¼ kti zgi�zui
� �

+
0:5mga

L
i¼ 3, 4ð Þ (3.21)
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The longitudinal and lateral aerodynamic resistance forces (Fdx,Fdy) are

determined using Eqs. (3.22) and (3.23), respectively:

Fxd ¼Fair,x¼�1

2
ρCdxAf vx

2 (3.22)

Fyd ¼Fair,y¼�1

2
ρCdyAsvw

2 (3.23)

In the above relationships, ωz is the yaw rate, vx and vy respectively rep-
resent the longitudinal and lateral velocity of the vehicle, zs and zu respec-

tively denote the vertical displacement of the mass center and the unsprung

mass, and zsi is the velocity displacement of the body above the ith wheel.

Furthermore, zr represents the road profile roughness, ks and kt respec-

tively are the stiffness coefficients of the suspension spring and the tire,

kaf and kar respectively denote the stiffness coefficients of the front and rear

antiroll bars, c is the damping coefficient of the suspension system, and ρ
represents the density of air. Moreover, Cdx and Cdy are aerodynamic drag

coefficients,Af andAs respectively denote the front and side surface areas of

the vehicle, and vw represents the lateral component of the wind velocity

(the longitudinal component has been ignored). In addition, m, ms, and mu

respectively represent the total mass, sprung mass, and unsprung mass of

the vehicle; Ix, Iy, and Iz respectively denote the moment of inertia of

the vehicle about its longitudinal, lateral, and velocity axes; Iw and Rω

are the moment of inertia and radius of the wheel, respectively; and Tbi

and ωi respectively represent the brake torque and angular velocity of

the ith wheel. Finally, μroll is the rolling friction coefficient of the tire while

d denotes the lateral distance between the mass center and the right or left

wheels. a and b respectively represent the longitudinal distances between

the mass center and the front and rear wheels, h is the height of the vehicle

mass center as measured from the ground, and L is the length of the vehicle,

which is the sum of a and b.
3.2.2 Tire modeling
The Pacejka magic tire formula has been used for modeling the longitudinal

and lateral tire forces, which are functions of the vertical force exerted on the

wheels (Fzw), the longitudinal slip ratio (λ), the lateral slip angle of the wheel
(α), the friction coefficient of the road (μ), and the camber angle of the

wheels. The self-aligning moment has been ignored. First, the longitudinal
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tire force, Fx0, is expressed in a way such that it is only a function of the slip

ratio and not the slip angle of the wheel [13]:

Fx0¼D:Sin⥂ Cx:arctan Bx:φxð Þ½ � (3.24)

φx ¼ 1�Eð Þ:sx + E

Bx

:arctan Bxλð Þ (3.25)

D¼ μ: a1F
2
z + a2Fz

� �
(3.25a)

Cx¼ 1:65 (3.25b)

Bx¼ 2�μð Þ: a3F
2
z + a4Fz

Cx:D:ea5Fz

� �
(3.25c)

E¼ a6F
2
z + a7Fz + a8 (3.25d)

where B, C, D, and E represent the stiffness factor, shape factor, maximum
factor, and curvature factor of the tire, respectively. Because the factors C

and B used to determine the longitudinal forces are different from those used

to calculate lateral forces, they are distinguished using x and y subscripts. The

lateral tire force, such that it is only dependent on the slip angle of the wheel

and not the slip ratio, is determined as follows:

Fy0¼D:Sin⥂ Cy:arctan By:φy

� 	h i
+ΔSv (3.26)

φy¼ 1�Eð Þ: α+ΔShð Þ+ E

By

:arctan By: α+ΔShð Þ� 
�
(3.27)

Cy¼ 1:3 (3.27a)

By¼ 2�μð Þ:a3:Sin a4:arctan a5Fzð Þ½ �
Cy:D

: 1� a12: γj jð Þ (3.27b)

ΔSh¼ a9:γ (3.27c)

ΔSv ¼ a10F
2
z + a11Fz

� �
:γ (3.27d)

Sv and Sh are the transmission factors, which are dependent on the wheel
camber angle. Under combined conditions, the longitudinal and lateral tire

forces are each a function of both the slip ratio and slip angle of the wheel and

are determined as follows:

Fx¼ δx
δt
:Fxo (3.28)
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Fy¼ δy
δt
:Fyo (3.29)

where δx¼ λ , δy¼ tanα, and δt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2x + δ2y

q
. Moreover, the longitudinal
1+ λ 1+ λ

slip ratio and slip angle of the ith wheel are expressed as follows:

λ¼⥂ Rwωi� vxwi

max Rwωi, vxwið Þ (3.30)

αi¼ δi� arctan⥂ vywi

vxwi

� �
(3.31)

vxwi and vywi are the longitudinal and lateral velocities of the ith wheel,
respectively. Because only the front wheels are steered by the driver in this

research, δ1 ¼ δ2 ¼ δ and δ3 ¼ δ4 ¼ 0. The steering angle must be small

during high velocities and critical maneuvers in order to prevent lateral

slippage and vehicle rollover. With this assumption, the longitudinal

and lateral velocities of the ith wheel are obtained from the following

relationships:

vxw1¼ vxw3¼ vx + dωz (3.32)

vxw2 ¼ vxw4¼ vx� dωz (3.33)

vyw1¼ vyw2¼ vy + aωz (3.34)

vyw3¼ vyw4¼ vy� bωz (3.35)

The lateral slip angle of the vehicle body is calculated as follows:
β¼ arctan⥂ vy

vx

� �
(3.36)

The parameters a12, …, a1 are mentioned in Table 3.1 [13]. The grip
between the tire and the road, which is expressed by the road friction coef-

ficient, is a very important factor in the longitudinal and lateral tire forces.

Hence, there will be large variations in these forces on dry, rainy, and

snowy roads, as shown in Fig. 3.3, assuming Fz ¼ 3 KN and a zero-

camber angle.
3.2.3 Random road input modeling
This section presents the determination of the roughness of a random road

using the inverse of its power spectral density (PSD). The PSD function of a

road with a length Lr is expressed by Sg(Ω), where Ω¼ 2π
λr
represents the



Table 3.1 Pacejka tire model parameters.

Coefficient Value (Fx) Value (Fy)

a1 �213 �22.1

a2 1144 1011

a3 49.6 1078

a4 226 1.82

a5 0.069 0.208

a6 �0.006 0

a7 0.056 �0.354

a8 0.486 0.707

a9 _ 0.028

a10 _ 0

a11 _ 14.8

a12 _ 0.022

Fig. 3.3 The effect of the road friction coefficient on the tire forces: (A) lateral force,
(B) longitudinal force.
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wavenumber or spatial frequency with a unit of
cycle

m
.λr is the wavelength of

the road. Assuming N sampling points along the road, one can obtain the

roughness amplitude of the road in terms of time, zr(t), as follows [14]:

zr tð Þ¼
XN
n¼1

sn:Sin nω0t+ϕnð Þ (3.37)

where sn¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sg nΔΩð Þ:ΔΩp

, ω0 ¼ 2π
Lr
vx, ΔΩ¼ 2π

Lr
, and vx is the longitudinal
velocity of the vehicle, which is assumed to be constant. Also, ϕn is the
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random phase angle, which is uniformly distributed throughout the interval

[0, 2π). ISO 8606 has classified roads in terms of surface roughness. This clas-

sification ranges from very smooth to very rough (classes A–E) in terms of

surface quality based on the PSD of the roads. The relationship between the

road profile PSD and the spatial frequency for various roads is approximated

as follows:

Sg Ωð Þ¼ Sg Ω0ð Þ Ω
Ω0

� ��ω

(3.38)

where Ω0 represents the spatial reference frequency and is equal to 1 rad/m.
Also, ω has a constant value of 2. The variation range of Sg(Ω0) for various

roads according to ISO 8606 is presented in Table 3.2 [15].

The profile of the E-type rough road and its PSD are plotted in Fig. 3.4

and compared to the PSD of the type-E road obtained from Table 3.2.
3.2.4 MR damper modeling
The use of MR dampers in semiactive suspension systems of vehicles has

increased considerably due to the high reaction speed of magnetic fields,

their insensitivity to temperature, and their simple structure. The force in

these types of dampers is controllable via an electric current or voltage.

Two approaches are often presented in the modeling of these dampers: Para-

metric and nonparametric. A common parametric model is the modified

Bouc-Wen model, which is fairly complex and contains numerous parame-

ters. Because the present study aims to use MR dampers in a semiactive sus-

pension to improve lateral stability and to prevent vehicle rollover, a simpler

model (the modified LuGre model, Fig. 3.5) has been used. The nonlinear

dynamic equations of this model are expressed using Eqs. (3.38)–(3.40) [16].
Table 3.2 The variation range of roughness value for various roads, Sg(Ω0).

Road class

Degree of roughness Φ(Ω0) (10
�6 m3) where Ω0 ¼ 1 rad/m

Lower limit Geometric mean Upper limit

A (very good) – 1 2

B (good) 2 4 8

C (average) 8 16 32

D (poor) 32 64 128

E (very poor) 128 256 512



Fig. 3.4 (A) Road PSD function, (B) road roughness profile in the spatial domain.
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FMR ¼ αa + αbvð Þz+ c0a + c0bvð Þ _x + c1 _z (3.39)

_z¼ _x� a0 _xj jz (3.40)

x¼ xs�xu (3.41)
where FMR is the damper force, α is a parameter for scaling the hysteresis

loop, z is an auxiliary variable for keeping a data record, x is the relative dis-

placement of the damper ends, a0 is a parameter for generating the hysteresis

properties, c0a,c0b respectively represent the viscous damping coefficient and

the voltage-dependent viscous damping coefficient, αb,αa respectively

denote the stiffness coefficient z and the voltage-dependent stiffness coeffi-

cient, and v is the applied voltage. The values of these parameters are men-

tioned in Table 3.3 [16]. The force-velocity graph has been plotted in
Fig. 3.5 Modified LuGre model in MR dampers.



Table 3.3 Values of the parameters used in the LuGre model of the MR damper.

Value Parameter Value Parameter

15,000 N/m αa 100 N s/m c0a
40,000 N/mv αb 2500 N s/mv c0b
190 m �1 a0 200 N s/m c1

Fig. 3.6 Force versus velocity in the MR damper.
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Fig. 3.6 for voltages of 1 V, 2 V, and 3 V under sinusoidal excitation with an

amplitude of 5 mm and a frequency of 2.5 Hz.
3.3 Estimator design using unscented Kalman filter

In recent decades, identifying the state variables and the parameters of a

dynamic model using incomplete and noisy measurement data has drawn

the attention of researchers. The Kalman filter is a well-known model iden-

tification and noisy data refinement method. The Kalman filter provides

adequate performance in case sufficient data are present about the process

noise, such that it canminimize the root mean square of the estimation error.

Using measurement data recorded by a noisy or inaccurate observer, this fil-

ter can estimate the state variables of the system as close as possible to the

process noise-free values of the variables. This filter uses a series of recursive

calculations based on minimizing the root mean square of the estimation

error for optimal estimation of the variables and parameters of the system.

Estimation using the Kalman filter requires accurate data about the covari-

ance of the process noise and the observer. The dynamic equations for a

discrete-time nonlinear system are expressed as follows:

xk+1 ¼ f xk, uk, tkð Þ+wk (3.42)
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yk¼ h xk, tkð Þ+ vk (3.43)

where xk represents the unknown state variables of the system at the time of
sampling k, uk denotes the known external input, and yk indicates the noise-

corrupted measurable signal, which is a function (h) of the state variables and

the time. The system dynamics are expressed using the nonlinear function f.

Both functions f and h are assumed to be known in the estimation process.

The process noise wk is due to the system dynamics, and the measurement

noise vk is due to the uncertainty of the recorded data. The process noise and

measurement noise are both white Gaussian noise with mean values of zero

and covariances of Qk and Rk, respectively. The performance algorithm of

the Kalman filter consists of the following three steps:

(a) The initial values of the system state variables (x̂+
0 ) and error covariances

(P0
+) are applied:

x̂+
0 ¼E x0ð Þ (3.44)
P +
0 ¼E x0� x̂+

0

� �
x0� x̂+

0

� �Th i
(3.45)
(b) The update equations based on the estimated values of the state variables

and their covariances consist of the following four steps:
(b1) 2n sigma points (x̂
ið Þ
k�1) are selected based on the mean and covari-

ance of the random variable x, where n is the number of system

state variables:
x̂
ið Þ
k�1¼ x̂+

k�1 + x
� ið Þ

i¼ 1,…,2n (3.46)
x
� ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
nP +

k�1

q� 	T
i
i¼ 1,…,n (3.47)

x
� n+ ið Þ ¼�

ffiffiffiffiffiffiffiffiffiffiffiffi
nP +

k�1

q� 	T
i
i¼ 1,…,n (3.48)
(b2) The nonlinear dynamic equations of the system are used to convert

the sigma points to x̂
ið Þ
k . In this step, the sigma points move from

the time k�1 to the time k:

x̂
ið Þ
k ¼ f x̂

ið Þ
k�1, uk, tk

� 	
(3.49)
ið Þ �
(b3) The x̂k values obtained in the previous step are used to determine x̂k :

� 1 X2n ið Þ

x̂k ¼

2n
i¼1

x̂k (3.50)
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(b4) The error covariance is computed using the values obtained in this

step (b):

� 1 X2n ið Þ �
� 	

ið Þ �
� 	T
Pk ¼
2n

i¼1

x̂k � x̂k x̂k � x̂k +Qk�1 (3.51)
(c) The update equations based on the measured values consist of the fol-

lowing six steps:
(c1) 2n sigma points (x̂
ið Þ
k ) are selected as follows:
x̂
ið Þ
k ¼ x̂�k + x

� ið Þ
i¼ 1,…,2n (3.52)
x
� ið Þ ¼ ffiffiffiffiffiffiffiffiffi

nP�
k

p� �T
i
i¼ 1,…,n (3.53)

x
� n+ ið Þ ¼� ffiffiffiffiffiffiffiffiffi

nP�
k

p� �T
i
i¼ 1,…,n (3.54)
(c2) The nonlinear measurement equations are used to convert the sigma

points to ŷ
ið Þ
k :

ŷ
ið Þ
k ¼ h x̂

ið Þ
k , tk

� 	
(3.55)
ið Þ

(c3) The ŷk values obtained in the previous step are used to determine ŷk:

ŷk¼
1

2n

X2n
i¼1

ŷ
ið Þ
k (3.56)

(c4) The error covariance is computed using the values obtained in this
step (c):

Py¼ 1

2n

X2n
i¼1

ŷ
ið Þ
k � ŷk

� 	
ŷ

ið Þ
k � ŷk

� 	T
+Rk (3.57)

(c5) The cross-covariance between x̂�k and ŷk is determined:
Pxy ¼ 1

2n

X2n
i¼1

x̂
ið Þ
k � x̂�k

� 	
ŷ

ið Þ
k � ŷk

� 	T
(3.58)

(c6) The measurement update equations are complemented using the fol-
lowing equations:

Kk¼PxyP
�1
y (3.59)
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x̂+
k ¼ x̂�k +Kk yk� ŷkð Þ (3.60)

P +
k ¼ P�

k �KkPyK
T
k (3.61)

The Kalman filter can provide an adequate estimate of the system state
variables if accurate statistical data about the covariances of the process noise

and observer noise, Qk and Rk, are available, and the system dynamic equa-

tions are known.

In this chapter, all the state variables of a full vehicle model with 14DOFs

(introduced in Section 3.2) are estimated using the unscented Kalman filter.

The measurement variables are the steering angle, the longitudinal and lat-

eral acceleration of the vehicle, the angular velocity of the wheels, and the

wheel travel.
3.4 Design of the active subsystems of the chassis

3.4.1 Design of the active braking system of the vehicle
In this section, an active braking system is designed using ASMC. The yaw

motion of a vehicle is generally controlled using either of two methods. The

first method is directly applying a control yaw moment by controlling the

longitudinal wheel forces at the sides of the vehicle; this is the most effective

method in providing vehicle stability. The second method is indirectly

applying a yaw moment to the vehicle by controlling the lateral forces of

the front or rear wheels. The yaw moment generation capability in this

method is limited to the linear region due to the saturation of the lateral

wheel forces. On the other hand, the first method also includes the nonlinear

region of the tire (the region beyond the saturation region of the longitu-

dinal forces).

Controlling the yaw rate of the vehicle to trace the desired value

obtained from the driver inputs causes the vehicle trajectory to approach that

intended by the driver. However, if the road is slippery, the lateral slip angle

of the vehicle increases rapidly, leading to vehicle instability. Therefore,

both the yaw rate and the lateral slip angle along with the vehicle trajectory

must be limited proportionally to the road friction coefficient. Due to this

reason, the simultaneous control of both yaw rate and side slip angle has been

considered in recent studies on vehicle dynamics control.

In practical applications of vehicle dynamics control, it is difficult to

accurately determine the road friction coefficient and the mass, the center

of mass, and the moments of inertia of the vehicle given different driving
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conditions during long trips and the variation in the vehicle mass. It is essen-

tial to have sufficient information about the conditions and friction coeffi-

cient of the road because all the forces required for lateral and yaw stability of

the vehicle are related to the friction between the tire and the road.

Researchers have proposed adaptive and robust controllers in order to

overcome these challenges. Adaptive control can compensate for parametric

uncertainties; however, robust control methods such as slidingmode control

performwell not only in compensating for structural uncertainties but also in

dealing with external disturbance and nonstructural uncertainties or unmo-

deled dynamics. A disadvantage of sliding mode control is the determination

of bounds for the uncertainties. Moreover, the control law includes switch-

ing, which causes control signal fluctuation, an undesirable phenomenon. As

a result, smoothing methods such as boundary layer and adaptive approaches

have been proposed for reducing control signal fluctuation. The combina-

tion of adaptive and robust controllers benefits from the advantages of both.

For this reason, an adaptive sliding mode controller has been designed in

this section to improve the yaw stability of a vehicle using an active braking

system. Because vehicle parameters such as the road friction coefficient

changes during long drives and because braking forces are independent of

this coefficient, an adaptive robust control method is necessary to guarantee

stability. Accordingly, a two-layer control system has been designed. The

upper layer determines the corrective yaw moment for tracing the desired

yaw rate of the vehicle obtained from a reference model, whereas the lower

layer, which has been designed individually for each wheel, adjusts the lon-

gitudinal slip of the wheels to its desired value in such a way that the braking

force required for generating the corrective yaw moment is applied. ASMC

has been used within each layer.

Furthermore, the unscented Kalman filter is employed to estimate the

state variables because it is uneconomical to measure some of the dynamic

variables of the vehicle, such as the longitudinal, lateral, and yaw velocities of

the vehicle body and the longitudinal tire slip.

3.4.1.1 Active braking system strategy
The aim in designing the active braking system is to create adequate vehicle

stability and handling under all motion conditions such that the vehicle is

robust against changes in parameters and disturbances and maintains the

yaw rate and lateral slip angle at the respective desired values. The desired

value of the yaw rate is computed from the linear 2-DOF bicycle model [8]:
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ωzd ¼ vxδ

L 1+Kusv2x
� � (3.62)

In Eq. (3.62),Kus represents the understeer coefficient, which is obtained
as follows:

Kus¼m
b

μCf

� a

μCr

� �
L2 (3.63)

where Cf and Cr represent the lateral stiffness of the front and rear tires,
respectively. However, ωzd is limited in the form of ωzd � μg
vx
. Moreover,

the desired lateral slip angle has been considered to be zero (βd ¼ 0) [17].

The controller acts by calculating the error of tracing the lateral slip angle

and yaw rate of the vehicle, and then the corrective yawmomentMzc is gen-

erated by applying braking force on one of the wheels using a differential

braking mechanism. The forces generated by the tire depend on the longi-

tudinal slip of the wheel; therefore, it is possible to produce the required

braking force and, hence, corrective yaw-moment by adjusting the slip of

each wheel to its desired value.

Given these explanations, the control system designed consists of two

control layers. In the upper or supervisory layer of the controller, the torque

required to stabilize the vehicle is determined. The lower layer, which acts as

the system actuator, decides on the appropriate wheel for adjusting the lon-

gitudinal slip based on the sign of the corrective moment and generates the

required yaw moment by applying braking force on this wheel. The ASMC

method has been employed in both control layers. To this end, it is more

appropriate to apply braking force only on the internal rear-wheel or the

external front wheel to reduce the unwanted lateral force that generates

an undesirable yaw moment. This is because an increase in the braking force

of the tires generally reduces their lateral force, and these different changes in

forces create opposing yaw moments in a tire. The corresponding results are

shown in Table 3.4 for each wheel. In addition, the direction of the steering
Table 3.4 Effect of a change in the tire forces on a change in the direction of the
corrective yaw moment [7].

Tire force Inside front Outside front Inside rear Outside rear

Fx increase +ΔM �ΔM +ΔM �ΔM
Fy increase �ΔM �ΔM +ΔM +ΔM



Fig. 3.7 Control logic in the active braking system.
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angle also affects the decision-making process for selecting the appropriate

wheel in controlling the longitudinal slip of the tire. The method shown

in Fig. 3.7 has been used for this purpose.

As mentioned before, the stability control system of the vehicle in this

research is made up of a two-layer structure. In the upper layer, the correc-

tive yawmoment is computed for tracing the desired yaw rate of the vehicle.

In the lower layer, first, the wheel on which the braking force must be

applied is determined via decision-making logic, and then the brake torque

required to produce the desired longitudinal slip of the tire of that wheel is

obtained.
3.4.1.2 Upper layer control
In this layer, first, a common siding mode controller (SMC) is designed to

trace the desired yaw rate and slip angle. Then, the controller gains are con-

sidered variable to counter changes in the vehicle parameters and the model

uncertainties, resulting in an ASMC system. To this end, first, a hybrid error

function is defined as follows [18]:

ey¼ ky1 ωz�ωzdð Þ+ β�βdð Þ (3.64)

In the above equation, ky1 > 0 and βd are zero based on the previous dis-

cussions. Then, a sliding surface consisting of the error function and its inte-

gral is selected as follows [7]: The integral term increases the rate of

convergence of the error to zero.

sy¼ ey + ky2

ðt
0

eydt (3.65)
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ky2, is a positive parameter. The derivative of Eq. (3.65) will be as

follows:

_sy¼ ky1 _ωz� _ωzdð Þ+ _β + ky2ey (3.66)

In the above relationship, _ωz is substituted from the vehicle dynamic
equations (3.1):

_sy¼ ky1
Mz +Mzc +Mzd

Iz
� _ωzd

� �
+ _β + ky2ey (3.67)

_ωzd is obtained from differentiating Eq. (3.62), and _β is calculated by
differentiating Eq. (3.36), as follows:

_β¼ kβ
_vy
vx
� _vx
vx

tan βð Þ
� �

(3.68)

where kβ ¼ (1 + tan2(β))�1. For the sliding condition to be satisfied, the fol-
lowing must hold:

_sy¼�ηy sgn sy
� �

; ηy> 0
� 	

(3.69)

In which case:
1

2

d

dt

� �
s2y ¼ _sysy¼�ηy sgn sy

� �
sy< 0 (3.70)

where ‘sgn’ is the sign function. The corrective yawmomentMzc is obtained
via a sliding mode control method by equating Eqs. (3.67) and (3.69).Mzc is

considered as a control input in the upper control layer.

An issue present in the designed sliding mode controller is selecting

the gain, ηy, in Eq. (3.69), which strongly depends on the upper uncer-

tainty bounds in the vehicle dynamics, including those for the mass and

moment of inertia of the vehicle. In practice, these uncertainties and dis-

turbances are due to the nonlinear dynamics of the vehicle and the tire,

which are not fully specified, and their exact value cannot be determined.

Trial-and-error methods are often used in tuning the gains of these types

of controllers. Hence, they have a conservative performance and may not

carry out the tracing well or may cause undesired fluctuations in the con-

trol signal.

To overcome this issue, researchers have begun considering the SMC

gains as adaptive, such that they can be tuned online and updated. Accord-

ingly, Eq. (3.69) is modified as follows:
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_sy¼� η̂y1 + η̂y2 ey


 

� 	

sgn sy
� �

(3.71)

where the variable gains η̂y1 and η̂y2 are determined instantaneously and
updated by solving the below differential equations (3.8):

_̂ηy1 ¼ γy1 sy


 

; γy1 > 0

� 	
(3.72)

_̂ηy2 ¼ γy2 ey


 

 sy

 

; γy2 > 0

� 	
(3.73)

The corrective yaw moment Mzc is obtained via the ASMC method by
equating Eqs. (3.67) and (3.71).

Mzc ¼ Î z
ky1 _ωzd� _β�ky2ey

ky1

 !
�Mz� η̂y1 + η̂y2 ey



 

� 	
sgn sy
� �

(3.74)

In the above control law, Î z is the approximate value of Iz. Moreover,
_ωzd is determined by differentiating Eq. (3.62), _β is substituted from

Eq. (3.68), and Mz is substituted from Eq. (3.2). It must be noted that _vx
and _vy must be substituted into Eq. (3.10), respectively, from Eqs. (3.3)

and (3.4).

We assume that there are constant and positive values ηy1
d and ηy2

d

such that:

ηdy1> d tð Þj j (3.75)

ηdy2 >
ky2

ky1
I
�
z




 


 (3.76)

In Eq. (3.75), d(t) is the disturbance moment of the system in the yaw
dynamics. It is caused by all the uncertainties in modeling the longitudinal

and lateral tire forces due to the unknown and variable road friction coef-

ficient and is determined as follows:

d tð Þ¼Mzd + I
�
z _ωzd� I�z _β

ky1
(3.77)

I
�
z represents the difference between the estimated value Î z and the actual
value Iz. Thus, I
�
z ¼ Î z� Iz. One can conclude from the assumptions in

Eqs. (3.75) and (3.76) that the parametric uncertainties of the system have

limited values. In the following, the stability of the control system designed

via ASMC is proven. To this end, first, a Lyapunov function is defined as

follows:
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V ¼ 1

2
Izs

2
y +

ky1

2γy1
η
�2

y1 +
ky2

2γy2
η
�2

y2 (3.78)

where
η
�
y1¼ η̂y1�ηdy1;η

�
y2 ¼ η̂y2�ηdy2 (3.79)

The following is obtained by differentiating Eq. (3.78):
V
� ¼ Izsy _sy +

ky1

γy1
η
�
y1
_η
�
y1 +

ky2

γy2
η
�
y2
_η
�
y2 (3.80)

Now, the two sides of Eq. (3.67) are multiplied by Iz, and Mzc is
substituted from Eq. (3.74) in the resulting equation:

Iz _sy¼ ky1 Î z
ky1 _ωzd� _β�ky2ey

ky1

 !
+Mzd� η̂y1 + η̂y2 ey



 

� 	
sgn sy
� �" #

�ky1Iz _ωzd + Iz _β + ky2Izeyl

(3.81)

By using Eq. (3.79), substituting Eqs. (3.80) in Eq. (3.81), and noting that
sy sgn (sy) ¼ j sy j, the derivative of the Lyapunov function is simplified as

follows:

V
� ¼ sy ky1Mzd + ky1I

�
z _ωzd� I

�
z
_β�ky2I

�
zey

� 	
�ky1 sy



 

ηdy1�ky1 sy


 

 ey

 

ηdy2

(3.82)

Given the term d(t) in Eq. (3.77), which expresses the system uncer-
tainties, Eq. (3.82) is written in the following form:

V
� ¼ ky1sy d tð Þ�ky2I

�
zey

ky1

 !
�ky1 sy



 

ηdy1�ky1 sy


 

 ey

 

ηdy2

� ky1 sy


 

 d tð Þj j+

ky2 I
�
z




 


 ey

 


ky1

0
@

1
A�ky1 sy



 

ηdy1�ky1 sy


 

 ey

 

ηdy2

� ky1 sy


 

 d tð Þj j�ηdy1

� 	
+ ey


 

 sy

 

 ky2 I

�
z




 


�ky1η
d
y2

� 	
(3.83)

The following results from Eqs. (3.75), (3.76), and (3.83):
V
�

< 0 (3.84)
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Because the Lyapunov function defined in Eq. (3.78) is a positive definite

function and its derivative, V
�

, is a definite negative function, it can be con-

cluded from Lyapunov’s direct method that the controller designed using

ASMC is stable.

Due to the discontinuity of the function sgn in Eq. (3.74), certain fluc-

tuations usually appear in the control law,Mzc. To omit these fluctuations, it

is better to replace the function ‘sgn’ with the saturation function ‘sat’. The

saturation function is defined as follows:

sat sy
� �¼

1 sy >φ
� �

sy

φ
sy


 

�φ
� �

�1 sy <�φ
� �

8>>><
>>>:

(3.85)
where φ represents the thickness of the boundary layer.
3.4.1.3 Lower layer control
After the corrective yaw moment Mzc is determined in the upper layer, the

braking torque required to produce the moment Mzc and the wheel that

must be subjected to braking must be determined in the lower control layer.

To this end, the wheel to which active braking must be applied is selected

first using the signs of the steering angle andMzc, as shown in Fig. 3.7. Then,

the required braking force, Fxb, must be computed according to Eq. (3.86).

For example, if the brake torque must be applied to the front right wheel:

Fxb¼Mzc

d
(3.86)

In the next step, the desired longitudinal slip of the tire, λd, is obtained

using interpolation methods. Finally, the brake torque, Tb, required to trace

λd is determined using an adaptive sliding mode controller. Therefore,

another error function and sliding surface are defined [7]:

eb¼ λ� λd (3.87)

sb¼ eb + kb

ðt
0

ebdt; kb> 0ð Þ (3.88)

The following relationship is defined to satisfy the sliding condition:
_sb¼� η̂b1 + η̂b2 ebj jð Þ sat sbð Þ (3.89)



Fig. 3.8 Block diagram of the controller structure.
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where the adaptive gains η̂b1 and η̂b2 are determined by solving the following

differential equations (3.8):

_̂ηb1¼ γb1 sbj j; γb1> 0ð Þ (3.90)

_̂ηb2¼ γb2 ebj j sbj j; γb2> 0ð Þ (3.91)

In the end, the brake torque required for the ith wheel, which is the con-
trol input, is calculated by combining Eqs. (3.87)–(3.91) and using Eq. (3.17)
according to Eq. (3.92), where ax is the longitudinal acceleration of the

vehicle.

Tbi¼�RωFxwi� Iωaxωi

vx
+
Iωvxkbeb

Rω
+
Iωvx

Rω
η̂b1 + η̂b2 ebj jð Þ sat sbð Þ (3.92)

The block diagram of the controller structure is displayed in Fig. 3.8.
3.4.2 Design of the semiactive suspension system of the
vehicle
For increased ride comfort and safety in vehicles, vehicle designers attempt

to reduce the vibrations of the vehicle body, and various suspension systems

have been developed for this purpose. Suspension systems so far built to

reduce and control vehicle vibrations can be divided into three groups,

namely passive suspension, semiactive suspension (SAS), and active suspen-

sion. The first group consists of systems commonly used in most vehicles.
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The characteristics of their components, including the stiffness coefficient of

the springs and the damping ratio of the dampers, are constant and change

only due to wear, reducing their quality. On the other end of the spectrum

are active suspension systems, which provide high quality and comfort com-

pared to passive suspension systems due to their actuators. However, they are

less commonly used due to their high price, high energy and power con-

sumption, and relatively complex components such as actuators, sensors,

control valves, and high-pressure vessels for controlling the fluid. In these

systems, there are no passive components such as springs or dampers, and

an actuator adjusts the mutual reaction between the vehicle body and wheel.

Nowadays, semiactive suspension systems, which benefit from the advan-

tages of both previous groups, have drawn the attention of researchers. In

these suspension systems, changes occur in the damping ratio of the damper

with small amounts of energy under different road conditions, leading to

better ride comfort and road holding.

In this research, the SAS uses an MR damper, which changes the damp-

ing ratio by varying the viscosity of the fluid inside it. Features of this damper

include fast response to the control signal and low energy consumption.

Two fuzzy strategies have been employed in the design of the SAS: the first

is to improve ride comfort (SAS1), and the other is to improve stability and

handling (SAS2) by increasing the damping force. The SAS1 system is

addressed first.
3.4.2.1 Design of the SAS1 system
When the vehicle is on a straight course or is turning with a small lateral

acceleration, ride comfort is the priority of the SAS system control actions.

Accordingly, a fuzzy controller has been designed for reducing vertical

vibrations of the sprung mass. The inputs to this controller are the velocity

of the sprung mass and the relative velocity of the sprung and unsprung

masses, and the output of the fuzzy network is the control force of the

SAS system, which is considered the input of the control system. Seven tri-

angular membership functions and seven linguistic variables–NB, NM, NS,

ZE, PS, PM, and PB, respectively denoting negative big, negative medium,

negative small, zero, positive small, positive medium, and positive big–have
been defined for each input and output. The max-min inference method in

the Mamdani fuzzy inference system and the centroid defuzzifier have been

used. The fuzzy rules can be seen in Table 3.5. An important ride comfort



Table 3.5 Fuzzy rules for the SAS1 system.

_zs

Relative velocity _zsu

NB NM NS ZE PS PM PM

NB PB PB PM PS ZE ZE ZE

NM PB PM PM PS ZE ZE ZE

NS PM PM PS ZE ZE ZE ZE

ZE PS PS ZE ZE ZE NS NS

PS ZE ZE ZE ZE NS NM NM

PM ZE ZE ZE NS NM NM NB

PB ZE ZE ZE NS NM NB NB
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indicator is the RMS of the vertical acceleration of the vehicle mass center,

Eq. (3.93), which has been utilized in this section to assess the performance

of the suspension system [19].

RMS €zsð Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

ðT
0

€z2s dt

s
(3.93)

3.4.2.2 Design of the SAS2 system
When the vehicle undergoes critical maneuvers, stability and handling

become the main goals of the control system. In this situation, the active

braking system is the most effective chassis subsystem in improving handling

and stability. This is because this subsystem has a significant influence on the

longitudinal tire forces and the lateral tire forces during turning. However,

because these forces depend on the vertical force exerted on the wheel, con-

trolling the vertical force of the tires can also be addressed in the discussion

on the stability and handling of a vehicle. A criterion used for evaluating the

performance of the suspension system in improving handling and road hold-

ing of the vehicle is the reduction in the RMS or the standard deviation of

the tire deflection [19]. The RMS indicator has been used in this section.

MR dampers can take on this responsibility by increasing the damping ratio

of the system if necessary. Accordingly, a fuzzy controller has been designed

in the SAS2 system that can reduce the tire deflection well. The inputs,

membership functions, fuzzy inference method, and defuzzification of this

network are similar to those for the network presented for SAS1 in the pre-

vious section. The only differences are that its input is the voltage input to

the MR damper instead of the damper force and that its fuzzy rules are



Table 3.6 Fuzzy rules for the SAS2 system.

_zs

Relative velocity _zsu

NB NM NS ZE PS PM PM

NB B B B B ZE ZE ZE

NM B B M M ZE ZE ZE

ZE B M M S ZE S S

PS M S S S S S M

PM S S S ZE S S B

PB ZE ZE ZE ZE S M B
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different, as shown in Table 3.6. TheRMS value of the tire deflection can be

computed from Eq. (3.94):

RMS Tire deflectionð Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

ðT
0

zu�zrð Þ2 dt
s

(3.94)

3.5 Integrated vehicle dynamics control

In this section, the integrated control of lateral, vertical, yaw, and roll

dynamics of the vehicle using active braking and semiactive suspension sys-

tems is investigated. The vehicle stability control structure is the active brak-

ing system defined in the previous section. The aim of using the semiactive

suspension system is to improve ride comfort in addition to increasing yaw

stability and lateral stability and reducing the probability of vehicle rollover.

The simulation of the IVDC system has been performed for a nonlinear full

vehicle model with 14 DOFs in MATLAB software.

In severe maneuvers, the lateral and yaw stabilities of the vehicle are

undermined, and the probability of rollover increases due to the saturation

of tire forces. In addition, if the road excitation frequencies coincide with the

natural frequencies of the wheel bounce, resonance occurs, causing fluctu-

ations in the lateral and yaw dynamic responses of the vehicle. In this con-

dition, the active braking system cannot improve handling and stability by

itself. To deal with this problem, a structure has been designed for coordi-

nating the semiactive suspension and active braking systems.
3.5.1 Integrated vehicle dynamics control structure
As mentioned previously, the coordination between active braking and

semiactive suspension systems to improve ride comfort and stability is
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addressed in this section. The active systems are those described in the pre-

vious sections. In other words, two strategies have been used in the design of

the suspension system, one for improving ride comfort (SAS1) and one for

improving stability and handling (SAS2). The SAS2 system can have a sig-

nificant effect on the roll angle and the vertical force exerted on the wheels.

The lateral acceleration of the vehicle is in the range of 0.3–0.5 g in common

noncritical maneuvers. In this range, SAS2 can improve the lateral dynamics

and reduce the possibility of vehicle rollover via decreasing the vertical tire

forces and the roll angle. When the lateral acceleration reaches a specific

value (0.3 g in this study), the operational task of the semiactive suspension

switches from SAS1 to SAS2. Using a supervisory layer, three driving states,

namely direct, mild turning, and sharp turning, are identified using the

lateral acceleration and steering angle, as shown in Table 3.7.

The vehicle rollover threshold is defined using the Rollover Index (RI)

In this research, the lateral-load transfer ratio (LTR) has been considered as

the RI. This ratio is equal to the absolute value of the ratio of the difference

in the vertical loads of the left and right wheels to the total vertical load of the

four wheels and is obtained from Eq. (3.95).

LTR¼ FZR�FZLj j
FZR +FZL

(3.95)

Moreover, the use of an estimator seems necessary because measuring
some of the dynamic variables of the vehicle, including the longitudinal

and lateral velocities and the yaw rate of the vehicle body, the vertical veloc-

ity of the sprung and unsprung masses, and the longitudinal slip of the tires, is

not economical. For this reason, the UKF has been used in this section to

estimate the state variables of the system and the road profile.

In the process of estimation using the Kalman filter, the dynamic equa-

tions of the system are solved at every step, and the road roughness inputs are

considered as external system disturbances. It is incorrect to assume these

disturbances as low-amplitude noise in the estimation algorithm due to their
Table 3.7 Identification of the operational task of the active
chassis subsystem based on various driving conditions [16].

Driving situation detection Task assignment

δ ¼ 0 SAS1

δ > 0 ^ ay < � 0.3g cornering SAS1 + AB

δ > 0 ^ ay > + 0.3g cornering SAS2 + AB
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considerable intensity compared to other vehicle vibrational signals. There-

fore, they must be considered as measurable inputs. However, because it is

almost impossible to measure the road profile online in practical vehicle

dynamic control applications, the road profile is estimated in this section

using the vertical acceleration of the wheels, their dynamic equations,

and the estimated state variables. The 14-DOF full vehicle model intro-

duced in the previous sections is also used in this section. All the state vari-

ables of the full model are estimated via the UKF. The measurement

variables are the steering angle, the longitudinal and lateral acceleration of

the vehicle, the angular velocity of the wheels, the vertical acceleration of

the wheels, and the wheel travel.

As an example, the estimated road roughness under the first wheel, Z
�
r1,

is obtained using the following relationship:

z
�
r1¼ z

�
u1 +mu1 €zu1 +F

�
z1

kt1
(3.96)

where
F
�
z1¼�ks1zsu1� c1

_z
�
su1�kaf

2d
φ
�� z

�
u2�z

�
u1

� �
2d

" #
+ f1 (3.97)

3.5.2 Integrated vehicle dynamics control simulation
The 14-DOF nonlinear model introduced in the previous sections has be[8]

en used for the simulation, with the parameters in, as shown in Table 3.8. In

this section, the performance of the semiactive suspension is evaluated and

simulated in two states:

(A) Evaluation of the performance of the SAS1 system in ride comfort

improvement.

(B) Evaluation of the performance of the SAS2 system in handling and

stability improvement.
3.5.2.1 Ride comfort analysis
This section analyzes the ride comfort improvement of the SAS1 system.

The road input has been considered as random of type C, the simulation

has been performed in 5 s, and the vehicle velocity has been assumed to

be 25 m/s. The vertical acceleration of the vehicle mass center has been plot-

ted in Fig. 3.9, and RMS value of the acceleration has been used for the

quantitative analysis. A remarkable drop in the acceleration amplitude in



Fig. 3.9 Vertical acceleration of the vehicle mass center.

Table 3.8 Parameters of the 14-DOF vehicle model.

Parameter Value Parameter Value

m (kg) 1030 b (m) 1.39

ms (kg) 810 Iw (kg m2) 2.1

mu1/mu2 (kg) 31 Rw (m) 0.3

mu3/mu4 (kg) 24 μroll 0.015

Ix (kg m2) 300 L (m) 2.36

Iy (kg m2) 1058 h (m) 0.5

Iz (kg m2) 1088 cf/cr (N/rad) 40,000

ks1/ks2 (N/m) 18.600 ρ (kg/m3) 1.2

ks3/ks4 (N/m) 19.600 Cdx 0.35

kt (N/m) 132,000 Cdy 0.8

kaf/kar (N m/rad) 6695 Af (m
2) 2.5

cs1/cs2 (N s/m) 1300 As (m
2) 4.5

cs3/cs4 (N s/m) 1400 Vw (m/s) 18

d (m) 0.64 μ 0.9

a (m) 0.97
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the active system is observed in this graph. The RMS of the acceleration in

SAS1 has decreased by 29% compared to the passive mode.
3.5.2.2 Handling and stability analyses
The computer simulation of the double lane-changemaneuver on a dry road

(μ ¼ 0.9) has been performed to evaluate the designed control system. The

steering angle input is sinusoidal with an amplitude of 4 degrees (0.07 rad)

and a frequency of 0.43 Hz, as shown in Fig. 3.10.



Fig. 3.10 Steering angle input in the double lane-change maneuver.
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The road input has been considered as random of type C, the simulation

has been performed in 5 s, and the vehicle velocity has been assumed to be

25 m/s. A sinusoidal wave with an amplitude of 10 mm and a wavelength of

2 m has been added to the road input. The simulation results of passive, AB

only, and AB with SAS2 integrated control systems and the estimated values

are displayed in Figs. 3.11–3.16. The yaw rate plot of the vehicle in various

modes is shown in Fig. 3.11.

As shown in Fig. 3.11, the AB with the SAS2 integrated control system

has been able to trace the desired vehicle yaw with better accuracy than the

AB-only system. Furthermore, some fluctuations due to resonance are
Fig. 3.11 Graph of the vehicle yaw rate in the double lane-change maneuver.



Fig. 3.12 Graph of the vehicle lateral acceleration in the double lane-changemaneuver.

Fig. 3.13 Graph of the vehicle lateral slip angle in the double lane-change maneuver.

Fig. 3.14 Graph of the vehicle path in the double lane-change maneuver.
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Fig. 3.15 Vehicle roll angle in the double lane-change maneuver.

112 Vehicle dynamics and control
observed in the vertical vibrations of the wheels on the curve for the passive

system, which the AB system has not been able to omit. However, the inte-

grated control system has smoothed the curve well. The road excitation fre-

quency is obtained by dividing the vehicle velocity by the road wavelength.

Given the assumed velocity and road wavelength values, the road excitation

frequency has been obtained as 12.5 Hz, which lies in the natural frequency

range of unsprung masses. The same conclusion can be drawn from

Fig. 3.12, which displays the lateral acceleration. This means that the
Fig. 3.16 Graph of lateral-load transfer ratio of the vehicle.
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reduction in the lateral acceleration and the relevant fluctuations are clearly

visible for the integrated control system, such that the maximum lateral

acceleration has fallen by 35%.

The lateral slip angle of the vehicle can be seen in Fig. 3.13. It is clear in

this graph that both the AB-only and AB with SAS2 systems perform well in

reducing the lateral slip angle and that the estimator has performed its task

with little error.

The vehicle path during the double lane-change maneuver is displayed

in Fig. 3.14. As seen in the figure, both controllers have significantly affected

the vehicle path and have been able to stabilize the initially uncontrolled

vehicle that had not moved in the desired path. Moreover, the AB with

SAS2 system has performed better than the AB only system in returning

the vehicle to its initial direct path.

Changes in the roll angle are displayed in Fig. 3.15. The reduction in this

angle is observed to be larger in the AB with SAS2 system than the AB-only

system. This is desirable because a reduction in the roll angle in severe

maneuvers prevents vehicle rollover.

The vertical tire forces have a large effect on the longitudinal and lateral

tire forces. The road-holding of the tire and, consequently, handling and

stability improve with the minimization of changes in the vertical tire forces.

Standard deviation is a suitable index for evaluating changes in this quantity.

For this reason, the standard deviation of the vertical forces of the four

wheels has been computed and is shown in Table 3.9. As shown in the fig-

ure, there is a considerable decrease in the standard deviation in the inte-

grated control system compared to the AB-only system.

The LTR as the vehicle rollover index is displayed in Fig. 3.16. As seen

in the figure, the maximum value of this quantity is lower in the AB-only

system than in the passive system by 22.8% while this reduction is almost

49% for the integrated control system. As an example, the control voltage

of SAS2 actuators and the graph of the input voltage of the MR damper

belonging to the front-right wheel are displayed in Fig. 3.17.
Table 3.9 The standard deviation of the vertical forces of the four wheels.

Passive AB only AB with SAS2

FR wheel 2730.9 2475.2 1326.9

FL wheel 2682.3 2425.1 1302.3

RR wheel 2603.8 2315.2 1344.1

RL wheel 2625.3 2290.2 1353.9



Fig. 3.17 Graph of the input voltage of the MR damper belonging to the front-
right wheel.
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3.6 Conclusion

In the present study, the integrated control of the vertical, roll, and yaw

dynamics of a vehicle via semiactive suspension and active braking was

implemented on a 14-DOF full vehicle model. In severe maneuvers, the lat-

eral and yaw stabilities of the vehicle are undermined, and the probability of

rollover increases due to the saturation of tire forces. Also, if the road exci-

tation frequencies coincide with the natural frequencies of the wheel

bounce, resonance occurs, causing fluctuations in the lateral and yaw

dynamic responses of the vehicle. In this condition, the active braking sys-

tem cannot improve handling and stability by itself. To deal with this prob-

lem, a structure was proposed for coordinating the semiactive suspension

and active braking systems.

An adaptive sliding mode controller was presented to improve the yaw

stability of the vehicle using the active braking system. The adaptive rule

method was used for tuning the gains of the sliding mode controller. Fur-

thermore, a semiactive suspension system with MR dampers was designed

for changing the vertical forces exerted on the body and the tires. Two fuzzy

strategies were used in its design, one of which was to improve ride comfort

and the other was to improve stability and handling. Because the longitudi-

nal and lateral tire forces depend on the vertical force exerted on the wheel,

controlling the vertical force of the tires can also be addressed in the discus-

sion on stability and handling of a vehicle. Accordingly, a semiactive suspen-

sion system was designed in the second strategy.

The analysis results show that the integrated control of the semiactive

suspension and active braking systems improves the lateral and yaw stabilities
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of the vehicle more than the active braking system does alone. This is more

significant when the vertical vibration of the wheels results in resonance.

Furthermore, the desired yaw rate was traced more accurately compared

to the active braking system. It must be noted that all the state variables

required by the controller to produce the control law and the road profile

were estimated online with little error using the unscented Kalman filter and

the measured outputs.
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CHAPTER 4

Trajectory planning and
integrated control for
high-speed autonomous lane
change
4.1 Introduction

Nowadays, the applications and capabilities of the advanced driver assistance

system (ADAS) are increasing dramatically. These systems play a crucial role

in reducing accidents, along with providing ride comfort, reducing traffic,

optimizing fuel consumption, and reducing pollution. According to the

World Health Organization (WHO), more than 3400 people die each

day in accidents, and tens of millions are injured each year around the world.

TheWHO reports also state that the expenses of accidents are more than 3%

of the gross domestic products of countries [1]. Previous studies also show

that about 80% of road accidents and fatalities have been caused by human

error [2, 3]. Automated driving is one of the proposed solutions to reduce

human error. A driverless vehicle or fully automated driving is ideal for an

engineer or a car manufacturer. However, automated driving has proven to

be a complex undertaking with many challenging aspects. It requires profi-

ciency in a variety of fields such as computer vision, trajectory planning,

modeling, and automated control. ADAS is one of the main solutions for

reducing human error. In recent decades, many driver assistance systems

have been developed to minimize driver error and avoid risky situations

[4, 5]. Many of these studies have been implemented in practice, and some

have attained mass production. Some of the most important ones are anti-

lock braking systems (ABS), electronic stability control (ESC) systems, col-

lision avoidance system (CAS), adaptive cruise control (ACC) systems, lane

departure warning systems (LDWS), lane-keeping assistant (LKA) systems,

lane-change assistant (LCA) systems, and automated parking systems (APS).

By examining the available systems, it can be inferred that most of these
117
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systems either take care of the longitudinal dynamics or deal with the lateral

dynamics. A few driver assistance systems can perform integrated

longitudinal-lateral guidance. Even these systems have limitations and are

only effective for simple maneuvers. However, in critical maneuvers, there

are substantial couplings between longitudinal and lateral dynamics at differ-

ent levels of dynamics, kinematics, and tire forces. Therefore, a driver assis-

tance system that can guide the vehicle in these maneuvers is highly

required.

The layout of this chapter is as follows. The longitudinal-lateral integrated

guidance system is briefly introduced in the subsequent section. The vehicle

and tire dynamics are presented in detail in the fourth section. The fifth sec-

tion is dedicated to the introduction of utilized rules of applications and

hypotheses. Details of the trajectory planning and integrated control design

are explained in the sixth and seventh sections, respectively. The eighth sec-

tion is dedicated to the results of the simulation and performance evaluation

of the proposed integrated guidance algorithm. In the ninth section, conclu-

sions and suggestions for future investigations are stated. Stability conditions

are also provided in the appendix. References are listed in the last section.
4.2 Summary of the integrated longitudinal-lateral
guidance system

The integrated longitudinal-lateral guidance system is a driver assistance sys-

tem that generates an optimal trajectory primarily by considering the high-

way speed limit, the position of the target vehicle, the vehicle dynamics, and

the tire dynamics. This system computes the proper control inputs subse-

quently by an integrated longitudinal-lateral controller and transmits them

to brake/throttle and steering actuators. As shown in Fig. 4.1, the integrated

longitudinal-lateral guidance system consists of multiple subsections. How-

ever, this chapter focuses only on trajectory planning and longitudinal-lateral

control of the vehicle. In other words, it is assumed that the required infor-

mation from the other subsections is entirely available.

The critical collision avoidance system is an example of the application of

this algorithm. Consider a host vehicle (HV) moving at high speed on a

highway (Fig. 4.2).

The target vehicle is also moving in its current lane. In an instant, the

target vehicle decelerates so severely that collision is inevitable if the host

vehicle only uses its brake system. In this situation, the only possible

approach for the host vehicle to avoid a collision is to slow down and move



Fig. 4.1 The integrated longitudinal-lateral guidance system of the vehicle.

Fig. 4.2 The lane-change maneuver.
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to the adjacent lane. It is assumed that the initial speed and distance between

the two vehicles allow for such a maneuver. At the end of this section, an

overview of the most important challenges is provided in integrated vehicle

guidance. Selecting an appropriate dynamic model for the vehicle and tire is

the first challenge. The behavior of the vehicle and tire in the maneuver

must be carefully analyzed to select an appropriate model. In the following,

the applied hypotheses and rules are extracted according to these analyses.

Undoubtedly, these rules will be useful in various steps of trajectory planning

and integrated control design. Another important challenge is that the pro-

posed algorithm must have an acceptable computational cost. In addition,

the required data must be measurable or identifiable using the existing

equipment. Eventually, the stability of the control algorithm is a concern

that must be addressed.
4.3 Dynamic model

The vehicle dynamics model used in this research is the bicycle model [6].

However, a few considerations, such as longitudinal load transfer and a non-

linear tire model, are taken into account to improve the accuracy of the

model. The dynamic model can be divided into three sections, including

equations of motion for the vehicle, equations of motion for the wheel,

and tire dynamics. Each of these sections will be discussed thoroughly in

the following.

4.3.1 Equations of motion for the vehicle
The bicycle model of the vehicle is depicted in Fig. 4.3. This model includes

three degrees of freedom, namely x, y, and ψ , which indicate the longitu-

dinal position, lateral position, and direction angle of the vehicle, respec-

tively. The velocity of the vehicle’s center of mass is v, which is

decomposed to vx and vy in the local coordinate system of the vehicle.

The steering and the sideslip angles are indicated by δ and β, respectively.
Besides, it is assumed that the vehicle can only steer by its front wheels.

It should be noted that tire forces are also expressed in terms of local

tire coordinates. The force collinear with the tire axis is indicated by the

y index, and the forces perpendicular to it are denoted by the x index.

The distance between the center of mass and the front and rear axles is repre-

sented by lf and lr, respectively. The height of the aerodynamic center and

the height of the center of mass of the vehicle are hcg and haero, respectively.

In addition, the vehicle mass is shown by m, and its moment of inertia is



Fig. 4.3 The bicycle model.
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demonstrated by Iz . According to Fig. 4.3 and by applyingNewton’s second

law, vehicle motion can be described by (4.1)

maxcg ¼Fxf cosδ�Fyf sinδ+Fxr �Faero (4.1a)

maycg ¼Fxf sinδ+Fyf cosδ+Fyr (4.1b)

Iz €ψ ¼ lf Fxf sin δ+Fyf cos δ
� �� lrFyr (4.1c)

In the equations of motion, f and r indicate the front and rear wheels,
respectively. The symbol Faero means the aerodynamic force, which is

defined by Eq. (4.6).

Faero¼ 1

2
ρCdAF vx + vwindð Þ2 (4.2)

where ρ,Cd, and vwind indicate the air density, aerodynamic drag coefficient,
and wind velocity, respectively. The symbol AF is the frontal projected area

of the vehicle, which can be estimated by 1.6 + 0.00056(m � 765) for pas-

senger cars with a mass of 800–2000 kg [6]. Also, the longitudinal and lateral
accelerations of the mass center are defined by Eqs. (4.3a) and (4.3b),

respectively.
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axcg¼ _vx� vy _ψ (4.3a)

aycg¼ _vy + vx _ψ (4.3b)

At the end of this section, it is necessary to mention a crucial and practical
concept called the center of oscillation. In some cases, trajectory planning

and controller design are performed much more accessible by this concept,

which indicates the importance of the center of oscillation [7]. Front/rear

centers of oscillation are the points at which the lateral forces of the rear/

front tires do not affect the lateral acceleration of these points, respectively.

These points are located on the longitudinal axis of the car. Also, the front

and rear centers of oscillation are adjacent to the front and the rear axles,

respectively. In this study, the concept of the center of oscillation will be

used in trajectory planning and integrated longitudinal-lateral controller

design. The front center of oscillation is shown by fco in Fig. 4.3, and its dis-

tance from the vehicle’s center of mass is lfco. The value of lfco can be deter-

mined by the concept of the front center of oscillation in addition to writing

the longitudinal and lateral dynamics equations of the fco point. This value is

equal to Iz/(mlr) [8]. By using the concept of front oscillation center, the

lateral dynamics of the vehicle can be expressed by Eq. (4.4)

mayfco ¼
l

lr
Fxf sinδ+Fyf cosδ
� �

(4.4)

where ayfco is the lateral acceleration of the front center of oscillation in the
local coordinate system and can be determined easily by the concept of rel-

ative acceleration (4.5).

ayfco ¼ aycg + lfco €ψ ¼ _vy + vx _ψ + lfco €ψ (4.5)

It can be inferred from Eq. (4.4) that the lateral acceleration of the front
center of oscillation is independent of the force of the rear tires. As can be

observed in the trajectory of the integrated controller design section, using

Eq. (4.4) instead of Eq. (4.1b) would be very effective.
4.3.2 Equation of motion for the wheel
The wheel is one of the most important subsystems in the study of the

dynamic behavior of the vehicle within acceleration and deceleration.

The free-body diagram of a wheel is shown in Fig. 4.4.

Assuming T ¼ Te � Tb in Fig. 4.4, the equation of motion of the wheel

can be expressed by Eq. (4.6) using Newton’s second law.



Fig. 4.4 The free-body diagram of a wheel during acceleration.
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Iw _ω¼T �FxRw�TRoll (4.6)

where Iw represents the mass moment of inertia of the wheel, Fx is the

longitudinal force of the tire, Rw is the effective radius of the wheel, Te is

the engine torque transmitted to the wheel, Tb is the braking torque, and

TRoll is the torque caused by rolling resistance, which can be calculated

by Eq. (4.7). The (!) direction shown in Fig. 4.4 for Fx is related to the

acceleration state.

TRoll¼ frFzRw (4.7)
where fr and Fz indicate the rolling resistance coefficient and the normal

force of the tire, respectively.
4.3.3 Tire dynamics
Assuming that the friction force of the tires is linearly dependent on the ver-

tical force of each tire, the longitudinal or lateral friction force of the tire can

be expressed by Eq. (4.8)

Fγτ ¼ μγτFzτ , γ� x, yf g, τ� f , rf g (4.8)
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where Fzτ indicates the vertical load of each front and rear tire and μγτ rep-
resents the longitudinal or lateral friction coefficient of the corresponding

tire. Although the accurate calculation of the vertical force of the tire can

be easily performed by considering the dynamics of the suspension system,

it will increase the order of the dynamic model. To avoid this problem, the

dynamics of the suspension system are not considered in this study. In addi-

tion, the vertical force of the tires is calculated approximately by considering

the longitudinal acceleration of the vehicle.

Fzf ¼
m

2l
glr� axcghcg�

Faerohaero

m

� �
(4.9a)

Fzr ¼
m

2l
glf + axcghcg +

Faerohaero

m

� �
(4.9b)

Given the relationships of Eqs. (4.9a) and (4.9b), it is clear that the sum of
the vertical forces of the tires is equal to the force of the vehicle weight (mg).

The μγτ, ε coefficient can also be calculated using the Pacejka/Magic Formula

(MF) [9].

μγτ ¼
sγτ
sτ
μτ, γ� x, yf g, τ� f , rf g (4.10a)

μτ ¼D sin C arctan B sτð Þ½ �, τ� f , rf g (4.10b)

sτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sxτ

2 + syτ
2

q
, τ� f , rf g (4.10c)

B, C, and D are constant coefficients that are determined based on the
tire and road conditions. This study assumes that these constants are available

and identical for all tires. μτ indicates the total friction coefficient, which is a
function of the total slip (sτ). The total slip of the tire is a function of lon-

gitudinal slip (sxτ) and lateral slip (syτ). The longitudinal slip of the front or

rear tires is a function of the longitudinal velocity of the contact point of

the tire with the road surface (vcwτ,ε
), and the equivalent longitudinal of

the wheel rotation (vrwτ,ε
), which is defined by Eq. (4.11)

sxτ ¼
vrwτ � vcwτ

max vrwτ , vcwτð Þ , τ� f , rf g (4.11)

The longitudinal velocity of the contact point of the tire with the road
surface for front and rear tires is also calculated by Eqs. (4.12a) and (4.12b),

respectively.

vcwf
¼ v+ _ψβlf (4.12a)
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vcwr
¼ v� _ψβlr (4.12b)

If the angular velocity of the wheel is indicated by ωτ, the equivalent
longitudinal velocity of the wheel rotation (vrwτ
) is obtained from

Eq. (4.13)

vrwτ ¼Rwτωτ, τ� f , rf g (4.13)

The slip angle of the tire must be determined first to calculate the lateral
slip. The slip angles of the front tire (αf) and rear tire (αr) can be determined

by Eqs. (4.14a) and (4.14b), respectively.

αf ¼ δ� tan�1 vy + _ψ lf
vx

� �
(4.14a)

αr ¼� tan�1 vy� _ψ lr
vx

� �
(4.14b)

After determining the slip angle, the lateral slip can be calculated by
Eqs. (4.15a) and (4.15b) [10].

First case (sxτ � 0):

syτ ¼
vrwτ sin ατð Þ

vcwτ

, τ� f , rf g (4.15a)

sy ¼ tan ατð Þ, τ� f , rf g (4.15b)
τ

The parameters of the dynamic model of the vehicle are presented in
Table 4.1.
4.4 Applied rules and important assumptions

As stated before, the proposed algorithm can be used for high speeds on

highways. By careful study of the vehicle motion in these situations, crucial

practical rules can be extracted, which will be very helpful in the trajectory

planning and integrated controller design. These rules are summarized

as follows.
Rule 1: Due to the vehicle’s high speed, the direction angle (ψ) and
steering angle (δ) must be small to maintain vehicle stability.

Rule 2: Braking proportionality: According to this rule, the distribution

of braking torque between the front and rear wheels is proportional to

the normal force of the front and rear tires.



Table 4.1 The vehicle parameters [9].

Value Unit Symbol

1450 kg m

2740 kg m2 Iz
1.1 m lf
1.6 m lr
0.4 m hcg
0.4 m haero
0 m/s vwind
0.85 m wHV

2 m bf
0.3 m Rw

0.9 kg m2 Iw
0.015 – fr
7 – B

1.6 – C

0.52 – D

126 Vehicle dynamics and control
Rule 3: Traction torque is applied to the front wheels only; therefore,

the longitudinal slip of the rear tires (compared to the front tires) is neg-

ligible in these conditions. Thus, the longitudinal force of these tires can

be ignored in comparison with the front tires.

Rule 4: The slip angle of the tires is small in the mentioned maneuver.

Thus, sin(ατ, ε) � ατ, ε and tan(ατ, ε) � ατ, ε approximations are valid, and

Eqs. (4.15a) and (4.15b) turn to Eq. (4.16)
syτ ¼Kατατ, τ� f , rf g (4.16)

where Kατ ¼ vrwτ
/vcwτ

for sxτ � 0, and Kατ ¼ 1 for sxτ > 0.

4.5 Trajectory planning

Two objectives of collision avoidance and feasibility must be met in trajec-

tory planning. Regarding the previous studies, it can be concluded that the

topic of trajectory in a dynamic environment has been studied extensively.

In a recent study, researchers performed a detailed survey of various pro-

posed methods in the field of real-time trajectory planning of vehicles

[11]. According to the mentioned study and other references, it can be stated

that considering the dynamic limitations of the vehicle and tire is among the

neglected topics in trajectory planning. Some of the most important limita-

tions of trajectory planning methods are mentioned in the following. A few
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of the investigations assumed that vehicle speed is constant [12]. Many

researchers, such as [11], have only considered the kinematic constraints

of the vehicle in trajectory planning. Some have approximated the behavior

of the vehicle with a linear dynamic model [13]. Also, several studies have

assumed that the maximum longitudinal or lateral acceleration is constant

[14]. However, the assumptions made in recent studies are not consistent

with real situations because the tire enters its saturation zone in critical

maneuvers. In such maneuvers, the tire dynamics and, consequently, the

behavior of the vehicle will be completely nonlinear. In addition, a tire

can provide a certain amount of output force. This implies that the maxi-

mum lateral/longitudinal force that the tire can supply decreases if the lon-

gitudinal/lateral force of the tire increases. Hence, a constant maximum

longitudinal/lateral acceleration cannot be considered in critical maneuvers

for the entire trajectory planning process. Valid maximum longitudinal or

lateral acceleration is different at each moment. Jeon et al. has conducted

research that considered the nonlinear dynamics of the vehicle and tire in

trajectory planning. Their proposed method is general, which can be used

for all driving conditions. However, the computational cost of their pro-

posed method is high and may also be stuck with the local minimum.

On the other hand, trajectory planning for high-speed lane-change maneu-

vers is relatively simple, and it appears that the appropriate trajectory can be

computed by more straightforward methods such as the use of polynomials

[7]. The studies carried out by Jafarian [15] and Shojaei [16] are among the

studies that used polynomials for trajectory planning of cars and semitrailers,

respectively. Similar methods are used in the mentioned studies, and a suit-

able trajectory is planned based on collision avoidance and the dynamic

capacity of the vehicle. The ability to assess the possibility of maneuvering

as well as the ability for utilization in a variety of traffic conditions are among

the capabilities of Ref. [15]. Ref. [16] is also of great importance due to its

application for trailers. However, these studies have fundamental limitations.

The most critical limitation is assuming the host vehicle speed as a constant

value. The algorithms presented in these two studies are not useful for crit-

ical collision avoidance maneuvers because braking/acceleration is also

required in addition to changing the lanes. Another limitation is that it is

necessary to solve several nonlinear equations simultaneously to find the final

maneuver time. Because trajectory planning is an online procedure, these

equations may not be solved in a short time; therefore, problems may occur

in the process of guidance of the vehicle.
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Based on the above explanations, it can be concluded that trajectory

planning in critical maneuvers and dynamic environments requires further

research.

In the present study, different trajectories are computed for different

accelerations according to the collision avoidance criteria, and valid trajec-

tories are determined by considering the highway speed limit. Subsequently,

the maximum required friction is determined in each trajectory by consid-

ering the vehicle and tire dynamics. On the other hand, the maximum avail-

able friction is also given; therefore, trajectories at which the maximum

friction is greater than the maximum permissible friction are unacceptable.

Eventually, the trajectory with the minimum required friction is selected

as the optimal trajectory. In the following section, details of the collision

avoidance strategy are provided at first, and then, an evaluation of the fea-

sibility of the trajectory will be discussed.
4.5.1 Collision avoidance
Collision avoidance aims to design a trajectory in which the host vehicle

passes the target vehicle at a safe distance and moves to the adjacent line.

An infinite number of trajectories exist to accomplish this end. However,

some of these trajectories are not feasible in terms of vehicle and tire dynam-

ics. These trajectories will be examined in the next section. This section

focuses on trajectories that meet the requirements of safe distance and the

speed limit of the highway. The lateral position of the two vehicles at the

moment of arrival is shown in Fig. 4.5.
Fig. 4.5 The lateral distance between the host vehicle and the target vehicle at the
moment of arrival.
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In Fig. 4.5, the distance from the center of mass of the host and target

vehicles to the farthest points of the front and rear bumper are indicated with

bf and br, respectively. The width of the vehicle is also considered to be

2wHV. The coordinates of the right rear corner of the target vehicle in terms

of time (t) are (XB(t), YB(t)), which is expressed in the X � Y inertial frame.

The lateral position of the target vehicle at the arrival moment is also

assumed to be equal to wTV. In addition, it is assumed that the XB(t) and

YB(t) functions are specified at the beginning of the maneuver. The optimal

motion of the mass center of the host vehicle in the lateral direction YR(t) is

considered as a fifth-degree polynomial of time. The reason for using a fifth-

degree polynomial is that the trajectories of the fifth degree are smooth for

being twice differentiable. Besides, a fewer number of points are required to

determine the trajectory. The fifth-degree trajectory can be defined by

knowing the values of the variables at two points [11]. According to the

above, the optimal lateral position of the center of mass of the host vehicle

in the inertial coordinate system can be expressed by Eq. (4.17)

YR tð Þ¼ b1t
5 + b2t

4 + b3t
3 + b4t

2 + b5t+ b6 (4.17)

In the above equation, b1 to b6 are constant coefficients used to define a
trajectory, and index R represents the desired condition. It is also assumed

that at the beginning of the maneuver, the mass center of the host vehicle is

located at the origin of the coordinate system. Also, lateral velocity and

acceleration are zero both at the beginning and at the end of the maneuver.

Furthermore, lateral displacement of the center of mass of the vehicle in the

entire maneuver is denoted by h. The total time of the maneuver is assumed

to be tf, which is unknown. By applying these considerations to Eq. (4.17),

the optimal lateral position of the center of mass can be determined by

Eq. (4.18)

YR tð Þ¼ 6h

tf 5

� �
t5� 15h

tf 4

� �
t4 +

10h

tf 3

� �
(4.18)

This study assumes that the vehicle moves with constant acceleration in
the longitudinal direction during the study. However, according to the

dynamics of the brake/throttle system, it cannot be assumed that the desired

acceleration is available since the beginning of the maneuver. Hence, the

desired longitudinal acceleration (axR) is suggested to be calculated by

Eq. (4.19)

AxR sð Þ
Ax sð Þ ¼ K

s+K
(4.19)
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where k is the time constant of the brake/throttle system. Assuming that the

final acceleration of the host vehicle is aHV(constant), by applying inverse

Laplace transformation on Eq. (4.19), the desired acceleration will be in

the form of Eq. (4.20)

axR tð Þ¼ aHV 1� e�Kt
� �

(4.20)

Because the vehicle is in the direction of the highway at the beginning
of the movement, it can be stated that its initial longitudinal velocity is

vR(0) ¼ v0. Assuming that the center of the vehicle mass is located on the

origin of the inertial reference frame (XR(0) ¼ 0), and the heading angle

is small, the desired longitudinal position of the vehicle can be calculated

as a function of time Eq. (4.21) by integrating the acceleration equation

twice (Eq. 4.20).

XR tð Þ¼ aHV

1

K2
1� e�Kt
� �� t

K
+
t2

2

	 

+ v0t (4.21)

According to rule number 1 and by observing Fig. 4.5, the longitudinal
position of point A can be expressed by Eq. (4.22)

XA tð Þ¼XR tð Þ+ bf (4.22)

As for the target vehicle, XB(t) and YB(t) can be any arbitrary functions.
However, to complete the formulation, it is assumed that the target vehicle

moves at a constant acceleration of aTV. Assuming that the initial longitudi-

nal velocity and position of the vehicle are v0 and x0, the longitudinal posi-

tion of the target vehicle can be described as (4.23)

XB tð Þ¼ 1

2
aTVt

2 + v0t + x0 (4.23)

After determining the position of pointsA and B as functions of time, the
final time of the maneuver tf can be obtained by applying the safe pass con-

dition. According to Fig. 4.5, it is evident that XA(t) and XB(t) are equal at

the arrival time tr. Therefore, the value of tr is determined by equating the

right side of Eqs. (4.22) and (4.23). After determining tr, the value of YB(tr)

can easily be calculated. For the sake of simplicity, the value of YB(tr) will be

indicated by wTV. Based on Fig. 4.5, Eq. (4.24) relates the lateral position of

points A and B at time tr.

YA trð Þ¼YB trð Þ+ sd (4.24)

where YA(tr) is calculated by Eq. (4.25)



Fig. 4.6 Inertial and local coordinate systems.
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YA trð Þ¼YR trð Þ�wHWcosψR + bf sinψR (4.25)

By the determination of _YR trð Þ and vR(tr), the value of ψR(tr) can be
calculated (Fig. 4.6). Eventually, according to rule number 1, Eq. (4.25)

can be expressed in a simplified form of Eq. (4.26)

YA trð Þ¼YR trð Þ�wHV + bf
_YR trð Þ
vR trð Þ (4.26)

By substituting YA(tr) in Eq. (4.24) and simplifying the results, a quantic
equation will be obtained.

tf
5�10htr

2 tc1 +
3bf

vR trð Þ
� �

tf
2 + 15htr

3 tc1 +
4bf

vR trð Þ
� �

tf

�6htr
4 tc1 +

5bf

vR trð Þ
� �

¼ 0

(4.27)

By solving Eq. (4.27), the value of tf is determined; therefore, the trajec-
tory is completely determined.

In this step, different trajectories will be achieved for different values of

aHV in trajectory planning. Although the range and step size of aHV are arbi-

trary, this study assumes that the aHV is selected from maximum possible

braking deceleration (abmax) to maximum possible thrust acceleration

(atmax) with the step size of 1 m/s2. A trajectory will be obtained for each
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acceleration. However, the trajectories in which the vehicle’s final speed fall

off the speed limits of the highway ([Vmin Vmax]) will not be accepted.
4.5.2 Feasibility analysis of trajectories
In general, the feasibility analysis of trajectories is a complicated problem

because both vehicles and tire dynamics must be taken into account. If

the trajectory is planned without considering the properties of vehicle

and tire dynamics, the vehicle motion may become unstable despite a decent

control system. For example, suppose that a sharp steering angle is applied

during longitudinal speed reduction. In such conditions, the tire may not

be able to provide the required longitudinal and lateral forces at the same

time (the total capacity of the tire force is limited); therefore, the vehicle will

become unstable. This section aims to provide a novel approach inwhich the

feasibility analysis of the trajectory for high-speed maneuvers can be done by

only solving a set of simple algebraic equations, without solving differential

equations (including wheel dynamics, vehicle motion equations, and con-

troller). This analysis is based on the frictional capacity of the tire and road.

The trajectory will not be feasible if the tire and road fail to provide the

required friction for it. Otherwise, the trajectory will be feasible. The closer

the required coefficient of friction is to the maximum available coefficient of

friction, themore critical the proposed trajectory will be. Hence, the critical-

ity of the proposed feasible trajectories is also determined in this section.

It should be noted that the suggested trajectories were completely deter-

mined at the end of the collision avoidance section. Therefore, the values of

the longitudinal and lateral acceleration of the center of mass, along with the

lateral angle of the vehicle, are available in terms of time for each trajectory.

These values can be used for the feasibility analysis of the trajectory. Details

of the proposed method will be summarized as follows.

According to rule number 1 and by observing Eq. (4.1a), it can be

assumed that the value of Fyf sin δ is negligible compared to Fxf cos δ + Fxr.

Similarly, in Eq. (4.4), it can be assumed that the value of Fxf sin δ is negli-
gible compared to Fyf cos δ + Fyr. Hence, Eqs. (4.1a) and (4.4) can be rewrit-

ten in the form of Eqs. (4.28a) and (4.28b), respectively.

axcg¼
1

m
Fxf +Fxr �Faeroð Þ (4.28a)

ayfco ¼
l

mlr
Fyf (4.28b)
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Given that the lateral acceleration of the center of mass is known, the

lateral acceleration of the center of oscillation is determined using

Eq. (4.5). Subsequently, the lateral force of the front tires can be determined

by Eq. (4.28b). The value of Fyr can also be calculated by substituting Fyf in

Eq. (4.1b). Assuming that the vehicle is moving tangent to the desired tra-

jectory, axcg is equal to the desired longitudinal acceleration of the center of

mass. On the other hand, by knowing the desired speed and using Eq. (4.2),

the value of Faero at each time is also available. Now, Eq. (4.28a) can be used

to determine the value (Fxf + Fxr) at any given time in the trajectory. In addi-

tion, the second and third rules (braking mode of Eq. (4.29) and traction

mode of Eq. (4.30)) can be used to determine the values of Fxf and Fxr.

Fxτ ¼
Fzτ

mg
maxr +Faeroð Þ, τ� f , rf g (4.29)

Fxf ¼ maxr +Faeroð Þ, Fxr ¼ 0 (4.30)

Therefore, it is possible to calculate the coefficient of friction between
the front and rear tires within the motion by considering the bicycle vehicle

model. In addition, the maximum required coefficient of friction μreq,max

can be determined (4.31)

μreq,max ¼ max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fxf

2 +Fyf
2

p
Fzf

,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fxr

2 +Fyr
2

p
Fzr

 !
(4.31)

The trajectory would be infeasible if the maximum required coefficient
of friction (μreq,max) is greater than the maximum available coefficient of

friction (μro,max) at least at one point throughout the trajectory. It is necessary

to calculate μreq, max for each of the suggested trajectories in the collision

avoidance section and compare it with μro,max to select the optimal trajec-

tory. Eventually, the trajectory that meets the condition μreq,max < μro,max

with the lowest μreq, max, is selected as the optimal trajectory.

The question that may arise here is whether the criterion of the required

maximum coefficient of friction is sufficient for selecting the trajectory. Fun-

damentally, various criteria such as collision avoidance, stability, ride comfort,

and fuel consumption can be considered in choosing the trajectory. All criteria

would be important if the maneuver was a normal lane change. However, the

situation is different for critical maneuvers. In such maneuvers, collision

avoidance and vehicle stability are of very high priority, and other criteria

are insignificant. Because the collision avoidance condition is assumed iden-

tical for all the suggested trajectories in this study, all routes are similar. Hence,
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it can be stated that the trajectory that provides more stability for the vehicle

will be optimal. According to Eq. (4.10b), increasing the coefficient of friction

decreases the total slip of the tire, and consequently increases the lateral slip

angle of the vehicle. Increasing the lateral slip angle also means that the vehicle

is getting closer to instability. Based on the above explanations, it can be con-

cluded that the criterion of the maximum required coefficient of friction is an

appropriate criterion for the critical maneuver in hand.
4.6 Integrated longitudinal-lateral control

The integrated longitudinal and lateral dynamic control is inevitable while

guiding the vehicle in critical maneuvers. Various control methods were

proposed to solve this interesting problem in the literature. Some of the most

important limitations of these investigations are as follows. Many studies are

done based on the kinematic model of the vehicle [17, 18]. The majority of

the studies in this area utilize a linear dynamic model in controller design

[19]. A number of references have considered integrated longitudinal and

lateral control only for collision avoidance analysis [20, 21]. However,

the methods introduced in these references do not consider longitudinal

accelerations; hence, they cannot be applied for all types of maneuvers.

One of the studies that considered nonlinear vehicle dynamics in the subject

of integrated control design was published by Attia et al. [22]. They used

the idea of the Lyapunov function in longitudinal control and assumed that

vehicle mass, tire inertia, and resistant rolling torque have uncertainties. In

the mentioned research, a single-wheel model of the vehicle was used

for longitudinal control, and the longitudinal slip of the tire was not consid-

ered. In addition, the model predictive control approach was used for

lateral control. High computational cost as well as the possibility of being

stuck in the local minimum during the optimization are the main disadvan-

tages of the mentioned approach. Hence, it can be concluded that the prob-

lem of integrated vehicle control in critical maneuvers has received less

attention.

In this section, an integrated controller will be proposed for longitudinal

speed control as well as lateral position control using a sliding mode control

approach of reference [23]. The torques applied to the wheels (throttle/

brake) are the control input of the longitudinal control, and the steering

angle is the control input of lateral control.
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4.6.1 Longitudinal control
In this study, longitudinal control aims to make sure the longitudinal speed

of the vehicle’s center of mass (vx) follows the desired longitudinal speed

(vR). To use the sliding mode approach [23], a relation between the longi-

tudinal speed (or one of its derivatives) and the applied torques to the wheels

must be derived. This relation can be established by combining the longi-

tudinal dynamics and the equation of motion of the wheel. For this purpose,

it is enough to replace the longitudinal force of each tire in Eq. (4.1a) with

the equivalent value from Eq. (4.6). It may be inferred that this method is not

useful because the steering angle and lateral forces of the front tires are also

unknown in Eq. (4.1a).

But it should be noted that the effect of the lateral force of tires is insig-

nificant on longitudinal dynamics, and it is neglected in several references

[6]. However, this study suggests the use of the steering angle and lateral

forces in the previous step to improve accuracy. The equations of computing

the control inputs are briefly stated in the following.

First, the slip surface is defined according to Eq. (4.32)

sx¼ vx� vRð Þ (4.32)

Now, we can differentiate the slip surface sx, and assume it to be zero.
Then, instead of _vx, its equivalent term from Eq. (4.1a) is substituted to

obtain Eq. (4.33)

Fxf cosδ�Fyf sinδ+Fxr �Faero

m
+ vy _ψ � _vR¼ 0 (4.33)

The δ symbol that appears in Eq. (4.41) is the steering angle of the pre-
vious step, which is known. For each tire, the longitudinal force is replaced

by its equivalent in Eq. (4.6). Eq. (4.34) is obtained after simplifying the

relations.

Tteq ¼Rw frFzf cosδ+ frFzr +Fyf sinδ
�

+Faero�mvy _ψ +m _vR
�

+2Iw _ωf cosδ+ _ωr

� �
(4.34)

It is assumed that Tteq ¼ Tf cosδ
� �

eq
+Treq. A sign input term must be
added to the equivalent input (Tteq) to handle probable uncertainties. There-

fore, the total required torque is defined by Eq. (4.35).

Tt¼Tteq�Kx sat sx,∅xð Þ (4.35)

In Eq. (4.35), ‘sat’ is a saturation function. The constant Kx is also deter-
mined considering the level of uncertainties. The thickness of the boundary
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layer (∅x) should be selected in such a way that the control accuracy is guar-

anteed while avoiding the chattering. Subsequently, the applied torque to

the front and rear wheels should also be determined. According to the sec-

ond rule, for braking mode, the torque applied to the front (Tf) and rear (Tr)

wheels can be calculated by Eq. (4.36).

Tf ¼Fzf

Fz
Tt and Tr ¼Fzr

Fz

Tt (4.36)

According to the second rule, the torque applied to the front and rear
wheels for the acceleration mode can be determined by Eq. (4.37).

Tf ¼Tt and Tr ¼ 0 (4.37)

4.6.2 Lateral control
The purpose of the lateral controller is to move the vehicle’s center of mass

in the desired direction while ensuring vehicle stability. Similar to the lon-

gitudinal control, for using the control approach of reference [23], a rela-

tionship must be derived between the desired lateral position (or one of

its derivatives) and the steering angle. Although the control inputs do not

appear directly in the equations, this relation can be established according

to the following method. By assuming that Y and YR represent the current

and desired lateral positions, respectively, error (e) is defined as Y � YR.

Also, the slip surface is defined by Eq. (4.38)

ssy¼ d

dt
+ λy

� �
e, λy> 0 (4.38)

The value of _vy can be calculated by differentiating the slip surface ssy and

setting it to be zero.

_vy¼
vy _ψ sinψ� _vx sinψ + €YR�λy vx sinψ� _YR

� �
cosψ

� vx _ψ � λyvy (4.39)

The value of _vy can also be determined using the lateral dynamics of the
center of oscillation (Eqs. 4.4 and 4.5).

_vy¼ l

mlr
Fxf sinδ+Fyf cosδ
� �� vx _ψ � lfco €ψ (4.40)

By eliminating _vy from Eqs. (4.39) and (4.40), the summation of the lat-
eral force of the front tires is determined (4.41).
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Fyf
� �

eq
¼mlr vy _ψ sinψ� _vx sinψ + €YR� λy vx sinψ� _YR

� �� �
l cosδcosψ

+
mlr lfco €ψ� λyvy
� �
l cosδ

+
mlr lfco €ψ�λyvy
� �
l cosδ

�Fxf tanδ (4.41)

Now, using Eqs. (4.14a), (4.16), (4.10a), and (4.8), the equivalent steer-
ing angle can be extracted in terms of (Fyf)eq (4.42).

δeq¼ sf

Kαf μfFzf
Fyf

� �
eq
+ tan�1 vy + _ψ lf

vx

� �
(4.42)

A sign input term must be added to the equivalent input δeq to take care
of existing uncertainties. Hence, the required steering angle can be calcu-

lated by Eq. (4.43)

δ¼ δeq�kysat sy,∅y

� �
(4.43)

Similar to longitudinal control, the constant Ky in Eq. (4.43) is deter-
mined considering the level of uncertainties. In addition, the thickness of

the boundary layer (∅y) should be selected in such a way that chattering

doesn’t occur while maintaining control accuracy.
4.7 Simulation of integrated longitudinal and lateral
vehicle guidance algorithm

In this section, the results of the simulations are provided in two areas of tra-

jectory planning as well as the implementation of integrated control for crit-

ical collision maneuvers. Because the maneuver scenario is introduced

briefly at the end of the introduction, here only the parameters of the

maneuver are summarized in Table 4.2. In this maneuver, it is assumed that

the braking deceleration of the target vehicle and the lateral position of point

B (wTV) are constant over time.
4.7.1 Simulation results of trajectory planning
The summary of the simulation results of trajectory planning for the maneu-

ver is presented in Table 4.3. The resulting trajectories indicate that the rear

and front tires are critical in braking and acceleration conditions, respec-

tively. By examining the acceleration of the vehicle and the final speed of

the maneuver in trajectory number 1 (longitudinal acceleration of 3 m/s2),



Table 4.3 Overview and evaluation of the trajectories.

Maximum required friction coefficient

Rear
tires

Front
tires

Maneuver
time (s)

Final speed
(km/h)

Acceleration
(m/s2)

Trajectory
number

0.573 0.928 1.69 128 3 1

0.54 0.741 1.77 122 2 2

0.504 0.584 1.85 116 1 3

0.466 0.47 1.95 110 0 4

0.438 0.417 2.08 103 �1 5

0.433 0.396 2.23 94 �2 6

0.452 0.41 2.42 84 �3 7

0.492 0.455 2.67 72 �4 8

0.551 0.524 3.05 56 �5 9

Table 4.2 Description of maneuver assumptions.

Value Unit Symbol

110 km/h v0
6 m x0
3 m h

�8 m/s2 abmax

5 m/s2 atmax

125 km/h Vmax

70 km/h Vmin

0.85 m wTV

�8 m/s2 aTV
0.6 m sd

0.52 – μro,max

20 – K
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it is observed that the speed of the host vehicle is equal to 128 km/h at the

end of this trajectory, which is more than the maximum speed limit

(125 km/h). Hence, it can be concluded that this trajectory is invalid. All

trajectories with an acceleration of more than 3 m/s2 will also be unaccept-

able. Similarly, by examining trajectory number 9 (braking deceleration of

�5 m/s2), it is concluded that the vehicle speed at the end of this trajectory is

56 km/h, which is less than the minimum speed limit of 70 km/h. Hence, all

trajectories with a braking deceleration value greater than 5 m/s2 will be

invalid. Other suggested trajectories having final speed in disagreement with
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the highway speed limits are not listed in Table 4.3 for the sake of concise-

ness. According to Table 4.3, it is observed that the maximum coefficient of

friction required in trajectories 2 and 3 is higher than the maximum available

friction (0.52); therefore, these trajectories are also infeasible.

An accurate observation of Table 4.3 yields interesting results. Each of

the feasible trajectories is examined in detail as follows. Longitudinal slips

are almost zero in trajectory number 4; as a result, the required longitudinal

forces are negligible. In trajectory No. 4, the longitudinal slips are approx-

imately zero, so the required longitudinal forces will be negligible. In this

trajectory, the lateral acceleration imposed on the vehicle is also high due

to the short maneuvering time (compared to other acceptable routes),

and as a result, the required lateral forces will increase. Eventually, the

sum of the required tire forces is such that the maximum required coefficient

of friction is equal to 0.47 in the front tires. The condition is improved by

applying a braking acceleration of �1 m/s2 in trajectory number 5. In this

trajectory, the required longitudinal force by the tire is increased compared

to trajectory number 4 due to braking. On the other hand, the maximum

lateral acceleration decreases as maneuver time increases (from 1.95 s to

2.08 s); therefore, the required lateral force decreases. The result of these

changes eventually decreases the maximum required forces of the tire,

and consequently, decreases the required maximum coefficient of friction

(from 0.47 to 0.438). It is interesting to observe what happens when braking

deceleration decreases to �2 m/s2 in trajectory number 6. In fact, the max-

imum required coefficient of friction remains almost constant (0.433) by fur-

ther decreasing the braking deceleration compared to trajectory number 5.

The latter is because, compared to trajectory number 5, the increase in the

longitudinal force is approximately equal to the decrease in the lateral forces

in the tire; therefore, the maximum required friction has not changed. As

a result, it can be expected that the maximum required friction will increase

by a further decrease in deceleration. The accuracy of this point is well

proved by examining the results of trajectory 7 and 8. Based on the above

explanations, if the minimum required friction is the criterion of optimality,

it can be concluded that trajectory number 6, with the maximum coefficient

of friction needed of 0.433, is the optimal trajectory among the feasible

trajectories. It should be noted that trajectory number 6 is selected for

the simulation of integrated control. At the end of this section, the changes

in the longitudinal and lateral positions of points A and B over time are

shown in Figs. 4.7 and 4.8, respectively, to assure that the vehicles do

not collide.



Fig. 4.7 Longitudinal position of three points of A, B, and C by assuming the safe
passage of points A and B.

Fig. 4.8 Lateral position of three points of A, B, and C by assuming the safe passage of
points A and B.
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According to Fig. 4.7, the two vehicles will meet after traveling a lon-

gitudinal distance of 43 m in 1.4 s (points A and B). In addition, Fig. 4.8

indicates that at this time, the lateral positions of points A and B are equal

to 1.45 m and 0.85 m, respectively. In fact, the distance between the two

vehicles is 0.6 m at the time of arrival. In this section, it is necessary to

validate the accuracy of an important assumption. In the trajectory planning

section, it was assumed that the right front corner of the host vehicle

(point A) had a safe vertical distance with the left rear corner of the target

vehicle (point B) at the time of arrival. (Fig. 4.5).
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The following questions may arise:

• Despite the safe passage of points A and B, how can the safe passage of

points C and B be ensured?

• In the trajectory planning section and the calculation of final maneuver-

ing time, is it possible to use the safe distance between points C and

B instead of the distance between points A and B?

To answer the first question, trajectory number 6 with the acceleration of

�2 m/s is considered. According to Fig. 4.7, it can be observed that points

B and C reach each other in 1.8 s, which is equivalent to the longitudinal

position of 55 m. In addition, Fig. 4.8 indicates that in 1.8 s, the vertical dis-

tance between points B and C is 1.1 m. Hence, in trajectory planning, it can

be ensured that points B and C also pass each other at an acceptable vertical

distance if the assumption of safe passage of points A and B is used. To answer

the second question, it is assumed that the trajectory is planned with an

acceleration of �2 m/s, along with the assumption of the safe passage of

points B and C. Based on these assumptions, the final maneuver time will

be 2.7 s. The longitudinal and lateral positions of the three points of A,

B, and C are displayed in Figs. 4.9 and 4.10, respectively. Fig. 4.9 indicates

that points A and B reach each other in 1.4 s (position 38 m), and points

B and C reach each other in 1.8 s (position 50 m). In addition, Fig. 4.10

shows that although, at 1.8 s, the vertical distance between points B and

C is 0.6 m, at 1.4 s, the lateral position of point A is less than the lateral posi-

tion of point B, which leads to a collision. Hence, it can be concluded that in
Fig. 4.9 Longitudinal position of three points A, B, and C with the assumption of safe
passage of points B and C.



Fig. 4.10 Lateral position of three points A, B, and C with the assumption of safe
passage of points B and C.
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trajectory planning, points A and B may collide with each other if the

assumption of safe passage of points C and B is used.

At the end of this section, it is necessary to evaluate the accuracy of an

important hypothesis. In trajectory planning, selecting an appropriate trajec-

torywasperformedbasedon themaximumrequired friction.Thecoefficients

of frictionof the front and rear tires are calculated approximately basedon a set

of hypotheses and a few simple algebraic operations. Subsequently, the trajec-

tory with the minimum required friction is selected as the optimal trajectory.

This section aims to check the accuracy of the approximate coefficient of fric-

tion. Hence, the friction coefficients of the front and rear tires for trajectory

number 6 are shown in Figs. 4.11 and 4.12, respectively. The real coefficients

of friction are the result of applying integrated control.

By comparing the real and approximate coefficients of friction, it can be

concluded that the changes are almost similar in both curves. Because only

the maximum coefficient of friction is important in the proposed method, it

is unimportant how accurately these two curves coincide. In terms of quan-

tity, the approximate coefficients of friction are 15% lower than the real

coefficients of friction. This is due to the difference between the magnitude

of real and approximate accelerations. Considering that the vehicle was

assumed tangent to the trajectory in the trajectory planning section, the

value of vy was considered zero. Therefore, according to Eq. (4.3a), it can

be concluded that the approximate longitudinal acceleration will be less than

the real acceleration. In this case, the longitudinal force of the tire, and con-

sequently the total friction, will be less than the real value.



Fig. 4.12 The approximate and real coefficient of friction of rear tires.

Fig. 4.11 The approximate and real coefficient of friction of front tires.
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4.7.2 Simulation results of integrated control
Fig. 4.13 displays the overall performance of the integrated controller. This

figure indicates that the real trajectory coincides with the desired trajectory

very accurately

The longitudinal and lateral components of the vehicle motion will be

evaluated in the following. The longitudinal performance of the vehicle is

shown in Figs. 4.14–4.17.
Figs. 4.14 and 4.15 indicate that the longitudinal controller succeeded in

tracking the desired speed, as the maximum value of the tracking error is less



Fig. 4.13 Changing a lane in a lane-changing maneuver.

Fig. 4.14 Tracking of longitudinal velocity.
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than 0.1 km/h. Concerning the control inputs, the changes of applied tor-

ques to the wheels are also continuous and smooth (Fig. 4.16). Because the

normal force of the front tires is more than the normal force of the rear tires

in braking mode, the torque applied to these tires is also higher.

The longitudinal position error of point A belonging to the host vehicle

is a very important subject. If the speed control is not performed correctly,

the difference between the desired and the real longitudinal positions will

increase, which may lead to a collision. The longitudinal position error

curve over time is shown in Fig. 4.17. By comprehensive observation of this



Fig. 4.16 Applied torque to the front and rear wheels.

Fig. 4.15 Tracking error of longitudinal velocity.
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figure, it can be inferred that the longitudinal position error is small and

approximately equal to 15 cm at the arrival time of the two vehicles

(1.4 s). As mentioned at the end of the previous section, the safe distance

criterion is met for the two vehicles at the arrival time. The performance

of tracking the lateral position of the vehicle is shown in Figs. 4.18–4.21.
Figs. 4.18 and 4.19 indicate that the task of the lateral control is appro-

priately performedwith amaximum lateral position error of less than 0.2 cm.

In addition, Fig. 4.20 shows that the changes in the steering angle inputs are



Fig. 4.17 Tracking of the longitudinal position of point A.

Fig. 4.18 Tracking of the lateral position.
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perfectly continuous and smooth. Note that the steering angle is still increas-

ing at the end of the maneuver (2.25 s). This is because the vehicle is not yet

tangential to the optimal trajectory due to the high slip angle at the end of the

maneuver; therefore, the steering angle will not be zero. However, the

steering angle will gradually tend to zero if the vehicle keeps moving in a

straight line. This is well illustrated in Fig. 4.21.

For a further illustration of the integrated control performance, the lateral

acceleration curve, along with the changes of lateral direction angle and lat-

eral slip angle, is shown in Figs. 4.22 and 4.23, respectively.



Fig. 4.19 Tracking error of the lateral position.

Fig. 4.20 Steering angle input in the lane-changing maneuver.
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Fig. 4.22 indicates that the maximum lateral acceleration is approxi-

mately 4 m/s2. By comparing the curves of the lateral acceleration and

the optimal trajectory (Fig. 4.13), it is inferred that the maximum lateral

acceleration occurred approximately at points where the trajectory has

the highest curvature. In addition, the lateral acceleration value is approxi-

mately zero when the center of mass of the host vehicle reaches half of the

desired lateral position (1.5 m) (Figs. 4.18 and 4.22). It should be noted that

the curvature is zero at this point in the trajectory; therefore, the radius of

curvature is infinite. A comprehensive observation of lateral direction and



Fig. 4.21 Steering angle during the lane-changing maneuver and a few seconds later.

Fig. 4.22 The lateral acceleration of the vehicle relative to the local coordinate system.
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lateral slip angles (Fig. 4.23) indicates that the maximum lateral slip angle

occurs at the end of the maneuver and is equal to 10 degrees. However, this

value will gradually decrease and become zero.

At the end of this section, the integrated controller performance is pre-

sented for an infeasible trajectory to evaluate the accuracy of the trajectory

planning method. Trajectory number 3, with the maximum required coef-

ficient of friction of 0.584, is selected for this purpose. The overall perfor-

mance of the integrated control for this trajectory is shown in Fig. 4.24.



Fig. 4.24 Tracking of an infeasible trajectory for lane-changing maneuvers.

Fig. 4.23 Changes of lateral direction angle and lateral slip angle.
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Fig. 4.24 indicates that, as expected, the vehicle is unable to follow this

trajectory and completely deviates from the reference trajectory. Eventually,

it can be stated that the proposed trajectory planning method correctly

assessed the infeasibility of trajectory number 3.
4.8 Conclusions

An algorithm for integrated longitudinal-lateral guidance of vehicles in

high-speed lane-changing maneuvers is presented in this chapter. This



150 Vehicle dynamics and control
algorithm provided proper solutions for optimal trajectory planning and

trajectory-tracking problems. The simulation results for a critical collision

avoidance maneuver demonstrated the high efficiency and capabilities of

the proposed algorithm. The most important features of the proposed algo-

rithm are as follows:

1. To consider the more realistic behavior of the vehicle, the nonlinear

dynamics of the tire are taken into account in addition to the longitudinal

load transfer of the vehicle, both in the trajectory planning and in the

integrated controller design.

2. The proposed method can be used for critical braking/acceleration

maneuvers in addition to constant speed maneuvers and yield acceptable

results.

3. Because the trajectory planning calculations are performed algebraically,

the computational cost is much lower than other studies, which is very

valuable in real-time applications.

4. The proposed integrated longitudinal-lateral controller follows the

desired trajectory with high accuracy while the stability of the vehicle

is guaranteed.

5. The proposed algorithm of trajectory planning and integrated control is

based on data that can be obtained by existing equipment.

The following can be used for further improvements on this topic. The

movement of vehicles in the adjacent line can be considered in collision

avoidance. Also, a four-wheel model of a vehicle can be used for a better

representation of the real situation. In this study, the tire formula coefficients

were assumed to be known. However, an appropriate method for an online

determination of these coefficients is required for a comprehensive, inte-

grated guidance algorithm.
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CHAPTER 5

String stability and control
of a platoon of vehicles
5.1 Introduction

Today, traffic congestion, which has various impacts on modern societies,

has become of great importance. Traffic congestion leads to an increase

in transportation costs; a reduction in quality, efficiency, and safety; and

environmental deterioration due to vehicle emissions and noise pollution.

Traffic congestion on highways has continued to be very intense in most

countries worldwide, even developed countries [1]. Fig. 5.1 displays an

overview of traffic on a highway.

Despite several plans made in routemanagement, infrastructure, and traf-

fic rules, an efficient alternative is needed in terms of fundamental infrastruc-

ture due to insufficient land to build more roads and thus eliminate traffic

congestion. New approaches have been developed in the field of automated

highway systems to address the mentioned dilemma. An automated highway

system can increase the traffic flow significantly while also increasing

safety [2].

According to a statement from Partners for Advanced Transit and High-

way (PATH), several cars with a short interdistance (1–2 m) create a pla-

toon, and the highway infrastructure organizes the platoons. The term

“infrastructure” refers to any information group sent, such as speed, route

determination, the maximum number of vehicles, and the combination

of vehicles in the platoon. In each platoon, the vehicles are electronically

linked to the domain and error domain change sensors. Based on this infor-

mation, each vehicle maintains a certain speed and distance concerning the

leading and following vehicles using brake and throttle actuators [3]. The

benefits of automated highway systems increase their motivation to use

them. The benefits of automated highway systems include:

▪ The presence of more vehicles with higher speeds in each time and each

route [2].

▪ Safer highways due to reduced human error in driving.
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Fig. 5.1 An overview of traffic congestion on a highway.
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▪ Reduced fuel consumption as a result of reduced aerodynamic drag,

which is achieved by the short intervehicle distance [4, 5].

▪ Effective use of land due to the short intervehicle distance on the

highway.

In controlling a vehicle platoon on a highway, each vehicle uses the adjacent

vehicles’ information to maintain the ideal distance. This leads to the crea-

tion of a network control system. Issues such as delays and missing data are

inevitable in the network control systems due to the transmission of signals

in a communication network with limited bandwidth. Hence, this must be

taken into account in the communication structure, making the intended

system closer to reality. The traffic flow stability is another studied issue

related to vehicle platoon control, which refers to the traffic speed and den-

sity’s microscopic characteristics on part of a highway [6, 7]. This character-

istic ensures that density disturbances decrease through flow dispersion.

In general, besides controlling the car itself, it is necessary to design the

intervehicle distance and interaction between the vehicles to study a vehicle

platoon. Two main strategies used for intervehicle distance are constant

spacing [8] and constant time headway [9], in addition to another policy that

is designed based on the braking ability and delays in the longitudinal control

system of the vehicle [10]. Regarding vehicle interactions, it should be noted

that most of the studies have been based on a unidirectional structure.
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According to the different behavior of vehicles, different traffic volumes

are defined to optimize road usage. The problem of vehicle tracking in high-

ways can be divided into three sections. When there is no traffic flow, a sim-

ple cruise control structure is used to control the vehicle speed at a

predetermined value. In relatively dense and dense traffic flow, an adaptive

cruise control structure is used to track the vehicle.

In this section, relatively dense traffic flow is studied using the automatic

cruise control structure for situations where traffic density is low or moder-

ate. This chapter aims to address some of the challenges in the design,

stability analysis, and performance of multivehicle systems in low or medium

traffic. Assuming a definite communication structure and the type of inter-

vehicle spacing policy, the negative impacts on system stability and perfor-

mance are studied analytically. According to Ghasemi et al. [11], the

discussed issues in the relatively dense traffic flow are as follows:

▪ Time delays and noise interruptions, which are natural and unavoidable

features of actuators and sensors in mechanical and control systems.

▪ The effect of a delay in receiving information from a nearby vehicle on

vehicle control.

▪ Studying unidirectional-bidirectional communication structures and

constant spacing–constant time headway policy.

▪ Investigating the effect of heterogeneity in control parameters and infor-

mation about leading and following vehicles in a bidirectional commu-

nication structure.

After exploring the relatively dense traffic flow issues in this chapter, the

required definitions such as string stability, distance segmentation models,

communication structure, and vehicle communication will be discussed

to clarify the AHS concepts.
5.2 Definitions in the vehicle platoon

A vehicle platoon consists of a group of vehicles located on a straight line,

each of which follows its leading vehicle. Several predefined signals follow

the speed of the leading vehicle. Generally, there are two types of models for

an automated car in a platoon.

▪ One-dimensional model: vehicles move in a straight line.

▪ Two-dimensional model: vehicles have a steering system and can move

in a plane.

In this chapter, the one-dimensional model is studied based on Ref. [11]. The

one-dimensional model of a vehicle platoon includes several vehicles moving



Fig. 5.2 A one-dimensional model of a vehicle platoon.
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in a straight line, each of which follows its leading vehicle. ForN + 1 vehicles

moving in a straight line, the position of the leading vehicle is determined by

x0 from a specific reference. Also, the position of the following N vehicles is

determined by x1, x2, …, xN, respectively. The distance between the first

vehicle from the leading vehicle is determined by d1 ¼ x0 � x1 � L0, and

the distance between the ith vehicle from the i � 1th vehicle is determined

by di ¼ xi�1 � xi � Li�1, in which Li indicates the length of the ith vehicle.

The speed of the leading vehicle is represented by v0 and the speed of the rest

of the vehicles is expressed by vi ¼ dxi/dt. Fig. 5.2 displays a one-dimensional

model of a vehicle platoon moving in a straight line.
5.2.1 The intervehicle spacing control policy
in a vehicle platoon
There are twomain types of intervehicle spacing policies. The first one is the

constant spacing policy, in which the desired distance between vehicles is

always constant. The second is the variable spacing policy, which increases

the desired distance at high speeds. Each of the earlier policies has its advan-

tages and disadvantages, which will be discussed in the following.
5.2.1.1 The constant spacing policy
In the constant spacing policy, the distance between two adjacent vehicles in

the platoon is controlled by a specific constant value, regardless of the car’s

speed. Specifically, Di is the ideal distance to control the separation distance

di. In this case, if the reference spacing Di is not large enough, it will cause

much danger while moving at high speeds. Also, it is no longer necessary to

assume a similar ideal spacing for all vehicles; in fact, they can be different

lim t!∞ di tð Þ�Dið Þ¼ 0 (5.1)

According to Eq. (5.1), this strategic law can increase traffic capacity sig-
nificantly. Because each vehicle in the platoon must match its position,
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speed, and (or) acceleration with the leading vehicle to maintain the inter-

vehicle spacing, the required tracking is challenging.

5.2.1.2 The variable spacing policy
In this scenario, the ideal intervehicle distance changes with the vehicle

speed. Although the traffic capacity resulting from this strategy is less than

the constant spacing policy, it is easier to achieve string stability.

Constant time headway policy
Time headway denotes a vehicle’s required time to reach the preceding

vehicle’s current position at a constant speed. In constant time headway con-

trol, the controlled vehicle adjusts its distance with the preceding vehicle

constantly. This distance can be expressed as (5.2):

Di ¼ hvi +Dmin (5.2)

where h is the time headway and Dmin is added to prevent a collision at very

low speeds.

Variable time headway policy
The time headway constant can be variable, and a nonlinear function can be

used [12]

h¼ sat h0� chvið Þ¼
1 h0� chvi � 1

h0� chvi 0< h0� chvi < 1

0 otherwise

8<: (5.3)

In Eq. (5.3), h0, ch > 0 are the design variables. Because the time headway
must have a nonnegative value to maintain safety, the lower bound of zero is

required. Additionally, the upper bound is required to prevent excessive head-

ways that lead to more distance between vehicles. The latter is considered

because bigger intervehicle distances may ruin the purpose of vehicle

platooning.

5.2.2 String stability
Creating automated highway systems has been studied to increase highway

capacity and efficiency, and various control rules have been considered to

achieve the optimal spacing in the vehicle platoon [11–13]. String stability

is proposed in the research development of controlling the automated high-

ways. This is a measure of how the distance error is propagated between

adjacent vehicles through a platoon or series of vehicles. String stability
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can be a description of the increase in the distributed position/speed error

through a platoon caused by a maneuver or disturbance in the speed of

the leading vehicle. The mentioned increase in distributed errors and the

accompanying issues may lead to a serious problem, especially when there

are many vehicles in the platoon.

In a simple sense, when the index of the vehicle increases in the platoon, a

system inwhich the error does not increase is said to have string stability. The

string stability control structure limits the disturbance and reduces the spacing

error along the string; therefore, several researchers have studied string stabil-

ity for different structural communications, control strategies, and spacing

plans [14, 15]. For each vehicle, the tracking errors are defined as Eq. (5.4):

εi ¼ xi�1�xi�Li�1�Di ¼ di�Di (5.4)

where Di is the ideal distance between the ith and i � 1th vehicles.
5.2.2.1 Definition 1 (string stability) [16]
In essence, a vehicle platoon is string-stable if

k ε1k∞�k ε2k∞�K �k εNk∞ (5.5)

Eq. (5.5) ensures that the error range is decreased through the vehicle
flow.When a linear system is used, the transfer function can be used to check

the string stability.
5.2.3 Centralized and decentralized control
Collaborative or centralized control controls a group of dynamic agents that

works together to achieve a common goal using state and environmental

information that influences the control decision. The basis of the collabora-

tive control plan is the ability to use state information from other vehicles

and the environment to create a suitable control input for each vehicle in

the system [12].

Collaborative control systems can be found in nature, such as the move-

ment of a group of birds, fish, and insects. In large systems that include iden-

tical or near-identical subsystems (these subsystems are called agents), the

collaboration between these agents plays a key role. In a large system, agents

often interact with each other through a cohesive structure that exists

between them. An example of a system with a fixed cohesive structure is

a platoon of vehicles on a highway.
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In addition to stability and robust analysis, other features may be impor-

tant for cohesive systems, such as the string stability; this feature is generally

used in multiagent systems and is not discussed in the classical control theory.

The concepts for a decentralized control system are a little different. For a

group of vehicles controlled by a decentralized controller, local information

for each vehicle is received only through the sensors installed on the vehicle

itself. More specifically, this information is only measured from the preced-

ing vehicle (unidirectional structure, Fig. 5.3A), or in addition to the pre-

ceding vehicle, the information of the following vehicle is also measured

(bidirectional structure, Fig. 5.3B). On the other hand, the centralized

control strategy assumes a communication network between the vehicles

with which different communication patterns can be considered for the pla-

toon. In this case, the communication network can only be limited to the

connection of the leading vehicle to all other vehicles in the platoon

(Fig. 5.3C), or it may include unlimited communication between all vehi-

cles in the platoon (Fig. 5.3D).

Understanding the dynamics that cover a multivehicle system’s behavior

is the key to designing a collaborative control rule that will affect how the

vehicles interact to achieve a specific goal. Decentralized cooperative con-

trol (undistributed control) is a subset of cooperative control. The vehicles

automatically use other vehicles’ state information to determine the input of

their control for achieving the group goals.

The decentralized control method is fundamentally superior to most

centralized traditional controllers. All vehicles’ control input in the system

is determined using environmental and state information in centralized con-

trol. The method, as mentioned earlier, is an effective way to control a small

number of vehicles. However, centralized control is well known for the

computational time in the conditions where the number of vehicles

increases. The decentralized control is more resistant to communication

errors and structural reconfiguration [12]. The design of a decentralized col-

laborative control rule mainly depends on the communication structure of

multivehicle systems. The communication structure is defined as the avail-

able information for each vehicle in the system that may be confined by

observations, communications, or processing power limitations. For

instance, in many applications, vehicles only communicate with their close

neighbors rather than with all vehicles in the system.

It is essential to check the closed-loop stability of the system before ana-

lyzing any aspects of a platoon. In general, stability can be proved from two

different perspectives. The stability control method can be used to design a



Fig. 5.3 Different communication networks in a vehicle platoon (A) Decentralized
control with unidirectional structure, (B) Decentralized control with bidirectional
structure, (C) Centralized control limited to the leading vehicle, (D) Centralized
control with unlimited common.
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controller that makes the system stable. On the other hand, after selecting the

controller’s structure, necessary conditions can be applied to the controller

parameters to achieve a stable system using the stability principles. In this

chapter, regarding the considered communication structure and delays, dif-

ferent methods are used to analytically study the conditions that controller

parameters must have to obtain system stability.
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5.3 Stability analysis

5.3.1 The longitudinal vehicle dynamics model
For modeling a vehicle platoon, the type of vehicle must be specified first.

Time delays and noise interruptions are natural and inevitable characteristics

of actuators and sensors in mechanical and control systems; therefore, these

delays should also be considered in the model. The longitudinal system

mainly consists of an engine, a transmission, a propulsion system, and a brake

system. A simple description of such a system is shown in Fig. 5.4.

For the longitudinal control, the system can be considered to have two

inputs, including the throttle angle and the brake torque commands, and one

output of vehicle speed. Other inputs such as aerodynamic drag, road

condition, and vehicle mass are considered disturbances. This two-input

single-output (TISO) system can be divided into two main sections. The

first section includes the engine and transmission systems, and the second

one contains the propulsion system.

The longitudinal vehicle dynamic _x∗0 ¼ v∗0ð Þ in the platoon is modeled as

Eq. (5.6) [18]

miai¼Fi�mig sinθ�σAicdi

2
vi +Vwindð Þ2 sgn vi +Vwindð Þ� dmi (5.6)

where mi is the mass of the vehicle, g is the gravitational acceleration, and θ

represents the angle between the road and the horizon surfaces. The term
σAicdi
2

vi +Vwindð Þ2 sgn vi +Vwindð Þ indicates the air resistance force, σ is the spe-
cific mass of the air, Ai is the cross-sectional area of the car, cdi is the drag

coefficient, Vwind is the wind speed, dmi is the mechanical drag, and Fi is

the traction force generated by the vehicle engine. The engine dynamics

of the vehicle are expressed as Eq. (5.7)

_F i¼� Fi

τi _xið Þ +
ci

τi _xið Þ (5.7)
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Fig. 5.4 General diagram of a longitudinal vehicle dynamic model.
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where τi is the time constant of the vehicle engine forwhen the vehicle ismov-

ing at the speed of _xi, and ci is the engine input [18]. Assuming that the road

surface is horizontal and there is nowind, the carmodel is simplified asEq. (5.8)

miai¼Fi�σAicdi

2
v2i �dmi (5.8)

In the following, the exact linearization method [19] is used to linearize
and normalize each vehicle’s input–output behavior in the platoon. Even-

tually, Eq. (5.9) is obtained with mathematical simplifications

_ai ¼ fi vi, aið Þ+ gi við Þci (5.9)

where fi vi, aið Þ¼� 1
τ ai +

σAicdi
2m

v2i +
dmi
m

� �
� σAicdiviai

m
and gi við Þ¼ 1

τ m . The con-
i i i i i i

trol system is designed by defining the engine input as Eq. (5.10)

ci¼ uimi +0:5σAicdiv
2
i + dmi + τiσAicdiviai (5.10)

where λi is the new input signal on which the design is based. The controller
design is a hierarchical control that includes linear control feedback in the

first layer and a linear controller in the second layer. Fig. 5.5 displays the

structure of this method.

After substitution, the system’s dynamic equations are converted to the

final form of Eq. (5.11)

τi _ai + ai¼ ui (5.11)
1
–gi (vi)

dxi vi

ai

fi (vi,ai) + gi (vi) ci

fi (vi,ai)

gi (vi)

Linear Controller

dx×i

dx××i

dt
=

=

=

dt

dt

Fig. 5.5 The linearized model of the ith car with an input.
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Most physical systems deal with noise delays that have a significant effect

on system stability in many situations. This delay comes from several sources

[20, 21]:

▪ Delays in engine response.

▪ Delays in the throttle actuator.

▪ Delays in the brake actuator.

▪ Delays due to radar filter.

Due to the noise interruptions of actuators and sensors, the controller’s

acceleration is not immediately available. Therefore, the equation of the sys-

tem is rewritten as (5.12)

τi _ai + ai¼ ui t�Δið Þ (5.12)

Naus et al. [22] studied the dynamic model by conducting experiments
on a Citroen Picasso equipped with an automatic brake system and a

throttle valve. The high-level dynamics of the vehicle are expressed by

Eq. (5.13)

Si

Ui

¼ ki

s2 τis+1ð Þe
�Δis (5.13)

where Ui and Si are the Laplace transformation of the input and vehicle

position, respectively, and ki is the gain due to the vehicle’s mass. For the

mentioned vehicle, the parameters Δi, τi, ki take the values of 0.38, 0.76,

and 0.18, respectively [22].
5.3.2 The longitudinal controller of the vehicle
In the analysis of a large vehicle platoon, it can be observed that the speed of

each vehicle in the platoon can be used as an external signal for the next car.

The PD control structure is used for the vehicle’s longitudinal control due to

simplicity and applicability. The general structure of this control structure is

described as (5.14)

ui¼Pεi +D _εi (5.14)

The selected controller rule states that each vehicle uses the distance error
information and its rate relative to the adjacent vehicles. The closed-loop

system’s stability is controlled based on the previously mentioned rule,

and the stability conditions are determined on the control parameters. In

other words, the stability boundaries are obtained as certain conditions on

the control parameters. However, a group of researchers took a different
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approach in this field. Shladover [23] suggested applying other information,

including the information related to the leader vehicle, in addition to the

use of constant spacing. This approach creates string stability by using the

constant spacing policy. However, this theory requires an intervehicle com-

munication protocol to exchange the leader vehicle’s information to all

vehicles in the platoon. According to the mentioned cases, the concepts

of stability will be discussed, and their definitions, utilization, and goals will

be reviewed subsequently.
5.3.3 Stability
This section analyzes the controller parameter conditions for system stabil-

ity by using tools and developing mathematical concepts. The system in

hand is a network control system. Issues such as delays are unavoidable

in network control systems due to the transmission of signals in the

network with limited bandwidth; therefore, two different Lyapunov-

Razumikhin methods of cluster treatment of characteristic roots

(CTCR) will be used. Subsequently, regarding the different vehicles on

a highway, the stability issue will be discussed by considering heterogene-

ity in control parameters. This is performed by the approximation of partial

differential equation.
5.3.3.1 The stability based on constant spacing segmentation policy
The unidirectional structure
A centralized control law is considered in the current section. According to

this control law, the controller is designed to use the relative distance of the

preceding vehicle and the leading vehicle’s speed information. Using cen-

tralized control is, in fact, the use of leading vehicle information by selecting

a constant spacing policy. In this approach, a platoon is considered with short

intervehicle distance. The controlling goal is to design a controller for each

vehicle using the front and leading vehicles’ information. This is done by

assuming that the following information is available for the controlled

vehicle.

▪ The relative distance between the ith and the i-1th vehicle.

▪ The relative speed between the ith and the leading vehicle.

The control law will be selected as Eq. (5.15) by choosing the control input

based on the control goal (zero distance error) and considering the commu-

nication delays
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ui tð Þ¼K
X
j�Ni

aij xj t� rð Þ�xi t� rð Þ� � !
+K bi x0 t� rð Þ�xi t� rð Þð Þð Þ
+D v0� vi tð Þð Þ

(5.15)

where r(t) is the communication delay, which is considered as a function of
time. This function is assumed as a continuous function; in other words,

0 < r(t) < β. In the above equation, aij and bi are related to the elements

of the Laplacian matrix and the leader proximity matrix, respectively.

Thegoal of thecontroller is the convergenceof the system; inotherwords,

xi ! x0 and vi ! v0 when t! ∞. The problem with this definition is that

there are no static equilibrium points in some vehicles. Hence, it is necessary

to add an offset (d) to the state variables of the system for obtaining the desired

intervehicle distance. d is defined in away to exist for i, j, and k(dij + djk ¼ dik).

Onemethod to create such a function is to define an offset of doi for each vehi-

cle relative to an arbitrary reference, which is presented as (5.16)

d0i ¼
Xi

j¼1

Dj�1, j +Lj�1

� �
(5.16)

As a result, the centralized control law is modified as (5.17):
ui tð Þ¼K
X
j�Ni

aij xj t� rð Þ�xi t� rð Þ� dji
� � !

+K bi x0 t� rð Þ�xi t� rð Þ�d0ið Þð Þ
+D v0� vi tð Þð Þ

(5.17)

For analyzing the system convergence, it is assumed that the leading
vehicle is moving at a constant speed of _x∗i ¼ v∗0ð Þ; therefore, the optimal

path of the ith vehicle can be expressed as (5.18)

x∗i tð Þ¼ x∗0�D0, i�
Xi�1

j¼l

Lj ¼ x∗0�
Xi
j¼1

Dj�1, j +Lj�1

� �
(5.18)

For simplifying the analysis, the tracking error is defined as follows:
exi¼ xi�x∗i ! _exi ¼ _xi� _x∗i !€exi ¼€xi (5.19)

By substituting Eq. (5.19) in Eq. (5.17), and by knowing that
xi�1
∗ � xi

∗ ¼ Di�1, i � Li�1 the control law can be modified as below con-

cerning the distance error
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ui tð Þ¼K
X
j�Ni

aij exj t� rð Þ�exi t� rð Þ� � !

+K bi �exi t� rð Þð Þð Þ+D � _exi tð Þ� � (5.20)

By combining the system’s open-loop dynamic equation with the con-
trol law of Eq. (5.20), the closed-loop equation of the system will be con-

verted into Eq. (5.21)

τi ___ex i
tð Þ+€exi tð Þ¼K

X
j�Ni

aij exj t� rð Þ�exi t� rð Þ� � !
+K bi �exi t� rð Þð Þð Þ

+D � _exi tð Þ� �
(5.21)

Because the unit vector is the eigenvector of the Laplacian matrix,
expressing the system’s closed-loop dynamics is possible as (5.22)

_ε¼Cε tð Þ+Eε t� rð Þ (5.22)
where
ε tð Þ¼ ex1 _ex1€ex1…exN _exN€exNh iT

C¼
0N�N IN 0N�N

0N�N 0N�N IN

0N�N �DIN=τ �IN=τ

2664
3775,E¼

0N�N 0N�N 0N�N

0N�N 0N�N 0N�N

�KH=τ 0N�N 0N�N

2664
3775,H ¼L +B

where
IN ¼ 0N�N are defined as the identity and zero matrices, respectively.

The bidirectional structure
Maintaining the desired distance from the preceding vehicle and ease of

driving are defined as the vehicle tracking process’s control goals. Using just

the preceding vehicle’s information to calculate the control inputs is among

the common features of control systems in this field. In other words, the

controllers do not use the following vehicle’s information, and no action

is taken to prevent the collision concerning the behavior of the following

vehicle. A skilled driver uses the information of both following and preced-

ing vehicles. Hence, doing so is expected to grant better and safer perfor-

mance to vehicle control.
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This approach connects all the following vehicles and leads to a dynamic

system similar to a series of mass-spring-damper systems (due to spring-

damper dissipation). The system is expected to remain stable if the vehicle

control is based on this framework. This section deals with the use of adap-

tive cruise control (ACC), meaning that the information of the following

vehicle is also used in addition to the information of the leading and preced-

ing vehicles. The suggested ACC law guarantees the string stability of the

vehicle platoon.

Two different conditions are used to investigate the stability of the bidi-

rectional structure. First, due to the differences of vehicles on a highway, the

stability analysis is performed by considering the heterogeneity in the control

parameter using the approximation of partial differential equation. Then,

two independent time delays are considered for exchanging intervehicle

information in a similar group of vehicles. The first delay is considered in

the intervehicle communication channel, and the second delay is considered

in the exchange of its rate of changes. The CTCR method will be used

for stability analysis, and the delay under which the system will be stable

for specific control parameters is calculated.
The stability by the approximation of partial differential equations
For analyzing system stability, the approximation of partial differential equa-

tion is used for the ordinary differential equation (ODE), which indicates

the system’s closed-loop dynamic model. It should be noted that noise inter-

ruptions are not considered in the stability analysis. However, the asymme-

try in the position and speed control coefficients is evaluated on both sides.

In other words, the heterogeneity is considered in the control law. This is

due to the difference in the importance of the intervehicle distance, which is

more on the front side compared to the rear; therefore, it is better to consider

this subject.

A group of vehicles with a short intervehicle distance is considered for

the analysis. The control’s objective is to design a controller for each vehicle

using the information of the leading, preceding, and following vehicles.

Hence, the following information is required for the host vehicle to apply

the control law in practice.

▪ The relative distance and relative speed between the ith and i � 1th

vehicles.

▪ The relative distance and relative speed between the i + 1th and ith

vehicles.
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It should be noted that items above can be measured using the existing sen-

sors and radars. Besides, because there is no following vehicle for the last

vehicle, its control is performed by only using the information of the leading

and preceding vehicles. For selecting the control input, the control objective

is as follows.

• The distance deviation is set to zero.

• The relative speed between the ith and the i-1th vehicles is set to zero

when the ith vehicle is moving at a constant speed.

Here, two different centralized and decentralized control laws are used due

to a constant spacing policy. First, centralized control is used (5.23)

ui¼�k
f
i xi�xi�1 +Di�1, i +Li�1ð Þ� b

f
i _xi� _xi�1ð Þ

�kbi xi�xi+1�Di, i+1�Lið Þ� bbi _xi� _xi+1ð Þ
�βi _xi� _x0ð Þ

(5.23)

The coefficients of ki
f and ki

b are the front and rear position coefficients
for i ¼ 1, 2, …, N � 1. Similarly, bi
f ¼ bi

b are the forward and backward

speeds, respectively. Because there is no following vehicle for the last

vehicle, its control law is as (5.24):

uN ¼�k
f
N xN �xN�1 +DN�1,N +LN�1ð Þ� b

f
N _xN � _xN�1ð Þ

�βN _xN � _x0ð Þ (5.24)

By combining the open-loop dynamic equation of the system with the
law of Eq. (5.20), the closed-loop system equation will be as (5.25):

τi _ai + ai¼�βi _xi� _x0ð Þ� b
f
i _xi� _xi�1ð Þ�k

f
i xi�xi�1 +Di�1, i +Li�1ð Þ

�bbi _xi� _xi+1ð Þ�kbi xi�xi+1�Di, i+1�Lið Þ
(5.25)

It is assumed that the leading vehicle is moving at a constant speed of
(x0* ¼ v0*) for the analysis of system convergence. Therefore, the ideal path

of the ith vehicle is defined as Eq. (5.18). The closed-loop equation can be

modified as Eq. (5.26) regarding the control error by substituting Eq. (5.19)

in Eq. (5.25), and by knowing that xi�1
∗ � xi

∗ ¼ Di�1, i � Li�1

τi ___exi +€exi¼�k
f
i exi�exi�1ð Þ� b

f
i

_exi� _exi�1

� �
�kbi exi�exi+1ð Þ� bbi

_exi� _exi+1

� �
�βi _exi

(5.26)
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By defining X ¼ ex1, _ex1,€ex1, ex2, _ex2,€ex2,…, exN , _exN ,€exNh iT
the closed-

loop equation of the entire system can be rewritten as Eq. (5.27):

_X ¼AX (5.27)

A¼

A1 A1b 03�3 03�3 … 03�3 03�3

A2f A2 A2b 03�3 … 03�3 03�3

03�3 A3f A3 A3b … 03�3 03�3

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
03�3 03�3 03�3 03�3 … ANf AN

266664
377775

Ai¼
0 1 0

0 0 1

�k
f
i + kbi
τi

�b
f
i + bbi + βi

τi
� 1

τi

26664
37775Aib¼

0 0 0

0 0 0

kbi bbi 0

24 35,Aif ¼
0 0 0

0 0 0

k
f
i b

f
i 0

24 35

Matrix A is the closed-loop state matrix of the system. As a result, the
system will be stable when all the eigenvalues of matrix A are left half-plane

in a complex domain. The analytical calculation of eigenvalues will not be

accessible when the control coefficients are different for each vehicle (het-

erogeneity in the controlling parameters). Hence, conditions that lead to sta-

bility will be calculated by approximating partial differential equation. The

parameters are first defined as below for simplicity in writing.

k
f + b
i ¼ k

f
i + kbi k

f�b
i ¼ k

f
i �kbi

b
f + b
i ¼ b

f
i + bbi b

f�b
i ¼ b

f
i � bbi

Also, its substitution in the equation can be rewritten as Eq. (5.28)
τi ___ex i
+€exi + βi _exi¼�k

f + b
i + k

f�b
i

2
exi�exi�1ð Þ�k

f + b
i �k

f�b
i

2
exi�exi+1ð Þ

� b
f + b
i + b

f�b
i

2
_exi� _exi�1

� �
� b

f + b
i � b

f�b
i

2
_exi� _exi+1

� �
(5.28)

The coordinates of the one-dimensional network are expressed in new
coordinates in the range of [0 � 1] to simplify the analysis. The ith vehicle in

the principal coordinate is described as (N � i)/N in the new coordinate [24]

(Figs. 5.6 and 5.7).

The starting point to extract the approximation of partial differential

equation is the consideration of exi p, tð Þ : 0, 1½ �� 0,∞½ Þ!R andexi tð Þ¼ ex p, tð Þjp¼ N�ið Þ=N functions, in which p is considered as a new

variable for the new coordinate. Other scalar functions of ki
f(p), ki

b(p), bi
f( p),

bi
b( p) and τi( p) are defined below regarding the new convention.



Fig. 5.6 The principal coordinate in the platoon.

Fig. 5.7 The reexpressed coordinate in the same platoon.
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k
forb
i ¼ k forb pð Þ

���
p¼ N�ið Þ=N

b
forb
i ¼ b forb pð Þ

���
p¼ N�ið Þ=N

τi¼ τi pð Þjp¼ N�ið Þ=N

Finally, a simplified form can be approximated as (5.29)
τi
∂
3ex
∂t3

+
∂
2ex
∂t2

+ βi
∂ex
∂t

¼ k
f�b
i

N

∂ex
∂p

+
k
f + b
i

2N 2

∂
2ex
∂p2

+
b
f�b
i

N

∂
2ex

∂p∂t

+
b
f + b
i

2N 2

∂
3ex

∂p2∂t

(5.29)

The boundary conditions for the obtained differential equation with par-
tial derivatives depend on the leading vehicle’s position in the new coordi-

nate. According to the mentioned conditions, p ¼ 1 and p ¼ 0 refer to the

boundary conditions of the leading and last vehicle, respectively. Therefore,

ex 1, tð Þ¼ 0,
∂ex
∂p

0, tð Þ¼ 0 (5.30)

This issue is further explained in presenting new theorems in the stability
of the bidirectional structure. It is important to note that, proof of some the-

ories is not in this chapter’s main content because that was out of boredom.

For further reading, you can refer to references [11] and [13].

Theorem 5.1 For the system explained in Eq. (5.25), if the controlling

parameters are selected as bi
b > τiki

b, the systemwill exhibit asymptotic stability.
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Fig. 5.8 The control structure of the ith vehicle.
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Now we analyze the system’s stability using the approximation of partial

differential equation by selecting a decentralized control. The outlines of this

case are previously stated about this method; hence, the relations are

expressed concisely in this section. The section related to the information

of the leading vehicle is omitted (Fig. 5.8) by assuming the control law in

the form of (5.31)

ui ¼�k
f
i xi�xi�1 +Di�1, i +Li�1ð Þ� b

f
i _xi� _xi�1ð Þ

�kbi xi�xi+1�Di, i+1�Lið Þ� bbi _xi� _xi+1ð Þ (5.31)

The closed-loop equation of the system will be obtained as Eq. (5.32) by
combining the open-loop dynamic equation of the system with the control

law in Eq. (5.31)

τi _ai + ai¼�b
f
i _xi� _xi�1ð Þ�kbi xi�xi+1�Di, i+1�Lið Þ

�k
f
i xi�xi�1 +Di�1, i +Li�1ð Þ� bbi _xi� _xi+1ð Þ (5.32)

By defining the error as before, the closed-loop equation, in terms of
control error, can be rewritten as (5.33)

τi ___exi +€exi¼�k
f
i exi�exi�1ð Þ�kbi exi�exi+1ð Þ� b

f
i

_exi� _exi�1

� �
� bbi

_exi� _exi+1

� �
(5.33)

Eq. (5.33) can be approximated as Eq. (5.34) by performing a procedure
similar to centralized control

τi
∂
3ex
∂t3

+
∂
2ex
∂t2

¼ k
f�b
i

N

∂ex
∂p

+
k
f + b
i

2N 2

∂
2ex
∂p2

+
b
f�b
i

N

∂
2ex

∂p∂t
+
b
f + b
i

2N 2

∂
3ex

∂p2∂t
(5.34)
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The controller parameters’ stability conditions will be studied for the

decentralized control by examining the characteristic equation of partial

differential equation. This condition can be expressed as the following

theorem.

Theorem 5.2 The closed-loop system is stable if and only if the following

conditions are met:

bbi > τik
b
i

The stability by using CTCR The stability analysis of the closed-loop

system is measured based on the real part of the eigenvalues. The delay

term causes the characteristic equation of the system to have unlimited

roots. Hence, it is difficult to analyze the system by classical methods, espe-

cially in the stability analysis and stabilizing controller design. The biggest

issue about systems with delays is the lack of analytical solutions, making

the analysis difficult. Even for a linear time-invariant system with several

constant values as time delays, this will lead to a challenging task. The

method used to solve this problem is based on a combination of decoupling

and CTCR. Decoupling simplifies the system and increases efficiency by

reducing the computational load. The CTCR method allows for the anal-

ysis of the system stability in terms of time delay. This is not a novel method

and has been used for delayed systems in the past [25–27]. This process
begins with converting the coordinates from the delay space to a new

set of coordinates. This mapping reduces the dimension of the problem

from an infinite number to a small and controllable number. This method

begins with determining all the characteristic equation’s imaginary roots

for any positive time delay. It is important to note that this transfer is accu-

rate and contains no approximation. A centralized control law is consid-

ered in which the relative distance and relative speed between the host

vehicle and the preceding and following vehicles, along with the relative

velocity between the controlled vehicle and the leading vehicle, are used as

the input.

Similar to the law of (5.35):

1

τ2
2 D�1ð Þ 1� τ
1� τ 2 1� τð Þ

� �
�P

	 

�K

τ2
1 1

1 1

� �
�PHHTP

	 

> 0 (5.35)
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The only difference is that the communication between the platoon

vehicles is affected by two independent time delays. It is assumed that the

first delay is in the position communication channel and the second delay

in exchanging speed information. This delay is considered to be constant

and uniform throughout the communication. As a result, the control law

can be expressed as (5.36)

ui tð Þ¼�βi _xi tð Þ� _x0ð Þ�k
f
i ðxi t� τp

� �
�xi�1 t� τp

� �
+Di�1, i +Li�1Þ� b

f
i ð _xi t� τvð Þ

� _xi�1 t� τvð ÞÞ� bbi _xi t� τvð Þ� _xi+1 t� τvð Þð Þ
�kbi xi t� τp

� ��xi+1 t� τp
� ��Di, i+1�Li

� � (5.36)

For i ¼ 1, 2,…, �1 the coefficients of ki
f and ki

b are the front and rear
f b
position coefficients, respectively. Similarly, bi and bi are the forward and

backward speed, respectively. τp and τp are the assumed delay for the

exchange position and speed information, respectively.

For analyzing the convergence of the system, it is assumed that the lead-

ing vehicle is moving at a constant speed of xi-1∗ �xi∗ ¼ Di � Li-1. By sim-

plifying and by knowing that xi-1∗ �xi∗ ¼ Di � Li-1, the closed-loop

equation can be rewritten as Eq. (5.37) in terms of control error

τi ___ex i
tð Þ+€exi tð Þ¼�k

f
i Þ�exi�1 t� τp

� �Þ� b
f
i ð _exi t� τvð Þ� _exi�1 t� τvð ÞÞ

� bbi
_exi t� τvð Þ� _exi+1 t� τvð Þ
� �

�kbi exi t� τp
� ��exi+1 t� τp

� �� ��βi _exi tð Þ
(5.37)

A homogeneous and symmetrical control structure for N + 1 strings of
cars is considered. In other words:

τi ¼ τ,βi ¼ β,kbi ¼ k
f
i ¼ k,bbi ¼ b

f
i ¼ b

If the relations between vehicles are considered as a graph, by definingω,

the closed-loop equation of the entire system can be rewritten in the form of

Eq. (5.38) using graph theory

_X tð Þ¼AX tð Þ+B1X t� τp
� �

+B2X t� τvð Þ (5.38)
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The explicit form of this equation is (5.39)

_X tð Þ¼ IN�
0 1 0

0 0 1

0 �β=τ �1=τ

0B@
1CA

0B@
1CAX tð Þ

+ IN�
0 0 0

0 0 0

�2k=τ 0 0

0B@
1CA

0B@
1CAX t� τp

� �

+ IN�
0 0 0

0 0 0

0 �2b=τ 0

0B@
1CA

0B@
1CAX t� τvð Þ

+ C�
0 0 0

0 0 0

k=τ 0 0

0B@
1CA

0B@
1CAX t� τp

� �

+ C�
0 0 0

0 0 0

0 b=τ 0

0B@
1CA

0B@
1CAX t� τvð Þ

(5.39)

where
C¼
0 1 0 ⋯ 0 0

1 0 1 ⋯ 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 ⋯ 1 0

0BB@
1CCA (5.40)

TheCmatrix is a matrix that indicates the interactions between the vehi-
cles. The stability analysis of the closed-loop system is measured based on the
real part of the eigenvalues. The dynamic complexity increases rapidly as the
number of vehicles increases, making the numerical stability analysis difficult

CE s, τ, k, b, β, τp, τv
� �

¼ det sI3N �A�B1e
�τps�B2e

�τvsð Þ (5.41)

The stability analysis can be performed by examining the Characteristic
Eq. (5.41). The characteristic equation of this group of systems can be easily

expressed as a set of factors. These factors are the dynamics of each agent.

This method reduces the complexity of the problem significantly.
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Theorem 5.3 The characteristic equation of system (5.42) can always be

expressed as the product of a set of factors

CE s, τ, k, b, β, τp, τv
� �¼ det sI3N �A�B1e

�τps�B1e
�τvsð Þ

¼
YN
i¼1

cei s, τ, k, b, β, τp, τv, λi
� �

¼
YN
i¼1

τs3 + s2 + βs+2be�τvss+2ke�τps� λi be
�τvss+ ke�τpsð Þ� � (5.42)

Proof: There is a nonsingular matrix T, in a way that T �1CT ¼ Λ is a

diagonal matrix, in which the elements of its main diagonal are equal to the

eigenvalues of the Λ matrix. By changing the coordinate as:

X ¼ T�I3ð ÞξER3N

By substituting Eq. (5.39), the following is obtained (5.43)
_ξ tð Þ¼ T�1�I3
� �

IN�
0 1 0

0 0 1

0 �β==τ �1=τ

0B@
1CA

0B@
1CA T�I3ð Þξ tð Þ

+ T�1�I3
� �

IN�
0 0 0

0 0 0

�2k=τ 0 0

0B@
1CA

0B@
1CA T�I3ð Þ

ξ t� τp
� �

+ T�1�I3
� �

IN�
0 0 0

0 0 0

0 �2b=τ 0

0B@
1CA

0B@
1CA T�I3ð Þ

ξ t� τvð Þ+ T�1�I3
� �

C�
0 0 0

0 0 0

k=τ 0 0

0B@
1CA

0B@
1CA T�I3ð Þ

ξ t� τp
� �

+ T�1�I3
� �

C�
0 0 0

0 0 0

0 b=τ 0

0B@
1CA

0B@
1CA T�I3ð Þξ t� τvð Þ

(5.43)
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By using the chain multiplication feature in Kronecker multiplication,

(U � V )(W � Z )¼UW � VZ, Eq. (5.43) can be rewritten as Eq. (5.44)

_ξ tð Þ¼ IN�
0 1 0

0 0 1

0 �β=τ �1=τ

0B@
1CA

0B@
1CAξ tð Þ

+ IN�
0 0 0

0 0 0

�2k=τ 0 0

0B@
1CA

0B@
1CAξ t� τp
� �

+ IN�
0 0 0

0 0 0

0 �2b=τ 0

0B@
1CA

0B@
1CAξ t� τvð Þ

+ Λ�
0 0 0

0 0 0

k=τ 0 0

0B@
1CA

0B@
1CAξ t� τp
� �

+ Λ�
0 0 0

0 0 0

0 b=τ 0

0B@
1CA

0B@
1CAξ t� τvð Þ

(5.44)

Because IN and Λ are diagonal matrices; Eq. (5.44) similar to a diagonal
block, which can be expressed as a set of N separate subsystems.

_ξi tð Þ¼
0 1 0

0 0 1

0 �β=τ �1=τ

0B@
1CAξi tð Þ+

0 0 0

0 0 0

�2k=τ 0 0

0B@
1CAξi t� τp
� �

+

0 0 0

0 0 0

0 �2b=τ 0

0B@
1CAξi t� τvð Þ

+ λi

0 0 0

0 0 0

k=τ 0 0

0B@
1CAξi t� τp
� �

+ λi

0 0 0

0 0 0

0 b=τ 0

0B@
1CAξi t� τvð Þ
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For i ¼ 1, 2, …N, because the eigenvalues of the matric C are real, it is

evident that the characteristic equation of each system can be expressed as

(5.45):

cei s, τ, k, b, β, τp, τv, λi
� �¼ τs3 + s2 + βs+2be�τvss

+2ke�τps�λi be
�τvss+ ke�τpsð Þ (5.45)

As a result, the complete characteristic equation of the system, as a prod-
uct of N factors, is expressed in Eq. (5.45).

Besides, because the only distinguishing element of a factor is the eigen-

values (λi), the stability analysis in the field of delay can only be performed

once for a general λi. Eventually, the entire system’s stability can be obtained

by using the results of this factor for different factors. In practice, this feature

makes the stability analysis independent of the number of factors. Similar to

Eq. (5.45), the complexity in determining the stability of the pseudopoly-

nomial is regulated based on determining the eigenvalues of a known matrix

C and the repetitive stability analysis of a simple pseudopolynomial. In the

following, the stability analysis will be studied without delay and by using the

Routh-Hurwitz stability criteria.

Theorem 5.4 The system (5.45) is stable without considering the commu-

nication delay if and only if:

k<
1

τ

β

2� λi
+ b

	 

(5.46)

The analytical stability analysis of a vehicle platoon has received less

attention. This section’s innovation is due to considering two independent

time delays for the communication structure (depending on the information

about the intervehicle distance and its rate of change) and considering the

time constant of the engine. In the following, the stability conditions for sit-

uations related to the constant time headway policy will be examined for

two states of unidirectional and bidirectional structures.
5.3.3.2 The stability based on constant headways segmentation policy
As stated earlier, although the constant spacing segmentation policy increases

traffic capacity significantly, it is difficult to achieve in practice. The constant

time headways segmentation policy is used in this section. This method does

not have the same traffic capacity as the previous method; however, it is a

policy that is currently used in ACC systems. String stability is also easily



178 Vehicle dynamics and control
achieved in this method. This section also studies the stability for two-way

and bidirectional communication situations similar to the previous section.

As a reminder, the goal is to consider a method for all vehicles to follow

the leading vehicle, in a way that the distance between two adjacent vehicles

is a function of time asDi�1, i ¼ hivi + Dmin instead of being a constant value.

The unidirectional structure
The control objective is to design a controller for each vehicle by using the

preceding vehicle’s information. This section examines the system’s stability

by considering the time delays and noise interruptions with the CTCR

method. First, a PD controller is used, and then its effect is checked by add-

ing it to a feedforward controller.

This section also uses a decentralized control due to the use of a constant

time headway policy

ui tð Þ¼Kp xi�1�xi�Li�1� hivi +Dminð Þð Þ+Kd _xi�1� _xi�hi _við Þ (5.47)

Due to time delay in the actuators and sensors, the control law is
expressed as follows

ui t�Δð Þ¼Kp xi�1 t�Δð Þ�xi t�Δð Þ�Li�1� hivi t�Δð Þ+Dminð Þð Þ
+Kd _xi�1 t�Δð Þ� _xi t�Δð Þ�hi _vi t�Δð Þð Þ

(5.48)

To analyze the stability of the system, it is assumed that the leading vehi-
cle is moving at a constant speed of _x∗0 ¼ v∗0ð Þ. Hence, the ideal path for the

vehicle x1, x2, …, xN is defined as Eq. (5.49) similar to Eq. (5.18)

x∗i tð Þ¼ x∗0�D0, i�
Xi�1

j¼l

Lj ¼ x∗0�
Xi
j¼1

Dj�1, j�
Xi�1

j¼0

Lj

¼ x∗0�
Xi

j¼1

Dj�1, j +Lj�1

� � (5.49)

Also, the tracking error will be defined similarly to Eq. (5.19) to simplify
the analysis. By knowing that x∗i�1�x∗i ¼ h _x∗0�Li�1, the closed-loop equa-

tion can be rewritten in terms of control error as (5.50)

τ ___exi
tð Þ+€exi tð Þ¼Kpðexi�1 t�Δð Þ�exi t�Δð Þ�h _exi t�Δð ÞÞ

+Kd
_exi�1 t�Δð Þ� _exi t�Δð Þ�h€exi t�Δð Þ
� �

(5.50)

The Laplace transformation is used for the analysis. The transfer func-
tions are extracted, assuming that the initial conditions are zero. Therefore,
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Eq. (5.51) is obtained by performing a Laplace transformation on both sides

of Eq. (5.50)

τs3 + s2 + Kds+Kp

� �
1+ hsð Þe�Δs� � eXi sð Þ¼ Kds+Kp

� �
e�Δs eXi�1 sð Þ (5.51)

where eXi sð Þ is the Laplace transform of the function exi sð Þ. Therefore,
eXi sð ÞeXi�1 sð Þ¼
Kds+Kp

� �
e�Δs

τs3 + s2 + Kds+Kp

� �
1+ hsð Þe�Δs¼G sð Þ (5.52)

The system’s internal stability can be examined by analyzing the transfer
function between each pair of vehicles. This equation can be rewritten as

(5.53) eXq sð ÞeXp sð Þ¼
eXq sð ÞeXq�1 sð Þ⋯

eXp+1 sð ÞeXp sð Þ ¼ G sð Þð Þq�p
(5.53)

This will be meaningful for q > p. The system will be stable for a platoon
containing different vehicles and controllers with different coefficients if and

only if the transfer function between each pair of consecutive vehicles is sta-

ble. The characteristic equation related to the G(s) transfer function will be

(5.54)

ce¼ τs3 + s2 + Kp + hKp +Kd

� �
s+ hKds

2
� �

e�Δs¼ 0 (5.54)
Theorem 5.5 The system of Eq. (5.54) is stable without considering the

communication delay if the controller parameters are positive.
The bidirectional structure
The stability analysis for a bidirectional structure, considering the con-

stant time headways policy, is discussed in this section. The stability anal-

ysis of the closed-loop system is measured based on the real part of the

eigenvalues. The utilized method is based on a combination of decoupling

and CTCR.

Delays in sensors and actuators, along with the communication delays

due to data transfer, are considered. Besides, heterogeneity is also considered

in the control law because the intervehicle distance is more important at the

front compared to the rear. Hence, the control law is defined based on the

PD structure (5.55)

ui tð Þ¼ k 1�ρð Þεi�kρεi+1 + b 1�ρð Þ vi�1� við Þ+ bρ vi+1� við Þ (5.55)
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where ρ � (0, 1) indicates the penetrance of the front side information com-

pared to the rear side. In other words:

ui tð Þ¼ k 1�ρð Þ xi�1�xi�Li�1� hvi +Dminð Þð Þ
�kρ xi�xi+1�Li� hvi+1 +Dminð Þð Þ
+ b 1�ρð Þ vi�1� við Þ
+ bρ vi+1� við Þ

(5.56)

Because the error εi+1 ¼ xi � xi+1 � Li � (hvi+1 + Dmin) is controlled
by the ith vehicle, the term can substitute in εi+10 ¼ xi � xi+1 � Li �
(hvi + Dmin). Therefore, the control law of Eq. (5.55) can be expressed as

(5.57)

ui tð Þ¼ k 1�ρð Þε0i+1�kρεi+1 + b 1�ρð Þ vi�1� við Þ+ bρ vi+1� við Þ (5.57)

By considering the communication delay and assuming the same com-
munication delay for the position and speed signals, the control law of

Eq. (5.57) can be rewritten as (5.58)

ui tð Þ¼ k 1�ρð Þ di t� τcomð Þ� hvi tð Þ+Dminð Þð Þ
+ b 1�ρð Þ _di t� τcomð Þ
�kρ di+1 t� τcomð Þ�Li� hvi +Dminð Þð Þ
+ bρ _di+1 t� τcomð Þ

(5.58)

where di ¼ xi�1 � xi � Li�1 indicates the intervehicle distance. Due to the
presence of noise interruptions in the actuators and sensors, the control law

(5.58) is expressed as (5.59)

ui t�Δð Þ¼ b 1�ρð Þ vi�1 t� τcom�Δð Þ� vi t� τcom�Δð Þð Þ
+k 1�ρð Þ xi�1 t� τcom�Δð Þ�xi t� τcom�Δð Þ�Li�1� hvi t�Δð Þ+Dminð Þð Þ
�kρ xi t� τcom�Δð Þ�xi+1 t� τcom�Δð Þ�Li� hvi t�Δð Þ+Dminð Þð Þ
+bρ vi+1 t� τcom�Δð Þ� vi t� τcom�Δð Þð Þ

(5.59)

For simplification, by defining Δ ¼ τ1, τcom + Δ ¼ τ2, the control law of
Eq. (5.59) can be rewritten as (5.60)

ui t�Δð Þ¼ k 1�ρð Þ xi�1 t� τ2ð Þ�xi t� τ2ð Þ�Li�1� hvi t� τ1ð Þ+Dminð Þð Þ
�kρ xi t� τ2ð Þ�xi+1 t� τ2ð Þ�Li� hvi t� τ1ð Þ+Dminð Þð Þ
+b 1�ρð Þ vi�1 t� τ2ð Þ� vi t� τ2ð Þð Þ+ bρ vi+1 t� τ2ð Þ� vi t� τ2ð Þð Þ

(5.60)
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For the last vehicle, the control law is as (5.61)

uN t�Δð Þ¼ k xN�1 t� τ2ð Þ�xN t� τ2ð Þ�Li�1�ðhvN t� τ1ð Þ+DminðÞð Þ
+b vN�1 t� τ2ð Þ� vN t� τ2ð Þð Þ

(5.61)

For analyzing the convergence of the system, it is assumed that the
leading vehicle is moving at a constant speed of _x∗0 ¼ v∗0ð Þ. By knowing that
di ¼ xi�1 � xi � Li�1, the closed-loop equation can be rewritten as follows

in terms of error

τ ___ex i
+€exi¼ k 1�ρð Þ exi�1 t� τ2ð Þ�exi t� τ2ð Þ�hevi t� τ1ð Þð Þ

�kρ exi t� τ2ð Þ�exi+1 t� τ2ð Þ�hevi t� τ1ð Þð Þ
+ b 1�ρð Þðevi�1 t� τ2ð Þ�evi t� τ2ð ÞÞ
+ bρ evi+1 t� τ2ð Þ�evi t� τ2ð Þð Þ (5.62)

By defining X ¼ x
�
1,
_x
�
1,
€x
�

1, x
�
2,
_x
�
2,
€x
�

2,…, x
�
N ,

_x
�
N ,

€x
�

N

h iT
, the closed-
loop equation of the whole system can be rewritten as (5.63)

_X tð Þ¼AX tð Þ+B1X t� τ1ð Þ+B2X t� τ2ð Þ (5.63)

The explicit form of Eq. (5.63) is Eq. (5.64)
_X tð Þ¼ IN�
0 1 0

0 0 1

0 0 �1

τ

0BB@
1CCA

0BB@
1CCAX tð Þ

+ IN�
0 0 0

0 0 0

0 �kh 1�2ρð Þ
τ

0

0BB@
1CCA

0BB@
1CCAX t� τ1ð Þ

IN�
0 0 0

0 0 0

�k

τ
�b

τ
0

0BB@
1CCA

0BB@
1CCAX t� τ2ð Þ

+ C�
0 0 0

0 0 0

k

τ

b

τ
0

0BB@
1CCA

0BB@
1CCAX t� τ2ð Þ

(5.64)
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where

C¼

0 ρ 0 … 0 0 0

1�ρ 0 0 … 0 0 0

0 1�ρ 0 … 0 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 … 1�ρ 0 ρ
0 0 0 … 0 1 0

0BBBBBB@

1CCCCCCA
The stability analysis of the closed-loop system is measured based on the
real part of the eigenvalues. The system’s complexity increases rapidly as the

number of vehicles increases, which makes the numerical analysis of the sta-

bility difficult (5.65)

CE s, τ, k, b, ρ, τ1, τ2ð Þ¼ det sI3N �A�B1e
�τ1s�B2e

�τ2sð Þ (5.65)

The stability analysis can be performed by examining the characteristic
Eq. (5.65). The characteristic equation of this group of systems can be easily

expressed as the product of factors that are each agent’s dynamics.

According to Theorem 5.3, the characteristic equation of system (5.65)

can always be expressed as the product of a set of factors

CE s, τ, k, b, ρ, τ1, τ2ð Þ¼ det sI3N �A�B1e
�τ1s�B2e

�τ2sð Þ
¼
YN
i¼1

cei s, τ, k, b, ρ, τ1, τ2ð Þ

¼
YN
i¼1

τs3 + s2 + kh 1�2ρð Þse�τ1s + 1� λið Þ k+ bsð Þe�τ2s
� � (5.66)

where i ¼ 1, …, N are the eigenvalues of the matrix C.
Because the only distinguishing element between the factors is the eigen-

values of λi, the stability analysis in the field of delay can only be performed

once for a general λi, and the stability of different factors can be obtained by

using the obtained results from this factor. Therefore, the stability analysis

will be studied without delay and by using the Routh-Hurwitz stability cri-

teria as before.

Theorem 5.6 The system of Eq. (5.66) is stable without considering com-

munication delay if and only if:

b> k τ�h 1�2ρð Þ
1�λið Þ

	 

, ρ< 0:5 and k> 0 (5.67)
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5.4 String stability analysis

One of the objectives of automated highways is to allow a more significant

number of vehicles to travel in one direction at a time. Specific conditions

must be applied to the vehicle platoons to fulfill the mentioned goal. In other

words, in addition to the stability analysis, the convergence analysis of a

vehicle platoon and the error propagation through the string (due to distur-

bances) should be considered. String stability ensures that the range of error

is reduced throughout the vehicle flow. The string stability problem is solved

by the use of transfer functions, which are related to the distance error

between two pairs of consecutive vehicles. The performance of string sta-

bility is determined by the control structure and spacing segmentation pol-

icy. Section 5.6 will evaluate the string stability conditions for situations in

which the stability was studied.

The output error domain (host vehicle) must be smaller or equal to the

input error domain (preceding vehicle) to prevent the infinite propagation

of domain errors throughout the string of vehicles. As mentioned earlier, the

widely used definition of string stability for a vehicle platoon is as (5.68)

[28, 29]

Ei jωð Þ
Ei�1 jωð Þ
���� ����< 18ω> 0 (5.68)

where Ei(s) is the Laplace transform of εi(t) ¼ xi�1 � xi � Li�1 �

Di ¼ di � Di. It can be shown that the string stability conditions for a pla-

toon of similar vehicles are as (5.69)

Vi jωð Þ
Vi�1 jωð Þ
���� ����< 18ω> 0 (5.69)

where Vi(s) represents the Laplace transformation of vi(t).
Because the system’s performance must be considered in addition to sta-

bility, the string stability problem will be discussed in the following. The

string stability is in line with automated highways; therefore, it increases

the number of vehicles with smaller intervehicle distances.
5.4.1 The string stability based on constant spacing policy
5.4.1.1 Providing a new theorem in string stability of the
unidirectional structure
The goal is to find areas of control parameters that satisfy Eq. (5.68). There-

fore, the control law can be expressed as (5.70)
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ui tð Þ¼Kðexi�1 t� rð Þ�exi t� rð Þ+D � _exi� �
8i¼ 1,…,N

(5.70)

Therefore, by substituting the control law of Eq. (5.70) in the system’s
closed-loop dynamics, the system’s closed-loop equation can be expressed as

(5.71)

τi ___exi tð Þ+€exi tð Þ¼K exi�1 t� rð Þ�exi t� rð Þð Þ�D _exi tð Þ (5.71)

The communication delay is assumed to be constant and equal to its
bound β in the string stability; therefore, Eq. (5.72) is as follows

G sð Þ¼
eXi sð ÞeXi�1 sð Þ¼

Ke�βs

τs3 + s2 +Ds+Ke�βs (5.72)

The equation above indicates the distance error dynamics for two con-
secutive vehicles.

Theorem 5.7 The string stability is guaranteed if the following conditions

are met.

Kβ+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2β2 + 2K

q
<D<

1

2τ
�0:5Kτ

This theorem explains that the delay negatively affects the string stability

and creates more strict constraints on the control parameters.
5.4.1.2 Providing new theorems in string stability of the bidirectional
structure
The string stability for the model of the approximation of partial differential
equations
The analytical study of the bidirectional structure’s string stability, which is

performed by the approximation of partial differential equation, is among

the topics addressed in this section. It first begins with string stability based

on decentralized control.

The dynamic equation of position and speed error can be obtained by

applying derivatives on both sides in the form of (5.73):

τi€ai + _ai¼�k
f
i _xi� _xi�1ð Þ�kbi _xi� _xi+1ð Þ� b

f
i €xi�€xi�1ð Þ� bbi €xi�€xi+1ð Þ

(5.73)
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Laplace transformation is used to obtain the transfer function when the

initial condition is assumed to be zero. Therefore, the following is obtained

by applying Laplace transformation on both sides of (5.74)

τis
3 + s2 + b

f
i + bbi

� �
s+ k

f
i + kbi

� �� �
Vi ¼ k

f
i + sb

f
i

� �
Vi�1 + kbi + sbbi

� �
Vi+1

(5.74)

The above equation can be rewritten as (5.75)
Vi ¼Gi�Vi�1 +Gi+Vi+1 (5.75)

where
Gi� ¼ k
f
i + sb

f
i

τis3 + s2 + b
f
i + bbi

� �
s+ k

f
i + kbi

� � ,
Gi+¼ kbi + sbbi

τis3 + s2 + b
f
i + bbi

� �
s+ k

f
i + kbi

� �
Each vehicle’s controller has access to the information of the preceding
and following vehicles as well as the host vehicle’s information. As a result,

the speeds of consecutive vehicles are expressed by the following equation.

The following is obtained by dividing both sides of Eq. (5.75) by Vi-1.

Vi

Vi�1

¼Gi� +Gi+

Vi+1

Vi�1

¼Gi� +Gi+

Vi+1

Vi

Vi

Vi�1

Vi

Vi�1

1�Gi+

Vi+1

Vi

	 

¼Gi�) Vi

Vi�1

¼ Gi�

1�Gi+

Vi+1

Vi

According to the definition, string stability is obtained if Eq. (5.76) is
satisfied

Gi�k k∞< 1�Gi+

Vi+1

Vi

���� ����
∞

(5.76)

The last vehicle in the platoon uses the preceding vehicle’s information
only; therefore, the string stability is studied from the end of the platoon. By

assuming that kVN/VN�1k∞ < 1 is satisfied, the string stability is achieved if

Eq. (5.76) is satisfied

Gi�k k∞< 0:5, Gi+k k∞< 0:5 (5.77)
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It should be noted that these conditions are sufficient conditions

to ensure stability. Therefore, theorems will be provided on the

control parameters to obtain string stability so that the conditions of

Eq. (5.77) can be achieved. Eventually, the assumption about kVN/VN�1-

k∞ < 1 will be studied. This issue is stated in the forms of Theorems 5.8,

5.9, and 5.10.

Theorem 5.8 If the conditions of kbi >Δk
i =

ffiffiffi
2

p
, (bi

b)2 > 2ki
b + Δi

k + 0.5

(Δi
k)2, and bi

b < 0.25/τi � 0.5Δi
b are met, then kGi�k∞ < 0.5.

As mentioned before, because low frequencies have the most significant

impact on string stability, the constant coefficient, that is, kbi >Δk
i =

ffiffiffi
2

p
, will

be the governing condition of stability.

Theorem 5.9 If the condition of Theorem 5.8 is established, then kGi

+k∞ < 0.5.

Theorem 5.10 If kN
f ¼ 0 and b

f
N < 1

2τN
. Then

VN

VN�1

���� ����
∞
< 1.

In the string stability analysis, the propagation of distance errors is not

acceptable, even for a few centimeters. It is known that under real condi-

tions, a distance error propagation of only a few centimeters may be accept-

able. As a result, a satisfactory solution can be obtained by selecting the

appropriate control parameters.

Theorem 5.11 If kbi >
Δk

iffiffi
2

p then kGi�k∞ < 0.5.

Theorem 5.12 kGi�k∞ < 0.5.

Theorem 5.13 If

1

2τN
> βN >�b

f
N +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b
f
N

� �2
+ 2k

f
N

r
Therefore,

VN=VN�1 jωð Þj j< 1:

The string stability for CTCR
This section discusses the string stability of a group of vehicles equipped with

similar ACC. The error dynamics equation of position and speed can be

written in the form of (5.78)
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τi€ai tð Þ+ _ai tð Þ¼�k _xi t� τp
� �� _xi�1 t� τp

� �� �
�b €xi t� τvð Þ�€xi�1 t� τvð Þð Þ
�b €xi t� τvð Þ�€xi+1 t� τvð Þð Þ
�k _xi t� τp

� �� _xi+1 t� τp
� �� ��β€xi tð Þ

(5.78)

The Laplace transformation is used to obtain the transfer function for fur-
ther analysis by assuming zero initial conditions

Vi ¼Gi�Vi�1 +Gi+Vi+1 (5.79)

where
G¼ ke�τps + sbe�τvs

τs3 + s2 + 2be�τvs + βð Þs+2ke�τps

Assuming jVN/VN�1(jω)j < 1, the string stability will be established
if Eq. (5.77) is satisfied. The analysis of this issue is in the form of

Theorem 5.14.

Theorem 5.14 The string stability is obtained if the following conditions

are met.

að Þ 2b2 + β2�4k�4kb τp� τv
�� ���4bβ�4kβτp� 0

bð Þ a1�2βτ�4bτv�4bτ�4kττp� 0

cð Þ β2�2k�2bβ�2kβτp� 0

5.4.2 The string stability based on constant headways policy
5.4.2.1 Providing new theorems in string stability of the unidirectional
structure
The objective of this section is to find control parameters that satisfy Eq. (5.68).

It is primarily necessary to obtain the transfer function for achieving such a con-

dition. The transfer function indicates the distance error between two pairs of

consecutivevehicles.Hence, the errordynamicsequationof position and speed

in the frequency domain can be rewritten (5.80)eXi sð ÞeXi�1 sð Þ¼
Kds+Kp

� �
e�Δs

τs3 + s2 + Kds+Kp

� �
1+ hsð Þe�Δs¼G sð Þ (5.80)
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This case is stated as Theorem 5.15.Theorem 5.15 String stability is

achieved if the following conditions are met.

h>
ffiffiffiffiffiffiffiffiffiffi
2=Kp

q
5.4.2.2 Providing a new theorem in string stability of the bidirectional
structure
This section performs an analytical study on the bidirectional structure’s

string stability for the constant time headways policy. Therefore, the control

parameters’ conditions must ensure that the string stability will be expressed

analytically. The dynamic equation between position and speed error can be

explained as (5.81):

τ ___exi
+€exi ¼ k 1�ρð Þ exi�1 t� τ2ð Þ�exi t� τ2ð Þ�hevi t� τ1ð Þð Þ

+b 1�ρð Þ evi�1 t� τ2ð Þ�evi t� τ2ð Þð Þ
�kρ exi t� τ2ð Þ�exi+1 t� τ2ð Þ�hevi t� τ1ð Þð Þ
+bρ evi+1 t� τ2ð Þ�evi t� τ2ð Þð Þ (5.81)

This equation can be rewritten as (5.82)
eXi¼Gi� eXi�1 +Gi+
eXi+1 (5.82)

where
Gi� ¼ 1�ρð Þ k+ bsð Þe�τ2s

τs3 + s2 + kh 1�2ρð Þse�τ1s + k+ bsð Þe�τ2s

Gi+ ¼ ρ k+ bsð Þe�τ2s

τs3 + s2 + kh 1�2ρð Þse�τ1s + k+ bsð Þe�τ2s

By assuming that eXN= eXN�1 jωð Þ�� ��< 1 is satisfied, the string stability is
achieved if the conditions of Eq. (5.77) are established.

Theorem 5.16 String stability is achieved if the following conditions are

met.

að Þ kh� 2 1+ hbð Þ
h�2 τ2� τ1ð Þ

bð Þ b� 1+ 2kττ2�2kh τ+ τ1ð Þ
2 τ2 + τð Þ
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cð Þ 0:5� ρ� 1�
ffiffiffi
1

2

r
dð Þ kh 1�2ρð Þð Þ2 + b2 1�2 1�ρð Þ2� ��2khb 1�2ρð Þ
�2k2h 1�2ρð Þ τ2� τ1ð Þ�2k� 0

In addition to analyzing the system stability and behavior, it is generally

inferred that evaluating a feature titled string stability is necessary to achieve

the ideal system performance in multiactuator systems. In other words, in

addition to the conditions that must be applied to the control parameters

to make the system stable, the conditions of string stability are also required

to achieve the system goals.
5.5 Validation based on simulation

The validation of the extracted theorems expressed as boundaries on control

parameters is studied using computer simulations. This means that the sys-

tem will have the ideal conditions of stability and string stability if control

parameters are selected to meet the extracted theorems’ requirements.

The real dynamics are highly nonlinear, and its behavior is different from

the simple conditions. Also, the internal control loop and the throttle

valve/brake control loop are not negligible problems due to the complexity

and asymmetry of the throttle valve and brake subsystems. However, based

on the published experimental results, the τi _ai + ai ¼ ui t�Δið Þmodel can be

accepted as a valid model for the longitudinal control of the vehicle [22, 30].

The computer simulation is performed for a platoon with 10 consecutive

vehicles (N ¼ 10) to validate the performance of the proposed controller

algorithm. As mentioned before, the ability to maintain the intervehicle dis-

tance is important for the safety of vehicle platoons in the presence of dis-

turbances. The most important disturbances in a platoon are the increase/

decrease of the leading vehicle’s acceleration. In other words, a disturbance

means the presence of a source that ensures that the vehicle platoon does not

maintain its constant speed. In the simulation, the length of the car is con-

sidered to be Li ¼ 4m, and other simulation parameters are based on Ref.

[31] given in Table 5.1.

Without losing the generality of the case, it is assumed that the leading

vehicle initially moves at a constant speed of vinitial ¼ 20 m/s, and reaches



Table 5.1 The parameters of the system.

Value Symbol Parameter

1 N/m3 σi The specific weight of air

2.2 m2 Ai The cross-sectional area of the vehicle

0.35 cdi Drag coefficient

1500 kg mi Vehicle mass

150 N dmi Mechanical drag
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vfinal ¼ 40 m/s through acceleration. The acceleration procedure of the

leading vehicle is as below:

ades ¼
0 t� 20 s

2 m=s2 20 s� t� 30

0 t� 30 s

8<: s

5.5.1 Stability
The validation of stability theorems of a vehicle platoon is examined in this

section. The process is performed for four conditions, including different

spacing policies and structural communications.

5.5.1.1 The stability based on constant spacing policy
The ideal intervehicle distance is assumed to beDi�1, i ¼ 8 m in this policy.

The unidirectional structure in stability analysis
The stability analysis in the unidirectional structure is performed based on

Theorem 5.17.

Theorem 5.17 By considering the conditions below for the controlling

parameters of system (5.22),

K <
2μ

γλ
and D> 1+

1� τ

4

Then lim t!∞ ε tð Þ¼ 0, if and only if the vertex of the leading vehicle is

fully accessible in the platoon.

The validity of the extracted Theorem 5.17 is checked by performing a

simulation. In the first step, the defined parameters and values in the men-

tioned theorem are calculated. These parameters are necessary to

obtain stability boundaries on control parameters and to achieve a sufficient

stability condition. Therefore, a delay that is variable with time is assumed



Fig. 5.9 The stability of 10 tracking vehicles under the time-variable communication
delay by considering D ¼ 1.9, where δi ¼ xi�1 � xi � Li�1 � Di indicates the distance
error relative to the ideal distance with the preceding vehicle.
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as r(t) ¼ 0.03 jcos(t)j. The required parameters in the extracted theorem can

be calculated by solving the Lyapunov equation, which is equal to

λ¼ 0:2554,μ¼ 1:5964. By considering the control parameter D ¼ 1.9,

the value of γ will be equal to 1.6486. As mentioned in Theorem 5.17, it

states a sufficient condition for stability. Two different conditions are exam-

ined on the control parameters to indicate two different system behaviors

under different conditions. In the first condition, the control parameters

are selected so that the condition expressed in the stated theorem is met.

As observed in Fig. 5.9, the system exhibits stable behavior, emphasizing

the accuracy of Theorem 5.17.
The bidirectional structure in stability analysis
Thestabilitybytheuseofapproximationofpartialdifferentialequations
The control parameters are selected as τi ¼ 0.2 s, ki

b ¼ 2, bi
b ¼ 3, βi ¼ 4, and

Δi
b ¼ 0.2 in the simulation. The response of this system is displayed in

Fig. 5.11. As expected, Fig. 5.1 shows a stable behavior in the system. It

should be noted that the system will have a stable behavior for all values

in Theorem 5.1. Fig. 5.10 is only displayed as an example of confirmation.

If the stability condition is not met, it does not necessarily mean that the

system will be unstable, but the system will not always be stable.

The system behavior undergoes a fundamental change by the slightest

changes in the controlling parameters relative to the stability boundary.



Fig. 5.10 The stability of the system for centralized control under bi
b > τiki

b condition.

Table 5.2 The controlling parameters.

Parameter State 1 State 2

τi 0.2 0.2

kbi 5 5

bbi 1.1 0.9

Conditions bi
b > τiki

b bi
b < τiki

b
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To illustrate this, two groups of different parameters are assumed relative to

the stability boundary in Table 5.2.

Fig. 5.11 illustrates State 1 in Table 5.2, which indicates the stability con-

ditions of the system. Fig. 5.12 shows State 2 in Table 5.2, which suggests the

instability conditions of the system.
The stability using CTCR The stability analysis based on the bidirectional

structure usingCTCR is performed in this section. This section aims to find

delay boundaries for specific control parameters in which the system exhibits

stable behavior. Therefore, ki
b are the eigenvalues of the matrix ki

f for the

considered communication structure. All the eigenvalues are real, and the

SDS stability boundaries are depicted for all factors generated by these eigen-

values. The structural blocks can be observed in Figs. 5.13, 5.14, and 5.15 by

assuming the longitudinal parameters as k ¼ 2, b ¼ 1, τ ¼ 0.2, and β ¼ 1.



Fig. 5.11 The stability of the system for decentralized control under bi
b > τiki

b condition.

Fig. 5.12 The instability of the system for decentralized control under bi
b < τiki

b

conditions.
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The red lines (lines in regions [0,2π]) indicate the structural curves in the
mentioned figures.

5.5.1.2 The stability based on constant time headways policy
The unidirectional structure in stability analysis
This section examines the stability of a unidirectional structure based on the

CTCRmethod. The objective is to show the delay space in which the system



Fig. 5.13 The SDS illustration for factors related to eigenvalues of
λ ¼ � 1.919, � 1.6825, � 1.3097.

Fig. 5.14 The SDS illustration for factors related to eigenvalues of
λ 5 1.919,1.6825,1.3097,1.3097.
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exhibits stable behavior for specific control parameters. This section also

attempts to indicate the variation of stability boundaries in delay space for con-

trol parameter changes. By assuming h ¼ 1.5, τ ¼ 0.2 s, and Kp ¼ 2, the sta-

ble areas in the (Kd,Δ) domain are shown in Fig. 5.16. This is a two-

dimensional (2D) illustration for better comprehension. The shaded areas



Fig. 5.15 The SDS illustration for factors related to eigenvalues of λ ¼ 	 0.8308,
λ ¼ 	 0.2846.

Fig. 5.16 The stability boundaries in the domain of (kd,Δ) and kd ¼ 2.
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indicate the stability of the system. In other words, the systemwill be stable by

selecting the parameters in these areas. As seen in Fig. 5.16, for smaller values

of Kp, the system will be unstable for higher delays. This value decreases sig-

nificantly by increasing the control gain.



Fig. 5.17 The stable behavior of 10 tracking vehicles corresponding to the point (a) in
Fig. 5.16.
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Figs. 5.17 and 5.18 illustrate the distance and speed errors of 10 tracking

vehicles by assuming the parameter values as Kd ¼ 1 and Δ ¼ 0.2. These

illustrations are performed to validate the results that indicate the stable state

of the system.
Fig. 5.18 The speed behavior of 10 tracking vehicles corresponding to the point (a) in
Fig. 5.16.
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The bidirectional structure in stability analysis
This section aims to find delay boundaries for specific control parameters in

which the systems exhibit stable behavior. By assuming ρ ¼ 0.4,

the eigenvalues of matrix C are {	0.9544,	0.8571,	0.6795,	0.1503,

	0.4361}. All eigenvalues are real. The instability boundaries in SDS are

displayed in Fig. 5.19 for some of the factors generated by these eigenvalues.

The assumed control parameters are k ¼ 4, b ¼ 1, τ ¼ 0.2, and h ¼ 1.5.

The stable area is shown in a 2D shape for better illustration. Hence, one

of the control parameters is assumed to be a constant value, and the stable

boundaries are shown in delay space in terms of another control variable.

The stability boundaries are shown in Figs. 5.20 and 5.21. The process of

drawing these figures is based on considering stable zones.

The lines shown in these figures represent the stability boundaries, mean-

ing that the lower values represent stable regions. As can be seen in the fig-

ures, the system is more stable against communication delays.
5.5.2 String stability
The string stability of a vehicle platoon is also analyzed in the sameway as the

stability; therefore, it is necessary to check the validity of the proposed the-

orems by simulation. This validation will be performed in the following.
Fig. 5.19 The SDS illustration for factors related to eigenvalues of
λ ¼ 	 0.4361, 	 0.1503.



Fig. 5.20 The stable areas by assuming b ¼ 1.

Fig. 5.21 The stable areas by assuming k ¼ 4.
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5.5.2.1 The string stability based on constant spacing policy
The ideal intervehicle distance is assumed as 8 m in this policy.
The unidirectional structure in string stability analysis
For this purpose, the control parameters, engine time constant, and delay are

assumed in three different situations. In Table 5.3, the string stability is

examined for the three cases based on Theorem 5.7. These cases include

a stable situation, a boundary situation, and an unstable case.

Where ρ¼Kβ+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2β2 + 2K

p
, and it should be noted that the condi-

tion D < 0.5/τ � 0.5Kτ is applied in all cases. The reason for this is that the

low frequencies have the most significant impact on string stability. Fig. 5.22

illustrates State 1 in Table 5.3, which shows the string stability under the

condition of D > ρ. As observed, the distance error decreases smoothly

throughout the string. Fig. 5.23 also shows the speed behavior of the track-

ing vehicles in the platoon under the mentioned conditions.

Figs. 5.24 and 5.25 indicate State 2 in Table 5.3, which shows the critical

string stability.

Fig. 5.26 indicates State 3 in Table 5.3, which shows the string instability

under D < ρ condition. As observed, the distance error does not decrease

throughout the string. Besides, Fig. 5.27 illustrates the speed behavior of

tracking vehicles in the platoon under the mentioned conditions.
The bidirectional structure in string stability analysis
The string stability for the model of approximation of partial
differential equations Tovalidate thementioned theorems, andbyassuming

the control parameters as τi ¼ 0.1 sec , ki
b ¼ 2, bi

b ¼ 2.2, andΔi
b ¼ 0.3, we will

have kbi �Δk
i =

ffiffiffi
2

p ¼ 1:807, 0.25/τi � 0.5Δi
b � bi

b ¼ 0.15, and (bi
b)2 � (2ki

b +

Δi
k + 0.5(Δi

k)2) ¼ 1.045. Hence, as expected, the time response of the inter-

vehicle distance error is an ideal response under the selected control parameters

(Fig. 5.28).
Table 5.3 The system parameters.

Parameters State 1 State 2 State 3

τ 0.1 0.1 0.1

β 0.03 0.03 0.03

k 2 2 2

D 2.5 2.06 1.5

Conditions D > ρ D ¼ ρ D < ρ



Fig. 5.22 The string stability of 10 tracking vehicles under D > ρ condition.

Fig. 5.23 The speed behavior of 10 tracking vehicles under D > ρ condition.
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Fig. 5.25 The speed behavior of 10 tracking vehicles under D ¼ ρ condition.

Fig. 5.24 The critical string stability of 10 tracking vehicles under D ¼ ρ condition.
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Fig. 5.26 The string instability of 10 tracking vehicles under D < ρ condition.

Fig. 5.27 The speed behavior of 10 tracking vehicles under D < ρ condition.
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Fig. 5.28 The stability of 10 tracking vehicles.
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Because the range of low frequencies has the greatest impact on the string

stability, the condition kbi �Δk
i =

ffiffiffi
2

p
will have the greatest effect on string sta-

bility. By assuming the parameters as τi ¼ 0.1 sec , ki
b ¼ 5, bi

b ¼ 4, and

Δi
b ¼ 0.3, we will have kbi �Δk

i =
ffiffiffi
2

p ¼ 4:735 and 0.25/τi � 0.5Δi
b �

bi
b ¼ � 1.65. As can be observed, kbi �Δk

i =
ffiffiffi
2

p
is the only established con-

dition among the conditions.

The string stability for CTCR A simulation is carried out to validate

the previously mentioned theorem. Hence, the string stability of a

vehicle platoon is studied by assuming the control parameters as k ¼ 2.5,

b ¼ 1, τ ¼ 0.2, β ¼ 4, τp ¼ 0.05 s, and τv ¼ 0.05 s. It should be

noted that the parameters are selected in such a way that they satisfy

Theorem 5.14.

As can be observed in Fig. 5.29, the system is string stable (Fig. 5.30).
5.5.2.2 The string stability based on the constant time headways policy
The unidirectional structure in string stability analysis
A computer simulation is performed to validate the extracted theorem by

assuming the control parameters as Kp ¼ 4, Kd ¼ 2, h ¼ 1, τ ¼ 0.2,

Δ ¼ 0.1 (Figs. 5.31 and 5.32).

As shown in Fig. 5.31, the distance error decreases smoothly through-

out the string. Fig. 5.32 shows the string stability of the vehicle platoon,



Fig. 5.29 The string stability of 10 tracking vehicles.

Fig. 5.30 The speed behavior of 10 tracking vehicles.
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which confirms Theorem 5.15. Subsequently, the effect of adding a

feedforward controller will be investigated. As illustrated analytically in

Theorem 5.16, the performance of the system increases by adding a feedfor-

ward controller. A simulation is performed by assuming the parameter



Fig. 5.31 The string stability of 10 tracking vehicles without considering the
feedforward controller.

Fig. 5.32 The speed behavior of 10 tracking vehicles without considering the
feedforward controller.
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controls as Kp ¼ 1, Kd ¼ 2, h ¼ 1, τ ¼ 0.2, and Δ ¼ 0.1 to validate the

extracted theorems for two conditions with and without consideration of

the feedforward controller. The system response is displayed in

Figs. 5.33–5.36 for the mentioned conditions.



Fig. 5.33 The string instability of 10 tracking vehicles without considering the
feedforward controller.

Fig. 5.34 The speed behavior of 10 tracking vehicles without considering the
feedforward controller.
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Fig. 5.35 The string stability of the 10 tracking vehicles considering the feedforward
controller.

Fig. 5.36 The speed behavior of 10 tracking vehicles with considering the feedforward
controller.
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As canbe seen inFigs. 5.35 and5.36, the systemgoes from string instability

to string stability. This indicates the improvement of system performance

and validates Theorem 5.6. Besides, the error rate is significantly reduced,

which also emphasizes the improvement of system performance.



Fig. 5.37 The string stability of 10 tracking vehicles without considering the
feedforward controller.

208 Vehicle dynamics and control
Bidirectional structure in the string stability analysis
For the validation of the proposed theorem, the system response is shown in

Figs. 5.37 and 5.38 by assuming the control parameters as k ¼ 2.5,

b ¼ 1, τ ¼ 0.2, Δ ¼ 0.04, τ ¼ 0.06, ρ ¼ 0.3, and h ¼ 1.5.
Fig. 5.38 The speed behavior of 10 tracking vehicles without considering the
feedforward controller.
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It is observed that the distance error decreases smoothly throughout the

string, which indicates string stability. Due to different vehicles on a high-

way, this problem will also be studied for dissimilar vehicle platoons. Hence,

the system will be stable if the control parameters are selected in a way that

they have string stability conditions. The system parameters are assumed

similar to parameters in Table 5.4 for the numerical validation of the prob-

lem. Fig. 5.39 shows the distance error for the parameters of Table 5.4. As

can be seen, the distance error decreases smoothly throughout the string,
Table 5.4 The system parameters for a platoon of heterogeneous vehicles.

Vehicle Li mi τi Δi τcom bi ki ρi hi

1 4 1500 0.1 0.05 0.05 1 5 0.4 2

2 4.5 1600 0.2 0.02 0.04 1.5 5 0.4 1.5

3 5 1550 0.3 0.04 0.06 2 5 0.3 1.5

4 5 1650 0.1 0.02 0.03 1 6 0.4 2

5 4.5 1500 0.2 0.02 0.05 2 6 0.45 1.5

6 3.5 1400 0.2 0.01 0.015 1 5 0.4 1

7 4 1550 0.35 0.02 0.04 1 4 0.3 1.5

8 4 1550 0.15 0.05 0.04 1 5 0.4 2

9 5 1700 0.2 0.02 0.02 4 7 0.35 1.5

10 4.5 1600 0.2 0.05 0.06 2 5 � 1.5

Fig. 5.39 The string stability of 10 tracking vehicles by considering the parameters of
Table 5.4.



Fig. 5.40 The speed behavior of 10 tracking vehicles by considering the parameters of
Table 5.4.
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which indicates string stability. Fig. 5.40 shows the speed behavior of the

tracking vehicles in the platoon under the mentioned conditions.
5.6 Conclusion

The purpose of this chapter was to analytically investigate the stability and

string stability of a vehicle platoon. The analysis is performed based on con-

stant spacing and constant time headways policies, along with the unidirec-

tional and bidirectional communication structures. The communication

structure and distance policy must be determined in advance to analyze

the system. The unidirectional and bidirectional communication structures

were examined because each vehicle can only communicate with the pre-

ceding and following vehicles. This is due to the limitations of the existing

communication structure. The bidirectional structure exhibits a better per-

formance because each vehicle uses the information of the preceding vehicle

and the information of the following vehicle. However, the system’s stability

is more difficult to achieve, and the system is more sensitive to changes.

Because time delays and noise interruptions are among the natural and inev-

itable mechanical and control systems, these factors are considered in the

vehicle’s longitudinal model. The negative effect of these delays is investi-

gated on the system’s performance and stability, and it is observed that the

system is always stable without considering them. This emphasizes the need
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to consider these delays. Each vehicle is controlled by the information

received from the adjacent vehicles. This information is always delayed

due to the limitations of communication tools; therefore, the effect of these

delays was also considered. It should also be noted that communication

delays do not have constant values. In this study, the upper bound of delays

that leads to instability of the system is calculated. It is shown that regardless

of the structure used to express the delay in the simulation, the systemwill be

stable if themagnitude of delay is less than the calculated bound. The stability

and string stability, which indicate the system performance, are studied by

considering the mentioned factors. Furthermore, the stability boundaries

are calculated on the control parameters; if obtained, the systemwill be stable

and exhibit the desired performance.
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CHAPTER 6

Dynamic behavior and stability
of an articulated vehicle
carrying fluid
6.1 Introduction

In order to study the fluid motion and its combination with vehicle dynam-

ics, there are different methods such as quasistatic and equivalent mechanical

methods. Each method has limitations on the calculation of forces and

moments arising from the transient response and the parameters required

for analysis. In this regard, only the mechanical-fluid methods allow the

accurate modeling of fluid behavior in different conditions, including differ-

ent inputs for vehicle dynamics and different shapes of the tanker, different

fill percentages, etc. It is also essential to note that the modeling, coupling the

mechanical model of the fluid with the vehicle dynamics, and how data

transfer between these two systems are processes of great complexity.

Fluid motion inside the moving tanker plays an essential role in the sta-

bility of the fluid-carrying vehicle. Fluid-carrying systems such as tankers

and tanker ships, when filled partially and exposed to external stimulations,

are exposed to a higher risk of rollover than when they carry a rigid load.

Fluid motion is considered in many engineering applications. For example,

the fuel motions in the tank can cause instability in rockets and spacecraft.

Also, the loads exposed by earthquakes can cause severe fluid motion inside

the tanks that leads to significant damage to their structures. According to

maneuver or road conditions, the fluid inside a partially filled tanker can usu-

ally experience large or small amplitude motions. The motion of fluid with a

large amplitude generally occurs in acceleration, rotation, or lane change

maneuvers. Generally, fuel-carrying tanks are partially loaded because of

the tolerances of the axes with the existence of fluids with different densities.

Tankers are used to carry hazardous substances such as toxic or flammable

materials, and as a result, any damage to them can cause severe environmen-

tal pollution.
213
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Fuel-carrying vehicles are divided into two categories: articulated vehi-

cles (a trailer or tanker, and separated tractor) or nonarticulated vehicles.

Heavy vehicles have less stability than other types of vehicles because their

center of gravity is located at a high-level point. Roll instability is the most

dangerous type of instability, and it is more likely to occur than other events.

A comparison between 1984 and 1987 in the United States showed that roll-

over is the most dangerous road hazard (41.4% of road accidents) [1]. More

than 15,000 cars roll over per year in the United States, almost 62.67% of

which are associated with articulated vehicles [2]. Also, a rollover occurs

for nearly every 4 million miles traveled by heavy trucks.

Trucks carrying partially filled tanks have lower stability compared to

other heavy vehicles. This is due to the effect of the dynamic of fluid motion

and its interaction with vehicle dynamics, which undermines the stability of

the fluid-carrying vehicle. The ultimate threshold of tolerable acceleration

for a tanker with an ellipsoid cross-section in a steady steer maneuver is

roughly half that of a vehicle with a rigid load [3]. Because a fluid-carrying

vehicle’s stability threshold is low, a small maneuver such as a rotation, a lane

change, or vehicle braking in cornering can cause them to roll over.

Although fluid motion is an essential factor in vehicle instability, fluid

motions and their effect on vehicle dynamics have not been thoroughly

investigated and identified. The relevant studies are limited to developing

different fluid motion methodologies in tankers with different shapes or sim-

plified equations related to fluid motion.When fluid motion is considered in

a static or nontransient state, the calculated instability will be lower than the

actual values. The amount of transient forces due to fluid motion is larger

than the forces calculated for rigid or solid loads [4].

In this chapter, we try to calculate the forces exposed by fluids transiently

and accurately and couple themwith vehicle dynamics to calculate the effect

of fluid motion on the vehicle’s dynamics and stability.
6.2 Dynamics of articulated vehicles

Heavy vehicles generally tend toward instability in lateral accelerations of

more than 0.3 g [5, 6]. On the other hand, the rollover moments include

centrifugal forces, which are derived from different maneuvers. When the

vehicle wheels are locked, it loses control. Such a case occurs in braking

or braking-dependent maneuvers [7, 8]. The properties of an articulated

vehicle are quite complex, especially when carrying a moving load. The load
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transfer at the case of braking is related to the magnitude of the deceleration

and the trailer brake force.

Articulated vehicles carrying a partially filled tanker will also be subject to

the load driven from fluid motion that negatively affects the braking, even

using the antilock brake system.Recognizing the brake force’s optimum dis-

tribution is very complicated in the presence of different loads exposed to axes

of the fluid-carryingvehicles.Meanwhile, the jackknifingphenomenon is the

most vital type of instability for the yaw motion that will cause a high yaw

speed at the trailer section.Although it has little effect on the trailer instability,

switching motion can be dangerous for other vehicles. Also, the quick input

from the steering wheel can cause a swing motion around the joint point.

The instability of heavy vehicles with a static rollover threshold has been

investigated extensively. Concerning the constant steering wheel maneuver,

the balance of moments around the roll axis is considered in this method.

Although the rollover events are not static in reality, the roll’s static stability

correctly estimates the potential of rollover. The ultimate threshold for static

rollover can be defined as “the maximum amount of acceleration the vehicle

can tolerate without being overturned.” This technique is a comparative

method, and the static rollover threshold for heavy vehicles is higher than

the dynamics rollover threshold (about 5%) [9, 10].
6.3 Fluid dynamics

Fluid motion in mobile tankers has been investigated in various studies since

1960. These studies are based on experimental or theoretical work on space-

craft [4] and fluid motion and its interaction with tankers by focusing on fac-

tors affecting the vehicle’s stability under different maneuvers.

The fundamental problems of fluid motion are associated with the cal-

culating force, moment, and natural frequency of the fluid’s free surface. In

the partially filled tankers, these forces and moments are coupled with the

vehicle’s dynamics to describe the motion and stability of this type of vehicle

due to external stimulations. These external stimulations are applied through

different maneuvers such as braking, acceleration, lane change, or stimula-

tions caused by road roughness [11, 12]. The preliminary investigation of

fluid motion and its effect on vehicle dynamics is possible by the following

three methods:

▪ Quasistatic method.

▪ Equivalent mechanical methods.

▪ Dynamics methods.
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6.3.1 Quasistatic methods
Using the quasistatic methods is a common technique for estimating the

fluid’s free surface in a moving tanker. In this method, the center of gravity

of the moving fluid is calculated under different stimulus factors. A straight

line–smooth surface replaces the free surface of the fluid, and the new free

surface of the fluid is determined based on the lateral acceleration in the roll

plane, or longitudinal acceleration. Then the displacement effect of the

center of gravity is applied to the lateral dynamics of the vehicle.

By assuming an incompressible and homogenous fluid, and steady steer

maneuver, the momentum conservation equations in the coordinate axis

(Fig. 6.1), the center of which is attached to the tanker, are defined as

(6.1 and 6.2):

�ρg sinθ�∂p

∂y
+ R� ycosθð Þω2ρcosθ¼ 0 (6.1)

�ρgcosθ� ∂p

∂z
+ R�ycosθð Þω2ρ sinθ¼ 0 (6.2)

where r, p, g, and ω are the density of the fluid, the pressure, the acceleration
of gravity, and the rotational speed, respectively. Also, R describes the dis-

tance between the center of rotation and the coordinate center connected to

the tanker’s floor. These equations are associated with the fluid’s free surface

and the low roll angles for the vehicle. For tankers with a large radius com-

pared to the tanker width, the term y cos θ can be ignored concerning the

term R [12].
Fig. 6.1 The position of the coordinate axis in the quasistatic method.
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By applying the lateral acceleration ay in Eqs. (6.1) and (6.2) and assum-

ing ∂p ¼ 0 at the free surface of the fluid, Eq. (6.3) is obtained:

�ρg sinθ+ ρay cosθ
� �

dy+ �ρgcosθ�ρay sinθ
� �

dz¼ 0 (6.3)

For a two-dimensional (2D) model in the roll plane and steady steer
maneuver, the equation for the free surface of the fluid is defined as (6.4):

dzs

dys
¼ ay cosθ� g sinθ

gcosθ+ ay sinθ
(6.4)

and the angle of free surface assuming low values for the roll angle is defined
as (6.5):

tan∅p¼
ax

g
�θp

1+
ax

g
θp

(6.5)

where∅p is the slope of the free surface of the fluid in the pitch plane, ax is
the longitudinal acceleration, and θp is the pitch angle of the tanker. The fill
percentage of the tanker and its shape, the fluid motion, and its center of

gravity can be calculated based on the fluid’s free surface. The coordinates

of the center of gravity in the roll plane can be calculated as (6.6):

Y ¼

ð ð
Ω
ydydz

ð ð
Ω
dydz

,Z¼

ð ð
Ω
zdydz

ð ð
Ω
dydz

(6.6)

where Ω is the volume of fluid filling the tanker.
The quasistatic method is an efficient method for calculating the forces

applied in the steady state by the fluid inside the tanker. This method cannot

model the transient forces due to fluid motion, and hence the use of this

method for the stability analysis of the fluid-carrying vehicles is accompanied

by many limitations. Also, although fluid analysis on the partially filled

tankers using quasistatic methods allows determining the center of gravity

of the fluid, which is related to the average force and dynamic response,

the transient behavior of the fluid cannot be examined in this method.

The dynamic forces can be high for the high fill percentage and the low

amplitude of input [12–16]. Hence, this method is suitable for problems

in which the input frequency is lower than the fluid motion’s natural

frequency.
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6.3.2 Dynamics methods for fluid motion
In the dynamic methods, the fluid motion is demonstrated by solving the

Navier-Stokes equations. The investigation of fluid motion using this

method is possible in two ways. In the first method, the fluid’s amplitude

of motion is considered small, and by considering the ideal fluid assumption

(nonviscose, incompressible, and rotational fluid flow), the Navier-Stokes

equations are converted into the potential equations with linear boundary

conditions on the free surface [4]. It should be noted that this method is

known as a linear method. Fluidmotionwith large amplitudes is investigated

in the nonlinear method, and this can be possible through solving the

Navier-Stokes equations using methods of computational fluid dynamics.

Given the recent developments in computer technology and numerical

analysis, the attention of many researchers has been attracted to numerical

methods for solving nonlinear problems; these are briefly discussed in the

following. Numerical methods can be divided into four categories:

▪ Lagrangian methods.

▪ Eulerian methods.

▪ ALE (smoothed arbitrary Lagrangian-Eulerian) methods.

▪ SPH (particle hydrodynamic method) methods.

In the Lagrangian method, the mesh moves with the fluid flow across the

domain. In this method, the finite element technique is used for the discre-

tization of the domain. Although the Lagrangian method is faster than the

Eulerian method, and the mesh motion can model the free surface properly,

the fluid dynamics cause changes in the elements shape, resulting in unstable

and noncorrect solutions. So, the meshing of the domain has to be done

again, which is very difficult. In contrast to the Lagrangian method, a con-

stant mesh is used in the Eulerian approach, and therefore, the change of the

free surface does not change the shape of the mesh. In this method, the free

surface of fluid must be modeled with other techniques. The volume of fluid

(VOF) method is one of the most common methods in this field. Many

researchers have applied this method. This method was originally developed

by Hirt [17] and later extended by other researchers. In this method, if the

volume fraction of the ith cell, fi, is zero, the cell is empty. If the volume

fraction is one, it is full of fluid. Therefore, its value for a cell is variable

between zero and one and defined as (6.7):

∂f

∂t
+ u � rf ¼ 0 (6.7)
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Navier-Stokes equations simultaneously solve (6.7) to determine the

shape and properties of the fluid’s free surface.

The ALE method combines the advantages of Lagrangian and Eulerian

methods. In this method, the nodes can move by fluid or be fixed. The pos-

sibility of shifting the meshes gives the possibility to model large deforma-

tions of the free surface. The basic idea of the SPH method is based on

interpolation. The conservation of mass and moment equations is trans-

formed into the particle form by integral interpolation.
6.3.3 Equivalent mechanical model
Another method for analyzing the fluid motion in a moving tanker is to con-

sider fluid motion as an equivalent mechanical system. The key idea is that

the moving fluid inside the tanker serves as two parts: a fixed part relative to

the tanker and a moving part that represents the fluid motion. This is done

based on two components of the hydrodynamic pressure of the fluid moving

inside the tanker. One component of the pressure is proportional to the

acceleration, and another one is the convective pressure. The fluid’s moving

parts can be modeled as a series of mass and springs or a pendulum with a

linear spring assumption, as shown in Fig. 6.2.

The equivalent mechanical system parameters are determined by the

equalization of the mass, the moment of inertia, the center of gravity, the

natural frequency, the applied force, and the moment. For this purpose,
Fig. 6.2 Mechanical systems equivalent to (1) system of mass and spring, (2) pendulum
system.
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the mass difference between the fluid and the fixed part is considered as the

mass of fluid in different modes. The spring constant is derived from the nat-

ural frequency of the fluid motion. The simple relation of the equivalent

mechanical model with the vehicle model allows for simultaneous analyses.

However, the equivalent linear mechanical models will have the same lim-

itations of the linear models for fluid motion, such as the amplitude of

motion, the frequency, and the shape of the tanker. The parameters of

the equivalent linear mechanical systems for different tankers must be deter-

mined experimentally.
6.4 Dynamics modeling of vehicle and fluid inside
the tanker

Some limitations accompany approximate methods for fluid analysis, such as

quasistatic methods and equivalent mechanical models, but dynamics

methods involving solving the Navier-Stokes equations don’t have the

above limitations. These methods can be applied to model large fluid

motions properly. However, dynamic methods have significant advantages

over other methods, but the difficulties of coupling them with the vehicle

dynamics model and the long runtime are still the main issues of these

methods.

In this chapter, a model with five degrees of freedom, the Eulerian

approach, and the volume of the fluid technique are used for examining

the dynamics of the articulated vehicle, modeling the fluid dynamics, and

modeling the free surface of the fluid, respectively. This modeling analysis

is carried out for the full-scale system. When the articulated vehicle is mod-

eled as a full-scale vehicle, the quality of the mesh is essential, considering the

large volume of fluid inside the tanker. The mesh sizes must be optimized

because by scaling down the mesh dimensions or increasing the quality of

the mesh, the number of grids and the analysis runtime increase rapidly.

Therefore, it is essential to determine the mesh’s optimal dimensions with-

out affecting the accuracy of the results. Thus, it is very efficient to use a

powerful tool such as FLUENT software for fluid dynamics modeling.

The model of the articulated vehicle consists of two rigid sections,

including the tractor and trailer. The tractor part has the degree of freedom

in the lateral slip, yaw, and roll direction while the trailer section has the

degree of freedom of yaw and roll relative to the tractor.
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6.4.1 Fluid dynamics modeling
The fluid inside the partially filled tanker can be considered as two-phase

flow. For example, in the water-air tank, the water’s density is approxi-

mately 815 times the air. In this type of flow, the mass forces are dominated

by the viscosity, and the effects of viscosity can be neglected [19]. Due to the

fluid’s flow velocity in different maneuvers, the flow is considered in the

laminar regime. In the two-phase model, the air is a gas phase, and water

is a liquid phase. In this model, the air is considered as the primary phase

and water as the secondary phase. The continuity equation of the incom-

pressible transient flow is expressed as (6.8).

r �V ¼ 0 (6.8)

The Navier-Stokes equation is defined as (6.9).
∂V

∂t
+V � rV ¼�1

ρ
r � μ rV + rVð ÞT� �

+Fb (6.9)

wherer is the gradient operator,r� is the divergence operator, ρ is density,

μ is viscosity, V is the velocity vector, and Fb is the mass force vector, which

indicates the force generated due to the acceleration of gravity or external

disturbances such as a vehicle maneuver, which is defined as (6.10):

Fb¼ g+ a (6.10)

where g is the acceleration due to gravity, and a is the acceleration due to the
vehicle maneuver. For example, a sinusoidal function cycle can be applied

for lane change maneuvers without considering the vehicle’s dynamics and a

ramp function for a steady steer maneuver. This acceleration is applied to the

momentum equation through defined functions in FLUENT software. For

the boundary of the fluid and air, the volume fraction equation for the

air-fluid boundary can be defined as (6.11):

∂f

∂t
+r � Vfð Þ¼ 0 (6.11)

Where f is the volume fraction. In the range of calculations, the value of f is
one for a cell that is entirely occupied by the fluid, and for a cell that is filled

with gas, the number is zero. When the cell contains a percentage that is

filled by fluid, the volume fraction is a number between zero and one concern-

ing the occupied volume. Although the fluid is two-phase, a series of continu-

ity equations and momentum equations is solved by the volume fraction

function [20]. The fluid properties such as density and viscosity for different
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phases in the Navier-Stokes equations are calculated by volume fraction

related to a cell. For example, for fluid on the boundary, the density or vis-

cosity of the fluid for each cell is calculated by Eq. (6.12):

∅¼ f2∅2 + 1� f2ð Þ∅1, ∅¼ ρor μð Þ (6.12)

where ∅1 and ∅2 are the density or viscosity of the fluid, and f2 is the vol-
ume fraction of the liquid phase in a cell. The model described in Eq. (6.12)

is implemented in the FLUENT software. The Navier-Stokes equations are

implemented using a finite volume method for discretizing and solving the

Navier-Stokes equations. Flow equations are solved based on pressure cor-

rection and the pressure-velocity coupling technique. Also, using the

pressure-implicit relation, the number of iterations for convergence, espe-

cially in transient flow, is greatly reduced. The first-order upwind method

is used for meshing the solution domain because the second-order method

will lead to slow convergence. The body force weighted method is then

applied for determining the large mass forces in two-phase flow and pressure

interpolation. In this case, the segregated algorithm has weak convergence

and the implicit body force method, which has good convergence, has to be

used for determining the pressure gradient and body force. The equations

are discretized by the first-order implicit method in the time domain. Also,

the nonslip condition is applied to the tanker’s surface. The geo-reconstruct

method has been used to calculate the surface flux between two fluids in the

VOF method. This method is employed for the interpolation of cells closed

to the contact surface of two phases. This method assumes that the contact

surface has a linear slope within each cell and uses this linear form to compute

fluid displacement from the cell level near the contact surface.

Because the FLUENT software uses gauge pressure, the pressure refer-

ence location is very important and must be fixed. During two-phase VOF,

the reference pressure must be placed in the lighter phase. Because large

amounts of force are calculated when the fluid moves violently and strikes

the reference point, it is considered the highest point in the tanker.

FLUENT software does not compute the displacement of the center of

gravity, fluid motion forces, and the resulting moments, so they have to

be calculated and used by programming in the software.
6.4.1.1 Calculating the fluid’s center of gravity, forces, and moments
As explained above, FLUENT software does not calculate the center of

gravity. It needs to compute these variables through programming capability
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embedded within the software. In Eqs. (6.13)–(6.15), equations are pre-

sented along the length, width, and height.

CGx ¼
X

Ω
XciAiX
Ω
Ai

(6.13)

CGy¼
X

Ω
YciAiX
Ω
Ai

(6.14)

CGz¼
X

Ω
ZciAiX
Ω
Ai

(6.15)

In the above equations CGx, CGy, and CGz are the coordinates of the
center of gravity of the fluid along the length, width, and height; Ω is the

space occupied by the fluid; Xci, Yci, and Zci are the coordinates of the center

of the ith cell; andAi is the volume of the ith cell. The applying forces on the

tanker’s body due to the presence and motion of a fluid are denoted with Fx,

Fy, and Fz, which will be calculated by integrating from the fluid pressure on

the tanker’s wet surface and the boundary of the middle plates. Eqs. (6.16)–
(6.18) indicate this.

Fx tð Þ¼
X
∂Ω

PiAxi

� �
(6.16)

Fy tð Þ¼
X
∂Ω

PiAyi

� �
(6.17)

Fz tð Þ¼
X
∂Ω

PiAzi

� �
(6.18)
where Pi is the pressure of the ith cell,Ai is the surface vector associated with
the ith surface cell, and ∂Ω is the domain of wet surfaces on the boundary
wall. Roll (Mx), pitch (My), and yaw (Mz) moments are obtained by inte-
grating the multiplication of the force and position vectors, shown in
Eqs. (6.19)–(6.21):

Mx tð Þ¼
X
∂Ω

FziYfi�
X
Ω

FyiZfi (6.19)

My tð Þ¼
X
∂Ω

FxiZfi�
X
Ω

FziXfi (6.20)

Mz tð Þ¼
X
∂Ω

FyiXfi�
X
Ω

FxiYfi (6.21)



224 Vehicle dynamics and control
where Xfi, Yfi, and Zfi are the coordinates of the center of the tank’s ith wet

wall, and Fxi, Fyi, and Fzi are the longitudinal, lateral, and vertical compo-

nents of the force, which is applied to the ith surface of the wet wall.
6.4.1.2 Type of mesh and number of cells
The mesh dimensions significantly influence the simulations carried out in

the software, so it is important to select the optimal number of cells with the

lowest effects on the results. Different types of meshes can be used in FLU-

ENT software, as shown in Fig. 6.3. The hexahedral and wedge shape cells

are commonly used in the present study. In Fig. 6.4, an example of the

meshed tanker is represented, and the number of cells is 92,040. To verify

the model’s sensitivity against the number of cells, we can use the ramp and

sinusoidal inputs, but considering the coupled model for the vehicle motion

and fluid dynamics, it is better to refine the mesh based on the real condi-

tions. Therefore, the method of coupling the fluid and vehicle dynamics is

explained first.
6.4.2 Coupling of the fluid motion model and vehicle dynamics
The coordinate center of (x,y,z)l is attached to the center of the tanker

according to Fig. 6.5, and the tanker is moving toward the center of G

with angular velocity Ω, and linear velocity U, relative to the coordinates
Fig. 6.3 Types of meshes that can be used in FLUENT software.



Fig. 6.4 An example of a hexahedral mesh.

Fig. 6.5 The schematic of the fixed and moving center of the coordinate for the tanker.
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of X, Y, Z. The lateral force is the sum of the gravitational force, the force

generated from rotation, and so on; this is defined by Eq. (6.22).

Fb¼ g�dU

dt
� dΩ

dt
� r�Rð Þ�2�Ω� d r�Rð Þ

dt
�Ω� Ω� r�Rð Þ½ �

(6.22)
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where r andR are the position vector of a fluid particle and the tanker’s cen-

ter relative to the fixed coordinate center. Eq. (6.22) is applied to calculate

the external forces applied to the fluid and substituted in the Navier-Stokes

equations.

The dynamics model of the vehicle is modeled in moving coordinates,

the center of which is located on the center of the mass for the tractor and

trailer, and the fluid model in the tanker’s coordinate (x,y,z)l, whose center

is located on the center of the tanker based on Fig. 6.6.

The model is first solved with the static conditions for the fluid. In the

first step, the steering input is applied to the model and the response of the

dynamics system of the vehicle in the coordinates (x,y,z)l is calculated.

Then, the dynamics system response from this coordinate system will be

transferred to the coordinate system (x,y,z)l. The external force applied

to the fluid elements can be calculated concerning the linear and rotational

acceleration terms. At this stage, knowing the body force, the fluid system

can be resolved alone. The outputs of the fluid model are the forces and

moments of the fluid applied on the tanker wall, which have been calculated

in the coordinate (x,y,z)l, and must be transferred to the coordinate system

of (x, y, z). Then these transferred forces and moments are used for calcu-

lating the dynamics model of the vehicle.

In each time step, two subsystems (vehicle dynamics system and fluid

dynamics) are solved simultaneously. The process described above will con-

tinue until the end of the analysis. For convergence behavior of subsystems,
Fig. 6.6 Arrangement of the coordinate systems.



Fig. 6.7 Simultaneous solving stages of the fluid dynamics and the vehicle model.
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small time-step values must be considered; for example, a fraction of a thou-

sandth of a second would be appropriate for such analyzes. Fig. 6.7 shows

the simultaneous solving process of the vehicle and fluid dynamic systems.
6.4.3 Model sensitivity to the number of cells
As noted, the type of mesh can influence the accuracy of the results. There-

fore, the mesh size must be chosen so that reducing the number of cells does

not significantly affect the results. In this chapter, twomodels have been pro-

posed. Model A with 213,210 hexahedral cells and model B with 92,040

cells are indicated in Fig. 6.8, where the size of the mesh and the number

of cells will have the most significant effect on the forces applied by the fluid.

As shown in Fig. 6.9, model B with larger cells did not significantly

change the lateral and vertical forces (Fy and Fz). A small difference is

observed in the Fx values, and because the values of the longitudinal force

(100N) are very small relative to the lateral force (about 0.2%), so the error

generated in the longitudinal direction is negligible.



Fig. 6.8 Schematic of meshes with hexahedral cells used for model A and model B.

Fig. 6.9 Comparison of the forces exposed on the tanker by moving fluid for two types
of the selected mesh.
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6.5 Numerical dynamics analysis of the articulated vehicle
carrying fluid

It was noted that the velocities of each particle are obtained from the angles,

velocity, and angular velocities derived from the vehicle dynamics model

and applied as input to the fluid model. Concerning these variables, the force

and moment of the fluid are calculated and applied to the vehicle dynamics.

This cycle is repeated each time step. The vehicle dynamics model’s input is

the steering angle, which can be one of the two common types of steady

steer and lane-change maneuvers.

In the case of vehicle dynamics, roll angles, yaw rates, the acceleration of

the center of mass, and the tractor and trailer’s undertires, forces are plotted

and investigated at different times. Due to fluid motion, the position of the

center of gravity of fluid along the longitudinal and lateral direction as well as

forces applied on the tanker’s hull due to fluid presence and resulting

moments are investigated. The fluid inside the tanker is water with a density

of 998 kg/m3.
6.5.1 Fixed input–steady steer
The five-axis vehicle’s response behavior is first investigated at a constant

input, and a speed of 60 km/h as shown in Fig. 6.10.

Fig. 6.11 displays the condition of the free surface of the fluid in the mid-

dle of the fluid-carrying tanker at times of 1 and 2.5 s. In this figure, the fill

percentage is 50%, and the steady steer maneuver is considered for the
Fig. 6.10 Steering input (steady steer and lane change).
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Fig. 6.11 The free surface of the fluid at the time of 1 and 2.5 s at x ¼ 0.
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vehicle. As can be seen, the slope of the fluid’s free surface is very low in the

first second and increases over time, which will have significant values at

2.5 s. Fig. 6.12 shows the dynamics behavior of the fluid-carrying vehicle

and the vehicle with a rigid load under constant input. This figure displays

the main responses of the tractor and the trailer considering the variation of

the roll angle φ and the yaw rate angle _ψ .
The analysis also has been carried out for the equivalent rigid load, and

the response is compared to the fluid load. As a result, the roll angle of the

fluid-carrying vehicle is significantly larger than that of a rigid load carrier.

Compared with the rigid load, the roll angle of the fluid-carrying tanker is

65% higher for the steady-state response condition and 70% higher for the

maximum response condition. The fluid-carrying tractor and trailer have an

oscillating response compared to the vehicle response with a rigid load. In

the steady steer maneuver, at the end of long periods, the fluid becomes sta-

ble in its position, causing a constant roll angle relative to the rigid load. The

yaw rate value is slightly higher than that of the rigid load, but it will even-

tually reach the value obtained for the rigid load. In the fluid-carrying vehi-

cle, the yaw angle behavior similar to the roll angle has some oscillations

compared to that of the vehicle with a rigid load.

Fig. 6.13 shows the motions of the center of mass along the longitudinal

direction CGx and the lateral direction CGy. As expected, the variation

of the coordinates of the center of mass is greater in the lateral than the



Fig. 6.12 The transient response of the tractor and trailer.

Fig. 6.13 Displacement of the center of gravity of the fluid (longitudinal and transverse)
inside the tanker.
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longitudinal direction, and the oscillatory behavior of the coordinate center

is always expected. The low frequency of motion of the coordinate center

along the longitudinal direction is due to the length of the pipe’s length to its

diameter. This is because surface waves require more time to go through the

tanker’s length compared to the width or the same diameter of the tanker.

However, the vehicle dynamics and the steering input dynamics also affect

the motion frequency of the center of gravity.

Fig. 6.14 shows the resulting forces of the fluid applied to the tanker’s

body. The total fluid force on the tanker’s body is obtained from the aggre-

gation of pressure product at the surface for each cell of the tanker’s body.

Because the lateral direction’s acceleration component is greater than the

longitudinal one, the lateral force is also greater than the longitudinal

one. The amount of force in the lateral direction has some fluctuations,
Fig. 6.14 The forces applied to the tanker’s body due to the presence of fluid.



Fig. 6.15 Accelerations of the center of gravity for the trailer and tractor.
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but its value is negative during the analysis. The force in the vertical direc-

tion Fz is affected by the force of gravity and will oscillate around the weight.

Fig. 6.15 shows the center of gravity’s accelerations for the tractor and

trailer, where the solid lines show the fluid-carrying vehicle and the dashed

line represents the vehicle carrying a rigid load. The acceleration of the cen-

ter of gravity for the trailer is a little more than that of the tractor, and the

maximum value of this acceleration for the fluid-carrying vehicle is greater

than that of the vehicle carrying a rigid load. The acceleration response of the

fluid-carrying vehicle has an oscillatory behavior around the vehicle’s accel-

eration response carrying a rigid load. These oscillations will be eliminated

by time, and in the steady state, its value reaches the acceleration of the vehi-

cle with the rigid load.

Vehicle rollover behavior is interpreted in terms of dynamic load factor.

The dynamic load factor is defined from the vertical load ratio on the right or

the left to the static load of that axis corresponding to (6.23).

DLFr ¼ 2Fzr

Fzr +Fzl

, DLFl ¼ 2Fzl

Fzr +Fzl
(6.23)

Fzr and Fzl are normal loads applied perpendicular to the right and left wheel
of an axis. During a steady steer maneuver, DLF is one and may reach zero

when the tire loses contact with the ground. In this case, the load dynamic

factor for the other wheel will have a maximum value of two. The last axis

is always prone to rollover. The dynamics stability of the vehicle is generally

defined with the term dynamics load transfer ratio. This ratio is calculated

from the sum of the difference between the loads of the right and left wheels

to the total static load of all axes, according to (6.24).



Fig. 6.16 Dynamic load factor and load transfer ratio for the last axis.
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LTR¼
XN
j¼1

Fzrj�Fzlj
�� ��
Fzrj +Fzlj

(6.24)

In this equation, N is the number of axes. For vehicles that are independent
of the roll, LTR is calculated for independent units. The front axis is gen-

erally excluded because of its high roll resistance. LTR’s value is zero initially

and reaches 1 when the wheel is separated from the Earth’s surface in the

road turning.

Fig. 6.16 shows the dynamics load factor for the last axis and the load

transfer ratio for the fluid load and the equivalent rigid load. It is shown that

the DLF for the fluid-carrying vehicle is less than that of the vehicle with a

rigid load (45% lower at maximum values and 30% lower in steady response

mode). This figure also shows that the possibility of rollover for fluid-

carrying vehicles is higher than vehicles with a rigid load.
6.6 Effects of fill percentage and viscosity on the dynamics
of fluid and vehicle

6.6.1 Fill percentage effects
The percentage of the tanker’s filled volume affects the fluid inertia, the

height of the center of gravity, and the potential of mass displacement that

causes the creation of destructive forces and moments. Figs. 6.17 and 6.18

show that the roll angle changes are presented for three fill percentages of

25%, 50%, and 75% for the steady steer and lane-change maneuvers. These

figures reflect that an increase in fill percentage will increase the roll angle of



Fig. 6.17 Dynamic behavior of the fluid-carrying vehicle with steady steer input.

Fig. 6.18 Dynamic behavior of the fluid-carrying vehicle with the lane-change
maneuver.
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the tractor and trailer. As can be seen, changes in roll angle in the second half

of the lane change maneuver are more than the first half of the maneuver due

to fluid motion and its effect on vehicle dynamics. Because of the constant

displacement of the fluid’s center of coordinate in the steady steer maneuver-

ing, the roll angle shows a shift relative to zero value. But in the lane-change

maneuver, because the center of gravity is returned to the initial state, the

center of the mass coordinate is also returned to the initial state (zero).

Figs. 6.19 and 6.20 show the effect of fluid motion on the vehicle

dynamics and its stability for the three values of fill percentage and two

intended maneuvers. The dynamic load factor is displayed in these figures.

The figures show that an increase in the fill percentage leads to a reduction in



Fig. 6.19 Dynamic load factor (DLF) and load transfer ratio (LTR) for the steady steer
maneuver.

Fig. 6.20 Dynamic load factor (DLF) and load transfer ratio (LTR) for the lane-change
maneuver.
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fluid carrier stability, which does not depend on maneuver type. Fig. 6.20

shows that the worst stability condition occurs for the left wheel and in the

second maximum of DLF.
6.6.2 Effects of viscosity
In order to investigate the net effect of viscosity on vehicle dynamics, an

equivalent fluid has been introduced so that this fluid must have water prop-

erties, with the viscosity of 1 kg/m s, which is almost a thousand times the

viscosity of the water and close to the oil viscosity. In Figs. 6.21 and 6.22, the



Fig. 6.21 The transient response of the roll angle for the trailer.

Fig. 6.22 Dynamic load factor (DLF).
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fill percentage is considered to be 50%, and the steering input is a steady steer

by a constant radius. This indicates that the effects of the viscosity on the roll

angle of the trailer will be insignificant. Fig. 6.22 shows the dynamic load

factor for the water and the equivalent fluid, which indicates that, despite

it being imagined that viscosity can play a significant role in the vehicle

dynamics, its effects on vehicle dynamics will be insignificant.
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6.7 Effects of the tanker’s geometrical shape on the roll
response of an articulated vehicle

The force applied from fluid motion depends on the boundary constraints

created by the tanker’s geometrical shape. The geometrical shape of the

cross-sectional area and the tanker’s length will affect the fluid motion

and the stability of the fluid-carrying vehicle. The amount of force applied

to a tanker vehicle is dependent on the shape and fill percentage of the

tanker, vehicle dynamics, and maneuver type. Three types of tankers–
circular cross-section, modified ellipsoid, and triangular with round

corners–are shown in Fig. 6.23. The circular cross-section with a radius

of 1.015 m and themodified ellipsoid cross-section with the following prop-

erties are the most common form of the cross-sectional area for fluid-

carrying tankers:

R1 ¼R2 ¼ 1:78,R3¼ 0:39,H1¼ 2:44m,H2 ¼ 1:65m, c:g:height¼ 0:825m

From the perspective of roll stability, the modified ellipsoid shape has a
low-level center of gravity but has more load transfer in the partially filled

state. The cross-section with the circular shape has less load transfer concern-

ing the lowwidth, but the height of its center of gravity is considerably more

than the ellipsoid one.

The tanker with a triangular cross-sectional area with the following

properties

H1¼ 2:15m,H2¼ 1:88m, c:g:height¼ 0:84m

has a relatively low-level center of gravity and a lower load transfer in the
partially filled state [21]. This cross-sectional area is called the optimal

cross-section, and in the following, the lateral dynamics and stability of

the mentioned cross-sections are investigated using the coupled model of

a vehicle with a three-dimensional model of fluid.
Fig. 6.23 The cross-section of the tankers used in the investigations. (A) circular,
(B) modified oval, (C) Reuleaux triangle.



Table 6.1 The number of elements considered for different tanker shapes.

Shape of tanker Cylindrical Modified oval OPT

Number of cells 92,040 80,910 86,800

Fig. 6.24 Longitudinal and lateral displacement of the center of gravity for the fluid at
fill percentages of A: 30%, B: 50%, and C: 70%.
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FLUENT software is used to model the fluid behavior. Tomodel the joint

boundary of the fluid and the air, the VOF method is used. Meshes with

hexahedral cells are used for numerical analysis, and Table 6.1 demonstrates

the number of elements used for different tankers.

The simulation of the dynamic behavior of the vehicle is done with fill

percentages of 30, 50, and 70. The fluid inside the tanker is also water. The

results for the displacement of the center of gravity of the fluid in Fig. 6.24

indicate thatCGxwill decrease with an increase in the fill percentage regard-

less of the cross-sectional area of the tankers. In all three cases, the longitu-

dinal displacement of the center of gravity related to the modified ellipsoid

cross-sectional area is higher than that of other tankers. An investigation of

the displacement of the center of gravity in the lateral direction also has

impressive results. For all three fill percentages, the center of mass’s lateral

displacement for the fluid has the maximum value for the modified ellipsoid

cross-section. For fill percentages of 50% and 70%, the displacement of the

center of mass in the lateral direction is very close for tankers of both circular

and optimal cross-sections, so the load transfer is expected to be in good

agreement for both of them. In the case of a 30% fill percentage, the tanker

with the cylindrical cross-sectional area will have the minimum displace-

ment of the center of gravity, and as a result, the minimum load transfer.



Fig. 6.25 Transient response of the fluid-carrying vehicle for a 30% fill percentage.
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In Figs. 6.25–6.27, the roll angle, lateral acceleration, yaw rate, and load

transfer ratio of the trailer are given. It can be observed that the vehicle

equipped with the tanker of the modified ellipsoid cross-section has

a higher roll angle than the tankers with the circular and optimal

cross-sectional areas. This is due to the greater load transfer that arises from

a broader cross-section. The tanker’s roll angle with the optimal cross-

sectional area at a 30% fill percentage is slightly higher than that of the cir-

cular cross-sectional area. But at 50% and 70% fill percentages, the roll

angle of the optimal cross-sectional area is less than the circular one. At

these fill percentages, the lateral load transfer is the same for both circular

and optimal cross-sectional areas. This can be seen from the diagram for the

center of coordinate motion in the lateral direction. Therefore, the height

of the center of gravity will play a significant role in the response of the roll

angle, and because the height of the center of gravity for the optimal cross-

section is lower than the circular one, so its roll angle response has also

lower values.

Accelerations and yaw angle rates indicate that the cross-sectional

area’s effects on the general response are small and only affect the

dynamics cases (abrupt changes of steering input). The tanker with



Fig. 6.26 Transient response of the fluid-carrying vehicle for a 50% fill percentage.

Fig. 6.27 Transient response of the fluid-carrying vehicle for a 70% fill percentage.
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Fig. 6.28 Moments arose from the fluid flow and motion, in 30%, 50%, and 70% fill
percentages, respectively.
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the modified ellipsoid cross-sectional area has the greatest variation com-

pared to the other cross-sectional areas. In Fig. 6.28, the forces and

moments of fluid are drawn around the roll axis of the trailer, where

the effects of load transfer as well as the height of the center of gravity

can be observed at the same time. In all the fill percentages, the moments

of the modified ellipsoid cross-section are higher than the rest of the

cases. Also, it results in more fluctuating behavior compared to other

shapes of the cross-sectional area. This indicates that the load transfer

due to a wide cross-sectional area is the main factor that influences

the amount of moment and, thus, the dynamics of the vehicle. For a

30% fill percentage, the amount of moment corresponding to the circu-

lar cross-sectional area is slightly less than that of the optimal one, but at

other fill percentages, the optimal one has the lowest moment.
6.8 Effects of holder plates on the vehicle dynamics
of and fluid motion inside the tanker

Different methods have been proposed to reduce fluid motion and, conse-

quently, the fluid motion force in which the holder plates as a tool can

improve the dynamic behavior of the vehicle [3]. Although the installation

of holder plates has positive effects on vehicle dynamics, it will also introduce

limitations such as cleaning the tanker, increasing its weight, and stress con-

centration at the connection points of the holder plates with the tanker. The

results of the investigations [22–24] represent the fact that baffle plates can be
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an essential factor in limiting fluid motion and, consequently, fluid forces. As

mentioned earlier, the fluid motion force is directly related to the tanker’s

geometry, middle plate layout, fill percentage, vehicle dynamics, and type

of maneuvers. During a given maneuver, the fluid motion causes the forces

and moments generated on the tanker’s body, which increases the probabil-

ity of rollover for the fluid-carrying vehicle. To overcome this challenge,

baffle plates are proposed to reduce the likelihood of rollover while reducing

fluid motion forces over the tanker’s body.

A cylindrical tanker with a radius of 1.015 m and a length of 12.04 m

with three arrangements of baffle plates (a ¼ b ¼ 1 m, c ¼ 0.4 m) is consid-

ered, as shown in Fig. 6.29. In these arrangements, baffle plates are extended

along the length of the tanker.
6.8.1 Lane change maneuver
In this section, an analysis has been carried out for a fill percentage of 50%

and three arrangements of baffle plates. The results are compared with cor-

responding values for the tanker without an inner plate to determine the

effect of the midplate arrangement on the fluid-carrying vehicle dynamics.

The effect of fluid motion on the vehicle’s lateral dynamics and the stability

of the fluid-carrying vehicle can be considered from three perspectives. The

first is the mass force resulting from the cumulative motion of the fluid that

creates a moment on the body, which is a function of fluid type, the shape of

the tanker, and the fill percentage. The second is due to the displacement of

the fluid’s center of gravity inside the tanker, which will also generate

moments. The third will be related to the equality of the natural frequency

of fluid motion with the vehicle frequency or the lateral frequency of the

vehicle [25].
a

b

c
Case A Case B Case C

Fig. 6.29 Three arrangements of baffle plates inside the tanker.
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6.8.2 Dynamics of vehicle and fluid at 50% fill percentage
Fig. 6.30 shows moments on the tanker’s body around the trailer’s roll axis

for the three arrangements of baffle plates and a 50% fill percentage. This

figure shows the displacement of the fluid and also the effect of the center

of gravity displacement. As seen in Fig. 6.30, the center of gravity is sensitive

to the middle plate design. In the case of A, the displacement value at the

maximum value (t ¼ 2, 4 s) is less than the rest of the cases. As a result, it

is possible to compare the results of the displacement in figures. In this case

(case A), due to the limitation of the displacement of the center of mass, the

load transfer is lower and, therefore, better lateral dynamics may be com-

pared to any other cases. Fig. 6.31 shows that case A has the lowest moment

around the roll axis compared to other cases, indicating the efficiency of this

arrangement in limiting fluid motion as well as the scattering of energy.

In the case of C, the maximum lateral displacement of the center of mass

of the fluid in the first half of the maneuver is close to the tanker’s behavior

without the middle plate, but in the second part of the maneuver, the peak

value is reduced and approaches case A. The same results can also be

observed for the resulting moments. This reduction of the moment in the

second half of the maneuver can also be interpreted in terms of fluid motion

of Fig. 6.33. In the first half of the maneuver (t ¼ 2 s), the arrangement of
Fig. 6.30 Lateral motion of the center of gravity at a 50% fill percentage (lane-change
maneuver).



Fig. 6.31 The resulting moment around the roll axis at a 50% fill percentage (lane-
change maneuver).
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the baffle plates did not have a significant effect on the fluid motion, but in

the second half of the maneuver (t ¼ 4 s), the fluid energy decreased, and the

fluid motion was damped because of collision with these plates.

In the case of B, the maximum lateral displacement of the center of mass

is higher than the tanker without holder plates, and consequently, higher

values of moments are expected. However, the shape of moments in

Fig. 6.32 shows another thing. This means that although this arrangement

failed to limit the fluid motion, it could reduce fluid energy through changes

in the fluid regime and limit surface waves.

The roll angle and yaw rate can show the effects of fluid motion on the

vehicle dynamics. Fig. 6.34 shows the results of the roll angle of the trailer for

a fill percentage of 50%. The highest and lowest values of the roll angle are

associated with the tanker without plates and the case A arrangement.

Fig. 6.35 shows the dynamic effects of different arrangements on the rate

of yaw angle changes at a 50% fill percentage. The lateral load transfer ratio

(LTR) for the 50% fill percentage is shown in Fig. 6.36. The stability of the

vehicle has been weakened by the increase in the tanker’s fill percentage.

This figure shows that the worst stability condition occurs in the second

half of the maneuver. In this fill percentage, case A has the lowest LTR



Fig. 6.32 Fluid motion in the tanker without baffle plates (0–5.5 s with a 0.5 s interval
and a lane-change maneuver).

Fig. 6.33 Fluid motion in the tanker with the baffle plates case A (0–5.5 s with a 0.5 s
interval and a lane-change maneuver).
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Fig. 6.34 Trailer roll angle of the trailer at a 50% fill percentage (lane-changemaneuver).

Fig. 6.35 Trailer yaw angle at a 50% fill percentage (lane-change maneuver).
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(better stability) in the maximum values, and the response is nonfluctuating

after the end of the maneuver.

In the case of C, the LTR value in the first half of the maneuver is as large

as the tanker without baffle plates, but its value is reduced in the second half

of the maneuver and approaches case A (optimum one). The arrangement



Fig. 6.36 The load transfer ratio at a 50% fill percentage (lane-change maneuver).
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B of baffle plates in this fill percentage improves the dynamics behavior of

the vehicle but is not as good as case A. At the end of the lane-change

maneuver, the diagram of the load transfer ratio for case B and the tanker

without baffle plates shows an oscillatory behavior compared to other

arrangements. It should be taken into account that the fill percentage has

a significant effect on fluid and vehicle behavior. For example, according

to Fig. 6.37, the baffle plates have no significant effect on the vehicle dynam-

ics at a fill percentage of 75% compared to a fill percentage of 50%.
6.9 Improving the design of baffle plates

The three patterns presented for the middle plates have different applications

concerning the type of maneuver and the fill percentage. For example, the

design of A at a 50% fill percentage and both of the steering inputs improve

the stability, but as soon as the fill percentage increases to 75%, its efficiency

is significantly reduced. Design B has improved the vehicle’s stability with

the steering input of the lane-change in 50% and 70% fill percentages, but

the design has no significant improvement in the stability in the steady steer

maneuver and a 50% fill percentage. Regarding design C, with the lane-

change input and a 50% fill percentage, considerable improvement is

achieved in stability, especially in the second half of the maneuver. In the



Fig. 6.37 The roll angle of the trailer at a 75% fill percentage (lane-change maneuver).
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steady steer maneuver for 50% and 75% fill percentages, the effect on stability

is low and may be negligible. Therefore, it is important to develop patterns

that are guaranteed in different conditions.
6.9.1 Improved design A
As indicated, case A loses its effectiveness severely by increasing the fill per-

centage. In order to address this problem, it is proposed to increase the

height of the median plate. Then, increase the middle plate’s height to

the tanker’s end so that the tanker is divided into two equal parts. We call

this EA Case. By drawing the load transfer ratio for two values of fill per-

centage and two maneuvers, we examine the new case’s effectiveness and

compare the obtained results with the results of case A and the tanker with-

out middle plates. In a lane-change maneuver and at a 50% fill percentage,

case A led to the dynamic stability of the vehicle, but it is noticed in Fig. 6.38

that an improved version has better performance than case A. Case A shows

a 30% improvement in stability compared to the tanker without baffle

plates while the improvement in case EA is about 37%. In the EA, the

volume of baffle plates is greater than case A (by almost two times).

In Fig. 6.39, the variation of the load transfer ratio is shown for a 75% fill

percentage and the lane-change maneuver. As can be seen, case A has lost its
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Fig. 6.38 Improved arrangements of the baffle plates inside the tanker.

Fig. 6.39 The load transfer ratio for a 50% fill percentage (lane-change maneuver).
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effectiveness completely while case EA maintains its effectiveness and

improves stability by about 25% relative to the tanker without baffle plates.

Fig. 6.40 shows the load transfer ratio for a 50% fill percentage and the steady

steer maneuver. As shown in this figure, case A shows a 15% improvement in

the maximum value while in the steady state, the scheme does not lead to

any improvement. Case EA shows a 30% improvement in the maximum

response, and in the steady state, the model shows a 20% improvement in

the load transfer ratio compared to the tanker without baffle plates. This

analysis means that the EA has improved the stability of the vehicle in the

dynamic state and also improves the stability of the articulated vehicle in



Fig. 6.40 The load transfer ratio for a 75% fill percentage (lane-change maneuver).

Fig. 6.41 The load transfer ratio for a 50% fill percentage (steady steer maneuver).

251Dynamics and stability of an articulated vehicle carrying fluid
the steady state. Fig. 6.41 depicts the load transfer ratio for the steady steer

maneuver at a 75% fill percentage. Case A loses its effectiveness with an

increase in the fill percentage, and the EA responds to a 17% improvement

in terms of maximum load transfer and a 10% improvement in steady-state

response (Fig. 6.42).



Fig. 6.42 The load transfer ratio for a 75% fill percentage (steady steer maneuver).
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6.9.2 Combinations of patterns to form the optimum shape
of baffle plates
6.9.2.1 Combination of cases A and C
We call the initially combined design AC1. In this scheme, case A is mod-

ified and combinedwith case C. The size and shape of the layout of the plates

are shown in Fig. 6.38 (f ¼ 1.2 m, e ¼ 0.4 m). Figs. 6.43–6.46 show the load

transfer ratio for the modified design and compare it with designs A and C,

and a tanker without baffle plates at 50% and 75% fill percentages for steady

steer and lane-change maneuvers. The modified design is better than cases of

A and C at a 50% fill percentage. This design shows a 45% improvement in

the lane-change maneuver and a 28% improvement in the steady steer

maneuver at a 50% fill percentage. For a 75% fill percentage, the lane-change

maneuver shows only a 5% improvement in stability. In the same percent-

age, it does not provide improvement in stability for the steady steer

steering input.

According to the obtained results, although the AC1 design created an

appropriate improvement for a 50% fill percentage, it will still lack the nec-

essary effect for the high fill percentage values. Therefore, we introduce our

proposed AC2 design. It is the same as the AC1 scheme, with the elevation

of the lateral midplates increased and placed at a height of 50% of the tanker

(g ¼ 1.425 m). In order to improve the performance of the baffle plates, this

design has been proposed to fill percentages of more than 50%. The variation



Fig. 6.44 The load transfer ratio for a 75% fill percentage (lane-change maneuver).

Fig. 6.43 The load transfer ratio for a 50% fill percentage (lane-change maneuver).
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of load transfer ratio of the tanker equipped with baffle plates of design AC2

is plotted in Figs. 6.47–6.50.
As shown in Fig. 6.47, an increase in the height of the lateral plates causes

a loss in stability relative to the AC1 design at a 50% fill percentage. How-

ever, by increasing the fill percentage, as shown in Fig. 6.48, an increase of



Fig. 6.46 The load transfer ratio for a 75% fill percentage (steady steer maneuver).

Fig. 6.45 The load transfer ratio for a 50% fill percentage (steady steer maneuver).
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18% in improvement is observed for the AC2 scheme. In the AC1 design,

the improvement is about 5%. In the case of a steady steer input at a 50% fill

percentage, the AC1 design has a better performance than the AC2, and in a

75% fill percentage, both are ineffective. In other words, the improved

designs of AC1 and AC2 in maneuvers with a dynamic nature have their

efficiency and are ineffective in transporting the load caused by a steady-state

motion.



Fig. 6.47 The load transfer ratio for a 50% fill percentage (lane-change maneuver).

Fig. 6.48 The load transfer ratio for a 75% fill percentage (lane-change maneuver).
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6.9.2.2 Combination of cases B and C
In the initial designs, cases A and B are similar, except that in B, the middle

plate is placed with a distance from the tanker’s floor, allowing it to move the

fluid from two parts between the middle plate and the tanker’s body. There-

fore, this capability is considered an advantage, but on the other hand, the

distance has to be chosen to allow the displacement of the fluid and also to



Fig. 6.50 The load transfer ratio for a 75% fill percentage (steady steer maneuver).

Fig. 6.49 The load transfer ratio for a 50% fill percentage (steady steer maneuver).
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provide stability in different maneuvers. Therefore, in this section, introduc-

ing BC, a combination of designs B and C, also changes the middle plate

distance from the bottom (three BC1, BC2, and BC3 designs) to investigate

the effect of this variation. According to the previous section, we consider

the elevation of the lateral midplates similar to the AC2 scheme at a 75% fill



Fig. 6.51 The load transfer ratio for 50% and 75% fill percentages (lane-change
maneuver).
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percentage. We also consider the elevation of the median baffle plate to be

higher than the fluid height at a 75% fill percentage (r ¼ 1.45 m, p ¼ 0.3 m).

The median baffle plate spacings to the bottom of the tanker in the BC1,

BC2, and BC3 designs are q ¼ 10 cm, q ¼ 5 cm, and q ¼ 2.5 cm,

respectively.

In Fig. 6.51, the load transfer ratio for the lane-change maneuver is plot-

ted for two fill percentages of 50% and 75% and three designs of BC1, BC2,

and BC3. It is observed for a 50% fill percentage that by reducing the median

plate distance to the tanker’s floor from 10 cm to 5 cm, stability in this

maneuver has improved, but reducing this distance to 2.5 cm has no signif-

icant effect on stability. The issue also poses approximately a 75% fill per-

centage. In other words, a 5 cm distance from the tanker’s floor is

suitable for this maneuver, and the reductionwill not have a significant effect

on stability. The differences in the maximum value of the load transfer ratio

(t ¼ 5 s) between the BC1, BC2, and BC3 schemes are evident in Fig. 6.52,

which is plotted for a 50% fill percentage. In BC1, because the median plate

distance to the tanker’s floor is 10 cm, the fluid motion between the two

parts of the tanker is available, reducing this distance to 5 cm and 2.5 cm,

thus decreasing the load transfer ratio and ultimately, there will be no stabil-

ity at the time of 5.5 s. When the fluid provides a second, the load transfer

ratio is equal to each other in different designs, indicating when the fluid

needs to move from one part to another and reach the steady state. In the

steady steer maneuver and for a 75% fill percentage, different BC schemes

have similar performances and lead to a little improvement in the stability.



Fig. 6.52 The load transfer ratio for 50% and 75% fill percentages (steady steer
maneuver).
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According to all examinations, BC3 and EA can provide better perfor-

mance than other cases. Although EA has a good performance in providing

stability, its implementation is associated with some problems. For example,

two entirely distinct parts do not allow fluid to transfer from one part to

another, and it is also challenging to clean them. Therefore, the designs

can be considered as a combination of the BC design or by changing the

EA design to an appropriate design.
6.10 Conclusion

In this chapter, an accurate 3D fluid model has been created in FLUENT

software for analysis in various situations. The potential of the 3D fluid

model has been used, depending on the type of maneuvers applied. Because

the shape of the tanker affects the vehicle dynamics and the fluid dynamics,

the effect of the shape of the tanker cross-section on the vehicle lateral

dynamics has been analyzed simultaneously with the exact 3D model.

Besides, the three shapes of the middle plates and their comparison in dif-

ferent maneuvers with the exact model have been studied. Then, by com-

bining these three shapes, a new design has been extracted and its efficiency

has been examined.
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CHAPTER 7

Adaptive robust controller in
lateral dynamics of an articulated
vehicle carrying liquid
7.1 Introduction

In its most common form, a heavy liquid-carrying articulated vehicle con-

sists of a tractor unit and a semitrailer unit containing the liquid-carrying

tanker, which is connected via mechanical couplings. The tractor unit is

in the front of the articulated vehicle, usually has a diesel engine and several

axles, and is guided by the driver. Despite the development of rail, aerial, and

marine transportation, good transit using road transportation is of utmost

significance due to some countries’ strategic position. Therefore, a large vol-

ume of goods is transported using heavy articulated vehicles. For this reason,

the safety of these vehicles on roads is very important because of their large

weight. Among items carried by liquid-carrying heavy articulated vehicles

are water, gasoline, diesel, and oil. Financial saving is an important principle

in trade. Two costly elements in good transport are labor (specifically the

driver) and vehicle fuel. Undoubtedly, the larger the vehicle is, the larger

the load transported by one driver and less fuel consumption due to one

power train. According to research conducted in Sweden, using heavy arti-

culated vehicles has reduced fuel costs by 15%, labor costs by 23%, and trips

by 32% [1]. According to the results of research conducted in Canada, em-

ploying articulated vehicles has decreased the transportation costs by 29%,

traveled distance by 44%, fuel consumption by 32%, and road damage by

40% [2]. Enlarging the vehicle means increasing its length. This imposes

many performance limitations on rigid (nonarticulated) vehicles.

For example, when turning at low velocities, the unsteerable rear axle

wheels cannot follow the front axle wheels’ path and goes off-track toward

the inside of the bend. It can be proven using geometrical principles that the

rear axles’ off-tracking is proportional to the vehicle length square. This is

considered a significant performance limitation. However, by configuring a

vehicle as a combination of short parts connected via joints, it is possible to
261
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Fig. 7.1 Reduction of off-tracking by making the vehicle articulated.
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achieve a long vehicle with acceptable maneuverability and significantly

reduce off-tracking. The mentioned points are schematically shown in

Fig. 7.1.

It must be noted that by configuring the vehicle as articulated, increasing

the trailer units’ acceleration relative to the tractor unit is possible. The per-

formance criterion representing this phenomenon is the rearward amplifica-

tion, which is denoted by RA and shows the maximum lateral acceleration

of the last trailer unit to the tractor unit’s maximum lateral acceleration.

Despite the advantages mentioned for heavy articulated vehicles, these

vehicles are considered significant causes of road accidents. According to sta-

tistical studies performed in the United States and Canada, the number of

road accidents involving these vehicles is twice that involving passenger

vehicles. The main reason is lateral instability during lateral maneuvers such

as lane changes, braking during turns, and performing U-turns. This issue

bears more significance for liquid-carrying heavy articulated vehicles due

to their lower lateral stability due to an interaction between the vehicle

and the liquid. The instability of these vehicles is directly attributed to
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the liquid forces and moments resulting from lateral maneuvers. In a statis-

tical study conducted in the United States between 1984 and 2004, the most

important factor in accidents was a rollover, claiming about 41.4% of

casualties [3]. It has been reported by the US Department of Transportation

that every year, 1300 rollover incidents involving liquid-carrying tankers

occur, 56% of which happen on straight roads. Furthermore, more than

31% of heavy vehicle rollovers involve liquid-carrying vehicles. In 86%

of the incidents involving these vehicles, which are mostly used to carry haz-

ardous materials, the liquid spills, leading to fire and explosions in 50% of

these cases. The economic loss reported for these vehicles’ rollovers is esti-

mated to be about $150 million and increases annually. In Canada, this loss

has been estimated to be more than $84 million over 8 years. Numerous

studies on liquid-carrying vehicles have been carried out so far in North

America due to this issue’s importance.

7.1.1 Performance criteria of an articulated vehicle
A set of performance standards has been codified to evaluate the perfor-

mance of heavy vehicles in various fields. These standards can be used to

assess heavy vehicle performance and the control systems utilized in these

vehicles. A complete collection of these performance standards, named

performance-based standards (PBS), has been compiled by Australia’s

National Road Transport Commission. This collection consists of 16 stan-

dards. This standard considers the longitudinal, lateral, and ride performance

of heavy vehicles. The goal of studying these criteria is to seek ideas for

identifying the control variables in articulated vehicles.

7.1.1.1 Handling quality
A vehiclemust be sufficiently controllable and stable andmust acceptably trace

the path desired by the driver in response to the steering input. The maneu-

verability quality, expressed as oversteer and understeer, indicates the driver’s

feeling of controlling the vehicle steering and changes considerably with

lateral acceleration. In some cases, the changes are so intense that controlling

the vehicle becomes problematic, and even instability might occur.

7.1.1.2 Lateral stability during braking
A vehicle’s ability to maintain the stability, handling, and motion between

lines in bends during intense braking is a key factor in road transportation.

Vehicle rollover in a bend is highly risky and might result in serious harm.

Intense braking in a road bend is a challenging maneuver that subjects the

vehicle to a complicated combination of longitudinal and lateral
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accelerations and seriously threatens travel safety. For this reason, PBS has

specified certain conditions for braking, as follows:

▪ When a braking force with�0.45 g is applied to a heavy vehicle moving

at 65 [km/h] on a dry road, none of the front wheels must lock, and the

vehicle must maintain itself within the track.

▪ A heavy vehicle moving in bending paths must be able to maintain itself

within the track.

7.1.1.3 Steady-state off-tracking
This criterion states that the articulatedvehiclemust requireminimal road space

during steady-state turning inacurvedpath.Whena longvehicle turns slowlyat

an intersection, thevehicle’s endwill travel a path inside thepath traveledby the

front vehicle. This phenomenon is known as steady-state off-tracking. Large

off-tracking is undesirable because the vehicle sweeps a wider path and, hence,

occupies a larger spaceon the road.Thismaycause thevehicle todivertoff-road

or toward the opposite lane, colliding with parked vehicles, pedestrians, and

roadsideobjects.As an example, the articulated vehicle inFig. 7.2 slowly travels

along a 90 degree bend. The maximum swept width (SPWmax) in this bend is

measured, and the turning performance of the articulated vehicle at low speeds

is measured accordingly [4].

7.1.1.4 Transient off-tracking
As shown in Fig. 7.2, the lateral displacement of the end of the semitrailer

unit of the articulated vehicle has an overshoot relative to the path traveled
Fig. 7.2 Performance evaluation of an articulated vehicle in the steady-state turning
test.
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by the tractor unit’s front axle. This parameter is known as the trailer swing.

The rate of accidents increases with an increase in this parameter [4].
7.1.1.5 Rearward amplification
This quantity represents the connected trailers’ tendency to gain an acceler-

ation larger than that of the tractor unit. This phenomenon is dangerous in

lane-change maneuvers and results in vehicle rollover. A lower RA value

represents a better performance of the articulated vehicle, and higher RA

values indicate a higher rollover probability. RA is improved by using fewer

joints and a smaller distance between the tractor’s mass center and the joint

point. According to PBS, this quantity is defined as the ratio of the maxi-

mum lateral acceleration of the mass center of the last unit of the articulated

vehicle to the lateral acceleration at the center of the steerable axle of the

tractor unit [5].
7.1.1.6 Static rollover threshold
The main objective of this quantity is to minimize the probability of vehicle

rollover during turns.When the vehicle moves along a curved path, it is sub-

jected to a centrifugal force proportional to the lateral acceleration. Rollover

occurs when the lateral acceleration exceeds the stability threshold of the

vehicle.Thebasic criterion for rollover stability is the static rollover threshold,

which is usually expressed as acceleration per gravity unit. This quantity

represents the acceleration a vehicle can have while turning with its wheels

maintaining contact with the ground. Rollover stability is sensitive to the

vehicle width ratio to the height of its center of gravity: rollover stability

increases with an increase in this ratio. The tires belonging to the steerable

axle can be ignored for articulated vehicles having one tractor unit and a flex-

ible chassis. The rollover threshold of articulated vehicles equals the sumof all

the units’ lateral accelerations at the rollover point and is calculated as (7.1).

AYrcu ¼m1h1AY1 +m2h2AY2

m1h1 +m2h2
(7.1)
where m, h, and AY respectively represent the mass, the height of the mass

center, and the lateral acceleration of the tractor and semitrailer units. For an

articulated vehicle, rollover instability occurs when the vertical force in all

the tires on one side of every unit or all joined units becomes zero.
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7.1.2 Hazardous behavior modes of an articulated vehicle
In the previous section, the performance standards of an articulated vehicle

were studied, and it was mentioned that this study aimed to provide a suit-

able pattern for selecting the appropriate control variables in articulated

vehicles [6, 7]. It is necessary to pay attention to the unstable modes of

the articulated vehicle while selecting the control variables and implement-

ing the control system. One unstable mode of this type of vehicle is a roll-

over, which was explained in the previous section. This section will

examine the unstable modes of the lateral dynamics of an articulated vehicle.
7.1.2.1 Lateral instability of liquid-carrying vehicles
A liquid-solid interaction is present in some mechanical systems. The

dynamic motions of these systems cause the liquid to move. Liquid sloshing

can disturb the system and adversely affect its correct performance. Conse-

quently, studying the liquid-solid interaction in these systems is of consid-

erable significance. The liquid moves inside the tanker due to changes in

velocity and impacts by the vehicle’s road, resulting in a sloshing phenom-

enon. Liquid sloshing in tankers is the fluctuation of the liquid due to the

motion of the tanker. The tanker’s fluid motion depends on tanker geom-

etry, liquid height, excitation frequency, and vehicle maneuver type. The

forces and moments resulting from the pressure distribution on the tanker

wall will significantly affect both the tanker and the overall structure, chang-

ing the liquid’s motion inside the tanker. These fluid motions influence

vehicle stability and brake system performance. Excessive liquid fluctuation

inside the tanker can cause the vehicle to veer and increase the braking time,

the stopping distance, and, ultimately, the number of road accidents. Hence,

measures must be taken in these systems to minimize these effects and opti-

mize the system.

Liquid motion inside a tank and dynamic interaction between the vehi-

cle and the liquid have always been important topics related to road trans-

portation systems. The dynamic coupling between the liquid and the

vehicle, which is a key factor in analyzing lateral vehicle dynamics, can

be examined from different aspects. Liquid motion inside a tank plays a vital

role in the dynamic behavior and stability of liquid-carrying vehicles. Due to

the forces and moments resulting from liquid motion in the tanker, liquid-

carrying vehicles exhibit a lower stability threshold than conventional heavy

vehicles. Accordingly, the rollover threshold of an articulated vehicle with a

rigid load during a unit step maneuver is about 0.34 g. In contrast, it is under
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0.2 g for the same vehicle with a tanker 50% filled with liquid [8]. These

effects result from the moment exerted by the liquid on the vehicle due

to the displacements in the mass center of the former. The stability threshold

is related to the transmission of the liquid’s dynamic load along with

longitudinal and lateral directions under lateral maneuvers. Transportation

systems such as trucks, articulated vehicles, and ships carrying liquid are more

prone to rollovers than vehicles that transport rigid loads in case of external

disturbances and excitations. Generally, the liquid inside a half-filled tank

experiences different motions depending on the vehicle maneuver and road

conditions. The liquid has large-amplitude motions when the vehicle per-

forms braking, accelerating, and lane-change maneuvers.

Given that these vehicles are employed to transport flammable liquids

and toxic chemicals, road accidents involving these vehicles can inflict

severe casualties and economic loss. Lateral instability in heavy vehicles

is attributed to their high mass center, heavy weight, and large dimen-

sions. Furthermore, rollover is one of the most dangerous lateral instabil-

ity modes and has a considerably higher probability of occurrence in these

vehicles.
7.1.3 Dynamics of liquid-carrying heavy vehicles
The study of the stability and dynamics of articulated vehicles came to atten-

tion in 1970. Conventional heavy vehicle models and common liquid

behavior modeling methods are used for the dynamic modeling of liquid-

carrying heavy vehicles. Numerous researchers have studied free surface

sloshing in tanks since 1960. The following approaches have been used in

modeling the liquid behavior in the studies carried out:

▪ Equivalent mechanical systems in the form of masses and springs or

pendulums for simulating liquid motion in a container.

▪ Modeling liquid motion using the potential function, which has the

advantage of good accuracy as demonstrated by validations carried

out using actual tests.

▪ Numerical solutions of the Navier-Stokes equations to model liquid

dynamics.

In addition to the above methods, experimental methods are observed in a

limited number of studies about liquid-carrying vehicles. However, the

obtained results are unacceptable due to the limitations associated with using

small-scale tank models. One of the most important reasons is the consider-

able difference in liquid motion in different tanks.
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7.1.3.1 Literature
This section presents some of the previous studies conducted to improve the

dynamic behavior and stability of liquid-carrying heavy vehicles. Strandberg

[9] showed in his studies that the rollover threshold of a liquid-carrying vehi-

cle with a 50% filled oval tank is almost half that of a vehicle with a full tank

in a uniform turning maneuver. The simulation results showed that the

vehicle with an oval tank has a smaller rollover threshold than a circular tank

during a transient maneuver. In 2000,Winkler [10] used Strandberg’s results

for further analyses on rollover stability in liquid-carrying vehicles and

showed that these vehicles’ rollover threshold decreases with an increase in

the liquid volume. In 2001, Kang [11] studied the lateral dynamic response

for various tanks with different cross-sections by using a 7-DOF model for

the articulated vehicle and the potential function for modeling the liquid.

His analysis focused on liquid volume, cross-sectional shape, and type of

maneuver. The simulation results for lane-change and steady-state turning

maneuvers indicated that the liquid’s motion load transfer has an undesirable

effect on the lateral dynamics of the articulated vehicle for a small volume of

liquid inside the tank. In 2003, Mantriota [12] investigated vehicle yaw sta-

bility using a 2-DOF linearmodel for an articulated vehicle and the pendulum

model for interpreting the liquid behavior. The nonviscosity fluid was con-

sidered as several lateral elements.Eachelementwas a fixed-weight pendulum

with only a roll motion. The simulation results showed considerable instabil-

ity for a vehiclewith a 70% filled tank andmovingwith constant velocity dur-

ing a steady-state turnmaneuver. In 2008,Yan [13] studied the effect of liquid

motion on a liquid-carrying truck’s braking performance and rollover stabil-

ity. He utilized a 7-DOF model for the vehicle, and three-dimensional

Navier-Stokes equations and the volume fraction technique for modeling

the liquid behavior inside the tank.

Moreover, he employed a laboratory sample in a conventional tank and a

tankwithbaffles tovalidatehis liquidmodel and theexperimental studies.The

simulation results showed that the rollover stability threshold decreased

compared to previous analyses involving transient liquid behavior and that

considerable interaction was observed between the vehicle and the liquid

during the brakingmaneuver. In 2013, Zheng et al. [14] investigated the baf-

fles’ effect in restricting sloshing inside a half-filled tank. Three lateral plates,

namely conventional, circular, and perpendicular alternating,were created to

reduce the negative effects of liquid sloshing onbraking. Furthermore, Fluent

software, alongwithNavier-Stokes equations numericalmethods, were used

tomodel the liquid. They recognized the baffle installation angle and the hole

size as themost important factors in restricting liquidmotion inside the tank in
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their simulations. In 2014, Samadian [15] examined the impact of various

parameters on a liquid-carrying articulated vehicle’s dynamic roll response.

In this research, a three-dimensional model and numerical methods based

on the Navier-Stokes equations, the volume fraction technique, and

FLUENT software were used to model the liquid. He considered the liquid

volume and the vehicle maneuver type as influential in the dynamic interac-

tionbetween thevehicle and the liquid. Simulation results for steady-state and

transientmodes indicated that the viscosity of the liquid has a negligible effect

on the dynamic characteristics of the vehicle and that an increase in the liquid

volume results in an increase in the roll angle, a decrease in the motion of

the mass center of the liquid along with longitudinal and lateral directions,

and an increase in the frequency of liquid motion.
7.2 Dynamic modeling of a liquid-carrying articulated
vehicle

An accurate dynamic model of the vehicle must be developed to shed light

on the vehicle’s actual behavior and the vehicle simulation software’s valid-

ity. If the vehicle behavior is unpredictable at the design stage, it can lead to

inappropriate handling behavior or even inappropriate motions such as roll-

over of the vehicle. Using mathematical models and computer simulation

tools, one can study the dynamic behavior and safety without the need to

manufacture or test the vehicle on the road, which is very costly.

The chapter aims to develop, simulate, and validate the 16-DOF

dynamic model of the articulated vehicle using experimental data to inves-

tigate these vehicles’ ride comfort and handling performance.

7.2.1 Assumptions and simplifications
The dynamicmodeling of a liquid-carrying articulated vehicle consists of the

following three subsystems:

7.2.1.1 First system: Articulated vehicle dynamic system
To simulate the dynamics of an articulated vehicle, a full model comprising

longitudinal, lateral, yaw, and rollDOFs for the tractorunit; yawand rollDOFs

for the semitrailer unit; and rotational DOF for the wheels has been used.

7.2.1.2 Second system: Wheel and tire system
The road and driver inputs are applied to the wheel via the steering wheel

and the brake pedal, and inputs such as linear and angular velocity and mass

effect from the dynamic system are applied to the tire. As a result of these
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inputs and the tires’ overall effect, a force is exerted on the vehicle dynamic

system. Hence, it seems necessary to use a nonlinear tire in order to display

suitable performances.
7.2.1.3 Third system: Liquid dynamic system
The inputs of this system are from the vehicle dynamic system. The vehicle’s

instantaneous vehicle velocity and acceleration are applied to the liquid-

carrying tanker via the vehicle dynamic system, resulting in the motion

of liquid inside the tanker. This motion on the tanker walls will be in the

form of forces and moments, which is then applied to the vehicle dynamics.
7.2.2 16-DOF dynamic model of the articulated vehicle
7.2.2.1 System dynamic equations
The model mentioned in this research is a 16-DOF model of the articulated

vehicle, which simulates this vehicle’s lateral dynamics. The DOFs of this

model consist of longitudinal and lateral velocities of the tractor unit

(ut,vt), yaw rate of the tractor unit (rt), yaw rate of the semitrailer (rs), roll

angle of the tractor (φt), roll angle of the semitrailer (φs), and angular veloc-

ities of the wheels (ωi ¼ 1,2…, 10). The front wheels of the tractor unit are

considered as steerable in this model.
7.2.2.2 Problem kinematics
As shown in Fig. 7.3, the coordinate system xnynzn is the inertial coordinate

system. The overall mass center of the tractor, including the sprung and

unsprung masses, is located at the pointCGt. The point Pt is the intersection

of the normal line passing through CGt and the roll axis of the tractor unit.
Fig. 7.3 16-DOF dynamic model of the articulated vehicle.
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This point has been selected as the origin of the coordinate system xtytzt.

This coordinate system is fixed at the unsprung masses of the tractor. There-

fore, it performs longitudinal, lateral, and rotational motions along with

them but does not roll.

The rotation matrix between the inertial coordinate system xnynzn and

the coordinate system xtytzt can be defined as follows:
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kn
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Moreover, the rotation matrices between the tractor and semitrailer
units are as follows:

it
jt
kt

2
4
3
5¼

cosΓ � sinΓ 0

sinΓ cosΓ 0

0 0 1

2
4

3
5 is

js
ks

2
4

3
5 (7.4)

is
js
ks

2
4

3
5¼

cosΓ sinΓ 0

� sinΓ cosΓ 0

0 0 1

2
4

3
5 it

jt
kt

2
4
3
5 (7.5)

The angular velocities of the coordinate systems attached to the tractor
unit and semitrailer unit and the time derivatives of the corresponding unit

vectors are defined as follows: The angular velocities of the coordinate

systems xtytzt and xt
0yt 0zt 0 are as (7.6) (Fig. 7.4):

ωt ¼ _ψ t kt (7.6)

ω0
t ¼ _φt i

0
t + _ψ t k

0
t

Furthermore, the angular velocities of the coordinate systems xsyszs and
xs
0ys0zs0 are as (7.7):

ωs ¼ _ψ s ks (7.7)

ω0
s ¼ _φs i

0
t + _ψ s k

0
s

The acceleration of the mass center of the tractor unit is equal to (7.8):
ast ¼ _ut� vt _ψ t� ct _ψ
2
t �ht _φt _ψ t

� �
i0t + ut _ψ t + _vt + ct €ψ t + ht €φtð Þj0t (7.8)



Fig. 7.4 Tractor unit and semitrailer unit of the articulated vehicle.
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And the acceleration of the mass center of the semitrailer unit is equal

to (7.9):

aSs ¼ _us� vs _ψ s� cs _ψ
2
s �hs _φs _ψ s

� �
i0s + us _ψ s + _vs + cs €ψ s + hs €φsð Þj0s (7.9)

7.2.2.3 Equations of motion of longitudinal and lateral dynamics of the
tractor unit and the semitrailer unit
The forces exerted on the system topresent the longitudinal and lateral dynam-

ics equationsmust be introduced. The equations ofmotion are presented indi-

vidually for the tractor unit and the semitrailer unit. In both systems, the sprung

and unsprung masses are considered in the form of one system. Therefore, the

internal forces between these components are omitted, and only the external

forces exerted on the tractor and semitrailer systems are taken into account.

Tractor unit
According to Fig. 7.5, the system dynamics’ external forces are the longitu-

dinal and lateral forces generated at the contact between the tire and the road

surface and the joint’s constraint forces.



Fig. 7.5 External forces affecting the tractor unit.
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The longitudinal and lateral forces of each tire are denoted by Fti and Fsi,

respectively. Now, we can develop the equations of motion using

Newton’s second law. The terms Fxi, Fyi , which respectively represent

the forces in the tires of the tractor along the coordinate axes xt and yt ,

are defined as (7.10):

Fxi ¼Fti cosδi�Fsi sinδi

Fyi¼Fti sinδi +Fsi cosδi
(7.10)

where δi represents the steering angle. The sum of the longitudinal and lat-
eral forces of the tractor tires are defined as (7.11):

Fxtt ¼ Fx1 +Fx2 +Fx3 +Fx4

Fytt ¼Fy1 +Fy2 +Fy3 +Fy4
(7.11)

Also, the yaw moment created in the tractor unit is equal to (7.12):
Mptz¼ Fx2 +Fx4�Fx1�Fx3ð ÞTw=2+ Fy1 +Fy2
� �

Lft� Fy3 +Fy4

� �
Lrt

(7.12)

And the roll moment exerted on the tractor unit is equal to (7.13):
Mptsx ¼mstght sin φtð Þ�KStφt�CSt _φt +KSw φt�φsð Þ+CSw _φt� _φsð Þ
(7.13)



Fig. 7.6 External forces affecting the semitrailer unit.
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Semitrailer unit
The external forces exerted on the semitrailer unit are as in Fig. 7.6.

The sum of the longitudinal and lateral forces of the semitrailer tires are

defined as (7.14):

Fxss¼Fx5 +Fx6 +Fx7 +Fx8 +Fx9 +Fx10
Fyss ¼Fy5 +Fy6 +Fy7 +Fy8 +Fy9 +Fy10

(7.14)

Also, the yaw moment created in the semitrailer unit is equal to (7.15):
Mpsz ¼ Fx6+Fx8 +Fx10�Fx5�Fx7�Fx9ð ÞTws=2
� Fy5 +Fy6
� �

Lrs�Ltsð Þ Fy7 +Fy8

� �
Lrs� Fy9 +Fy10

� �
Lrs +Ltsð Þ

(7.15)

And the roll moment exerted on the semitrailer unit is equal to (7.16):
Mpssx ¼mssghs sinφs�KSsφs�CSs _φs�KSw φt�φsð Þ�CSw _φt� _φsð Þ
(7.16)

Hence, the main equations governing the articulated vehicle dynamics
are obtained as (7.17–7.24):

mt _ut ¼mtvt _ψ t +mstht _φt _ψ t +Fxtt +Ffx (7.17)

mt _vt +mstht €φt ¼�mtut _ψ t +Fytt�Ffy (7.18)

Izzt €ψ t � Ixzpt €φt ¼Mptz +FfyLct (7.19)

Ixxpt €φt� Ixzpt €ψ t +mstht _vt ¼Mptsx �msthtut _ψ t (7.20)

ms _us ¼msvs _ψ s +msshs _φs _ψ s +Fxss�Ffx cos Γð Þ+Ffy sin Γð Þ (7.21)

ms _vs +msshs €φs ¼�msus _ψ s +Fyss +Ffx sin Γð Þ+Ffy cos Γð Þ (7.22)

Izzs €ψ s � Ixzps €φs ¼ Ffx sin Γð Þ+Ffy cos Γð Þ� �
Lws +Mpsz (7.23)

Ixxps €φs� Ixzps €ψ s +msshs _vs ¼Mpssx �msshsus _ψ s (7.24)
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7.2.2.4 Wheel dynamics
The wheel is one of the most important subsystems in studying vehicle

dynamics during braking and accelerating. The equation of motion of the

wheels is as (7.25):

Iw _ω¼�RwFti +Ti (7.25)
where Ti is the moment exerted on the ith wheel.
7.2.2.5 Lateral slip angle of the tire
The slip angle of the tire is the angle between the tire plane and the

direction of motion. The tire slip angle is a very important parameter in tire

dynamic modeling. According to the figure, the tire slip angle is calculated as

follows [16]:
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7.2.2.6 Tire dynamics
The tire plays a vital role in vehicle dynamics because the vehicle is con-

trolled by the longitudinal and lateral forces resulting from the contact

between the tire and the road to move on the road, turn, or stop. Any force

required to accelerate, brake, and navigate the vehicle results from the small

contact area between the tire and the road. Given that the tire model aban-

dons linear behavior and, instead, exhibits nonlinear behavior at high speeds

and large slip angles, the tire model becomes more complicated and realistic

compared to the linear model. The Dugoff tire model is used here to calcu-

late the longitudinal and lateral forces, as follows [17]:

λ¼
μFzi 1� εrui

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2i + tan2αi

ph i
1�Sið Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

i S
2
i +C2

α tan
2αi

p
f λð Þ¼ λ λ�2ð Þ if λ< 1

1 if λ> 1

(

Fsi¼Cα tanαi
1�Si

f λð Þ

Fti ¼ CiSi

1�Si
f λð Þ

(7.27)

In the above equations, Fsi and Fti respectively denote lateral and tractive
forces.
7.2.3 Dynamic modeling of a liquid-carrying articulated vehicle
The potential function model is used in this research to model the liquid

inside the tank and investigate the effects of sloshing on the articulated vehi-

cle’s lateral dynamics. In this model, the liquid’s mass center’s position is

considered a function of the tank cross-section, liquid volume, and the gra-

dient of the free surface of the liquid. Assuming steady-state conditions,

the nonviscous liquid moves as a rigid body in the tank. The gradient of

the liquid free surface is determined by assuming nonviscous and using

Newton’s second law [11], as shown in Fig. 7.7.

�∂P

∂y
+ ρal cosφs + ρg sinφs ¼ 0

�∂P

∂z
�ρal sinφs + ρgcosφs ¼ 0

(7.28)



Fig. 7.7 Acceleration of the mass center of the liquid.
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Now

dP¼ ∂P

∂y
dy+

∂P

∂z
dz¼ 0

The liquid free surface gradient is computed by dividing ∂P
∂y
by ∂P

∂z
:

tan∅¼�dz

dy
¼
∂P

∂y

∂P

∂z

¼ ρal cosφs + ρg sinφs

�ρal sinφs + ρgcosφs

tan∅¼�al1 +φs

alφs +1

(7.29)

Hence, the liquid’s free surface gradient is calculated, assuming non-
viscous fluid and using the semitrailer unit’s lateral acceleration and roll

angle.

For tanks with circular cross-sections, the position of the mass center of the

liquidalongthe lateral andverticaldirections iscalculatedusingrelation(7.30) [11]:

Z¼R� R�Z0ð Þcos∅
Y ¼ R�Z0ð Þ sin∅

(7.30)

According to Fig. 7.8, in the above equation, R denotes the tank radius,
and Z0 is the height of the liquid mass center in the absence of the roll angle

and lateral acceleration of the semitrailer unit.



Fig. 7.8 Potential function model for a cylindrical tank with a circular cross-section.
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Furthermore, the moment of inertia of the liquid moving inside the tank

is determined using the product of the moment of inertia and the conversion

matrix via (7.31).

Ixl ¼ I0xl

Izl ¼ I0zl cos∅ð Þ2
(7.31)
Where Ixl
0 and Izl

0 are the moments of inertia of the liquid for when the free

surface gradient is zero.
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7.2.3.1 Computing the acceleration of the liquid mass center
Using the relative acceleration relationship and considering the acceleration

of the mass center of the semitrailer unit, the acceleration of the liquid mass

center is obtained as (7.32):

al ¼ _us � vs _ψ s �hs _φs _ψ s�Z _φs _ψ s �X _ψ s
2�Y €ψ s

� �
î

+ _vs + us _ψ s + hs €φs�Y _φs
2�Y _ψ s

2 +Z €φs +X €ψ s

� �
ĵ

+ Z _φs
2 +X _φs _ψ s +Y €φs

� �
k̂ (7.32)
7.2.3.2 Dynamic equations of a liquid-carrying articulated vehicle
As explained in detail previously, this research’s main objective is controlling

the lateral dynamics of a liquid-carrying articulated vehicle. For this reason,

we try to model the liquid so that the dynamic behavior shows the sloshing

effect, and it is possible to simultaneously solve the vehicle nonlinear

dynamic equations and equations related to sloshing. In the previous section,

the effect of rotational motion, especially roll angle, was taken into account

in the computation of liquid free surface gradient in a simple manner and

assuming a nonviscous liquid. However, when the effect of liquid motion,

especially in the rotation of the vehicle, is modeled, it is not possible to take

into account the impact of the moment of inertia of the liquid, which is

effective in the rotation, in the equations if the liquid is assumed to be non-

viscous. As a result of this assumption, the effects of liquid rotation are not

considered in the vehicle’s simulation. Hence, it must be assumed that the

liquid is viscous and takes into account the moment of inertia of the liquid in

the vehicle model. With this assumption, it becomes possible to avoid more

run time of the simulation by Navier-Stokes equations and to make it pos-

sible to control the vehicle dynamics during a short time. The dynamic

equations of the liquid-carrying articulated vehicle are obtained by using

the equations of motion of the articulated vehicle and assuming the accel-

eration of the liquid mass center, Eqs. (7.33)–(7.40).

mt _ut ¼mtvt _ψ t +mstht _φt _ψ t +Fxtt +Ffx (7.33)

mt _vt +mstht €φt ¼�mtut _ψ t +Fytt�Ffy (7.34)

Izzt €ψ t � Ixzpt €φt ¼Mptz +FfyLct (7.35)

Ixxpt €φt� Ixzpt €ψ t +mstht _vt ¼Mptsx �msthtut _ψ t (7.36)
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ms _us +mlal î¼msvs _ψ s +msshs _φs _ψ s +Fxss�Ffx cos Γð Þ+Ffy sin Γð Þ (7.37)

ms _vs +msshs €φs +mlal ĵ¼�msus _ψ s +Fyss +Ffx sin Γð Þ+Ffy cos Γð Þ+ ms +mlð Þg sin φsð Þ
(7.38)

Izzs + Izlð Þ €ψ s � Ixzps €φs¼ Ffx sin Γð Þ+Ffy cos Γð Þ
� �

Lws +Mpsz +mlal ĵX�mlal îY

(7.39)

Ixxps + Ixl

� �
€φs� Ixzps €ψ s +msshs _vs ¼Mpssx �msshsus _ψ s +mlal ĵZ +mlalk̂Y

+mlg Z sin φsð Þ+Yð Þ (7.40)

In this simulation, the vehicle parameters are shown in Table 7.1.
Table 7.1 Articulated vehicle parameters.

Parameter Value Unit

CStf(tr) 4.05 (6.88) kN m s/rad

CSs 23.9 kN m s/rad

Cw 700 kN m s/rad

D 2.03 m

ht(s) 0.438 (1.8) m

hwt(ws) 0.63 (1) m

Iwi 11.63 kg m2

Ixxpt(ps) 3335 (120,024) kg m2

Ixzpt(ps) 602 (5756) kg m2

Izzt(s) 20,679 (238,898) kg m2

KSs 800 kN m/rad

KStf(tr) 380 (684) kN m/rad

Kw 30,000 kN m/rad

L 10 m

Lct 1.959 m

Lfs(Lrs) 5.653 (2.047) m

Lft(Lrt) 1.115 (2.583) m

Ltt(Lts) 1.31 m

mt(st) 6525 (4819) kg

ms(ss) 33,221 (30,821) kg

Rwi 0.4 m

Twt(s) 2.04 (2) m

ρ 1000 kg/m3
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7.2.4 Validation of the dynamic model of the articulated
vehicle
In order to validate the vehicle dynamic model, the TruckSim software has

been used [18]. To this end, the above model’s physical properties have been

considered identical to those of the test vehicle.

7.2.4.1 Double lane-change maneuver
In this analysis, the vehicle has started moving with an initial speed of

70 km/h on a dry road, and a steering input has been applied to it, as shown

in Fig. 7.9.

The validation results corresponding to the standard double lane-change

maneuvers are shown in Fig. 7.10. In this figure, as can be seen from the

diagrams of angular velocity, articulation angle, and the path of the articu-

lated vehicle, the simulated model results and the TruckSim software tests

are acceptable. Moreover, the roll angle plot shows disparities between

the model and test results between 5 s and 7 s, despite a good overall

agreement.

7.2.5 Validation of the dynamic model of the liquid-carrying
articulated vehicle
The dynamic model of the liquid-carrying articulated vehicle presented in

this research has been validated using the test results [11]. To this end, the

proposed model’s physical properties have been considered identical to
Fig. 7.9 Double lane-change maneuver in TruckSim software.



Fig. 7.10 (A) Articulation angle, (B) yaw rate, (C) roll angle, (D) vehicle path.



Fig. 7.11 Lane-change maneuver.
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those of the dynamic model of the liquid-carrying articulated vehicle in this

reference. The validation has been performed for a 70% filled liquid-carrying

articulated vehicle moving at 45 km/h performing a lane-change maneuver,

as shown in Fig. 7.11.

The simulation has been carried out based on the steering angle obtained

from the test results. The dynamic responses of the liquid-carrying articu-

lated vehicle, including the yaw angle, roll angle, and lateral acceleration

of the semitrailer unit, have been compared to actual test results in

Fig. 7.12. As shown in Fig.7.12B, the yaw angle shows a good match with

the test results. Despite the acceptable adaptation of Fig. 7.12C to the test

results, the roll angle’s peak value related to the semitrailer is still 0.3 degrees

higher than the test results. Also, the lateral acceleration of the developed

model in the first peak is 0.2 g and in the second peak is 0.15 g compared

to the test results.

7.2.6 Selection of the controlled state variables
Given the increase in the lateral load transfer, due to liquid sloshing in the

tank, for liquid-carrying articulated vehicles compared to articulated vehi-

cles with rigid loads and the resulting increase in the rollover probability

for the former, it seems necessary to use a control system to improve the

lateral stability of this kind of vehicle. Thus, considering the significant

increase in the roll angles of the tractor unit and the semitrailer unit, due

to the increase in the filled volume and sloshing, compared to articulated

vehicles with rigid loads, the use of an active roll control system to restrict

the roll angles of the tractor and semitrailer units is a suitable solution for

improving the roll stability of the vehicle. In the active roll control system,

the tractor and semitrailer units’ roll angle are the two controlled state



Fig. 7.12 (A) Steering angle, (B) yaw angle, (C) roll angle, (D) lateral acceleration.



Fig. 7.13 The schematic of the articulated vehicle at instants T and T + Td [19].
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variables that must trace their desired values. The desired values of these con-

trolled state variables are assumed to be zero. This restricts the roll angles and

increases the rollover stability of the liquid-carrying articulated vehicle

under critical conditions.

In controlling the passenger vehicles’ lateral dynamics, the yaw rate and

the lateral velocity are the main state variables to improve handling and

increase stability, respectively, and the lateral dynamics of the vehicle are

controlled by controlling these variables. However, there is another control

variable in articulated vehicles, called the articulation angle, which must be

paid attention to for preventing jackknifing. Also, controlling this variable

omits the off-tracking of the articulated vehicle during steady-state and tran-

sient maneuvers. In this chapter, the tractor unit’s yaw rate, the lateral veloc-

ity of the tractor unit, and the articulation angle are considered the

controlled state variables that must trace their desired values to improve

handling and avoid jackknifing an articulated vehicle.

The reference model for each of these control variables is given below:
7.2.6.1 The angular velocity of the tractor unit
The yaw rate’s most common desired model is a steady-state one based on

the bicycle model in passenger vehicles. In this chapter, the yaw rate’s
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desired value in the steady state is obtained from a single-track articulated

vehicle model [20] (7.41).

rd ¼ ut

Lg +Kuu2t
δ

Ku ¼mt

LrtCrt�LftCft

CrtCft Lft +Lrt

� � +msLrs

Lrt�Lctð ÞCrt� Lft +Lct

� �
Cft

CrtCft Lft +Lrt

� �
Lfs +Lrs

� �
Lg ¼Lft +Lrt

(7.41)
Where Lg is the wheelbase and Ku is the understeer factor.

7.2.6.2 The lateral velocity of the tractor unit
The lateral velocity of the vehicle is indicative of its stability performance

to a large extent. Numerous researchers have stressed the importance of

restricting the lateral velocity to maintain a passenger vehicle [21, 22]. Hear,

the desired value of the lateral velocity is considered zero to avoid

jackknifing and the semitrailer unit’s swinging and restricting the tractor

unit’s lateral velocity.
7.2.6.3 Articulation angle
The study of Tabatabaee et al. [19] is used for the desired value of the articu-

lation angle. Based on a geometric-kinematic analysis, a formula is presented.

Accordingly, following the articulation angle in some situation (including both

low and high speeds, steady-statemaneuvers, transient maneuvers, and at small

and large articulation angles) eliminates off-tracking. To define this value, the

articulated vehicle is considered at timesT andT + Td. The time intervalTd is

the duration required for the articulated vehicle to travel the distance between

the end of the semitrailer unit and the fifth wheel. According to Fig. 7.13, the

desired value can be defined as (7.42) and (7.43).

Γr T +Tdð Þ¼ tan�1Δyf
Δxf

(7.42)

Δxf ¼�Lct +Lct cos
Xj�1

k¼n

_ψ t T + kΔTð ÞΔT
" #

+
Xj�1

k¼n

ut T + kΔTð ÞΔT cos
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #( )
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+ vt T + kΔTð ÞΔT½ � sin
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #)

Δyf ¼�Lct sin
Xj�1

k¼n

_ψ t T + kΔTð ÞΔT
" #

�
Xj�1

k¼n

ut T + kΔTð ÞΔT sin
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #(

� vt T + kΔTð ÞΔT½ �cos
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #)

(7.43)

7.3 Control system design

The dynamic roll responses of the liquid-carrying articulated vehicle are

strongly affected by sloshing inside the tank due to the interaction

between the vehicle and the road and the maneuvers applied to the

dynamic system. The forces and moments resulting from the distribution

of liquid pressure on the tank wall lead to a reduction in the rollover sta-

bility threshold of liquid-carrying articulated vehicles at various velocities

during critical maneuvers. Besides, an excessive height of the mass center

in articulated vehicles is another factor in the occurrence of unstable

modes of lateral dynamics for these vehicles. Therefore, it seems necessary

to use active control systems to help the driver during critical maneuvers.

To this end, this section concerns the design of an active roll control sys-

tem for improving the rollover stability of a liquid-carrying articulated

vehicle. The aim of designing the active roll control system is to generate

a moment from the antiroll bar to increase the liquid-carrying articulated

vehicle’s rollover stability. In the control system’s design, the roll angles of

the tractor and semitrailer units are the controlled state variables that must

trace their desired values. These desired values are considered to be zero.

The output of this system is the control moment to be applied to the trac-

tor and semitrailer units.



288 Vehicle dynamics and control
7.3.1 Active roll control system design
7.3.1.1 Tractor unit
The simplified dynamic model in Eq. (7.35) is used to design the control

system [23, 24].

Ixxpt €φt� Ixzpt €ψ t +mstht _vt ¼Mptsx �msthtut _ψ t +MA

Ixxpt €φt ¼Mptsx �mstht _vt + ut _ψ tð Þ+MA

(7.44)

Now:
f1¼Mptsx �mstht _vt + ut _ψ tð Þ (7.45)

By substituting Eq. (7.45) into Eq. (7.44):
Ixxpt €φt ¼ f1 +MA (7.46)

We define the error as the difference in the roll angle of the tractor unit
and its desired value:

e1 ¼φt�φd (7.47)

The sliding surface is considered as (7.48):
st ¼ d

dt
+ λ1

� �2 ð
φt�φdð Þdt (7.48)

By simplification:
st ¼ d2

dt2
+ 2λ1

d

dt
+ λ21

� �ð
φt�φdð Þdt

st ¼ _φt +2λ1 φt�φdð Þ+ λ21

ð
φt�φdð Þdt

(7.49)

By differentiating (7.50):
_st ¼ €φt +2λ1 _φt + λ21 φt�φdð Þ (7.50)

By considering the exponential rule in the (7.51) form:
_st ¼�k1st�k2 sgn stð Þ (7.51)

where _st ¼�k1st is the exponential term and is solved as st ¼ st(0)e
�k1t. It is
clear that adding the term�k1st causes the controlled state variables to move

faster toward the switching surfaces. Given Eqs. (7.50) and (7.51) and by

substituting €φt from Eq. (7.46).

1

Ixxpt
f1 +

1

Ixxpt
MA +2λ1 _φt + λ21 φt�φdð Þ¼�k1st�k2 sgn stð Þ (7.52)
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Therefore,

MA ¼�Ixxpt
1

Ixxpt
f1 + 2λ1 _φt + λ21 φt�φdð Þ+ k1st + k2 sgn stð Þ

 !
(7.53)

The control input is equal to (7.54).
MA ¼�Ixxpt
1

Ixxpt
f1 + 2λ1 + k1ð Þ _φt + λ21 + 2λ1k1

� �
φt�φdð Þ+ k1λ

2
1

 
ð

φt�φdð Þdt+ k2 sgn stð ÞÞ (7.54)

7.3.1.2 Semitrailer unit
Similarly to deriving the control input of the tractor unit, the semitrailer unit

control input is obtained as (7.55).

Ixxps + Ixl
� �

€φs� Ixzps €ψ s +msshs _vs ¼Mpssx �msshsus _ψ s +mlal ĵZ +mlalk̂Y

+mlg Z sin φsð Þ+Yð Þ+MB

(7.55)

Now
f2¼Mpssx �msshs _vs + us _ψ sð Þ+mlal ĵZ +mlalk̂Y +mlg Z sin φsð Þ+Yð Þ
(7.56)

Eq. (7.55) is turned into the following.
Ixxps + Ixl
� �

€φs ¼ f2 +MB (7.57)

The error equals
e2 ¼φs�φd (7.58)

The sliding surface is considered as (7.59).
ss ¼ d

dt
+ λ2

� �2 ð
φs�φdð Þdt (7.59)

By differentiating Eq. (7.59);
_ss ¼ €φs +2λ2 _φs + λ22 φs�φdð Þ (7.60)

Thus, the control input of the semitrailer unit is computed as (7.61).



Table 7.2 Robust active roll control system parameters.

SMC parameter Value

λ1 15

λ2 38

k1 10

k2 0.02

k3 2

k4 0.02
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MB¼� Ixxps + Ixl
� � 1

Ixxps + Ixl
� � f2 + 2λ2 + k3ð Þ _φs + λ22 + 2λ2k3

� �
φs�φdð Þ

 

+ k3λ
2
2

ð
φs�φdð Þdt+ k4 sgn ssð Þ

!
(7.61)

The active roll control system parameters are shown in Table 7.2.
7.3.2 Active steering control system design
In this section, an active steering control system is presented in order to pre-

vent yaw instability and a jackknife of the liquid-carrying articulated vehicle.

In controlling the passenger vehicles’ lateral dynamics, the yaw rate and the

lateral velocity are the main state variables to improve handling and increase

stability, respectively, and the lateral dynamics of the vehicle are controlled

by controlling these variables. However, there is another control variable in

articulated vehicles, called the articulation angle, which must be paid atten-

tion to for preventing jackknifing. Thus, in the design of the control system,

the tractor unit’s yaw rate, the lateral velocity of the tractor unit, and the

articulation angle are considered the controlled state variables that must trace

their desired values. The controller is designed based on a 3-DOF model of

the liquid-carrying articulated vehicle, including DOFs for the tractor’s

yaw rate, lateral velocity of the tractor, and articulation angle. Moreover,

the sliding mode control method is used to design the controller [25].

By considering the simple articulated vehicle model, according to Taba-

tabaee et al. [19], Fig. 7.14, the equations governing the lateral and yaw

dynamics of the articulated vehicle in the coordinate system xtyt are pre-

sented as (7.62–7.65).

mt _vt + ut _ψ tð Þ¼Fyft +Fyrt�Ffy (7.62)



Fig. 7.14 Simplified articulated vehicle model.
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Izzt €ψ t ¼ +FfyLct +FyftLft�FyrtLrt (7.63)

ms +Mhð Þ _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �

+MhX €ψ t + €Γ
� �¼Fyrs +Ffy

(7.64)
Izzs + Izzlð Þ €ψ t + €Γ

� �
+MhX _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �

+MhX
2 €ψ t + €Γ
� �

+MhY
2 €ψ t + €Γ
� �¼FfyLfs�FyrsLrs (7.65)

7.3.2.1 Dynamic equations of the simplified model of a liquid-carrying
articulated vehicle
The dynamic equations of the liquid-carrying articulated vehicle are

obtained by considering the liquid mass center’s acceleration and the equa-

tions of motion of the articulated vehicle, as (7.66–7.68).

Eq: 7:19ð Þ+Eq: 7:21ð Þ 	!yieldsmt _vt + ut _ψ tð Þ
+ ms +Mhð Þ _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ

 �

+MhX €ψ t + €Γ
� �

¼Fyft +Fyrt +Fyrs (7.66)

Eq: 7:20ð Þ+Eq: 7:22ð Þ� Lct +Lfs

� �
Eq: 7:21ð Þ	!yields Izzt €ψ t

+ Izzs + Izzlð Þ €ψ t + €Γ
� �

+MhX _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �

+MhX
2 €ψ t + €Γ
� ��MhY

2 €ψ t + €Γ
� �

� ms +Mhð Þ _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �

Lct +Lfs

� �
+MhX €ψ t + €Γ

� �
Lct +Lfs

� �
¼FyftLft�FyrtLrt�Fyrs Lct +Lfs +Lrs

� �
(7.67)



292 Vehicle dynamics and control
Eq: 7:22ð Þ�LfsEq: 7:21ð Þ	!yields Izzs + Izzlð Þ €ψ t + €Γ
� �

+MhX _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �

+MhX
2 €ψ t + €Γ
� �

�MhY
2 €ψ t + €Γ
� ��Lfs ms +Mhð Þ _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �

+MhX €ψ t + €Γ
� �¼�Fyrs Lfs +Lrs

� �
(7.68)

By writing the equations in state-space form (7.69).
A _X + f ¼U (7.69)

where
Lfs

�

+X

�

A11 ¼mt +ms +Mh A12¼� ms +Mh

� �
Lct +Lfs

� �
+MhX

A13 ¼� ms +Mh

� �
Lfs

+MhX

A21 ¼� ms +Mh

� �
Lct +Lfs

� �
+MhX

A22 ¼ Izzt + Izzs + Izzl

+Mh X2�Y2
� �

+ ms +Mh

� �
Lct +Lfs

� �2
A23 ¼ Izzs + Izzl

+Mh X2�Y2 +X
� �

�MhX Lct +Lfs

� �
+ ms +Mh

� �
Lfs Lct +

�
A31 ¼� ms +Mh

� �
Lfs

+MhX

A32 ¼ Izzs + Izzl

� �
�MhX Lct +Lfs

� �
+Mh X2�Y2 +X

� �
+ ms +Mh

� �
Lct+Lfs

� �
Lfs

A33 ¼ Izzs + Izzl

� �
+Mh �XLfs+X

2�Y2
�

+ ms +Mh

� �
L2
fs

The error is defined as follows:
e¼X�Xd (7.70)

By defining the sliding surface as (7.71).
s¼ e (7.71)

By differentiating the Eq. (7.71);
_s¼ 0! _X � _Xd ¼ 0

A�1 �f +Uð Þ� _Xd ¼ 0

Û ¼ Â _Xd + f̂

(7.72)

The control input is equal to (7.73).
U ¼ Û�k sgn sð Þ
U ¼ Â _Xd + f̂ �k sgn sð Þ (7.73)
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According to Eq. (7.69):

U ¼MFyi, M ¼
1 1 1

Lft �Lrt � Lct +Lfs +Lrs

� �
0 0 � Lfs +Lrs

� �
2
4

3
5

with i¼ ft, rt, rs

(7.74)

By considering the lateral tire force.
Fyi¼Cαiαi (7.75)

By equating Eqs. (7.74) and (7.75).
αi¼M�1U

Cαi
(7.76)

Hence, the control angles of the axles of the tractor and semitrailer units
are computed as (7.77):

δft ¼ αft + tan�1
vt + _ψ tLft

ut

� �
δrt ¼ αrt + tan�1 vt� _ψ tLrt

ut

� �
δs ¼ αs + tan�1 vs� _ψ sLrs

us

� � (7.77)

By equating the lateral forces of the semitrailer axles, the control angles of
the other two axles are computed as (7.78):

δfs ¼ arctan tan δsð Þ+ Lts

us
_ψ s

� �
δrs¼ arctan tan δsð Þ�Lts

us
_ψ s

� � (7.78)

7.3.2.2 Stability analysis
In this section, the stability of the system is analyzed using the Lyapunov sta-

bility theory. The Lyapunov function is considered as (7.79):

V ¼ 1

2
sTAs (7.79)

The derivative V is computed as (7.80):
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V
� ¼ sTA_s¼ sT A _X �A _Xd

� �¼ sT �f +U�A _Xd

� �
V

� ¼ sT �f + Â _Xd + f̂�k sgn sð Þ�A _Xd

� �¼ sT Â _Xd + f̂�A _Xd� f�k sgn sð Þ� �
(7.80)

And:
Â _Xd + f̂ �A _Xd� f
�� ���F (7.81)

k is selected in such a way that:
k¼F + η (7.82)

Therefore:
V
� ¼ sT Â _Xd + f̂ �A _Xd� f �k sgn sð Þ� �¼ sT Â _Xd + f̂ �A _Xd� f

� ��k sT
�� ��

�F sT
�� ���F sT

�� ���η sT
�� ����η sT

�� ��!V
� ��η sT

�� �� (7.83)

Hence, the system is stable in the sense of Lyapunov. In order to omit the
chattering in the control input, the sgn function is replaced by the sat(s/∅)

function. The sat(s/∅) function is defined as (7.84):

sat s=∅ð Þ¼
s

∅
, if sj j �∅

sgn
s

∅

� �
, if sj j>∅

8<
: (7.84)

where ∅ is the boundary layer thickness.

7.3.2.3 Active steering control system modification
Given previous research and the fact that commercial vehicle power train

systems are placed on the tractor unit’s rear axle, this axle’s steerability seems

unpractical. For this reason, we attempt to modify the control system so that

only the front axle of the tractor unit and the semitrailer axles are steerable.

According to Eqs. (7.66)–(7.68), the lateral forces of the front axle of the
tractor unit and the axle of the semitrailer unit are considered as (7.85).

Fyft1 +Fyrs1¼U12F̂yrt

Fyft1Lft�Fyrs1 Lct +Lfs +Lrs

� �¼U2 + F̂yrtLrt�Fyrs1 Lrs +Lfs

� �¼U3

(7.85)

In the above equations, F̂yrt is the estimate of Fyrt, and the target is finding
the new lateral forces of the front axle of the tractor unit and the axle of the

semitrailer unit. The idea in Boada et al. [22] is used in this section. To

obtain the response, the function Js is considered as (7.86):

Js¼ω1 Fyft +Fyrs� U12F̂yrt

� �
 �2
+ω2 FyftLft�Fyrs Lct +Lfs +Lrs

� �� U2 + F̂yrtLrt

� �
 �2
+ω3 Fyrs Lrs +Lfs

� �
+U3


 �2
(7.86)
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where ω1, ω2, and ω3 are weighting factors. The lateral forces are corrected

by minimizing the above function:

∂Js

∂Fyft

¼ 2ω1 + 2ω2L
2
ft

� �
Fyft + 2ω1�2ω2Lft Lct +Lfs +Lrs

� �� �
Fyrs

�2ω1 U1� F̂yrt

� ��2ω2Lft U2 + F̂yrtLrt

� �¼ 0

∂Js

∂Fyrs

¼ 2ω1�2ω2Lft Lct +Lfs +Lrs

� �� �
Fyft

+ 2ω1 + 2ω2 Lct +Lfs +Lrs

� �2
+ 2ω3 Lrs +Lfs

� �2� �
Fyrs

�2ω1 U1� F̂yrt

� �
+2ω2Lcs U2 + F̂yrtLrt

� �
+2ω3LrfU3¼ 0

(7.87)

Now:
2ω1 + 2ω2L
2
ft

2ω1�2ω2Lft Lct +Lfs +Lrs

� �
2ω1�2ω2Lft Lct +Lfs +Lrs

� �
2ω1 + 2ω2 Lct +Lfs +Lrs

� �2
+ 2ω3 Lrs +Lfs

� �2
2
64

3
75

Fyft

Fyrs

( )
¼

2ω1 U12F̂yrt

� �
+ 2ω2Lft U2 + F̂yrtLrt

� �
2ω1 U12F̂yrt

� �
22ω2 Lct +Lfs +Lrs

� �
U2 + F̂yrtLrt

� �
�2ω3 Lrs +Lfs

� �
U3

8<
:

9=
;

(7.88)

Using Eqs. (7.62)–(7.65), an estimate is obtained for the lateral force of
the tractor unit’s rear axle.

F̂yrs¼

Izzs + Izzl
� �

€ψ t +
€Γ

� �
+MhX _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs €Γ

� �
+MhX

2 €ψ t +
€Γ

� �
�

MhY
2 €ψ t +

€Γ
� �

�Lfs ms +Mhð Þ _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs €Γ

� �
+MhX €ψ t +

€Γ
� �

Lrs +Lfs

F̂ fy¼ ms +Mhð Þ _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs €Γ

h i
+MhX €ψ t + €Γ

� �
� F̂yrs

F̂yrt ¼
F̂fy Lct +Lft

� �
+mt _vt + ut _ψ tð ÞLft� Izzt €ψ t

Lrt +Lft

F̂yft ¼ F̂fy +mt _vt + ut _ψ tð Þ� F̂yrt

(7.89)

Where F̂yft, F̂yrt, and F̂yrs are estimates for the lateral forces in the front axle of

the tractor unit, the rear axle of the tractor unit, and the axle of the semi-

trailer unit, respectively.
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7.4 Hybrid control system consisting of the active
steering and active roll control systems

In this section, a combination of the two control systems designed in the

previous section is used to benefit both control systems’ advantages. Hence,

active steering control is utilized to improve maneuverability and prevent

jackknifing. Another goal is to increase rollover stability using active roll

control. Another advantage of the above system is the lack of conflict

between the performances of the subsystems. Furthermore, the hybrid con-

trol system makes it possible to control the tractor unit’s lateral acceleration,

which plays a direct role in the unstable rollover and handlingmodes by con-

trolling the yaw rate, lateral velocity, and roll angle. The diagram of the con-

trol system is shown in Fig. 7.15.

In an active steering control system, the tractor’s yaw rate, the lateral

velocity of the tractor, and the articulation angle are the controlled state vari-

ables that must trace their desired values. The above control system’s output

is all the control angles, including the tractor front axle’s steering angle, the

tractor rear axle’s steering angle, and the angles of the semitrailer axles. For

the active roll control system, the controlled state variables that must trace

their desired values are the tractor and semitrailer units’ roll angles. The

above system’s output is the control moments exerted on the tractor and

semitrailer units, which are provided by an active antiroll bar.
Fig. 7.15 Hybrid control system diagram.
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7.4.1 Performance evaluation of the hybrid control system
In this section, the hybrid control system’s performance is evaluated for 20%,

50%, and 80% filling volume.

7.4.1.1 Fishhook maneuver
In this analysis, the vehicle has started moving with an initial speed of

80 km/h on the road with a friction coefficient of 0.7, and a steering input

has been applied to it as shown in Fig. 7.16.

Small, medium, and large filling volumes are considered for this maneu-

ver. The simulation results for the tractor unit’s yaw rate, the lateral velocity

of the tractor unit, the articulation angle, the control inputs, and the roll

angles of the tractor and semitrailer units are displayed in Figs. 7.17–7.19.
As shown in Fig. 7.17, the uncontrolled vehicle is stable for all three filling

volumes. Still, the deviations in the tractor’s yaw rate and the articulation

angle relative to their desired values increase with an increase in the filling

volume. This increase intensifies with time for a filling volume of 80% due to

the dynamic interaction between the vehicle and the liquid. In addition, the

lateral velocity of the tractor unit has an increasing trend for the uncontrolled

vehicle. For the controlled mode, the hybrid system is able to make the con-

trolled vehicle state variables to trace the desired values on an acceptable

level. According to Fig. 7.17A and B, the tractor’s yaw rate and the
Fig. 7.16 Fishhook maneuver.
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articulation angle trace well their desired values in the steady-state and trac-

tor modes. Moreover, the robust controller exhibits an acceptable perfor-

mance by limiting the tractor unit’s lateral velocity to a narrow range.

Fig. 7.18 displays the results related to the tractor unit’s roll angles and semi-

trailer unit and the lateral-load transfer ratio. As shown in the figure, the trac-

tor and semitrailer units’ roll angles increase with an increase in the tank’s
Fig. 7.17 (A) Tractor unit yaw rate,
(Continued)



Fig. 7.17, Cont’d (B) articulation angle, (C) tractor unit lateral velocity, (D) control inputs.
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liquid volume. However, the control system reduces the overshoot and the

roll angle’s settling time for both units at all three filling volumes. For exam-

ple, at a filling volume of 80%, the maximum overshoot of the tractor unit’s

roll angle shows 80% and 91.3% reductions in the first and second peaks,

respectively, compared to the uncontrolled mode. As can be seen, this situ-

ation becomes zero after 5 s. The roll angle reduces by 71.4% and 85% in the

first and second peaks for the semitrailer unit, respectively. In other words,

the rollover stability of the liquid-carrying articulated vehicle increases with a

decrease in the roll angle. The tractor and semitrailer units’ control moments

are displayed in Fig. 7.19 for the three filling volumes. As shown in the figure,

the control moment has a smooth form for each unit’s three filling volumes.

As shown in Fig. 7.20, the semitrailer unit’s rear axle is off-track con-

cerning the fifth wheel path for the uncontrolled mode. However, the active

steering system has been able to omit the off-tracking and make the rear axle

of the semitrailer unit trace the fifth wheel’s path by controlling the tractor

unit’s yaw rate articulation angle.



Fig. 7.18 Roll angles, (A) uncontrolled, (B) controlled.
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7.4.2 The adaptive sliding mode controller
In the last section, sliding mode control was used to compute the control

input. Utilizing this method is simple, with the added advantage that the

modeling uncertainties can be taken into account in the control law. Nev-

ertheless, sliding mode control, in which the error range is determined and

the control law is designed based on the error range, has the disadvantage

that the boundary layer thickness increases with the increase in the variation

range of modeling errors and the presence of uncertainty in the control sys-

tem parameters, increasing the tracing error and control effort. In such cases,

an adaptive lawmust be derived for the parameters that have uncertainty and

that change under different operational conditions.

The main idea of adaptive control is estimating the system’s uncertain

parameters (or, equivalently, the controller parameters) based on the system

signals measured online. The control input is obtained using the estimated

parameters. Therefore, an adaptive control system can be considered as a

control system along with a parameter estimator.



Fig. 7.19 Control inputs, (A) tractor unit, (B) semitrailer unit.
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As seen in the previous section, robust control methods are employed

when there are uncertainties in the system parameters. Nevertheless, using

adaptive control methods for parameter estimation when there are uncer-

tainties in the system parameters has the following advantages over using

robust control methods:



Fig. 7.20 Path of the liquid-carrying articulated vehicle, (A) uncontrolled, (B) controlled.
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▪ An adaptive controller improves its performance as time passes by esti-

mating the system parameters more accurately, whereas a robust con-

troller attempts to provide suitable performance.

▪ An adaptive controller does not require initial data about the system

parameters or requires little data. In contrast, a robust controller

needs a suitable initial approximation of the range variation of the

parameters.

On the other hand, robust control has some advantages over adaptive con-

trol. For example, a robust control system offers better performance when

there are disturbances in the system, when the system has time-varying

parameters, or when the system has unmodeled dynamics. Hence, it can

be said that the use of an adaptive robust controller provides the advantage
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of reducing the parametric uncertainties in the system using adaptive control

and considering the effect of the rest of system uncertainties such as structural

uncertainties or unmodeled dynamics using robust control.

Most dynamic systems have constant or variable uncertain parameters.

Adaptive control is generally used to control systems with uncertain and

unknown parameters. The fundamental idea of adaptive control is esti-

mating the system’s uncertain parameters based on the data obtained from

the system and using the estimated parameters to compute the control

input.

In this section, we use the standard least-squares method to estimate the

control system parameters.
7.4.2.1 Standard least-squares method
The basis of parameter estimation is obtaining data related to the parameter

using available system data. Therefore, an estimation model is required to

attribute the available data to the unknown parameters [26]. A general model

for parameter estimation is the linear form (7.90):

y¼wa (7.90)

where the n-dimensional vector y consists of the system outputs, the
m-dimensional vector a consists of the unknown parameters that must be

estimated, and the n � mmatrix w is the signal matrix. It must be noted that

both matrices y and w can be identified by measuring the system data; hence,

the unknown values in Eq. (7.90) are present in the vector a.

The value of y can be predicted using the estimated parameter and based

on the model in Eq. (7.90).

ŷ¼wâ (7.91)

Where ŷ denotes the predicted output at time t. The difference between the
predicted output and the measured output y is named the prediction error

and is denoted by e1.

e1 ¼ ŷ�y (7.92)

The prediction error can be related to the parameter estimation error as
(7.93):

e1¼wâ�wa (7.93)

where a
�¼ a� â is the parameter estimation error vector.
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In the standard least-squares method, the parameters are estimated by

minimizing the total prediction error with respect to â tð Þ. This error is equal
to (7.94):

J ¼
ðt
0

eT1 rð Þe1 rð Þdr¼
ð

y rð Þ�W rð Þâ tð Þk k2dr (7.94)

By differentiating J concerning â tð Þ:
∂J

∂â tð Þ¼ 0!
ðt
0

wT rð Þw rð Þdr
� �

â tð Þ¼
ðt
0

wT rð Þy rð Þdr (7.95)

By the following definition:
P tð Þ¼
ð t
0

wT rð Þw rð Þdr
� �

â tð Þ

 ��1

(7.96)

Hence:
P tð Þ¼
ðt
0

wT rð Þw rð Þdr
� �

â tð Þ

 ��1

(7.97)

As such, the above relationship is written as follows:
P�1 tð Þâ¼
ð t
0

wT rð Þy rð Þdr (7.98)

By differentiating:
_̂a¼�P tð ÞwTe1 (7.99)

where P(t) is the estimator gains matrix. For the online tuning of the matrix
P(t), the following is performed:

_P ¼�PwTwP (7.100)

In order to use Eqs. (7.99) and (7.100) we must make an initial guess for
the parameters â 0ð Þ and an initial guess for the estimation rule gain P(0).

7.4.2.2 Active roll system parameter estimation
In this system, the vehicle’s moment of inertia about the longitudinal axis

and the vehicle mass center’s height have uncertainties and are estimated

using the standard least-squares method.
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Tractor unit
By considering the roll equation of the tractor unit:

Ixxpt €φt +mstht _vt ¼Mptsx �msthtut _ψ t +MA

Ixxpt €φt ¼Mptsx �mstht _vt + ut _ψ tð Þ+MA
(7.101)

The above equation is considered as (7.102):
Ixxpt €φt ¼mstght sin φtð Þ�KStφt�CSt _φt +KSw φt�φsð Þ+CSw _φt� _φsð Þ
�mstht _vt + ut _ψ tð Þ+MA

(7.102)

Now:
a1¼ Ixxpt
a2¼ ht

(7.103)

By substituting Eq. (7.103) into Eq. (7.102):
�KStφt�CSt _φt +KSw φt�φsð Þ+CSw _φt� _φsð Þ�MA

¼ a1 €φt + a2 mst _vt + ut _ψ tð Þ� ght sin φtð Þð Þ (7.104)

And:
�KStφt�CSt _φt +KSw φt�φsð Þ+CSw _φt� _φsð Þ�MA

¼ €φt mst _vt + ut _ψ tð Þ� ght sin φtð Þ½ � a1
a2


 �
(7.105)

By rewriting the above equation in the (7.106) form:
y¼wa

y¼�KStφt�CSt _φt +KSw φt�φsð Þ+CSw _φt� _φsð Þ�MA

w¼ €φt mst _vt + ut _ψ tð Þ� ght sin φtð Þ½ �

a¼
a1

a2

" # (7.106)

Semitrailer unit
By considering the equation of the semitrailer unit:

Ixxps + Ixl
� �

€φs� Ixzps €ψ s +msshs _vs ¼Mpssx �msshsus _ψ s +mlal ĵZ +mlalk̂Y
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+mlg Z sin φsð Þ+Yð Þ+MB Ixxps + Ixl
� �

€φs +msshs _vs
¼mssghs sin φsð Þ�KSsφs�CSs _φs�KSw φt�φsð Þ�CSw _φt� _φsð Þ
�msshsus _ψ s +mlZ _vs + us _ψ s + hs €φs�Y _φs

2�Y _ψ s
2 +Z €φs +X €ψ s

� �
+mlY Z _φs

2 +X _φs _ψ s +Y €φs

� �
+mlg Z sin φsð Þ+Yð Þ+MB

(7.107)

The above equation is considered as (7.108):
Ixxps + Ixl
� �

€φs ¼mssghs sin φsð Þ�KSsφs�CSs _φs�KSw φt�φsð Þ
�CSw _φt� _φsð Þ�msshs _vs + us _ψ sð Þ+mlhsZ €φs

+mlZ _vs + us _ψ s �Y _φs
2�Y _ψ s

2 +Z €φs +X €ψ s

� �
+mlY Z _φs

2 +X _φs _ψ s +Y €φs

� �
+mlg Z sin φsð Þ+Yð Þ+MB

(7.108)

Now:
a3¼ Ixxps

a4¼ hs
(7.109)

By substituting Eq. (7.109) into Eq. (7.108):
�KSsφs�CSs _φs�KSw φt�φsð Þ�CSw _φt� _φsð Þ
+mlZ _vs + us _ψ s �Y _φs

2�Y _ψ s
2 +Z €φs +X €ψ s

� �
+mlY Z _φs

2 +X _φs _ψ s +Y €φs

� �
+mlg Z sin φsð Þ+Yð Þ�MB

¼ a3 €φs + a4 mss _vs + us _ψ sð Þ� ghs sin φsð Þð Þ (7.110)

And
�KSsφs�CSs _φs�KSw φt�φsð Þ�CSw _φt� _φsð Þ
+mlZ _vs + us _ψ s �Y _φs

2�Y _ψ s
2 +Z €φs +X €ψ s

� �
+mlY Z _φs

2 +X _φs _ψ s +Y €φs

� �
+mlg Z sin φsð Þ+Yð Þ�MB

¼ €φs mss _vs + us _ψ sð Þ� ghs sin φsð Þ½ � a3
a4


 �
(7.111)

7.4.2.3 Active steering system parameter estimation
Given Eqs. (7.66)–(7.68):
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mt +ms +Mh 0 0

MhX Mh X2�Y 2ð Þ Mh X2�Y 2ð Þ
MhX Mh X2�Y 2 +Xð Þ Mh X2�Y 2 +Xð Þ

2
64

3
75

_vt

€ψ t

€Γ

2
64

3
75

+

0 � ms +Mhð Þ Lct +Lfs

� � � ms +Mhð ÞLfs

� ms +Mhð Þ
Lct +Lfs

� � Izzt + Izzs + Izzl
+ ms +Mhð Þ Lct +Lfs

� �2 Izzs + Izzl�MhXLct
+ ms +Mhð ÞLfs Lct +Lfs

� �
� ms +Mhð ÞLfs

Izzs + Izzlð Þ�MhX Lct +Lfs

� �
+ ms +Mhð Þ Lct +Lfs

� �
Lfs

Izzs + Izzlð Þ�MhXLfs
+ ms +Mhð ÞL2

fs

2
66664

3
77775

_vt
€ψ t
€Γ

2
4

3
5

+

mt +ms +Mh

MhX

MhX

2
4

3
5ut _ψ t +

0

� ms +Mhð Þ Lct +Lfs

� �
� ms +Mhð ÞLfs

2
4

3
5ut _ψ t¼U (7.112)

The seven parameters of the active steering system that have uncer-
tainties are;

a1¼Lct +Lfs

a2 ¼Lfs

a3¼ Izzt
a4¼ Izzs + Izl

a5¼ Lct +Lfs

� �2
a6¼Lfs Lct +Lfs

� �
a7¼L2

fs

(7.113)

Now
Y ¼

� ms +Mhð Þ €ψ t � ms +Mhð Þ €Γ 0 0 0 0 0

� ms +Mhð Þ _vt 0 €ψ t €ψ t + €Γ ms +Mhð Þ €ψ t �MhX €Γ + ms +Mhð Þ €Γ 0

� ms +Mhð Þut _ψ t

�MhX €ψ t � ms +Mhð Þ _vt 0 €ψ t + €Γ 0 ms +Mhð Þ €ψ t ms +Mhð Þ €Γ
� ms +Mhð Þut _ψ t

2
6666664

3
7777775

w¼

� ms +Mhð Þ €ψ t � ms +Mhð Þ €Γ 0 0 0 0 0

� ms +Mhð Þ _vt 0 €ψ t €ψ t + €Γ ms +Mhð Þ €ψ t �MhX €Γ + ms +Mhð Þ €Γ 0

� ms +Mhð Þut _ψ t

�MhX €ψ t � ms +Mhð Þ _vt 0 €ψ t + €Γ 0 ms +Mhð Þ €ψ t ms +Mhð Þ €Γ
� ms +Mhð Þut _ψ t

2
6666664

3
7777775
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a¼

a1
a2
a3
a4
a5
a6
a7

2
66666664

3
77777775

(7.114)

In the presented diagram in Fig. 7.21, the control system’s uncertain
parameters are identified using adaptive control. The estimation process for

the active steering and active roll subsystems is performed using the least-

squares algorithm. Parameters such as the distance between the tractor mass

center and the joint, the distance between the semitrailer mass center and the

joint, and themoments of inertia of the tractor and semitrailer units about the

vertical axis are estimated for the active steering subsystem.Besides, the height
Fig. 7.21 Hybrid adaptive robust control system diagram.



Table 7.3 Sensors used in the adaptive robust control system.

Sensor Sensor type Measured variable Sensor dynamics Manufacturer

Angular Rate

Gyro (SAG,

DAG, TAG)

KCD16008

KCD16922

Yaw rate, roll

angle rate Ts sð Þ¼ ω2
n

s2 + 2ξωns+ω2
n

Kistler

Articulation angle

rate
Ta sð Þ¼ ωn

s+ωn

Wheel Speed

Sensor

CWPTA Longitudinal speed Ts sð Þ¼ ω2
n

s2 + 2ξωns+ω2
n

Kistler

Optical Sensor

(SFII-P)

CSF2A Longitudinal

speed, lateral

speed, yaw angle,

and roll angle

Ts sð Þ¼ ω2
n

s2 + 2ξωns+ω2
n

Kistler

Triaxial

Sensors

8395A2D0 Lateral

acceleration Ts sð Þ¼ ω2
n

s2 + 2ξωns+ω2
n

Kistler
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of the mass centers of the tractor and semitrailer units from the ground and

the moments of inertia of the tractor and semitrailer units about the longitu-

dinal axis are estimated for the active roll subsystem. Sensors are also available

to measure each of the state variables used in the robust adaptive control sys-

tem. The type of sensors used and their dynamics are presented separately

in Table 7.3.

7.4.2.4 Performance evaluation of the adaptive robust
control system
In this section, the adaptive robust control system’s performance in the pre-

vious section is evaluated for standard maneuvers under different road con-

ditions and various filling volumes. As shown in the diagram of Fig. 7.21, the

hybrid control system consists of the active steering subsystem and the active

roll subsystem, in which the uncertain parameters are identified using the

estimation algorithm and used in the control law. Moreover, the state vari-

ables used in the adaptive robust control system are measured using sensors,

and the dynamic model of each of these sensors is shown in Table 7.3 using a

transfer function.

Fishhook maneuver
In this analysis, the steering input and road friction condition are the same as

in Section 7.4.1.1 and Fig. 7.16.

In this section, the adaptive sliding mode control performance is evalu-

ated for the maneuver performed in the previous section. Figs. 7.22–7.26



Fig. 7.22 Parameter estimation.
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Fig. 7.23 Parameter estimation.

Fig. 7.24 Yaw rate, (A) 50% filling volume, (B) 80% filling volume.



Fig. 7.25 Control inputs (A) tractor front axle (B) semitrailer axle.
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indicate the results of estimating the parameters, namely the tractor’s yaw

rate, the control effort, and the roll angles of the tractor and semitrailer units.

Active steering system parameter estimation
See Fig. 7.23.

Active roll system parameter estimation (see Fig. 7.24) In this section,

the two control systems’ performances in tracing the controlled state



Fig. 7.26 (A) Control effort of the tractor unit, (B) control effort of the trailer unit, (C) roll
angle of the tractor unit, (D) roll angle of the semitrailer unit.
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variables are compared. Given that the results related to the performances of

the two control systems for the articulation angle and lateral velocity of the

tractor unit are almost identical and that the largest difference was observed

for the tractor unit’s yaw rate, the results of this last state variable are com-

pared. The adaptive sliding mode controller exhibits good performance in

tracing the desired yaw rate for both filling volumes based on the simulation

results. According to Fig. 7.24, both controllers perform well in tracing the

tractor’s desired yaw rate in the transient mode. However, the tractor’s yaw

rate deviates from the desired value after 5 s in the steady-state mode and for

a 50% filling volume. For an 80% filling volume, this deviation is remarkable

from 1.5 s to 1.8 s and from 2.5 s to 5.5 s. On the other hand, the tractor’s

yaw rate traces the desired value well for both steady-state and transient

modes and both filling volumes when the adaptive sliding mode controller

is utilized.

The control inputs for the robust control and adaptive robust control

methods are compared in Fig. 7.25. As shown in the figure, for robust adap-

tive control, the control effort has decreased in the first and second peaks,

and the curve representing the control angles is smoother for both axles

compared to that for the robust control method. For example, the tractor
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unit’s steering angle of the front axle decreases by 35% and 22% at the first

and second peaks, respectively.

The adaptive robust control system results for the control effort and roll

angles of the tractor and semitrailer units are displayed in Fig. 7.26. Accord-

ing to Fig. 7.26, the tractor unit’s control effort is considerably lower for

adaptive control than for robust control. Still, the semitrailer unit’s control

moment has increased by 14% for adaptive control compared to robust con-

trol. Besides, the roll angle results show that despite the increase in the con-

trol effort for the semitrailer unit, the peak roll angle for both units has

decreased remarkably, and the settling time for the tractor unit has

reached 3.8 s.
7.5 Conclusion

Due to changes in the velocity and impacts from the road, the liquid inside

the tanker moves, resulting in sloshing. This factor causes mutual interaction

between the liquid and the vehicle, which strongly affects the dynamic roll

responses of the liquid-carrying articulated vehicle. The liquidmotion inside

the tank depends on tank geometry, liquid height, excitation frequency, and

vehicle maneuver type. The forces and moments resulting from the pressure

distribution on the tank wall will significantly affect both the tank and the

overall structure, changing the liquid’s motion inside the tank. These liquid

motions influence the stability and dynamic system performance. Hence,

measures must be taken in these systems to minimize these effects and opti-

mize the system. A review of the literature on liquid-carrying vehicles shows

that the attempts to investigate the stability and to improve the dynamics of

these vehicles mainly involve selecting and optimally designing liquid-

carrying tanks, using lateral plates to restrict the liquid motion inside the

tank, and the like. Also, only a few works have improved the lateral motion

of the vehicle using control systems. For this reason, the present research

attempts to design an adaptive robust control system for improving the

dynamic performance of the vehicle at various speeds and various road con-

ditions by studying the weaknesses present in the literature and considering

the operational modes of an articulated vehicle. The results of this research

are as follows:

▪ First, a 16-DOF dynamic model of an articulated vehicle was simulated.

Then, this model was validated using the TruckSim software for stan-

dard maneuvers. Subsequently, the dynamic interaction between the

liquid and the vehicle was investigated by using a pseudodynamic
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method for modeling the liquid inside the tank and a nonlinear dynamic

model for the articulated vehicle.

▪ Studies show that the tank’s liquid sloshing significantly affects the trac-

tor and semitrailer units’ roll angles and the lateral-load transfer ratio. As

a result, a considerable increase in both units’ roll angles and the lateral-

load transfer ratio is observed compared to articulated vehicles with rigid

loads. Moreover, an increase in the filling volume increases the roll

angle, lateral load transfer, and forces and moment exerted on the tank

wall and decreases the lateral displacement of the liquid mass center. The

conducted stability analysis shows that an increase in the distance

between the mass center of the tractor unit and the front axle leads to

tractor oversteer and, hence, jackknifing. Besides, higher vehicle insta-

bility is observed with an increase in the filling volume. Moreover, a rise

in the tires’ lateral stiffness leads to understeer in the liquid-carrying

articulated vehicle and an increase in its stability.

▪ Given the increase in the rollover probability due to sloshing in the tank

and an increase in the lateral load transfer in this vehicle, an active roll

control system was proposed for controlling the roll angles of the tractor

and semitrailer units. Furthermore, an active steering control system was

designed to improve maneuverability and prevent the liquid-carrying

articulated vehicle from jackknifing. In the active steering controller,

the tractor’s yaw rate, the lateral velocity of the tractor, and the articu-

lation angle are the state variables that are controlled and the desired

values of which must be traced.

▪ In order to design the active steering control system, a 3-DOF model of

the liquid-carrying articulated vehicle was developed, and the control

inputs were derived according to this model. Moreover, both control

systems were designed based on the sliding mode control method.

▪ In order to compensate for the weaknesses present in the robust control-

ler, an estimation algorithm was used to identify the parameters that

change during the driving process and have uncertainties. The advan-

tages of adaptive robust control systems include the smoothness of the

control effort curve and its ability to trace the controlled state variables

under critical conditions when the robust controller fails.

▪ The performance of the adaptive robust control system was evaluated

under critical conditions. Under these conditions, the control system

improves the dynamic performance during critical maneuvers involving

increased longitudinal speed and reduced road friction coefficient by

tracing the controlled state variables’ desired values.
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CHAPTER 8

Directional stability analysis and
integrated control of articulated
heavy vehicles
8.1 Introduction

The popularity and application of articulated heavy vehicles (AHVs) are grow-

ing rapidly because of their great commercial benefits. The majority of AHVs

are commonly used for the transportation of goods as well as materials due to

their cost effectiveness in both labor requirements and fuel consumption.

Fig. 8.1 shows a viewof an AHVon the road as a commercial vehicle formov-

ing more payloads with a lower tare weight than a single unit. According to

research conducted in Sweden, 15%of fuel costs, 23%of humancosts, and 32%

of travel have been reduced by the use of articulated heavy vehicles [1].

A fundamental understanding of the stability and control concepts of

articulated heavy vehicles is required to comprehend the effects of the var-

ious layouts and parameters. This knowledge can be used to quickly assess

risks, critical situations, and critical vehicle configurations when evaluating

new stability control functions. The instability of AHVs is considered a
Fig. 8.1 View of an articulated heavy vehicle on the road as a commercial vehicle.
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danger to road transportation due to the high moment of inertia and mass

because the accidents caused by this type of vehicle have more severe losses

than passenger cars. Therefore, it is essential to apply control devices to

increase stability and improve the handling of heavy vehicles. As a result,

using active safety systems plays a vital role in heavy vehicles. These systems

help drivers in difficult driving situations, and they are also accessible to con-

trol vehicle motion.With the increasing growth as well as the deployment of

technologies in the automotive industry, the role of the driver has changed

dramatically. In other words, an expert system consisting of a number of

mechatronic units will be responsible for controlling the vehicle. The basic

idea is to turn the vehicle handling behavior to be closed to linear vehicle

characteristics (that the driver is familiar with) and to restrain the vehicle lat-

eral dynamics to be within a stable region in aggressive maneuvers. When it

comes to the approach of this chapter on articulated vehicles, the controlling

objectives take another form. For example, following the trajectory of a trac-

tor by the trailer unit is one of the important/cardinal control targets in this

area, where various systems such as active suspension, active steering, and

active braking have all been used to improve the lateral dynamics [2].

The two popular approaches in this field, which are applied to all vehicles

in different classes (i.e., heavy vehicles as well as passenger cars), include

using the steering angle of wheels and applying differential braking forces

on the selected vehicle tires. The systems that control the vehicle dynamics

by changing the steering angle are referred to as active front steering (AFS) or

steering angle (four-wheel steering).

In another type, the differential braking method, the vehicle dynamics

behavior is modified by a yaw moment generated by the asymmetric distri-

bution of the braking forces on the selected tires. The most famous title used

for this type of system is the electronic stability program (ESP), which was

first developed by the Bosch Company in 1995 for Mercedes-Benz. In

maneuvers with high lateral acceleration, the quality of the active steering

system is greatly reduced due to the nonlinear nature of the tires because

these systems are not able to provide enough lateral force to maintain the

vehicle in turn (and the physical limit of adhesion between the tires and

the road is reached). In other words, the active steering system could not

properly control the vehicle in aggressive maneuvers, and its performance

has been limited to rather low lateral accelerations in most cases. On the

other hand, the active braking system could effectively control the vehicle

lateral dynamics in both the linear and nonlinear regions of the tire. It is

common to use this subsystem within boundary conditions because
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continuous braking accelerates the tire wear process and also reduces the

vehicle velocity, which makes the driver feel uncomfortable.

In light of the above, an intelligent method of control system design is

developed in a way that takes the proper performance of each braking

and steering subsystem into account and applies them in such a way that

the minimum interference and maximum efficiency are reached.

Researchers have considered two types of approaches in this field. In the

first approach, the active steering system and active braking system are

designed separately for two independent control targets, and then the per-

formance of these subsystems is regulated based on the condition by a super-

visor system. This approach is called bottom-up integration [3–6]. In the

second approach, a system is designed as a multivariable controller, and

the control variables are adjusted simultaneously. To implement this top-

down method in the vehicle framework, several control theories have been

developed, such as optimal control [7–10], predictive control [11], and

robust control [12].
8.2 Modeling of an articulated heavy vehicle

According to the definition, modeling helps researchers analyze a system in a

systematic manner and predict its behavior. In this section, a complete non-

linear model will be presented for articulated vehicles based on the method

given by the automotive scientist Masato Abe to model the roll motion in

vehicles [13]. As briefly mentioned upon introducing articulated heavy

vehicles, the given vehicle consists of two parts, the tractor and semitrailer,

as shown in Fig. 8.2 [14]. The presented model of the vehicle is a complete
Fig. 8.2 Sixteen degree-of-freedom model for the articulated vehicle.
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nonlinear model, namely the 16 degree-of-freedom model. The degree-of-

freedom considered for the dynamic model includes the longitudinal and

lateral motion of the tractor unit, the yaw motion of the tractor unit around

the zt axis, and the roll motion of this unit around the roll axis of the tractor.

For the semitrailer part, the yaw and roll motion are also considered inde-

pendently from the tractor. The remaining 10 degree-of-freedom belong to

the wheel rotation. In this method, we assume that the tractor and trailer

units have sprung and unsprung masses separately. The tractor unit’s sprung

mass is the body (cabin), and unsprung masses of this unit include the sus-

pension system, axles, and the front also rear wheels. The semitrailer unit also

consists of a body and an unsprung mass, including the total suspension sys-

tem, axles, and rear wheel masses.
8.2.1 Introducing the applied coordinate systems in modeling
As shown in Fig. 8.2, the coordinate system of xnynzn is an inertial coordi-

nate. The center of mass of the tractor unit, including the sprung and

unsprung masses, is located in the point of CGt. The point Pt is the inter-

section of the vertical line passing from CGt and the roll axis of the tractor

unit, which is selected as the origin of the coordinate system xnynzn. The

recent coordinate system has been fixed on the tractor unsprung masses.

Because of that, it moves in longitudinal and lateral directions and performs

the yaw motion without a roll, as given in Eq. (8.1) [14, 15].

in
jn
kn

24 35¼ cosψ t � sinψ t 0

sinψ t cosψ t 0

0 0 1

24 35 it
jt
kt

24 35 (8.1)

where ψ t is the rotation of the tractor longitudinal axis over the xn axis of the
inertial coordinate system. The coordinate system xt
0yt0zt0 is fixed on the

tractor body and the point Pt is its origin. This coordinate system also has

additional roll motion. By assuming that the roll angle (φt) is small, the angu-

lar velocities of two coordinate systems, xtytzt and xt
0yt0zt0, are measured as

the following:

ωt ¼ _ψ tkt (8.2)

ω0
t ¼ _φt i

0
t + _ψ tk

0
t (8.3)

Similar to the tractor unit, in the trailer unit, the point Ps as the origin of
the coordinate system xsyszs is the intersection of the vertical line passing

from CGs and the roll axis. The above coordinate system is fixed on the
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trailer unsprung mass and has a rotation about the coordinate system xtytzt,

which equals the articulation angle between the tractor and trailer (Γ) units.
So, we could simply infer:

it
jt
kt

24 35¼
cosΓ � sinΓ 0

sinΓ cosΓ 0

0 0 1

24 35 is
js
ks

24 35 (8.4)

Assuming the angular rotation of the coordinate system xtytzt as ψ s, the
articulation angle is calculated as Eq. (8.5):

Γ¼ψ s�ψ t (8.5)

Similar to the tractor unit, the coordinate system xs
0ys0zs0 is addressed
with the origin Ps. The given coordinate system with the trailer body also

performs the roll motion (φs). The angular velocities of both xsyszs and

xs
0ys0zs0 are:

ωs ¼ _ψ sks (8.6)

ω0
s ¼ _φs i

0
t + _ψ sk

0
s (8.7)

8.2.2 Calculating the velocity and acceleration of the tractor
and semitrailer center of masses
8.2.2.1 Tractor unit
Fig. 8.3 represents the tractor unit consisting of the body sprungmass and the

unsprung masses. The points St, tuf, and tur are the center of mass of the trac-

tor body, the front sprung mass, and the rear sprung mass, respectively,

where the velocity and acceleration of these points are presented.
Fig. 8.3 Tractor unit in the articulated heavy vehicle.
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The center of mass velocity and acceleration of the tractor body are

obtained as:

VSt ¼ uti
0
t + vt + ct _ψ t +

_htφtÞj0t
�

(8.8)

ast ¼ _ut� vt _ψ t� ct _ψ
2
t �ht _φt _ψ t

� �
i0t + ut _ψ t + _vt + ct €ψ t + ht €φtð Þj0t (8.9)

where ut and vt represent the longitudinal and lateral velocity of point Pt,
respectively. The velocity and acceleration of the front sprung mass are cal-

culated as:

Vtuf ¼ utit + vt + eft _ψ t

� �
jt (8.10)

atuf ¼ _ut� vt _ψ t� etf _ψ
2
t

� �
it + ut _ψ t + _vt + etf €ψ t

� �
jt (8.11)

Similarly, the velocity and acceleration of the rear sprung mass are
given as:

Vtur ¼ utit + vt� etr _ψ tð Þjt (8.12)

atur ¼ _ut� vt _ψ t + etr _ψ
2
t

� �
it + ut _ψ t + _vt � etr €ψ tð Þjt (8.13)

8.2.2.2 Semitrailer unit
Fig. 8.4 shows the trailer schematic. Furthermore, points Ss and sur indicate

the center of mass of the trailer body and its rear sprung mass, respectively,

for which the velocity and acceleration are calculated as in the previous

section.

The velocity and acceleration of point Ss are obtained by Eqs. (8.14)

and (8.15).

VSs ¼ usi
0
s + vs + cs _ψ s + hs _φsð Þj0s (8.14)

aSs ¼ _us� vs _ψ s� cs _ψ
2
s �hs _φs _ψ s

� �
i0s + us _ψ s + _vs + cs €ψ s + hs €φsð Þj0s (8.15)
Fig. 8.4 Semitrailer unit in the articulated heavy vehicle.
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where us and vs represent the longitudinal and lateral velocity of point Pt,

respectively. The velocity and acceleration of point sur are obtained as:

Vsur ¼ usis + vs� esr _ψ sð Þjs (8.16)

asur ¼ _us� vs _ψ s + esr _ψ
2
s

� �
is + us _ψ s + _vs � esr €ψ sð Þjs (8.17)

8.2.3 Longitudinal and lateral dynamics motion equations of
tractor and trailer units
It is necessary to address the applied forces on the system to present the equa-

tions of longitudinal and lateral dynamics. A brief introduction to the forces

is given in the following.

8.2.3.1 Tractor unit
As shown in Fig. 8.5, the external forces affecting the vehicle dynamics

include the longitudinal and lateral forces applied on the contact patch

(i.e., the contact surface between the tire and road) and the constraint forces

in the joint.

It is evident that the representation of forces in the direction of xt and yt
would be as in Eqs. (8.18) and (8.19)

Fxi ¼Fti cosδi�Fsi sinδi (8.18)

Fyi¼Fti sinδi +Fsi cosδi

with i¼ 1,2,3,4 (8.19)
Fig. 8.5 External forces affecting the tractor unit.
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where δi is the steering angle of the front axle wheels, defined as the steering
angle applied by the driver. The sums of the longitudinal (Fxtt) and lateral

(Fytt) forces of the tractor tires are given by:

Fxtt ¼Fx1 +Fx2 +Fx3 +Fx4 (8.20)

Fytt ¼Fy1 +Fy2 +Fy3 +Fy4 (8.21)

Considering mathematical simplification, the longitudinal and lateral
dynamics equations of the tractor are obtained as in Eqs. (8.22) and (8.23):

mt _ut� vt _ψ tð Þ�mstht _φt _ψ t ¼Fxtt +Ffx (8.22)

mt _vt + ut _ψ tð Þ+mstht €φt ¼Fytt�Ffy (8.23)
here, Ffx and Ffy represent the articulation forces in the longitudinal and lat-
eral directions, respectively. Also, mt is the total sprung and unsprung masses
and mst indicates the tractor’s body mass.
8.2.3.2 Semitrailer unit
Similarly, the equations of longitudinal and lateral dynamics obtained for the

semitrailer unit are the same as the tractor unit. Fig. 8.6 shows the forces

affecting the semitrailer. In this section, the steering angle δi(δ5:10) for the
trailer rear axle wheels, the total longitudinal forces (Fxss) of the tractor tires,

and the total lateral forces of the tractor tires are given as:
Fig. 8.6 External forces affecting the semitrailer unit.
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Fxss ¼Fx5 +Fx6 +Fx7 +Fx8 +Fx9 +Fx10 (8.24)

Fyss ¼Fy5 +Fy6 +Fy7 +Fy8 +Fy9 +Fy10 (8.25)

The longitudinal and lateral dynamics equations of the semitrailer are
given as:

ms _us� vs _ψ sð Þ�msshs _φs _ψ s ¼Fxss�Ffx cos Γð Þ+Ffy sin Γð Þ (8.26)

ms _vs + us _ψ sð Þ+msshs €φs ¼Fyss +Ffx sin Γð Þ+Ffy cos Γð Þ (8.27)
where ms shows the total sprung and unsprung masses and mss represents the
trailer sprung mass.
8.2.4 Roll and yawmotion equations of tractor and trailer units
8.2.4.1 Tractor unit
Fig. 8.7 shows the free diagram of a tractor unit for calculating the total roll

moment.
Fig. 8.7 Front view of the tractor unit.
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The roll moment of the external forces applied to the tractor unit is

obtained by:

Mptsx ¼ Ixxst +msth
2
t

� �|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
Ixxpt

€φt� Ixzst �msthtctð Þ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Ixzpt

€ψ t +mstht ut _ψ t + _vtð Þ��!yields
Mptsx

¼ Ixxpt €φt� Ixzpt €ψ t +mstht ut _ψ t + _vtð Þ (8.28)

As Fig. 8.7 shows, the roll torques on the tractor unit include the follow-
ing cases: (a) the roll moment caused by the body mass center motion due to

the vehicle rolling; (b) the roll torque caused by the suspension system

among sprung and unsprung masses, which could be replaced with a spring

and torsion damper; and (c) the transitional roll torque between the tractor

and semitrailer modeled as a spring-torsion damper according to the men-

tioned explanations. As a consequence, the roll torque applied on a tractor

unit is obtained by:

Mptsx ¼mstght sinφt�KStφt�CSt _φt +KSw φt�φsð Þ+CSw _φt� _φsð Þ
(8.29)

where KSt represents the total torsional stiffness andCSt is the total torsional
damping coefficient of the tractor suspension system. Moreover, KSw and

CSw indicate the torsional stiffness and coupling torsional damping between

the tractor and trailer, respectively. In what follows, the yaw equations of the

tractor unit are given. In this section, the equation of the tractor yaw dynam-

ics around the axis zt passing from point Pt is given for the total sprung and

unsprung masses. It is noteworthy that a simple form of the equations could

be obtained by considering some remarks, as in Eqs. (8.30) and (8.31).

FfyLct +Mptz ¼ Izzt €ψ t � Ixzpt €φt (8.30)

Mptz ¼ Fx2 +Fx4�Fx1�Fx3ð Þwt

2
+ Fy1 +Fy2

� �
Lft� Fy3 +Fy4

� �
Lrt (8.31)
WhereMptz
is the yaw torque of the tractor tire forces around axis zt. Also, Izzt

and Ixzpt are calculated as follows:

Izzt ¼ Izzst + Izzuft + Izzurt +mstc
2
t +mufte

2
tf +murte

2
tr (8.32)

Ixzpt ¼ Ixzst �mstctht (8.33)
where Izzst, Izzuft, Izzurt, and Ixzst represent the sprung mass moment of inertia

around the axis zts
0, the moment of inertia around the vertical axis that is
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parallel with zt and passing from the tractor front and rear unsprung masses,

and the last one is product inertia moment in xts
0zts0 around point St. muft and

murt are the tractor unit’s front and rear sprung masses.
8.2.4.2 Semitrailer unit
Similar to the tractor unit, the roll and yaw dynamics equations of the semi-

trailer unit are obtained in this section. If we represent the total torque affect-

ing the semitrailer unit around the roll axis byMpssx
, the dynamics equation of

the semitrailer unit would be obtained by:

Mpssx ¼ Ixxps €φs� Ixzps €ψ s +msshs us _ψ s + _vsð Þ (8.34)

0
where Ixxps is the semitrailer body moment of inertia around axis xs and Ixzps
is the semitrailer body moment product of inertia in xs

0zs0 around point Ps.
TheMpssx

applied on the semitrailer is gained as the tractor unit by Eq. (8.35):

Mpssx ¼mssghs sinφs�KSsφs�CSs _φs�KSw φt�φsð Þ�CSw _φt� _φsð Þ
(8.35)

here, KSs and CSs are the total torsional stiffness and the total torsional
damping for the semitrailer suspension system, respectively. In order to pre-

sent the yaw dynamics of the semitrailer unit, Eq. (8.36) is given as:

Ffx sinΓ +Ffy cosΓ
� �

Lfs +Mpsz ¼ Izzs €ψ s � Ixzps €φs (8.36)
where Izzs is the inertia torque of the whole semitrailer unit and Mpsz

represents the yaw torque originated from/generated through the trailer

tires, given by:

Mpsz ¼ Fx6 +Fx8 +Fx10�Fx5�Fx7�Fx9ð Þws

2
� Fy5 +Fy6

� �
Lrs�Lfrs

� �
� Fy7 +Fy8
� �

Lrs� Fy5 +Fy6

� �
Lrs +Lrrsð Þ

(8.37)
8.2.5 Articulated vehicle dynamics equations and constraint
equations
Eqs. (8.38)–(8.45) represent the eight significant vehicle equation dynamics

rewritten as follows:

mt _ut ¼mtvt _ψ t +mstht _φt _ψ t +Fxtt +Ffx (8.38)

mt _vt +mstht €φt ¼�mtut _ψ t +Fytt�Ffy (8.39)

Izzt €ψ t � Ixzpt €φt ¼Mptz +FfyLct (8.40)
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Ixxpt €φt� Ixzpt €ψ t +mstht _vt ¼Mptsx �msthtut _ψ t (8.41)

ms _us ¼msvs _ψ s +msshs _φs _ψ s +Fxss�Ffx cos Γð Þ+Ffy sin Γð Þ (8.42)

ms _vs +msshs €φs ¼�msus _ψ s +Fyss +Ffx sin Γð Þ+Ffy cos Γð Þ (8.43)

Izzs €ψ s � Ixzps €φs ¼ Ffx sinΓ +Ffy cosΓ
� �

Lws +Mpsz (8.44)

Ixxps €φs� Ixzps €ψ s +msshs _vs ¼Mpssx �msshsus _ψ s (8.45)

The above eight differential equations consist of eight dynamics variables
(ut, vt, ψ t, φt, us, vs, ψ s, φs) and two conditional forces, Ffy and Ffx. Therefore,

another two equations must be added to the above equations to simulate the

vehicle motion where these two equations are obtained due to the existing

condition between the tractor and trailer. The velocity of the articulation

point could be measured in either of the coordinate systems xt
0yt0zt0 or

xs
0ys0zs0. By equating these two values, two conditional equations are

extracted along the longitudinal and lateral axes, which would simulate

the articulated vehicle motion with the eight significant vehicle equations.

Two following equations are employed to simulate the vehicle dynamics

behavior in addition to the eight above equations.

_ut� _us cosΓ + _vs sinΓ +Lfs €ψ s sinΓ + hws €φs sinΓ

¼� _usΓ sinΓ� _Γvs cosΓ�Lfs
_Γ _ψ s cosΓ�hws

__Γφs cosΓ (8.46)

_vt�Lwt €ψ t + hct €φt� _us sinΓ� _vs cosΓ�Lfs €ψ s cosΓ�hws €φs sinΓ

¼ us _Γ cosΓ� _Γvs sinΓ�Lfs
_Γ _ψ s sinΓ�hws

__Γφs sinΓ (8.47)

8.2.6 Wheel rotational equations of motion
By neglecting the wheels’ vertical motion, a degree of freedom correspond-

ing to each wheel rotation is considered. The dynamics equation of each tire

rotation is represented as:

Iwi _Ωi¼Torquei�FtiRwi

with i¼ 1 : 10 (8.48)
where Torquei shows the torque applied on each wheel,Rwi is the tire radius,

and Iwi is the polar inertia moment for each tire.
8.2.7 Tire normal forces
The effective longitudinal and lateral forces on the tire originate from the

contact patch. The tire longitudinal and lateral forces would be established
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for vehicle acceleration as well as direction setting. In order to simulate the

tire behavior, various models have been presented, such as Pejka,Dugoff, etc.

Each model has its specific features and particular inputs. For example, the

inputs of the Magic Formula tire model include tire lateral slip angle, the slip

ratio, and the tire normal forces. Generally, the tire normal force is one of the

most important parameters in nearly every tire model. Fig. 8.8 shows the free

diagram of the articulated vehicle in which the tire longitudinal forces, artic-

ulation, and inertia forces are observed in both tractor and trailer units in

addition to the normal forces. Fig. 8.9 depicts the lateral and inertia forces

along the lateral direction.

After conducting a series of mathematical calculations, finally, six normal

forces are computed for tires considering the effect of lateral load transfer

under the lateral acceleration of two units, the lateral force established in

the articulation, and the transferred lateral load caused by the vehicle roll

motion:

Fz1¼mtgLrt�mtatxhct�Ffxhf +Ffz Lrt�Lctð Þ
2 Lft +Lrt

� � � mtatyhctLrt

Wt Lft +Lrt

� �
�Ffyhf Lrt�Lctð Þ

Wt Lft +Lrt

� � +
KStf φt +CStf _φt

Wt

(8.49)

Fz2¼mtgLrt�mtatxhct�Ffxhf +Ffz Lrt�Lctð Þ
2 Lft +Lrt

� � +
mtatyhctLrt

Wt Lft +Lrt

� �
+
Ffyhf Lrt�Lctð Þ
Wt Lft +Lrt

� � �KStfφt +CStf _φt

Wt

(8.50)

Fz3¼
mtgLft +mtatxhct +Ffxhf +Ffz Lft +Lct

� �
2 Lft +Lrt

� � � mtatyhctLft

Wt Lft +Lrt

� �
�Ffyhf Lft +Lct

� �
Wt Lft +Lrt

� � +
KStrφt +CStr _φs

Wt

(8.51)

Fz4¼
mtgLft +mtatxhct +Ffxhf +Ffz Lft +Lct

� �
2 Lft +Lrt

� � mtatyhctLft

Wt Lft +Lrt

� �
+
Ffyhf Lft +Lct

� �
Wt Lft +Lrt

� � �KStrφt +CStr _φs

Wt

(8.52)

Fz5 ¼msgLfs +msasxhcs�Ffxhf

2 Lfs +Lrs

� � �msasyhcs

Ws

+
Ffyhf

Ws

+
KSsφs +CSs _φs

Ws

(8.53)

Fz6¼msgLfs +msasxhcs�Ffxhf

2 Lfs +Lrs

� � +
msasyhcs

Ws

�Ffyhf

Ws

�KSsφs +CSs _φs

Ws

(8.54)



Fig. 8.8 Free diagram of tractor and semitrailer to calculate tire normal forces.



Fig. 8.9 Free diagram of tractor during turning.
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In the proposed vehicle configuration, the semitrailer unit has three axles

where, as can be seen, the normal forces are calculated for the center of

wheels and then 1
3
of the obtained values are considered for the tires of each

side. This assumption is correct because the mechanism of connecting triple

axles is designed in such a way that the normal load is distributed equally

among the one side wheels.
8.2.8 Simplified dynamics model
Typically, simplified linear models are used to design the control systems. In

these models in which the complexities of high degrees of freedom models

are ignored, the proper behavior of the system can be achieved in the linear

region. The given model is shown in Fig. 8.10 for the articulated vehicle.

The longitudinal and roll dynamics are excluded, and the tires on both sides

are collapsed into one. Other than that, the six rear wheels of the semitrailer

are modeled as a tire in the center of the middle axle. As can be seen in

Fig. 8.10, the equations of lateral and yaw dynamics of the tractor unit

are calculated in the coordinate system xtyt as follows:

mt _vt + ut _ψ tð Þ¼Fyft +Fyrt�Ffy (8.55)

Izzt €ψ t ¼ +FfyLct +FyftLft�FyrtLrt (8.56)



Fig. 8.10 Vehicle simplified model.
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The equations of the trailer lateral and yaw dynamics are given as:

ms _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �¼Fyrs +Ffy (8.57)

Izzs €ψ t + €Γ
� �¼FfyLfs�FyrsLrs (8.58)

By eliminating the articulation force from the above equations, three
main equations of the articulated vehicle directional dynamic are acquired

as (8.59, 8.60, and 8.61).

mt +msð Þ _vt + ut _ψ tð Þ�ms Lct +Lfs

� �
€ψ t +Lfs

€Γ
� �¼Fyft +Fyrt +Fyrs (8.59)

Izzt €ψ t +mt _vt + ut _ψ tð ÞLct ¼Fyft Lct +Lft

� �
+Fyrt Lct�Lrtð Þ (8.60)

Izzs €ψ t + €Γ
� ��ms _vt + ut _ψ t� Lct +Lfs

� �
€ψ t�Lfs

€Γ
� �

Lfs ¼�Fyrs Lrs +Lfs

� �
(8.61)
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The above model is linearized under an assumption that the lateral force

is only a linear function of the tire slip angle:

Fyi¼Ciαi (8.62)

In other words, the slip angle is expressed for each axle as follows:
αft ¼ δft� tan�1 vt + _ψ tLft

ut

� 	
� δft� vt + _ψ tLft

ut
(8.63)

αrt ¼ δrt� tan�1 vt� _ψ tLrt

ut

� 	
� δrt� vt� _ψ tLrt

ut
(8.64)

αrs¼ δrs� tan�1 vs� _ψ sLrs

us

� 	
� δrs�

vt� _ψ t Lct +Lfs +Lrs

� �� _Γ Lfs +Lrs

� �
us

�Γ (8.65)

The fourth-order linear equations are calculated considering Eqs.
(8.63)–(8.65), substituting them in Eqs. (8.59)–(8.61) and using tractor lateral
velocity (vt), tractor yaw velocity ( _ψ t), articulation angle variation rate ( _Γ), and
articulation angle (Γ) as the linear system state variables:

mt +ms

mtLct

�msLfs

0

�ms Lct +Lfs

� �
Izzt

Izzs +msLfs Lct +Lfs

� �
0

�msLfs

0

Izzs +msL
2
fs

0

0

0

0

1

2664
3775

_vt
€ψ t
€Γ
_Γ

8>><>>:
9>>=>>;

¼
a11
a21
a31
0

a12
a22
a32
0

a13
0

a33
1

a14
0

a34
0

2664
3775

vt
_ψ t
_Γ
Γ

8>><>>:
9>>=>>;

+

Cft

Cft Lct +Lft

� �
0

0

Crt

Crt Lct�Lrtð Þ
0

0

Crs

0

Crs Lfs +Lrs

� �
0

2664
3775 δft

δrt
δrs

8<:
9=; (8.66)

The above parameters are listed in Table 8.1. Table 8.2 also shows the
parameters used in computer simulations.



Table 8.1 Vehicle parameters.

a11 ¼�Cft +Crt +Crs

ut

a12 ¼ CrtLrt�CftLft +Crs Lct +Lfs +Lrsð Þ� mt +msð Þu2t
ut

a13 ¼ Crs Lfs +Lrsð Þ
ut

a14 ¼ Crs

a21 ¼�Cft Lft +Lctð Þ+Crt Lct�Lrtð Þ
ut

a22 ¼�Cft LftLct +L2
ftð Þ+Crt Lct�Lrtð ÞLrt�mtLctu

2
t

ut

a31 ¼ Crs Lrs +Lfsð Þ
ut

a32 ¼�Crs Lrs +Lfsð Þ Lrs +Lfs +Lctð Þ+msLfsu
2
t

ut

a33 ¼�Crs Lrs +Lfsð Þ2
ut

a34 ¼ � Crs(Lrs + Lfs)

Table 8.2 Articulated vehicle parameters used in computer simulations.

Symbol Value Unit Description

CStf(tr) 4.05 (6.88) kNm s
rad

Tractor torsional damping of the front

(rear) suspension

CSs 23.9 Torsional damping of semitrailer

suspension

Cw 700 Torsional damping of the coupling

between the tractor unit and the

semitrailer

ht(s) 0.438 (1.8) m Height of center of gravity of the sprung

mass of the tractor (semitrailer) from

the rolling axis

hct(s) 1.05 (1.9) Height of center of gravity of the sprung

mass of the tractor (semitrailer) from

the rolling axis

hf 1.22 The height of the fifth wheel from the

ground

hwt(ws) 0.63 (1) Height of the fifth wheel from the roller

axis of the tractor (semitrailer)

Izzt(s) 20,679

(238,898)

kg m2 Yaw moment of inertia of the whole

tractor unit (semitrailer) around the

vertical axis passing through the

center of gravity of the semitrailer

unit of inertia
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Table 8.2 Articulated vehicle parameters used in computer simulations—cont’d

Symbol Value Unit Description

Ixxpt(ps) 3335 (120,024) Rolling inertia moment of the tractor

(semitrailer) around the rolling axis

Ixzpt(ps) 602 (5756) The cross moment of inertia the sprung

mass of the tractor (semitrailer)

Iwi 11.63 Wheel moment of inertia

KStf(tr) 380 (684) kNm
rad

Torsional stiffness of the front (rear)

suspension of the tractor unit

KSs 800 Torsional stiffness of semitrailer

suspension

Kw 30,000 Torsional stiffness of the coupling

between the tractor unit and the

semitrailer

Lft(Lrt) 1.115 (2.583) m Distance between center of mass and

front axle of tractor (rear axle of

tractor)

Lfs(Lrs) 5.653, 2.047 The distance between the center of mass

of the semitrailer and the fifth wheel

(middle axis of the semitrailer)

Lct 1.959 The distance between the center of mass

of the tractor and the fifth wheel

Lrsf(rsr) 1.31 The distance between the center axle of

the semitrailer and its front (rear) axle

Ls 9 The distance between the fifth wheel

and the end of the semitrailer

mt(st) 6525 (4819) kg Total mass (sprung mass) of the tractor

ms(ss) 33,221 (30,821) Total mass (sprung mass) of the

semitrailer

Rwi 0.4 m Radius of each wheel

Wt(s) 2.04 (2) Tractor (semitrailer) width
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8.3 Control variables

The first step in designing a control system is to determine the control targets

that must be specified for the control algorithm. In vehicle lateral dynamics

control, the yaw velocity and lateral slip angle (lateral velocity) are addressed
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to provide suitable steering and vehicle stability as the main motion variables

and the vehicle lateral dynamic is enhanced by controlling them [6, 16].

By studying the performance standards/characteristics of the articulated

vehicle’s directional dynamics/behavior, examining dangerous modes, and

conducting dynamics analysis based on phase plane, we could have a clearer

view of the role of different motion variables in improving the stability as

well as maneuverability of an articulated vehicle. These variables must be

selected in such a way that controlling them results in the stability of the

articulated vehicle.

In order to evaluate the performance of heavy vehicles in different fields, a

set of standards has been codified. These standards could be used to assess the

performance of heavy vehicles and also evaluate the developed control sys-

tems. The complete set of these standards has been compiled by Australia’s

National Road Transport Commission, and that set is called the

Performance-Based Standard (PBS) [17]. The mentioned standards include

longitudinal performance, lateral performance, rollover performance, and

ride performance of heavy vehicles. Several standards related to the lateral

dynamics and also dangerous modes of articulated vehicle motion include

handling quality, steady-state off-tracking, transient off-tracking, lateral sta-

bility in braking, and tire friction demand. Furthermore, hazardous modes of

articulated vehiclemotion include the first dangerousmotion,which is diver-

gence instability covering jackknifing and trailer swing, and the second unsta-

ble oscillating motion, which is when the trailer starts to oscillate toward the

tractor and its oscillation domain increases progressively. This unstable mode

is the so-called snaking [18].

It should also be noted that the directional stability of the articulated

vehicle when braking, minimizing the required friction and preventing dan-

gerous motion modes, also depend on how the control system is designed

and implemented. This issue should be considered in the design of integrated

control systems.

8.3.1 Tractor yaw velocity and its desired value
The vehicle handling quality implies the capability of a vehicle to meet the

driver’s demand. It should be noted that handling quality is a subjective crite-

rion. So far, no theoretical method has been presented that can express the

extent of handling or vehicle controllability analytically. For this reason, only
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empirical truth-based and practical tests can be carried out to appraise handling

[13].However, theyawvelocity is themost important factor among thevehicle

motion variables by which drivers could evaluate vehicle handling as far as

researchers are concerned [6]. In otherwords, the driver tries to adjust thevehi-

cle yaw velocity by changing the steering angle. But, it should be noted that a

typical driver drives at low accelerations and is subjectively familiar with the

vehicle performance range in the linear region.Hence, the best situation is that

under extremeacceleration conditions andhigh lateral accelerationmaneuvers,

the driverwould feel a subjectivemotion in the linear conditions [15]. Accord-

ingly, the desired yaw velocity value is measured as the following:

_ψ r

δdriver
¼Gr

1

1+ trS
(8.67)
where _ψ r is the desired yaw velocity, δdriver is the steering angle applied by the
driver, tr is delay time, andGr is the steady-state yaw velocity gain. Therefore,

based on Eq. (8.67), the vehicle’s linear behavior is determined for the driver,

and adjusting the vehiclemotion becomes easier for him/her. The desired yaw

velocity could also be obtained in the articulated heavy vehicle, just the same as

the idea implemented in the passenger vehicle.The desired yawvelocity gain is

obtained for a linear model of the articulated vehicle shown in Fig. 8.11 [19]:

Gr heavy¼ ut

Lg +Kugu2t
(8.68)
where Lg and Kug are the extended length and the understeer gradient for

the articulated heavy vehicle, respectively. These two parameters are obtained

for the arbitrary number of tractor and trailer axles as the following [19]:
Fig. 8.11 The simplified model of the articulated vehicle to calculate the steady-state
yaw velocity gain.
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whereN is the number of tractor axles, andM is the number of semitrailer axles. The rest of the parameters have been given

in Fig. 8.11.
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8.3.2 Lateral velocity and its desired value
Adjusting the tractor yaw velocity and the side slip angle is an effective way

to maintain stability and specifically prevent the vehicle from jackknifing. It

must be noted that adjusting both the lateral velocity (vt) and the side slip

angle (βt) based on the following equation is two equivalent tasks:

βt ¼ arctan
vt

ut

� 	
(8.71)

Well-known automotive scientists have focused on limiting the side slip
angle to maintain the lateral stability of the riding vehicle [20, 21]. Limiting

the tractor side slip angle is of prime importance to prevent tractor jackknif-

ing and trailer swing. Because vehicle stability depends on the side slip angle

directly, this angle should be limited to place the vehicle in the linear con-

dition [16] in which its desired value could be considered zero.
8.3.3 Articulation angle and its desired value
The articulation angle is considered a critical variable in the articulated vehi-

cle. The idea of following the turning angle to track the pathwas proposed for

the first time in 1991 [22].Thedesired articulation angle is determined in such

a way that the steady-state off-tracking as well as transient off-tracking are

eliminated. On the other hand, it is obvious that adjusting the articulation

angle, particularly limiting it, could result in preventing trailer swing and

snaking. In this section, the desired articulation angle (Γr) is obtained to such

a degree that trackingΓr helps the trailer end to track the fifthwheel path at all

velocities. This procedure has been shown in Fig. 8.12, schematically [15].

Fig. 8.13 shows the articulated vehicle at times T and T + Td schemati-

cally. The time interval Td is the required time duration for the articulated

vehicle to traverse the distance between the end of the semitrailer and the fifth

wheel. Besides, the location of the fifth wheel is represented by f(T) and

f(T + Td) at T and T + Td. Additionally, the location of the end of the semi-

trailer is shown by S(T) and S(T + Td) at T and T + Td, respectively. More-

over, it is feasible to track the reference articulation angle Γr(T + Td) by

removing the off-tracking (i.e., removing the position deviation between

f(T) and (T + Td)).

As can be seen in Fig. 8.13, Eq. (8.72) can be defined as an equivalent for

Γr(T + Td):

Γr T +Tdð Þ¼ tan�1Δyf
Δxf

(8.72)



Fig. 8.12 Right image: The articulated vehicle when it follows the desired articulation
angle. Left image: The articulated vehicle when the articulation angle has an
arbitrary value.
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where Δxf and Δyf are the longitudinal and lateral displacement of the fifth

wheel at the Td interval, respectively. It is worth knowing that Δxf and Δyf
are calculated within the coordinate system attached to the tractor at T + Td

(namely, in the xt
T+Tdyt

T+Td coordinate system). Other than that, it must be

considered that due to the motion of the xtyt coordinate system, it is not

straightforward to calculate Δxf and Δyf. To perform this, the Td time inter-

val is divided into j equal periods, each asΔTwhere j is calculated j ¼ Td/Δ
T and the ΔT period must be small enough. Fig. 8.14 shows the idea pro-

posed in this research (it should be noticed that at arbitrary T + kΔT, the

coordinates fixed on the tractor unit are shown by xt
T+kΔTyt

T+kΔT).

According to Fig. 8.13, Δxf and Δyf are defined as follows:

Δxf ¼ xf T +Tdð Þ�xf Tð Þ (8.73)

Δyf ¼ yf T +Tdð Þ� yf Tð Þ (8.74)



Fig. 8.14 Representation of the proposed idea to define the desired articulation
angle [15].

Fig. 8.13 Schematic of the articulated vehicle at T and T + Td.
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where xf(T + Td) and yf(T + Td) are simply defined in the xt
T+Tdyt

T+Td coor-

dinate system:

xf T +Tdð Þ¼�Lct (8.75)

yf T +Tdð Þ¼ 0 (8.76)
The idea represented in

Fig. 8.14 is used to calculate xf(T) and yf(T) in xt
T+Tdyt

T+Td. In the first

step, through simple geometrical analysis, the longitudinal and lateral loca-

tions of f(T) are determined in xt
T+ΔTyt

T+ΔT:

xf Tð Þ¼� Δx Tð Þ+Lct½ �cos Δψ Tð Þ½ ��Δy Tð Þ sin Δψ Tð Þ½ � (8.77)

yf Tð Þ¼ + Δx Tð Þ+Lct½ � sin Δψ Tð Þ½ ��Δy Tð Þcos Δψ Tð Þ½ � (8.78)

where Δx(T), Δy(T), and Δψ(T) are the longitudinal, lateral, and yaw
alterations of the tractor gravity center at the T and ΔT interval, respec-

tively. Concerning the above mentioned, xf(T) and yf(T) could be

represented in xt
T+2ΔT yt

T+2ΔT:

xf Tð Þ¼� Δx Tð Þ+Lct½ �cos Δψ Tð Þ+Δψ T +ΔTð Þ½ �
�Δx T +ΔTð Þcos Δψ T +ΔTð Þ½ �
�Δy Tð Þ sin Δψ Tð Þ+Δψ T +ΔTð Þ½ �
�Δy T +ΔTð Þ sin Δψ T +ΔTð Þð Þ (8.79)

yf Tð Þ¼ + Δx Tð Þ+Lct½ � sin Δψ Tð Þ+Δψ T +ΔTð Þ½ �
+Δx T +ΔTð Þ sin Δψ T +ΔTð Þ½ �
�Δy Tð Þcos Δψ Tð Þ+Δψ T +ΔTð Þ½ �
�Δy T +ΔTð Þcos Δψ T +ΔTð Þð Þ (8.80)

Finally, by applying the same method, the location of f(T) is presented
in xt
T+Tdyt

T+Td:

xf Tð Þ¼�Lct cos
Xj�1

k¼n

Δψ T + kΔTð Þ
" #

+
Xj�1

k¼n

�Δx T + kΔTð Þcos
Xj�1

m¼k

Δψ T +mΔTð Þ
" #( )

�
Xj�1

k¼n

Δy T + kΔTð Þ sin
Xj�1

m¼k

Δψ T +mΔTð Þ
" #( )

(8.81)
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yf Tð Þ¼Lct sin
Xj�1

k¼n

Δψ T + kΔTð Þ
" #

+
Xj�1

k¼n

Δx T + kΔTð Þ sin
Xj�1

m¼k

Δψ T +mΔTð Þ
" #( )

�
Xj�1

k¼n

Δy T + kΔTð Þcos
Xj�1

m¼k

Δψ T +mΔTð Þ
" #( )

(8.82)

where in both equations, n is an integer number that is initialized zero at the
beginning of the simulation. The equations of Δx(T ), Δy(T ), Δψ (T ) and

the vehicle motion variables could be explained approximately as:

Δx T + iΔTð Þ¼ ut T + iΔTð ÞΔT (8.83)

Δy T + iΔTð Þ¼ vt T + iΔTð ÞΔT (8.84)

Δψ T +mΔTð Þ¼ _ψ t T + iΔTð ÞΔT (8.85)

Finally, Δxf and Δyf are defined by:
Δxf ¼�Lct +Lct cos
Xj�1

k¼n

_ψ t T + kΔTð ÞΔT
" #

+
Xj�1

k¼n

ut T + kΔTð ÞΔT cos
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #(

+ vt T + kΔTð ÞΔT½ � sin
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #)

(8.86)

Δyf ¼�Lct sin
Xj�1

k¼n

_ψ t T + kΔTð ÞΔT
" #

�
Xj�1

k¼n

ut T + kΔTð ÞΔT sin
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #(

� vt T + kΔTð ÞΔT½ �cos
Xj�1

m¼k

_ψ t T +mΔTð ÞΔT
" #)

(8.87)

Substituting Eqs. (8.86) and (8.87) into Eq. (8.72) presents the desired
articulation angle at any time. In the proposed method, T + Td has not been

specified clearly. As mentioned above,Td is the required time interval for the

articulated vehicle to traverse the distance between the end of the semitrailer

and the fifth wheel. According to Fig. 8.13 and using the Pythagorean
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Theorem, it can be determined whether the articulated vehicle has traversed

the distance Ls.

Δxf 2 +Δyf 2�L2
s (8.88)

Fig. 8.15 shows the proposed method to determine the desired articula-
tion angle. The ut, vt, and _ψ t instances are stored. Δxf and Δyf are calculated
by using Eqs. (8.86) and (8.87) at any time. In the next step, it must be deter-

mined whether the articulated vehicle has been displaced as much as the Ls.

If the given condition in Eq. (8.88) is satisfied, then the desired articulation

angle will be determined as Eq. (8.72) and the old instances of ut, vt, and _ψ t

are ignored by defining n ¼ n + 1. Otherwise, the desired articulation angle

obtained by the previous step is considered as the new articulation angle.
8.4 Active steering controller

One of the directional dynamics control methods of articulated heavy vehi-

cles is to use the steering subsystem. The optimal control method based on

the linear model of the articulated vehicles is considered as the most popular

method to regulate the directional dynamics of such vehicles. Meanwhile,

the powerful control techniques such as the sliding mode control method
Fig. 8.15 Flowchart of the desired articulation angle calculation.
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have become so popular in studies on vehicle handling and stability, and

prominent scholars have proposed various control structures to implement

these methods [23, 24]. Also, the lack of applying nonlinear control methods

such as sliding mode control [15] is observable in this field as well.
8.4.1 Active steering controller using linear optimal
control method
By considering the tractor lateral velocity (vt), the tractor yaw velocity ( _ψ t),

the articulation angle rate ( _Γ), and the articulation angle (Γ) as the linear sys-
tem state variable, Eq. (8.66) can be presented in the following matrix form:

M∗ _xl ¼A∗xl +C∗ul (8.89)

where
xl ¼ vt _Ψ t
_ΓΓ

� �T
(8.90)

The above equation can be stated as the following state-space form by
∗�1
multiplying two sides by M :

_xl ¼Alxl +Blul
Al ¼M∗�1A∗Bl ¼M∗�1C∗ (8.91)

The controller consists of two feed-forward and feedback compensators
that apply the optimal response and its error over the real system response to

regulate the motion of the articulated vehicle. In order to design a controller,

the tracking error can be defined as:

el ¼ xl�xr (8.92)

Differentiating from Eq. (8.92) and substituting the right term of
Eq. (8.90), the differential equation of the tracking error is calculated as:

_el ¼ _xl� _xr ¼Alel +Blul� _xr +Alxr (8.93)

Now, we define the control input as two parts of feed-forward uff and
feedback ufb as follows:

ul ¼ uff + uf b (8.94)

Substituting Eq. (8.94) in Eq. (8.93) gives the following equation:
_el ¼Alel +Bluf b +Bluff � _xr +Alxr (8.95)

The feed-forward control input is defined as:
uff ¼Bl
�1 _xr �Alxrð Þ (8.96)
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It is worth noting that the matrix Bl is not a square matrix and Bl
�1 is a

pseudoinverse that is used to calculate the feed-forward input. By combining

Eqs. (8.95) and (8.96), the error state equation is obtained as:

_el ¼Alel +Bluf b (8.97)

The optimal ufb can be obtained using the optimal control rule with the
performance index minimization condition:

J ¼
ð∞
0

el
TQlel + uTfbRluf b


 �
dt (8.98)
where Ql is the positive definite matrix (or semidefinite) and Rl is the sym-

metric positive definite matrix. By adjusting the elements of the matrix Ql,

we could change the significance degree of adjusting each control variable

and achieve a suitable articulated vehicle directional dynamics response.

Moreover, by regulating the elements of Rl, the conditions of the control

operators can be considered. Finally, the control input is defined by

Eq. (8.99):

uf b¼�Klel
Kl ¼Rl

�1Bl
�1Pl

(8.99)
where Plis the result of the Riccati equation:

Al
TPl +PlAl�PlBlRl

�1Bl
TPl +Ql ¼ 0 (8.100)

8.4.2 Active steering controller using the sliding mode
control method
In this section, the articulated vehicle model is considered in the form of

a multiinput-multioutput nonlinear system, and the controller is

designed based on the sliding mode method. In the first step, a dynamic

model of an articulated vehicle is required. The articulation force is

removed from the above equations using the four equations presented

for the 3-degree-of-freedom vehicle model in Eqs. (8.55)–(8.58). In this

way, the inertia matrix would be symmetric. Ultimately, the articulated

vehicle directional dynamics equation can be represented in the matrix

form as:

M _q +D _ψ tut ¼U (8.101)
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where

M¼
mt +ms �ms Lct +Lfs

� � �msLfs

�ms Lct +Lfs

� �
Izzt + Izzs +ms Lct +Lfs

� �2
Izzs +msLfs Lct +Lfs

� �
�msLfs Izzs +msLfs Lct +Lfs

� �
Izzs +msL

2
fs

264
375

D¼
mt +msð Þ

�ms Lct +Lfs

� �
�msLfs

24 35,U¼
U1

U2

U3

24 35

¼
Fyft +Fyrt +Fyrs

Fyf Lft�FyrLrt�Fyrs Lct +Lfs +Lrs

� �
�Fyrs Lrs +Lfs

� �
24 35,q¼ vt

_ψ t
_Γ

24 35 (8.102)

where U is the control input vector, and q is the vector of control variables
that must track the optimal response. The sliding surfaces that could force

variables to track the optimal responses are presented by Eq. (8.103). The

integral terms have been used in this equation to eliminate the steady-state

error. On the other hand, parametersΛ0, 1, 2, 3 have positive values where s1,

2, 3 can be obtained in the matrix form:

S¼ q�qr (8.103)

where;
S¼
s1

s2

s3

264
375, qr ¼

�Λ0

ðt
0

vtdt

_ψ r �Λ1

ðt
0

_ψ t� _ψ rð Þdt

_Γ r �Λ2 Γ�Γrð Þ�Λ3

ðt
0

Γ�Γrð Þdt

2666666664

3777777775
Λ0,1,2,3> 0

(8.104)

In Eq. (8.101), matrix M is symmetric. Using the Sylvester-Gallai
theorem, it can easily be shown that the matrix mentioned above is also a

positive definite matrix. Therefore, we can define the following Lyapunov

function:

V tð Þ¼ 1

2
STMS (8.105)
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The aim of control is to keep the scalars s1, 2, 3 in zero. As such, the time

derivative of Eq. (8.105) is defined as:

V
�

tð Þ¼ STM _S¼ STM _q� _qrð Þ¼ ST U�D _ψ tut�M _qrð Þ (8.106)

The proper control rule is defined by Eq. (8.107)
U¼ bU�Ksgn Sð Þ (8.107)

where K ¼ diag [k1, k2, k3], sgn(S) ¼ [sgn(s1), sgn(s2), sgn(s3)]
T, and bU are

�

control inputs. If the system dynamics are defined accurately, then V

becomes zero. Consequently, bU is given as:bU¼ bM _qr + bD _ψ tut (8.108)

where bMand bD are the nominal values of matricesM andD. To this end, the
following limits are considered as the modeling errors:

M
� � bM�M

�� ��D�� bD�D
�� �� (8.109)

Therefore, the time derivative of the Lyapunov function is rewritten as:
V
�

tð Þ� ST D
�
_ψ tut + M

�
_qr


 �
�
X3
i¼1

ki sij j (8.110)

As a consequence, the parameters ki are given as:
ki� D
�
_ψ tut + M

�
_qr

h i
i

��� ���+ ηi (8.111)

where ηi are positive parameters and satisfy the sliding condition of
Eq. (8.112):

V
�

tð Þ��
X3
i¼1

ηi sij j (8.112)

This slip condition guarantees that we could reach surface s ¼ 0 (S ¼ 0)
during the limited time [25]. The control rule defined in Eq. (8.107) is dis-

continuous while passing from si ¼ 0, which leads to the chattering phe-

nomenon. In an attempt to counteract the detrimental effects of the

so-called chattering phenomenon, function sgn(0) is replaced by a saturation

function defined by Eq. (8.113):

sat
si

ϕi

� 	
¼

si

ϕi

if sij j<ϕi

sgn
si

ϕi

� 	
if sij j �ϕi

8><>: with i¼ 1,2,3 (8.113)
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where ϕ1, 2, 3 is the thicknesses of the boundary layer. In the last step, the

steering angle of each wheel must be determined. According to Eq. (8.100),

the relationship between the control input vector and the lateral force vector

is given as:

U¼Zf Fy (8.114)

where in Eq. (8.114) we have:
Zf ¼
1 1 1

Lft �Lrt � Lct +Lfs +Lrs

� �
0 0 � Lfs +Lrs

� �
24 35,Fy¼

Fyft
Fyrt
Fyrs

24 35 (8.115)

The Zf matrix is reversible, and the lateral forces could be determined
easily by Fy¼Zf
�1U. Therefore, the lateral forces of each axle are specified.

In the next step, by using a tire reverse model, the tractor front axle side slip

angle (αft), the tractor rear axle (αrt), and the semitrailer rear axle (αrs) are
computed by a 3-degree-of-freedom model. By using them in the last step,

the related axle wheels’ steering angle could be simply calculated. To model

the tire behavior and avoid complex calculations, the simple lateral model

proposed by Masato Abe is used to measure the slip angles [26].

Fyi ¼
� Ciαi� sgn αið Þ C2

i

4μFzi

α2i


 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� Fxi

μFzi

� 	2
s

when αij j< 2μFzi

Ci

� sgn αið ÞμFzi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� Fxi

μFzi

� 	2
s

when αij j � 2μFzi
Ci

8>>>>>><>>>>>>:
i¼ ft, rt, rs

(8.116)
The controller has been designed in such a way that the lateral force of

each axle is calculated, and the slip angle must be determined for each axle.

So, Eq. (8.116) is reversed as the following over the lateral force. The result is

given as Eqs. (8.116) and (8.117). If the lateral force is less than the saturation

threshold (μFzi), the slip angle will be obtained by (8.117):

αi¼� sgn Fyi
� ��b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�4ac

p

2a

where a¼ C2
i

4μFzi

,b¼�Ci,and c¼
Fyi

�� ��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� Fxi

μFzi

� 	2
s

i¼ ft, rt, rs

(8.117)
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Otherwise,

αi¼� sgn Fyi

� �2μFzi

Ci

(8.118)

As a result, the slip angle of an individual axle can be determined by using
Eqs. (8.117) and (8.118) when it comes to the lateral force of each axle.

Finally, after calculating the slip angles of each axle, the steering angle of each

axle is defined by:

δft ¼ αft + tan�1
vt + _ψ tLft

ut

� 	
δrt ¼ αrt + tan�1

vt� _ψ tLrt

ut

� 	
δrs ¼ αrs + tan�1 vs� _ψ sLrs

us

� 	 (8.119)

It is worth mentioning that the steering angle (δrs) has been given for all
three axles of the semitrailer end. Based on these explanations, the block dia-

gram of the proposed controller is shown in Fig. 8.16.
8.5 Comparison between simulation and performance

The aim of this section pertains to the performance of these two systems,

which is tested once in a relatively simple maneuver and once in a relatively

hard maneuver. In the first maneuver, the articulated vehicle with a

70 km/h speed moves on a road with a 0.7 friction coefficient. In the first

second, the driver applies a 3 degree steering angle with a 0.5 frequency to

the front wheels of the tractor. The simulation results without control and

both controllers given in previous sections are shown in Fig. 8.17. It can be
Fig. 8.16 Block diagram of the steering control system.



Fig. 8.17 System responses to simple line swap maneuvers.
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seen that both controllers can adjust the control variables. Furthermore, it

can be easily noticed from Fig. 8.17 that the only motion variable that

has a significant deviation from its desired value is the articulation angle.

Herein, to evaluate the robustness of both controllers against the tire per-

formance condition conversion from the linear to the nonlinear state, the

previous maneuver is simulated with a 90 km/h speed and a 0.2 friction

coefficient. In Fig. 8.18, the response has been compared in three different

cases without a controller, an LQR controller, and a slidingmode controller.

Considering Fig. 8.18, it is obvious that unlike the sliding model control

approach, the linear optimal controller has feeble performance for following

the optimal articulation angle as well as optimal yaw velocity.

Fig. 8.19 shows the lateral force of one wheel against the tire slip angle in

both maneuvers. It can be seen from Fig. 8.19 that in the first maneuver, the

given tire has linear behavior, and in the second maneuver, the tire behavior

has intensively become nonlinear. Therefore, in tire nonlinear conditions,

the sliding mode controller has a significant superiority over the linear

controller.
8.5.1 Brake compared with steering to set directional dynamics
Another effective approach to adjust the directional dynamics of the artic-

ulated heavy vehicle is to apply braking forces. The implementation of the

control systems based on the brake actuator is much simpler than active

steering systems. The main drawback of these systems is a direct effect on

the vehicle longitudinal dynamic, which results in unpleasant feelings for

the driver. In an articulated heavy vehicle, another ambiguity comes from

brake actuator-based controllers. The fundamental question is whether this

actuator has the required capacity and power to adjust the vehicle directional

dynamics.

According to the initial evaluations, the asymmetric braking method

over the semitrailer wheels is inefficient in adjusting the articulation angle,

and it is not possible to track the optimal articulation angle through the dis-

tribution of braking forces because the braking subsystem is weaker than the

steering subsystem in adjusting the control variables, especially the articula-

tion angle. However, since the lateral force of steering input always has the

saturation problem in slippery roads as well as critical conditions, the brake

actuator can be used as an auxiliary system in such situations.

In consideration of the above, by using the linear model of the articulated

vehicle, we could compare the capacity of the braking and steering actuators.



Fig. 8.18 System responses to hard line swap maneuvers.



Fig. 8.19 Variations of tractor right front wheel lateral force against lateral slip angle in
bothmaneuvers. The slidingmode controller (bold line) and the linear optimal controller
(dotted line).
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It should be noted that the tractor front axle and trailer rear axle have been

assumed steerable, and as a consequence, steering actuators are these two

axles. It is also possible to apply the braking torque on all the wheels of

the articulated vehicle.

To compare these two actuators by using the presented linear model, the

steady-state gain of each control variable is calculated for each control input,

and its amount is compared in various lateral accelerations.

Fig. 8.20 shows this comparison in which the articulated vehicle model

has been exposed to multiple steady-state maneuvers in different lateral

accelerations at 100 km/h where the horizontal axis represents the lateral

acceleration, which has increased from 1 m/s2 to 5 m/s2. Besides, it is

assumed that the maximum steering angle that can be applied on each wheel

is 10 degrees ( π
18
), and the maximum braking torque is 10,000 N m. Further-

more, the related steady-state gains have been normalized so that the capa-

bility of the braking and steering actuators becomes comparable. First line

images of this in Fig. 8.20 compare the capability of the tractor front axle

steering angle and the braking torque applied over the wheels of this unit

in adjusting the tractor control variables. It can be seen from Fig. 8.20 that

the tractor steering angle with respect to the braking torque has a significant

capability in adjusting the tractor lateral and yaw velocity. On the other

hand, it is observed that the tractor steering actuator is so sensitive to the



Fig. 8.20 The steady-state gains in different accelerations at 100 km/h velocity.
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lateral acceleration variations and its capability has decreased by 1/3 through

increasing the lateral acceleration up to 5 m/s2,which is a significant value

for the articulated vehicle. Moreover, it can be seen that the braking actuator

shows less sensitivity to this acceleration variation. Other than that, in addi-

tion to reducing the capability of the steering actuator in adjusting two given

variables, its superiority over the braking actuators is also specified in

extreme situations.

In the second row of this figure, adjusting the articulation angle by the

two above-mentioned actuators has been considered. It is observed that by

increasing the lateral acceleration for both actuators, the direction change

occurs in the control command. Further, we can see that the trailer steering

actuator could not have any influence on the tractor lateral and rotational

velocity. Also, in the last image, the considerable weakness of the semitrailer

braking actuator over the steering actuator of this unit is observable in adjust-

ing the articulation angle. According to a study conducted in this regard, the

semitrailer braking actuator could not simply force the articulation angle to

follow its optimal value.
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8.6 Integrated control of braking and steering subsystems

As previously mentioned, the steering inputs could regulate the directional

dynamics efficiently compared with the braking inputs. Therefore, in nor-

mal motion situations, the steering actuators adjust the vehicle directional

dynamics. As the vehicle motion conditions become severe and the lateral

acceleration increases, the capability of the steering actuators is reduced and,

in this case, the braking inputs could be used as an auxiliary option. Mean-

while, we would keep the steering input in extreme conditions according to

the previously obtained results.

The above paragraph gives the basis of the integrated control system

design. For designing the control system, a sliding mode control approach

is employed, provided in the previous section. According to the conducted

measurements, three major inputs U1, U2, and U3 have been determined. In

this step, the aim is to assess the contribution of each steering and braking

actuator of the tractor and semitrailer in providing the major inputs.

If we repeat the presented computation procedure for Eq. (8.101) with

yaw torques caused by the braking forces, the relationship between the

major inputs and the modified forces and torques would be obtained by:

Fyft +Fyrs ¼U1N (8.120)

FyftLft�FyrsLcs +Mzbt +Mzbs¼U2N (8.121)

Mzbs�FyrsLrf ¼U3 (8.122)

whereMzbt andMzbs are the yaw torques caused by the braking forces while
they are approximated by assuming small steering angles, as follows:

Mzbt ¼ Ft2 +Ft4ð Þ� Ft1 +Ft3ð Þð ÞWt

2
(8.123)

Mzbs ¼ Ft6�Ft5ð ÞWs

2
(8.124)

We should note that U1N ¼U1� F̂yrt and U2N ¼U2 + F̂yrtLrt. There-
fore, a cost function is given as Eq. (8.125):

Jint ¼ 1

2
ω1 Fyft +Fyrs�U1N

� �2
+
1

2
ω2 FyftLft�FyrsLcs +Mzbt +Mbs�U2N

� �2
+
1

2
ω3 Mzbs�FyrsLrf �U3

� �2
+
1

2
ω4F

2
yft +

1

2
ω5M

2
zbt +

1

2
ω6F

2
yrs

+
1

2
ω7M

2
zbs ð8:125Þ
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The first three terms of this equation are taken from Eqs. (8.122)–
(8.124). The other four terms have been inserted into the cost function

in order to determine what the contribution of each actuator is in generating

the braking and lateral forces. For example, a very high value for ω4 could

reduce the contribution of the tractor front steering angle in adjusting the

vehicle directional dynamic. In addition, by adjusting the weighting coeffi-

cients (ω1:7) in an appropriate manner, the constraints of the braking and

steering operators are satisfied, and a suitable dynamics behavior is available

for the articulated vehicle. The necessary conditions to minimize Jint include

(
∂Jint
∂Fyft

¼ ∂Jint
∂Fyrs

¼ ∂Jint
∂Mzbt

¼ ∂Jint
∂Mzbs

¼ 0).

By applying the method given in the previous section, the following

equation is obtained. Eq. (8.126) can be applied to determine the modified

lateral forces and rotational torques caused by the braking forces at any

time.

ω1 +ω2L
2
ft +ω4

ω1�ω2LftLcs

ω2Lft

ω2Lft

ω1�ω2LftLcs

ω1 +ω2L
2
cs +ω3L

2
rf +ω6

ω2Lft

ω2Lcs +ω3Lrf

ω2Lft

�ω2Lcs

ω2 +ω5

ω2

ω2Lft

ω2Lcs +ω3Lrf

ω2

ω2 +ω3 +ω7

26664
37775

Fyft

Fyrs

Mzbt

Mzbs

8>>><>>>:
9>>>=>>>;¼

ω1U1N +ω2LftU2N

ω1U1N �ω2LcsU2N �ω3LrfU3

ω2U2N

ω2U2N +ω3U3N

8>>><>>>:
9>>>=>>>;

(8.126)

Once the modified lateral forces have been determined by using the
method given in the previous section (applying the Abe Reverse Tire

Model), the modified steering angle is achieved. Then, the braking torque

applied to each wheel must be calculated. To minimize the interference of

the control braking torque in the performance of the tractor front active

steering system, the braking torque is applied only to the tractor rear axle

wheels. There are three axles for the semitrailer unit, where it is assumed

that a control braking torque can be used for all wheels of one side at any

time. In terms of Eqs. (8.119) and (8.120) as well as assuming the relation

of braking torque and longitudinal force of each wheel ( Tbi ¼ FtiRwi),

the braking torques of tractor wheels ( Tbt) and semitrailer wheels ( Tbs)

are obtained as the following pseudocode:
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ð8:127Þ

8.6.1 Limiting wheel slip ratio
Applying braking torque on each wheel can lead to tire slip. As can be

noticed from Fig. 8.21, the longitudinal force (braking force) at each tire

is a function of tire slip ratio (γ). In Fig. 8.21, it can be seen that the max-
Fig. 8.21 Longitudinal force as a function of slip ratio.
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imum braking force occurs at a 0.2 slip ratio. Therefore the antilock braking

systems do not let the slip ratio exceed the predefined threshold.

However, this problem must be considered from another viewpoint in

the integrated controller. The major question is that when the braking sub-

system as an assistant to the steering subsystem starts to adjust the directional

dynamics in the semitrailer unit, is it suitable to choose 0.2 for the maximum

allowed slip ratio? Nevertheless, it must be noted that a maximum 0.2 slip

ratio seems suitable for a time when our aim is just braking and shortening

the stop distance.

The steering subsystem adjusts the motion through lateral forces. On the

other hand, we know that increasing the slip ratio has an inverse effect on the

lateral force and reduces its value. In Fig. 8.22, a semitrailer has been shown

in the extreme conditions where both braking and steering actuators are

active. For this purpose, both the braking force and lateral force create tor-

que around the articulation point, as mentioned in Eq. (8.128), and this

adjusts the articulation angle of AHV. In these calculations, the steering

angle is assumed to be small.

Mz fifth ¼Ft
Ws

2
+Fs

Lfs +Lrs

2
(8.128)

We should take notice that increasing the slip ratio by 0.2 can cause a
longitudinal force increase. However, it might be in contradiction with

the major demand, which is the maximum value of Mz_fifth, while to find
Fig. 8.22 Semitrailer in the extreme condition with both actuators.
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the maximum allowed slip, we could plot the curve Mz_fifth in terms of

slip ratio.

In Fig. 8.23, the curves of the longitudinal force (dotted), lateral force

(dashed line), and rotational torque Mz_fifth (bold line) have been shown

as functions of slip (λ) at three different slip angles (α ¼ 1, 5, 10 degrees)

for two normal forces (Fz ¼ 20,000, 40,000 N) and two friction coefficients

(μ ¼ 0.2, 0.4).

It can be concluded that the maximum allowed slip ratio for the semi-

trailer wheels in activating the braking subsystem so as to help the steering

subsystem is a value less than 0.1 and about 0.05. Therefore, it should be

arranged such that the wheel slip ratio is not allowed to exceed 0.05. To

prevent the wheel slip ratio from exceeding the allowed threshold, we

use a simple fuzzy system where reverse tangent functions have been used.

The left side of Fig. 8.24 shows the schematic of this system where the input

of this system is the slip ratio, and its output is the weight function (ρ) in the
range of 0–1. If the value of the slip ratio (λ) exceeds the allowed value of λref,
ρ is minimized quickly and regulates the braking torque (Tb) before being

applied to the wheels. As mentioned above, the curve (ρ) has been defined

as a reverse tangent function based on Eq. (8.129). This curve is plotted for

multiple λref on the right side of Fig. 8.24.

ρ¼ 0:55 tan�1 160 λ+ λref
� �� �

(8.129)

Therefore, for activation of the braking subsystem to adjust the direc-
tional dynamics, the suitable value of the allowed slip ratio is 0.05 for the

semitrailer axles. However, to stop quicker than normal situations, this value

increases to 0.2.
8.6.2 The performance of the integrated controller
In this section, the performance of the integrated controller is evaluated in

several maneuvers. The structure of the integrated controller is shown in

Fig. 8.25.
8.6.2.1 Lane change maneuver
In this maneuver, the performances of two integrated controllers and a

hybrid control system are compared. The given hybrid control system has

a structure similar to the integrated control system. The only difference is

in considering the weight coefficients ω5, 6, 7 as a constant value where these

coefficients are updated within the integrated control system. The basic



Fig. 8.23 Torque is given in Eq. (8.128) (bold line), braking force (dotted), lateral force (dashed line) as a function of slip.



Fig. 8.24 Slip ratio limiting system.
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velocity for the lane change maneuver is considered as 120 km/h, and the

minimum friction coefficient is 0.22 by which the hybrid system can adjust

the vehicle motion. Consequently, the performances of the hybrid as well as

the integrated controllers are compared in this situation.

In Fig. 8.26, it is shown that both control techniques have similar perfor-

mances in adjusting the articulation angle, the yaw velocity, and the lateral

slip angle. However, their difference is in the variation of vehicle longi-

tudinal velocity. It can be seen from Fig. 8.26 that in the hybrid controller,

the vehicle velocity has decreased more than 5 km/h, whereas by using the

integrated controller, the velocity reduction is less than 1.5 km/h. This slight

velocity reduction implies the on-time usage of the braking actuator in an

integrated controller.

Fig. 8.27 shows the variations of weight coefficients during the maneu-

ver. The effect of these variations, particularly the integrated controller brak-

ing torques, is represented in Fig. 8.28.

It is evident that by considering the weight coefficient of the tractor

steering and also the fewer variations of the semitrailer’s steering actuator,

there is not any significant difference among the control steering angles of

both studied methods. The evident difference is in the modified yaw torques

based on the braking actuator, where the integrated controller applies them

in a short period of motion while the torque is used for the hybrid controller

in a vibrated manner during the maneuver. It must be noted that according

to the conducted study, the proposed integrated controller can adjust the

vehicle motion on slippery roads at 120 km/h. Fig. 8.29 shows the system

response at 0.16 friction rates/coefficient. Moreover, it is seen that the con-

trol variables have been adjusted in an acceptable limit. Fig. 8.30 represents

the vehicle motion path with and without the controller.



Fig. 8.25 Integrated control system.



Fig. 8.26 Comparison of hybrid and integrated controller responses.



Fig. 8.27 Weight coefficient variations of the integrated controller.

Fig. 8.28 Two upper images: Braking yaw torques (Mzbt, Mzbs) for both tractor and
semitrailer units; two lower images: the control steering angle of the tractor front
axle and semitrailer rear axle.

367Directional stability analysis and integrated control



Fig. 8.29 Comparison of vehicle response with and without control by using the
proposed integrated controller at 120 km/h and a 0.16 friction coefficient.

Fig. 8.30 Comparison of vehicle path in controlled and uncontrolled vehicles.
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8.6.2.2 Slalom maneuver on the semislippery road
In this maneuver, the articulated vehicle moves at 140 km/h on the road

with a 0.5 friction rate/coefficient, where the steering angle shown in

Fig. 8.31 is applied on the vehicle front wheel. In Fig. 8.32, the vehicle

response is compared in three modes: without control, hybrid control,

and integrated control. In adjusting the articulation angle, it is seen from

Fig. 8.31 that in the final seconds, the integrated control outperforms the

hybrid control. Also, the vehicle longitudinal velocity has less reduction

by applying integrated control. Fig. 8.32 shows the control inputs where

the unprofitable use of a hybrid controller is evident from the braking actu-

ator. Fig. 8.33 also represents the tractor and semitrailer lateral accelerations

in three given modes. It is shown that by using the control system, the accel-

eration of the tractor unit has been significantly limited. Fig. 8.34 represents

a lateral acceleration in the slalom maneuver.
8.6.3 Evaluation of the controller robustness against error and
noise over control variables
In this section, the vehicle is exposed to the critical maneuver again. The

given maneuver is the lane-change maneuver, which has been performed

at 110 km/h on the 0.3 friction coefficient. In Fig. 8.35, the system response
Fig. 8.31 Steering angle in the slalom maneuver.



Fig. 8.32 Vehicle response in the slalom maneuver.



Fig. 8.33 Control inputs in the slalom maneuver.



Fig. 8.34 Lateral acceleration in the slalom maneuver.
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is shown without the controller being active. Later, the performance of the

controller has been studied with the noise and error over the motion vari-

ables. The yaw velocity sensor can measure the tractor yaw velocity. Due to

the measuring noise, it is assumed that this variable has a white noise with

10�5 variance. Furthermore, for the longitudinal and lateral velocities to

be evaluated, 10% error and noise have been considered with 10�4 variance.

Moreover, it is observed that in the presence of a controller, the defined

maneuver has been performed well, and the condition of semitrailer off-

tracking over the tractor with additional noise and error is negligible against

without control mode, as shown in Fig. 8.36.



Fig. 8.35 Vehicle motion path in the line change maneuver without using the
controller.

Fig. 8.36 Left: Noisy displacement variables, right: increasing off-tracking.



374 Vehicle dynamics and control
8.7 Conclusion

In this chapter, a systematic method to define a reference articulation angle

was developed. The linear model has been used to design the controller and

to generate the reference response while the nonlinear model has been used

to evaluate the system responses. The reference model for generating the

desired response of the tractor yaw rate, the tractor lateral velocity, and

the articulation angle has been proposed. Three output variables, including

tractor yaw rate, tractor lateral velocity, and articulation angle, have been

controlled for the reference responses. Furthermore, the steering angle of

the tractor front axle, the tractor rear axle, and the trailer rear axles are used

to make the state variables follow the desired responses. The simulation

results revealed that the tracking of the proposed desired articulation angle

can eliminate the off-tracking between the trailer rear end path and the fifth

wheel path and that the control of the lateral velocity as well as the yaw rate

can improve the vehicle handling responses at high speed in the lane change

maneuver.
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CHAPTER 9

Automatic parking of articulated
vehicles using a soft computing
approach
9.1 Introduction

Despite the widespread use of vehicles in daily routines, it has been problem-

atic for less-experienceddrivers tonavigate thevehicles properly.This is espe-

cially the casewhen it comes to parallel parking or reverse driving. Automatic

parking systems have contributed significantly to improved safety and the

comfort of driving. Parking is one of the most challenging tasks. First, the

driver is required to find and identify the location of the park. Then, running

with a backward maneuver, try to steer the vehicle and place it in the desired

location. This procedure is associated with high collision risks [1]. On a busy

street, parking may take an extended amount of time for a junior driver,

thereby interrupting the flow of traffic. Stats have shown that the presence

of automatic parking systems can significantlymitigate particular traffic prob-

lems inmetropolitan areas [2].An automatic parking system is of great help for

navigation in situations where the environmental constraints require high

precision and driving experience [3]. A vehicle can be appropriately parked

in a smaller parking space if it is equipped with an automatic parking system;

this increases theparking capacityof the streets. Fig. 9.1presents an exampleof

a parallel and perpendicular parking maneuver. Considering what was

mentioned above, as a subclass of automatic navigation systems, automatic

vehicle parking has gained a great deal of attention from numerous research

centers [4–7].
The research on the problem of vehicle parking has emerged from the

general motion planning problem,making it usually defined as finding a path

that connects the initial and target position of the vehicle under collision

avoidance constraint while observing one or more nonholonomic con-

straints [8]. Automatic parking refers to the smart act of a vehicle to under-

take the parking maneuver, which is not an easy task for a vehicle. For this

purpose, first of all, the vehicle must be capable of sensing the environment

to find an appropriate parking space and detect possible obstacles within the
377
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Fig. 9.1 Parallel and perpendicular parking of a passenger car.
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surrounding space. Next, the vehicle must be able to autonomously plan for

movement and then follow successive moves and verify them against the

planned moves to ensure that the vehicle will end up at the target position.

For the most part, existing automatic parking systems rely on the data

acquired from visionary and active sensors (e.g., ultrasonic or laser) to recon-

struct a local image for navigating the vehicle. According to Hsu et al. [9],

the automatic parking problems can be classified into two broad categories,

namely parallel parking and garage parking. These two classes of problems

have been extensively investigated in many research works. From another

point of view, Hsu et al. [9] stipulate that a group of works on the automatic

parking problem sought to follow a reference path.

In contrast, some others focused on stabilizing the vehicle status while

trying to reach the target position from any arbitrary initial condition. In

general, for a vehicle with nonholonomic constraints, the kinematic equa-

tions are nonlinear and time-variant. Accordingly, it is almost impossible to

design and practically establish an alternative controller (to replace the

driver) for automatic handling of the vehicle through a parking maneuver

using classic control methodologies.
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The subject matter of navigation and kinematic control of articulated

vehicles has been visited by many researchers [10]. Such a vehicle is made

up of two main components, namely a tractor and a trailer. As is clear from

the terminology, the tractor provides the traction force for the vehicle while

the trailer is connected to the tractor at an articulation assemblage. The term

articulated vehicle refers to a vehicle where one or more trailers is passively

(providing no active traction force) connected to a tractor. Considering

the working framework laid out in this chapter, we focus on the single-

trailer articulated vehicles. The primary application of reverse parking for

an articulated vehicle is that for cargo loading/unloading purposes in

garages, custom spaces, plants, etc., where it is desired for the articulated

vehicle to timely undertake the parking maneuver with no collision with

the obstacles within the parking space (Fig. 9.2).
Fig. 9.2 An example of loading an articulated vehicle in a garage.
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In the following, we present a quick review of the research works per-

formed on this topic. The subject matter of automatic parking is significantly

more complicated in an articulatedvehicle rather than apassenger car because,

as detailed inZ€obel et al. [11], the articulated vehicles are nonholonomic, and

this makes their navigation and control more complicated. Accordingly,

junior drivers reportedly experience many difficulties undertaking reverse

maneuvers on a trailer either along a straight or curved path. Kelber et al.

[12] took a step forward and suggested that reverse driving and parking of

an articulated vehicle are hard to accomplish even for expert drivers.

Various solutions have been proposed based on control theories; exam-

ples include optimal control, nonlinear control, and hybrid control theories.

As an alternative approach, the combination of fuzzy logic with ANN has

been proposed as a workaround for path planning, navigation, and control of

articulated vehicles; this has been extensively researched in the recent

literature [11].

Among other research works focusing on the parking of articulated vehi-

cles, one may refer to the research by Zimic andMraz [13], who employed a

decomposition technique to address the problem of numerous fuzzy rules in

classic control theory for reverse parking of an articulated vehicle. Zobel

et al. [14] elaborated on the problems associated withminimum-path parallel

parking of articulated vehicles, extracted fundamental equations of motion,

and presented precise definitions of the minimum-path parallel parking for

articulated vehicles. Zobel et al. [14] explain the flow of automatic vehicle

parking as follows. The radar scans the surrounding environment across the

width of the parking space. Accordingly, it transmits a signal to the driver to

inform that enough space for parking is detected. Finally, the driver must

make the final decision to use the recognized parking space. Upon such a

decision, the articulated vehicle stops at the proper location before imple-

menting the control strategy (e.g., controlling the throttle/brake and the

steering wheel) onto the articulated vehicle to navigate it into the parking

space using forward and backward moves.

Presenting the kinematic model of a center-articulated vehicle, Delro-

baei and McIsaac [15] proposed a control technique for following a refer-

ence path by satisfying geometric and nongeometric constraints, before

analyzing the stability of a controller-equipped system through the Lyapu-

nov function. Kelber et al. [12] proposed a control strategy that was made up

of a controller for the articulation angle and another controller for following

the path. The proposed controller possessed a layered cascade structure with

an internal layer that was in charge of controlling the engine and an external
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layer that addressed the vehicle dynamics. Sharafi and Nikpoor [16] defined

the problem of articulated vehicle parking via an optimal path in the pres-

ence of fixed and moving obstacles. They also emphasized the significant

roles played by such factors as the type, size, and velocity of the obstacles

and the time constraint for reaching the target in making the problem even

more complex. They acknowledged the automatic parking of an articulated

vehicle as a nonlinear problem for which no conventional controller or

method can achieve an appropriate control strategy. In contrast, one could

design a control strategy for an articulated vehicle by simulating the human’s

behavior (provided the driver’s experiences are known). For this purpose,

they adopted two fuzzy controllers separately, one for identifying the path

(the target) and another one for avoiding the obstacles.

Introducing the advanced driver assistance system (ADAS),Morales et al.

[17] highlighted the advantages of such systems in improving driver safety

and comfort through the complex maneuver required to park multitrailer

articulated vehicles. This paper proposed a driver assistance system where

the steerable wheels and throttle of the vehicle could be applied in such a

way as to simulate a situation where the traction force is exerted at the tail

of the last trailer when the vehicle is being maneuvered in a reverse direc-

tion. This was realized by adopting several cameras.

Elaborating on the necessity of using articulated vehicles, Roh and

Chung [18] suggests that single- or multitrailer articulated vehicles are much

more cost-efficient than multiple vehicles. This, however, does not under-

mine the main challenge with such systems: the control problem. This work

focused on “pushing” rather than “pulling.” The authors believed that the

problemwas much more complicated with pushing rather than pulling. The

kinematics were extracted accordingly. This article further proposed a

highly efficient method for the automatic parking maneuver of articulated

vehicles. It proceeded to verify the proposed methodology by both simulat-

ing the procedure and implementing it on a model vehicle in the laboratory.

Hoel and Falcone [19] investigated the slow-motion maneuver of a

heavy-duty articulated vehicle for its application in the automatic parking

of such a class of vehicles. The technique used was the state feedback optimal

controller design. They claim that the proposed method, with great accu-

racy, will perform the desired maneuvers. Mohamed et al. [20] described

a motion planning algorithm for articulated vehicles and urged that the sys-

tem could ensure a collision-avoided maneuver via predetermined paths.

The proposed methodology was a combination of the so-called artificial

potential field (AFP) and the optimal control theory.
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Investigating the problems associated with the parking of articulated

vehicles, it is obvious that the focus has been on inefficient conventional

methods that were founded on the driver’s skill rather than a simple, easily

implementable smart system. Accordingly, the reverse parking function of

an articulated vehicle has been generally achieved through successive for-

ward/backward moves or by help from a nondriver human assistant. More-

over, this conventional parking scheme has proved to be slow and is

associated with a high risk of colliding with the walls in the parking space,

which can damage not only the vehicle but also the parking space due to an

inappropriate assessment of the parking space by the driver. Therefore, this

chapter considers the subject matter of the automatic parking of articulated

vehicles. In this respect, such an automatic system is expected to move the

vehicle forward from an arbitrary initial condition to an appropriate posi-

tiona followed by a reverse maneuver to place the end of the trailer in the

parking space. For an articulated vehicle, the reverse maneuver is generally

performed in garages and exclusive parking space when the vehicle is

expected to place the back of its trailer(s) appropriately for cargo loading/

unloading purposes while satisfying a set of initial and final conditions with-

out collision. Due to several reasons, including the nonlinear nature of the

motion kinematics of articulated vehicle and the successful application of the

fuzzy logic and ANNs in the field of vehicle control given the robustness and

mathematical model-independence of the control systems based on adaptive

neuro-fuzzy schemes, an adaptive neuro-fuzzy inference system is herein

proposed for solving the problem of automatic parking in articulated

vehicles.
9.2 Modeling the kinematics of motion of an articulated
vehicle

The fundamentals of developing equations of motion for parking maneuvers

by an articulated vehicle are based on the no-slip motion. This approach is

very consistent with reality. From a parking perspective, vehicle kinematics

can be simplified. For instance, as the vehicle velocity is so low in a parking

maneuver, then the no-slip condition is satisfied beneath the tires so that the

vehicle can be considered as a rigid body moving across a plane [21–23].
Nonslip motion means that the speed will only be in the tires’ direction,

and we will not have a velocity perpendicular to the tire. At lower velocities,
a Where proper distance between the vehicle and the walls in the parking space is observed.
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the tire forces are too small that justify the no-slip motion assumption at the

tires. Based on this assumption, the front and back tires were reduced to sin-

gle wheels at the center of the respective axle. This approach helped achieve

a simplified description of the kinematics of the vehicle [24].

The local coordinate system deployed in Fig. 9.3 and the velocity direc-

tions imply that ft is the front of the tractor, rt is the end of the tractor, and rs is

the end of the trailer. Moreover, θ is the steering wheel angle, φt is the trac-

tor yaw angle, and φs is the trailer yaw angle. Furthermore, Lt and Ls denote

the tractor and trailer wheelbase, respectively.

Taking a look at Fig. 9.3, the velocity at point ft can be calculated via

Eqs. (9.1) and (9.2) for the horizontal and vertical velocity components,

respectively. Considering the assumption described earlier, Eqs. (9.3) and

(9.4) express the velocities at rt and rs, respectively.

x�ft ¼ vcos θ+φð Þ (9.1)

y�ft ¼ v sin θ+φð Þ (9.2)

vrt ¼ vcos θð Þ (9.3)
Fig. 9.3 The local coordinate system for determining instantaneous velocity-position.
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vrs¼ vcos θð Þcos φt�φsð Þ (9.4)

Following this work, applying the instantaneous center of rotation and� �

considering the geometric relations (Fig. 9.3), that is, ft� rt?rt� o and

rt� rs?rs� o0
� �

, we haveb:

vrt ¼ rt� oð Þ _φt (9.5)

rt� oð Þ¼ Lt

tan θð Þ (9.6)

vrs¼ rs� o0
� �

_φs (9.7)

rs� o0
� �¼ Ls

tan φt�φsð Þ (9.8)

Combining Eqs. (9.3), (9.5), and (9.6), and also Eqs. (9.4), (9.7), and (9.8)
and applying algebraic simplifications, Eqs. (9.9) through (9.11) are obtained

for calculating the angles of the tractor and trailer.

Δφ¼φt�φs (9.9)

_φt ¼
v

Lt

sinθ (9.10)

_φs ¼
v

Ls

cos θð Þ sin Δφð Þ (9.11)

Δ _φ¼ v

Lt

sinθ� v

Ls

cos θð Þ sin Δφð Þ (9.12)

Considering the coordinate system in Fig. 9.3, the velocity components
along the x and y axes are given in Eqs. (9.13) and (9.14) (at rt) and

Eqs. (9.15) and (9.16) (at rs).

_xrt ¼ vcos θð Þcos φtð Þ (9.13)

_yrt ¼ vcos θð Þ sin φtð Þ (9.14)

_xrs¼ vcos θð Þcos Δφð Þcos φsð Þ (9.15)

_yrs¼ vcos θð Þcos Δφð Þcos φsð Þ (9.16)

9.2.1 Extracting optimal steering angle by moving the trailer
end along optimal path using inverse kinematics
In this subsection, appropriate path extraction is discussed. Here the objec-

tive is to keep the vehicle following a proper path for the parking maneuver.
b The ? symbol refers to orthogonality.



Fig. 9.4 Movement of the articulated vehicle through the optimal path.
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Mathematically speaking, this is equivalent to saying that the point rs in

Fig. 9.4 must pass through the specific path ys ¼ f(xs). Accordingly, one must

extract an appropriate steering angle for accomplishing this objective.

Taking the derivative of both sides of the equation path ys ¼ f(xs), with

respect to time, using the derivative chain rule, Eq. (9.17) is developed:

_ys ¼
∂f xsð Þ
∂xs

_xs (9.17)

On the other hand, a simple look at Eqs. (9.15)–(9.17) leads to Eq. (9.18),

as follows:

_ys
_xs
¼ tan φsð Þ (9.18)

Using Eqs. (9.17) and (9.18), one can obtain Eq. (9.19). Taking the
derivative of Eq. (9.19) and reapplying the chain rule, one can get

Eq. (9.20). The substitution of tan (φs) into Eq. (9.19) gives Eq. (9.20) as

well.

tan φsð Þ¼ ∂f xsð Þ
∂xs

(9.19)

_φs ¼
∂
2f xsð Þ
∂xs2

1 +
∂f xsð Þ
∂xs

� �2
 ! _xs (9.20)
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Given the definitions of _xs and _φs from Eqs. (9.11) and (9.15) and apply-

ing some algebraic simplifications as well as trigonometric functions calcu-

lations, Eq. (9.21) is obtained:

tan φt�φsð Þ¼Ls

∂
2f xsð Þ
∂xs2

1 +
∂f xsð Þ
∂xs

� �2
 !3

2

(9.21)

Eq. (9.23) is obtained by introducing G (xs) by Eq. (9.22) and consider-
ing Eq. (9.21). The proceeding calculations were performed in a similar way

to that followed up to this stage. Accordingly, taking the derivative of

Eq. (9.23) leads to Eq. (9.24) and the substitution of Eqs. (9.10), (9.11),

and (9.15) into Eq. (9.24) and performing some algebraic simplifications give

rise to Eq. (9.25)

G xsð Þ≡Ls

∂
2f xsð Þ
∂xs2

1 +
∂f xsð Þ
∂xs

� �2
 !3

2

(9.22)

tan φt�φsð Þ¼G xsð Þ (9.23)

_φt� _φsð Þ 1+ tan φt�φsð Þ2� �¼ ∂G xsð Þ
∂xs

_xs (9.24)

θ¼ tan�1 Lt

1+
∂f xsð Þ
∂xs

2
 !1

2

∂G xsð Þ
∂xs

1+G xsð Þ2� �3
2

+
Lt

Ls

G xsð Þ
1+G xsð Þ2� �1

2

0
BBBBBB@

1
CCCCCCA (9.25)

9.3 Design of control system

In this chapter, three main reasons led to introducing the ANFIS technique

in the controller design for automatic parking in articulated vehicles. These

reasons include:

• The nonlinear nature of kinematic articulated vehicle motion.
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• Successful applications of fuzzy logic and artificial neural networks in

similar fields.

• ANFIS robustness to environmental and vehicle uncertainties.

The ANNs and fuzzy inference systems have gained much attention from

many researchers in various fields of engineering and science. This has been

a consequence of the increasing need for smart adaptive systems for addres-

sing the problems encountered in the real world, including vehicle control,

pattern recognition, human-machine interaction, medical and economic

issues, etc. [25]. Thanks to the nature of a fuzzy system, no exact mathemat-

ical model of either the vehicle or the surrounding environment is required

for navigating the vehicle based on fuzzy logic. Also, we must mention the

robustness of a fuzzy system to possible sensor data errors and dynamic fluc-

tuations of the system and environment [26]. ANN can be defined as a

model for data processing that is inspired by the structure of the human brain

[27]. Computational intelligence tools, such as ANN and fuzzy logic, have

been regarded mainly due to their widespread application in various prob-

lems; this has led to increasing interest in combining the two approaches to

come up with an even better solution [28, 29]. The proposed control system

in this chapter tends to combine fuzzy logic with ANN. To clarify the con-

cept, we proceed with brief introductions of a fuzzy controller structure and

the ANN, as the understanding of the formation of a combined neuro-fuzzy

algorithm is based on a proper understanding of the two concepts. Interested

readers may refer to the literature for more information [30–36]. Finally, the
structure of the proposed ANFIS algorithm is described, followed by imple-

menting the proposed model onto an articulated vehicle as a closed-loop

system.
9.3.1 Fuzzy control
As of the present, fuzzy systems have found applications in awide spectrumof

science and technical fields, including control, signal processing, communi-

cation, integrated circuit manufacturing, news broadcasting systems, trading,

medicine, social science, etc.One of themost important applications of fuzzy

systems has been their use for solving the problems encountered in control

systems. In the following, we further introduce fuzzy control by presenting

parts of “Fuzzy Systems and Fuzzy Control” [37, 38]. A fuzzy controller is a

fuzzy system that is used as a controller. The structure of a classic fuzzy con-

troller ismade up of five primary parts. These include the fuzzifier, a database,
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a rule base, a decision-making or inference unit, and a defuzzifier. Usually,

a preprocessor and a postprocessor are deployed upstream and downstream

of a fuzzy controller. It is worth mentioning that, as the fuzzy system is

fed real numbers inmany cases,wemust establish interfaces between the fuzzy

inference engine and the environment. These are, in fact, the fuzzifier

and defuzzifier functions. Fig. 9.5 shows the structure of a classic fuzzy

controller.

For a fuzzy system, the starting point is to develop a set of fuzzy if-then

rules based on a knowledge base provided by experts in the field. A common

approach to the design of a neuro-fuzzy system is the Takagi-Sugeno-Kang

(TSK) inference system, where the input is fuzzy while the output is non-

fuzzy. Thoroughly described in Lee [37], this system models a nonlinear

phenomenon by dividing it into regions within the input and output ranges,

with each region described by a particular fuzzy if-then rule. The inputs into

and the outputs out of the TSK system are variables with real values. This

condition is based on the assumption that no complex defuzzification stage

is required in the controller. As an example, this fuzzy system applies the

rules as follows:
Fig.
If the vehicle x is moving at a high velocity, then the force exerted to the acceleration

pedal can be calculated as y ¼ cx (where c is a constant)
Comparisons have shown that the then part of a fuzzy rule can be easily

turned into a single mathematical relationship using a lingual descriptor;

this mapping simplifies the combination of fuzzy rules. Indeed, the TSK

fuzzy system represents a weighted average over the then parts of the rules.

Interested readers may refer to the study of Naderloo et al. [36], Lee [37],

Jang et al. [38], and Haykin [39] for more information on fuzzy inference

systems.
9.5 Structure of a classic fuzzy controller.
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9.3.2 Artificial neural networks
Although exact mechanisms by which the human (or other animals) brain

operates are yet to be comprehensively identified, there are well-known

parts of the brain that have inspired the theory of neural networks. The

extraordinary power of the human brain is fueled by the very large number

of neurons and their interconnections. The structure of even a single neuron

is highly complicated. Each neuron is composed of numerous parts and sub-

systems wherein complex control mechanisms are deployed. Neural cells

can transmit information via electrochemical mechanisms. According to

the mechanisms incorporated into the structure of neurons, they have been

classified into more than 100 categories.

Technically speaking, the neurons and their interconnections are neither

binary, stable, nor synchronous. A computer-assisted simulated neural net-

work may hardly represent a small portion of the actual characteristics of

the respective biologic neural system. From an engineering point of view,

the aim of building a neural network is not to simulate the human brain,

but rather to establish amechanism for solving the relevant engineering prob-

lems based on inspiration by the behavior pattern of biologic networks. In this

respect, ANN can be defined as a model for data processing that is inspired by

the structure of the human brain. An ANN is made up of a large number of

parallel processing units, called neurons, that work together to solve a partic-

ular problem. The ANNs are trained by their surrounding environment,

where known input-output data are used to adjust interneuron synaptic com-

munications. As far as an ANN is concerned, the training means to adjust

weights for synaptic communications between neurons. These communica-

tions store the required knowledge for solving a particular problem.

Fig. 9.6 shows the structure of a bioneuron. In this structure, each neu-

ron is made up of three primary parts:

1. A cell body, which is composed of a nucleus and some protective

components.

2. Dendrites, which receive electrical signals.

3. An exon, which serves as a communication channel.

The segment where an exon links a cell to the dendrites of another cell is

referred to as a synapse. Across a neural network, the neural messages flow

in a unidirectional way: from dendrites to the cell body and then to the exon.

One of the most surprising properties of a neural network is its ability to

learn. This is done by applying training algorithms based on a set of known

cases for training. Throughout the training phase, the weights or parameters



Fig. 9.6 Structure of a bioneuron [27].
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of the stimulation functions are adjusted. A common challenge is to deter-

mine the time when the network is sufficiently trained. Because the present

research seeks to apply soft computation algorithms and techniques for con-

trol system design, further details are avoided, and interested readers may

refer to the study of Minhaj [27], Haykin [39], and Rojas [40] to build a dee-

per understanding of the concept of the ANN.
9.3.3 Adaptive neuro-fuzzy inference system (ANFIS)
Neuro-fuzzy networks can be designed into various structures. ANFIS is a

well-known structure that was first introduced by Roger Jang in 1993 [30].

In this structure of a fuzzy network, first, fuzzy systems are modeled by var-

ious fuzzy techniques before the developed fuzzy model is used to develop

an equivalent NN. In the following, the ANFIS structure is presented based

on Jang [30].
9.3.3.1 Introduction of ANFIS network structure
In order to describe the network structure, let us consider a system with two

inputs and a single output. The inputs are herein denoted by x and y, with

the output designated as f. Assume that each input variable has only two

membership functions. That is, the input x has the membership functions

A1 and A2 while the input y has the membership functions expressed as

B1 and B2 (Fig. 9.7).



Fig. 9.7 Demonstration of ANFIS with two inputs and a single output.
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Now assume that we have only two first-order Sugeno rules, as follows:

if x isA1 and y isB1 Then f1¼ p1x+ q1y+ r1

if x isA2 and y isB2 Then f2¼ p2x+ q2y+ r2

It is trivial that we practically have four control rules (equal to the prod-
uct of the numbers of membership functions of x and y); the other two are

not mentioned here. Fig. 9.8 illustrates the fire rule and layered structure of

the ANFIS network. Here, w1 and w2 are the inference products or the

weighting factor corresponding to the firing rule (9.26).

f ¼ w1

w1 +w2

f1 +
w2

w1 +w2

f2¼w1 f1 +w2 f2 (9.26)
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Fig. 9.8 The firing rule and the layered structure of the ANFIS network.
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Different layers of the ANFIS network are explained in the following:

Layer 1: This is an adaptive layer, meaning that its parameters are sub-

ject to adjustment (and this is why squares mark the nodes). The corre-

sponding functions to each node in the first layer are the same as the

fuzzy membership functions (denoted by A1, A1, A1, and A1, or μA1
(x),

μA2
(x), μB1

(y), and μB2
(y)). Therefore, each node corresponds to a member-

ship function whose parameters are subject to adjustment (e.g., each node

has two, three, or more parameters). The parameters x and y are the inputs

into Layer 1, with the outputs of the layer being the membership functions

corresponding to each node. Denoting the outputs of each node in the

layer by Oli
(the output of the ith node in ith layer), the outputs of Layer

1 are as follows:

O11¼ μA1
xð Þ

O12¼ μA2
xð Þ

O13¼ μB1
xð Þ

O14¼ μB2
xð Þ

(9.27)

In Eq. (9.27), the term μA1
xð Þ¼ 1

x� c
�� ��2b1 , for example, where the
1+
1

a1
�� ��
parameters a1, b1, and c1 correspond to the first node in Layer 1, together
with similar terms for the second to the fourth nodes in Layer 1 that are
referred to as “primary parameters.”

Layer 2: This is not an adaptive layer but rather a fixed layer (and this is

why the nodes are marked by circles). The output of each node in this layer is

the product of the inputs into that node (9.28). This layer is denoted by the

multiplication symbol (Π).

O2i¼wi¼ μAi
xð Þ�μBi

yð Þ i¼ 1,2 (9.28)

In the following example, this layer contains no more than two nodes as
the fuzzy system was defined only as (A1, B1) and (A2, B2). However, one

can consider four cases, as detailed in Eq. (9.29):

O21¼w1¼ μA1
xð Þ�μB1

yð Þ
O22¼w2¼ μA2

xð Þ�μB2
yð Þ

O23¼w3¼ μA3
xð Þ�μB3

yð Þ
O24¼w4¼ μA4

xð Þ�μB4
yð Þ

(9.29)
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Therefore, the output of Layer 2 is indeed the fire power of the corre-

sponding rule. It is worth mentioning that, in Layer 2, one can replace the

multiplication (Π) with any other T-norm operator that implies AND for

the node function.

Layer 3: In this layer, the nodes are fixed, and each node is represented

byN1 andN2. Outputs of the nodes in this layer express the “normalized fire

power.” This concept is expressed by (9.30).

O3i ¼wi ¼ wi

w1 +w2

i¼ 1,2 (9.30)

Layer 4: This layer has once more the parameters x and y as inputs. It is
an adaptive layer where the output of each node is as follows:

O4i¼wifi ¼wi pix+ qiy+ rið Þ i¼ 1,2 (9.31)

In Eq. (9.31), one should determine the parameters pi, qi, and ri for these
two nodes in Layer 4.

Layer 5: As a nonadaptive layer, Layer 5 has the sum of inputs as the

node output or function (9.32).

f ¼
Xn
i¼1

wifi,n¼ 2 (9.32)

9.3.4 Closed-loop control system for automatic parking of
articulated vehicles
The ANFIS network is trained based on the requirements defined for park-

ing maneuvers according to the expert driver’s behaviors. It should be noted

that the trained network is indeed a modeled version of the expert driver’s

behavior who performs well in a parking maneuver. Following this section,

the proposed ANFIS structure is applied to the articulated vehicle in the

form of a closed-loop control scheme, with the results presented and

interpreted.

9.3.4.1 Computer simulation of articulated vehicle kinematics
The kinematics of the articulated vehicle were simulated in MATLAB

Simulink software on a PC, with details of the simulated model reported

in Table 9.1 (according to the standard model discussed in RTA website

[41]). Fig. 9.9 demonstrates the standard dimensions of the refrigerated semi-

trailer [41] that were used as a model in the computer simulations in this

study. The simulations were performed based on the kinematic equations

for the articulated vehicle, as expressed earlier (Fig. 9.10).



Table 9.1 Information on the computer-assisted simulation of the articulated vehicle
and the parking space.

Parameter Symbol Value Unit

Tractor length lt 5.4 m

Trailer length ls 13.9 m

Articulated vehicle width – 2.5 m

Parking space span – 7 m

Simulation time interval – 0.1 s

Steering angle range θ �π
6
+ π

6

� �
rad

Articulation angle range Δφ �π
2
+ π

2

� �
rad

Forward motion velocity ν +1 m/s

Backward motion velocity �1

Initial condition φt (o) 0 degree

φs (o) 0 degree

Fig. 9.9 Standard dimensions of a particular class of articulated vehicles.
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9.3.4.2 Training the ANFIS based on expert driver’s behavior
Before proceeding to train the ANFIS based on the expert driver’s behavior,

one must define the appropriate parking maneuver scenario. Accordingly,

based on the scenario designed in Azadi et al. [24], the parking maneuver

of the articulated vehicle was divided into two motion phases: (1) moving

forward from the arbitrary initial condition, and (2) the reverse maneuver.

Notably, the first phase is switched to the second phase when an expert

driver finds the distance between the back of the trailer and the parking space

span long enough to place the trailer in the desired position so that the

reverse maneuver can be performed with no collision. For an automated

control system, this information is practically provided by the distance
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Fig. 9.10 Computer-assisted simulation of the kinematics of the articulated vehicle.
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sensors. The flowchart shown in Fig. 9.11 helps better understand vehicle

behavior throughout a parking maneuver. Table 9.2 reports the simulation

information concerning the inputs and desired outputs for training the

ANFIS network.

Next, to have the articulated vehicle move along the desired path to per-

form the parking maneuver appropriately, the appropriate steering angle and

velocity must the applied to the vehicle. This purpose is realized by employ-

ing expert drivers’ experience. The necessary skills were obtained by analyzing



Fig. 9.11 Flowchart of the articulated vehicle behavior in a parking maneuver.

Table 9.2 The simulation information in relation to the inputs and desired outputs for
training the ANFIS network.

Parameter description Symbol Range Phase Unit

Tractor yaw angle φt [�1.2 0] 1 rad

�0:86 1:6½ � 2 rad

Trailer yaw angle φs �0:7 0½ � 1 rad

0 1:6½ � 2 rad

Steering wheel angle θ �π

6

π

6

h i
rad

Horizontal distance from the wall Distance 0 22:7½ � m
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the responses to a questionnaire and massive simulation runs, examples of

which are demonstrated in Figs. 9.12 and 9.13, on which the motion path

and inputs/outputs are indicated.

As shown by the flowchart in Fig. 9.11, the transition in the motion

phase of the articulated vehicle during the parking maneuver is evident.

Under the scenario where the parking maneuver is implemented



Fig. 9.12 Examples of desired paths for the first phase considering various initial conditions.



Fig. 9.13 Examples of desired paths for the second phase.
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automatically, the transition from the first phase to the second phase is trig-

gered based on a signal to the control system by which the distance between

the back of the trailer and the parking space span is reported to the system.

This distance is also related to the changes in the velocity direction of the

vehicle. The objective is to design a network that helps us achieve an appro-

priate nonlinear map. This nonlinear map is developed through a set of data.

This dataset contains input-output pairs describing the appropriate driver’s

behavior, which we are seeking to model, as discussed earlier. In other

words, the adaptive neuro-fuzzy network is used to model a subject system,

that is, the expert driver’s behavior. This dataset is usually referred to as a

training dataset. Themethodology deployed to adjust the network parameters

for improved performance of the network is known as learning rules or

adaptive algorithms. Usually, the performance of an adaptive neuro-fuzzy

network is evaluated by comparing the outputs of the network against those

of the real system for given input parameters. The training based on the

expert driver’s behavior is demonstrated in Fig. 9.14.

As indicated in Fig. 9.14, it is evident that the training is achieved with

the training dataset containing the input-output pairs corresponding to the

expert driver’s behavior. In order to train the ANFIS, the desired input data

includes the tractor yaw angle (φt), the trailer yaw angle (φs), and distance

between the back of trailer and the parking space wall. Representing the

expert driver’s behavior, this information serves as the training database

for the ANFIS. Upon compiling the training dataset and performing the

training task, the input membership functions of the controller, the neural

structure of the controller, and the control level in both phases are shown in

Figs. 9.15 and 9.16. It is worth mentioning that in the simulation runs, the

stopping criterion for the parking maneuver was set to be a particular dis-

tance between the back of the trailer and the parking space wall.
Fig. 9.14 Training the ANFIS based on the desired input-output pairs according to the
expert driver’s behavior.



Fig. 9.15 Phase 1 of motion, including the input membership functions of the controller,
the neural structure of the controller, and the fuzzy rules level.
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Fig. 9.16 Phase 2 of motion, including the input membership functions of the controller,
the neural structure of the controller, and the fuzzy rules level.
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Table 9.3 The fuzzy rules for the forward motion (Phase 1).

No. φt(rad) φs(rad) Distance (m) outMF

1 Negative Negative Very near 192.6

2 Negative Negative Near 3.745

3 Negative Negative Far 1.042

4 Negative Negative Very far 0.9004

5 Negative Positive Very near �47.23

6 Negative Positive Near �6.599

7 Negative Positive Far �4.434

8 Negative Positive Very far �3.838

9 Positive Negative Very near �129.5

10 Positive Negative Near �2.541

11 Positive Negative Far 0.0378

12 Positive Negative Very far �0.645

13 Positive Positive Very near 31.75

14 Positive Positive Near 4.439

15 Positive Positive Far 2.573

16 Positive Positive Very far 2.461

Table 9.4 The fuzzy rules for the backward motion (Phase 2).

No. φt(rad) φs(rad) outMF

1 Negative Zero 3.18

2 Negative Positive �7.38

3 Zero Zero �0.23

4 Zero Positive 2.38

5 Positive Zero �4.44

6 Positive Positive 0.69
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Tables 9.3 and 9.4 list the fuzzy rules characterizing the designed ANFIS

network for the forward-motion and backward-motion phases, respectively.

These rules can be interpreted according to the logic presented in

Eqs. (9.33) and (9.34), respectively:

Rule1 : If φt is Negative andφs is Negative and

Distance is Very near Then outMF1
(9.33)

Rule2 : If φt is Negative andφs is Zero Then outMF1 (9.34)
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9.3.4.3 Closed-loop control system for automatic parking of articulated
vehicle
In this section, having finished the design of the proposed ANFIS algo-

rithm, it was applied to a closed-loop control structure. Fig. 9.17 shows

the closed-loop control structure. As demonstrated in the previous section,

the data on φt (rad), φs (rad), and the horizontal distance to the wall were

supplied to the control system as the input data, and the control system

returned the steering angle (θ) and velocity (v) as output. The two-phase

nature of the maneuver required that the proposed control system was also

composed of two parts. As shown in Fig. 9.17, these two parts are meant to

control the forward and backward motions, respectively. The transition of

the phase-1 to the phase-2 should occur when the vehicle identifies the

appropriate distance to the parking space span so that the backward motion

of the vehicle to place the trailer within the parking space appropriately

would lead to no collision.
9.3.4.4 Results of applying the ANFIS controller
The proposed ANFIS model in the closed-loop structure shown in Fig. 9.17

resembles an expert driver’s behavior for parking an articulated vehicle
Fig. 9.17 Closed-loop system for the automatic parking of the articulated vehicle.



Fig. 9.18 Automatic parking maneuver for an articulated vehicle under initial conditions
(�95 m, 19 m).
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through two motion phases. As observed, the results of applying the ANFIS

in the closed-loop structure are well evident in Figs. 9.18–9.20.

9.3.4.5 Error calculation
Considering the final values obtained from Eq. (9.35), the errors associated

with distance (from the desired final position) and trailer angle (from the

desired angle at the final condition) are calculated by Eqs. (9.36) and

(9.37), respectively. Eq. (9.38) gives the distance between the initial and final

positions of the back of the trailer. The final results of error calculation for

14 maneuvers from various initial conditions are reported in Table 9.5.



Fig. 9.19 Automatic parking maneuver for an articulated vehicle under initial conditions
(�74 m, 18 m).
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Moreover, Figs. 9.21 and 9.22 show the distance and trailer angle errors rel-

ative to the distance between the initial and final positions, together with the

frequency of error values, respectively.

xfinal ¼�4:75m
xfinal ¼�24m

φfinal ¼
π

2
rad

(9.35)

Distanceerror ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xfinal�xs
� �2

+ yfinal� ys
� �2q

(9.36)



Fig. 9.20 Automatic parking maneuver for an articulated vehicle under initial
conditions (�65 m, 4 m).

406 Vehicle dynamics and control
φerror ¼ φfinal�φs

��� ��� (9.37)

N
ICx, ICyf g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xfinal� ICx

� �2
+ yfinal� ICy

� �2q
(9.38)

Analyzing the data tabulated in Table 9.5 and demonstrated on Figs. 9.21
and 9.22 where the parking maneuver errors are reported, one can deter-

mine that the proposed adaptive neuro-fuzzy controller performed well

and could successfully implement both phases of the parking maneuver from

different initial positions without hitting the walls of the parking space

within acceptable ranges of error. The distribution of error in Figs. 9.21



Table 9.5 Associated errors with automatic parking of the articulated vehicle with
different initial conditions.

No. ICφs
[rad] ICx [m] ICy [m] N{ICx,ICy} Distanceerror φerror

1 0 �65 4 66.4 0.14 2.21

2 0 �72 12 76.2 0.37 3.57

3 0 �74 18 80.9 0.69 5.01

4 0 �79 10 81.6 0.23 1.91

5 0 �80 11 82.9 0.22 1.97

6 0 �83 15 87.4 0.22 2.12

7 0 �85 16.7 89.9 0.15 2.45

8 0 �87 12.5 89.9 0.32 1.58

9 0 �88 14.5 91.7 0.29 1.73

10 0 �90 11 92.1 0.18 1.24

11 0 �90 14 93.3 0.43 1.54

12 0 �90 20 95.9 0.32 2.26

13 0 �92 16.5 96.2 0.24 1.66

14 0 �95 19 99.9 0.26 1.67

Mean Value of Error 0.29 2.21

Fig. 9.21 Diagram of the distance error relative to the distance between the initial and
final positions.
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Fig. 9.22 Diagram of the yaw angle error relative to the distance between the initial and
final positions.
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and 9.22 shows that the highest frequency of distance error was seen for the

distance error of about 0.2 m, while that of the trailer yaw angle was about

2 degrees.
9.3.5 Application of inverse kinematic equations in parking
maneuvers for articulated vehicles
9.3.5.1 Verification of inverse kinematic equations using computer
simulations
Fig. 9.23 shows, schematically, the relationship between the desired path

along which the vehicle must go, y ¼ f (x), the steering angle, and the vehi-

cle velocity. In this figure, the function f(x) serves as input into the structure

(provided by the user for the computer-assisted simulation). Here, consid-

ering the scenario considered for the automatic parking of the articulated

vehicle, the fifth-order polynomial expressed in Eq. (9.39) was adopted

to approximate f (x).

f xð Þ¼ a0 + a1x+ a2x
2 + a3x

3 + a4x
4 + a5x

5 (9.39)



Fig. 9.23 Schematic demonstration of the simulation of an articulated vehicle to verify
the proposed inverse kinematic method.
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This polynomial must meet three key constraints: (1) it must satisfy at the

initial (xi, yi) and final points (xf, yf), at which points the (2) slope and (3)

convexity of the polynomial must be zero. The polynomial coefficients that

satisfy these properties are under Eq. (9.40):

a0

a1

a2

a3

a4

a5|{z}
A

2
66666666664

3
77777777775
¼

1 xi xi
2 xi

3 xi
4 xi

5

1 xf xf
2 xf

3 xf
4 xf

5

0 1 2xi 3xi
2 4xi

3 5xi
4

0 1 2xf 3xf
2 4xf

3 5xf
4

0 0 2 6xi 12xi
2 20xi

3

0 0 2 6xf 12xf
2 20xf

3|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
X

2
66666666664

3
77777777775

�1

yi

yf

0

0

0

0|{z}
Y

2
66666666664

3
77777777775

(9.40)



Table 9.6 Verification errors are associated with the calculations performed by the
proposed inverse kinematic method.

InitialConditionxi(m),
yi(m)

FinalConditionxf(m),
yf(m) max errorxj j

xi�xfj j �100 max errorxj j
yi�yfj j �100

(�75,10) (10, 0) 0.0527 0.4919

(�75,10) (10, 0) 0.0524 0.2591

(�80,13) (7,2) 0.0513 0.4490

(�85,20) (5,2) 0.0497 0.4313

(�90,22) (10, 2) 0.0449 0.3632
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Given the subject of this research (automatic parking of heavy-duty artic-

ulated vehicles with one joint and two links), computer-assisted simulations

were run to verify (9.25) (Table 9.6).
9.3.5.2 Training the articulated vehicle with desired data-fed ANFIS for
the inverse kinematic method
In the proposed methodology, similar to the methodology implemented

previously, the ANFIS was prepared for the phase-1 motion based on the

desired path and extracted steering angle data to develop the parking maneu-

ver. For both motion phases, the required information was provided based

on the desired data in Fig. 9.24. Here, we once more used the feedback

related to φt (rad), φs (rad), and horizontal distance to the wall. Table 9.7

lists the initial condition (IC) and final condition (FC) for the desired paths,

as used for training the ANFIS network. The position (0, 15) was set as the FC
Fig. 9.24 Schematic demonstration of receiving information for the two motion phases
based on the desired motion information.



Table 9.7 Information on initial condition (IC) and final condition (FC) for the desired
paths, as used for training the ANFIS network in the inverse kinematic method.

No. (ICx, ICy) (FCx,FCy) No. (ICx, ICy) (FCx,FCy)

1 (�65,5) (15,0) 7 (�80,10) (15,0)

2 (�70,8) (15,0) 8 (�80,14) (15,0)

3 (�70,16) (15,0) 9 (�85,18) (15,0)

4 (�75,15) (15,0) 10 (�90,15) (15,0)

5 (�75,19) (15,0) 11 (�90,18) (15,0)

6 (�80,5) (15,0) 12 (�95,15) (15,0)
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for phase-1 as the control strategy for phase-2 required that the vehicle

started phase-2 at this position (IC for phase-2). In this regard, Table 9.7 pre-

sents (0, 15) as the FC for phase-1. As seen in this table, the information

related to a total of 12 different ICs was used to train the ANFIS network.

Next, for the phase-1 motion, the information on the desired path and

extracted steering wheel angles (Fig. 9.23) was utilized. For the second

phase, as explained earlier, the expert driver’s behavior was used.

Fig. 9.25 shows three examples of the articulated vehicle motion along

the paths determined based on the extracted desired steering angle according
Fig. 9.25 An example of the paths of the phase-1 and phase-2 motions for training the
ANFIS network in the inverse kinematic method.
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to Eq. (9.25). Indeed, the vehicle motion along these paths with different

ICs has been practiced to provide a database for training the ANFIS net-

work. As explained earlier, in order to go through the desired path at the

desired steering angle, the control system needs to explore not only the

appropriate steering angle, but also the vehicle velocity. Following this line

of reasoning, the output of the ANFIS system is not limited to the steering

angle only, but rather extends to the vehicle velocity. The similarities

between the methodology described in this section and the one explained

previously provide for not repeating the similar concepts over but rather

emphasizing the most important issues. Accordingly, the designed ANFIS

is herein solely represented by the input membership functions and the fuzzy

rules levels with the two output parameters, namely the steering angle and

the vehicle velocity (Figs. 9.26 and 9.27, respectively), not mentioning the

other common characteristics such as the fuzzy rules, the structure of the

fuzzy network, etc.
Fig. 9.26 Input membership functions and outputs (steering angle and velocity) for the
phase-1 motion based on the inverse kinematic method.



Fig. 9.27 Fuzzy rules levels and outputs (steering angle and velocity) for the phase-1
motion.
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9.3.5.3 Closed-loop control system with neuro-fuzzy controller
in inverse kinematic method
The incorporation of the designed ANFIS system into the considered

closed-loop structure is demonstrated in Fig. 9.28. In this figure, it is clear

that the controller itself is composed of two components corresponding to

the two motion phases. The important point to note is that both parts pro-

duce as outputs both the steering angle and the longitudinal velocity of the

vehicle. In the first phase of motion, the longitudinal velocity signal is

obtained as an input of the ANFIS network, just like the steering angle.

For the second phase of motion, the velocity is set to be fixed at v ¼ �1

(m/s).

The parking error is herein calculated from the values obtained in

Eq. (9.41) using Eqs. (9.36) and (9.37). Table 9.8 reports the parkingmaneu-

ver error associated with different ICs, and Fig. 9.29 demonstrates two cases



Fig. 9.28 The closed-loop control system for the automatic parking of the articulated
vehicle.

Table 9.8 The articulated vehicle parking maneuver error is associated with
different ICs.

No. ICx(m) ICy(m) Distanceerror(m) φterror(rad) φserror(rad)

1 �73 11.2 0.1733 0.1158 0.0042

2 �80 15.4 0.1334 0.1568 0.0336

3 �83.2 13.7 0.1075 0.1369 0.0147

4 �93.2 18 0.1509 0.1397 0.013

5 �95 17.2 0.0382 0.1325 0.0071

6 �68.6 5.6 0.5420 0.0505 0.0799

7 �89.6 14.25 0.1962 0.1314 0.062

8 �77.2 10.25 0.0073 0.1077 0.0115

Error Mean Value 0.1686 0.1214 0.0283
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of automatic parking maneuvers for articulated vehicles based on the inverse

kinematic method.

xfinal ¼�3:85m
xfinal ¼�24m

φfinal ¼
π

2
rad

(9.41)

An investigation into the results presented in Fig. 9.29 shows that the
development of a database using the newly proposed equations in this chap-

ter contributed well to improved training of the ANFIS network and hence

to increased performance of the proposed adaptive neuro-fuzzy controller

within a closed-loop structure. Indeed, in eight cases with different ICs,

the system could successfully handle the maneuver and position the end

of the vehicle appropriately without hitting the walls and within acceptable

ranges of parking error.



Fig. 9.29 Automatic parking maneuver of an articulated vehicle with different ICs:
(�77.2 m, 10.25 m) and (�86.6 m, 1.25 m).
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9.4 Design and implementation of mechanical equipment
for articulated vehicle experimental model

This section is dedicated to the verification of the proposed control method

for the automatic parking of the articulated vehicle. The audit was con-

ducted by implementing a model articulated vehicle in the laboratory.

The design verification should be done by performing the design steps suc-

cessively to ensure that the obtained product would meet the expected

requirements. In this approach to the verification, the goal is to make sure

that the ideal model built through mathematical modeling in the computer

exhibits no significant difference to the manufactured model. The model

manufacturing verification begins with designing the CAD model and pro-

ceeds to select appropriate driving power equipment and sensors, consider-

ing the physical and real-problem constraints. It should be noted that the

connection between the control system, which is the decision-making unit,

and the sensors as well as the driving power equipment was established by

providing interface circuits. The circuits are only briefly discussed in this sec-

tion as their design is beyond the scope of this chapter.

Fig. 9.30 presents a complete view of the implemented articulated vehi-

cle experimental model for the verification stage. Fig. 9.31 demonstrates the

main components of the vehicle, with each component numbered appro-

priately. The name of the different components of the system is given in

Table 9.9. As mentioned earlier, to have the model articulated vehicle be

able to move, we need to utilize particular electronic equipment such as

a driving power system, sensors, and interface circuits. The relevant infor-

mation and a brief explanation of the mentioned items of equipment and

their applications are presented in Table 9.10.

A PCB populated with electronic components is called a printed circuit

assembly (PCA), a printed circuit board assembly, or a PCB assembly

(PCBA). The IPC-preferred term for assembled boards is circuit card assem-

bly (CCA), and for assembled backplanes, it is backplane assemblies.

Fig. 9.32 shows the final assembly of the PCB, and Fig. 9.33 presents the

manufactured physical model of the articulated vehicle in the laboratory.

Following this chapter, as proposed in the parking scenario, the vehicle

was first moved along the desired paths, and the information extracted from

the sensors as the model vehicle moved along the desired path (four maneu-

vers) was used to train the ANFIS network. To better understand the process

of training the ANFIS network using the input-desired output data on

the model articulated vehicle, please see Figs. 9.34 and 9.35, where the



Fig. 9.30 Demonstration of the model articulated vehicle and its main components.
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closed-loop control system is presented. It is worth mentioning that the lim-

itations encountered in laboratory experiments, such as the limited space of

the laboratory, the manufacturing and modeling precision, the proper func-

tion of the mechanical and electronic equipment, and the difficulties faced

when implementing the control system required that the control system be

made to maximum simplicity to avoid the negative impacts of the men-

tioned issues (e.g., velocity, etc.) on the system performance. In this regard,



Fig. 9.31 Demonstration of the main components of the model articulated vehicle.

Table 9.9 Names of different components of the designed model articulated
vehicle.

Part no. Part name Quantity

1 Cabin 1

2 Tractor-trailer joint 1

3 Tractor 1

4 Trailer 1

5 Steering system 1

6 Rigid suspension system 2

7 Joint angle physical constraint 1

8 Driving power system 2

9 Tire 8
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Fig. 9.36 shows the structure and input membership functions of the

ANFIS controller with the minimum number of membership functions

in the two phases of the automatic parking of the model articulated vehicle

in the laboratory.

The designed parking space is about 1 m in span and 1.5 m in length.

Fig. 9.37 shows the parking space, together with images of the maneuvering

model vehicle under an automatic parking scheme. Figs. 9.38 and 9.39 show

the results of the sensors and control signals with the ICs (75 cm, 158 cm)

and (75 cm, 83 cm), respectively, for both phases of the automatic parking

of the model articulated vehicle. Table 9.11 presents the parking error from



Table 9.10 Electrical and electronic equipment used to manufacture the model articulated vehicle in the laboratory.

No. Part Specifications Application

Engine DC motor 10:1 Gearbox

Operating voltage: 24 V

Rotational velocity: 5000 RPM

Supplying driving force for

the vehicle

Servo motor Rotational velocity at 6 V: 0.27 (seconds per 60 degrees)

Rotational velocity at 4.8 V: 0.33 (seconds per 60 degrees)

Torque at 6 V: 8 kg/cm

Torque at 4.8 V: 8 kg/cm

Steering angle operator

Electronic

components

SRF05 Power supply: 5 V

Operating current: 4 mA

Operating frequency: sonar 40 kHz

Range: 3–4 cm
Resolution: 3–4 cm
TTL-level echo signal transmitter

Distance measurement

Potentiometer 10 kΩ and single RPM Vehicle joint angle

measurement

L298 Operating voltage: up to 46 V with a low saturation voltage

Peak DC current: up to 4 A

High-temperature resistance

0–1.5 V logical input

Low noise admission

DC motor startup

4n35 Isolation voltage: 5 kV

Output voltage: 70 V

Operating ranges: 55–100°C
Number of channels: 1

Continued



Table 9.10 Electrical and electronic equipment used to manufacture the model articulated vehicle in the laboratory—cont’d

No. Part Specifications Application

7805 Output voltage: 5 V

Minimum input voltage: 7.3 V

Voltage regulator

ZIG110A The ZIG-110 assembly is composed of two moduli, namely a

SIG-100 and a ZIG-110

The ZIG-100 board can be assembled onto RC-100, ZIGSerial,

and/or CM-5.

The ZIG-110 modulus can be connected to CM-510 and/or

CM-700

Transmitter-receiver

Microcontroller AVR ATMEGA128 Flash memory (programmable): 128 kB

EEPROM: 4 kB

SRAM: 4 kB

Equipped with internal calibrated oscillator

Number of slots: 64 (TQFP)

The number of input and output pins: 53

Power supply:

4.5–5.5 V (ATmega 128)

2.7–5.5 V (ATmega 128L)

Operating Frequency:

0–16 5 V (ATmega 128)

0–8 V (ATmega 128L)

Power supply Battery 12 V, three cells, Lithium polymer Supplying the main board

Battery 12 V, atomic Powering the startup board



Fig. 9.33 Themanufactured physical model articulated vehicles together with the sensors
from two different views.

Fig. 9.32 Demonstrationofthemanufacturedelectronicboardtogetherwiththedesigned
circuit.

Fig. 9.34 Training the ANFIS based on the experimental desired input–output pairs for
the experimental model.
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Fig. 9.36 Demonstration of the input membership functions of the ANFIS controller in
the phases of motion.

Fig. 9.35 Closed-loop control system for the automatic parking of themodel articulated
vehicle in the laboratory.

422 Vehicle dynamics and control



Fig. 9.37 Parking space and parking maneuver for the automatic parking of the model
articulated vehicle.
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two different ICs. Two error terms are defined to evaluate the performance

of the proposed parking scheme, namely deviation from the desired final

position and tractor and trailer yaw angle errors regarding the desired values.

Due to the limitations encountered in the laboratory and the problems

faced when measuring and starting up the system, we had no choice, unfor-

tunately, but to present only two error terms and demonstrate one signal

(Table 9.11). In the similar maneuvers, the vehicle could go into the parking

space without hitting any wall.
9.5 Conclusion

Due to the nonlinear nature of the motion kinematics in an articulated vehi-

cle and acknowledging the successful application of fuzzy logic and artificial

networks (ANNs), ANFIS was proposed for designing a controller for the

automatic parking of articulated vehicles. Indeed, the proposed system

tended to reproduce the behavior exhibited by an expert driver as he/she

would undertake the parkingmaneuver. An ANFIS network was built based

on the expert driver’s experiences of desirably parking an articulated vehicle.

The control structure was designed accordingly. Following with the chap-

ter, simulations were performed, and the proposed technique was practically

implemented on a model articulated vehicle in the laboratory to verify the

proper performance of the proposed methodology for the automatic parking

of the articulated vehicle.



Fig. 9.38 Demonstration of the data from sensors and the control signal with the IC (75 cm, 158 cm), first motion phase.



Table 9.11 Parking error with the model articulated vehicle.

No.

Articulation angle
initial condition
(degrees)

Distance initial
condition (cm)

Deviation
error (cm)

Articulation
angle error
(degrees)

1 3 (75,83) 13.5 31

2 �2 (75,158) 7 8

Fig. 9.39 Demonstration of the data from sensors and the control signal with the IC
(75 cm, 83 cm), second motion phase.
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CHAPTER 10

Trajectory planning of tractor
semitrailers
10.1 Introduction

Driving is among the tasks that can put human life at risk if not performed

with sufficient concentration and care. The World Health Organization

(WHO) studied global road safety in its report on October 22, 2015, based

on data collected from 180 countries. This report puts the number of fatal-

ities and the number of seriously injured people due to road accidents at 1.25

million and between 20 and 50 million, respectively. The report also men-

tions that the highest severity of road accidents leading to death (almost 90%)

occurs in medium- and low-income countries. In contrast, merely 54% of

vehicles in the world are on the road in these countries. Because such acci-

dents impose an enormous financial burden on the victims, they can be con-

sidered one of the factors in the economic gap between these countries and

high-income countries. Road accidents currently rank as the ninth most

common cause of death, with a 2.2% share of all global deaths. The Asso-

ciation for Safe International Road Travel (ASIRT) has predicted that this

rank will rise to fifth by 2030 if a serious effort is not made to improve reg-

ulations and use novel technologies in this area.

A study by the US Department of Transportation in the 1990s indicated

that fatigue is the cause of 30% of road accidents involving heavy commercial

vehicles [1–3]. On the other hand, some studies in some European countries

about driver fatigue and its effect on accidents have shown that fatigue is the

cause of 20% of road accidents in commercial transportation and, hence, is a

significant factor [4]. Therefore, drowsiness in suburban and transit drivers,

who often choose articulated vehicles to transport cargo and are driving long

distances, plays an essential role in accidents. As a result, it is necessary to

design an automatic system capable of navigating the vehicle via safe and

accurate decisions in case of driver drowsiness.

Among the works carried out in this area is a system that detects a

decrease in the driver’s level of consciousness and prevents an accident by

sending a warning message and performing automatic cautionary actions.
429
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In this system, after the parameters are sensed online and sent to the

processor, the decision-making system determines the driver’s level of con-

sciousness using predefined criteria for sleepiness. This process must occur in

real-time throughout driving. After the level of consciousness is determined,

the automatic navigation systemmust go into action if the driver is unable to

navigate the vehicle due to sleepiness.

Extensive research has been performed to develop collision avoidance

methods using velocity control or motion path planning with lateral guid-

ance along the desired path. The obstacles in most of this research were

either stationary or moving at a constant vehicle velocity. Moreover, most

of the research was to investigate control systems to be used in robots and

was conducted inside laboratory environments. Also, the previous works

mostly involved passenger cars, and tractor semitrailers were less commonly

addressed. Operational speeds are usually lower in robotics compared to

vehicles, and robots benefit from more diverse motion dynamics and fewer

motion constraints than vehicles. Also, passenger comfort and safety that are

key in vehicles are irrelevant to robots.

This chapter aims to investigate motion planning for tractor semitrailers

in single and double lane change maneuvers, assuming a dynamic environ-

ment. The automatic navigation system must take action after detecting the

driver’s inability to navigate the tractor semitrailer due to drowsiness. As we

know, the control inputs for vehicle navigation consist of the steering wheel

and the accelerator and brake pedals (assuming an automatic transmission).

More specifically, the accelerator and brake pedals are the control inputs for

longitudinal navigation, and the steering wheel angle is the control input for

lateral navigation. Accordingly, various control strategies have been consid-

ered by researchers, leading to the design of diverse, intelligent systems. For

example, a system concerned with only the longitudinal control of the vehi-

cle that prevents collision with vehicles in front is adaptive cruise control

(ACC). Another type of system attempts to change vehicle direction after

obstacle detection and collision prediction. To this end, these systems first

determine the safe motion path and then attempt to navigate the vehicle

toward this path by changing the steering wheel angle. Some novel research

in this field has addressed simultaneous longitudinal and lateral vehicle con-

trol for collision avoidance. The related systems first determine the suitable

method for collision avoidance by analyzing sensor data via the decision-

making unit and then control the vehicle accordingly.

In this chapter, motion path determination and the relating algorithms

are briefly addressed, after which trajectory generation is analyzed. Two
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examples with step-by-step explanations are provided in order to create

more understandable analyses of trajectory planning for semitrailers. In

the first example, trajectory planning for semitrailers using η4 � spline is

examined. In the second example, trajectory planning under dynamic con-

ditions for single and double lane change maneuvers is studied.
10.1.1 An introduction to tractor semitrailers
N-trailers are the most commonly articulated vehicles used in ground trans-

portation. They consist of an active tractor equipped with passive trailers

connected via either on-axle hitching or off-axle hitching. On-axle hitching

is when the hitching location is directly at the rear axle, and off-axle hitching

is when the hitching location is at a distance from the rear axle, as shown in

Fig. 10.1. The hitching location is the critical point that determines vehicle

behavior [5].

Maneuvering an articulated vehicle is difficult even for expert drivers;

hence, automatically controlling its motion is even more complicated.

N-trailers are highly nonlinear kinematic systems with unique characteristics

such as nonholonomic, operation-readiness, instability in structural connec-

tions during backward motion, and articulated angle dynamics. These char-

acteristics make the manual control of these systems complicated [6].

N-trailers can be divided into three general classes:

1. Standard n-trailers (Snt): All trailers are connected at the center of towing

via on-axle hitching.

2. Nonstandard n-trailers (nSnt): All trailers are connected at a distance

from towing via off-axle hitching.

3. General n-trailers (Gnt): Instances of on-axle and off-axle hitching are

used for specific trailers.
10.1.2 Steps in automatic vehicle navigation for collision
avoidance
The first step in collision avoidance is obstacle detection. These obstacles are

pedestrians and other moving vehicles. Numerous methods have been

employed for obstacle detection using various sensors, including ultrasonic

sensors and video cameras, and techniques such as image processing. After

detecting the obstacle, predicting its motion, and establishing the vehicle

state, one can determine whether a collision will occur between the vehicle



Fig. 10.1 On-axle and off-axle hitching.
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and the obstacle. At this moment, the intelligent vehicle system must make

the right decision for navigating the vehicle and avoiding the collision.

Fig. 10.2 shows the diagram used to analyze the vehicle position and make

control decisions.

As shown in Fig. 10.2, the information relating to the position and

motion of the obstacle and the vehicle is assessed by the processing unit,

and whether a collision will occur and time to the collision are determined.

According to this computation, the necessary warning is sent to the

driver, or the automatic navigation system goes into action, depending

on the situation. Automatic navigation can be performed via either braking

or steering (changing the steering wheel angle). In case of a need for



Fig. 10.2 Diagram for analyzing the vehicle position and making control decisions.
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maneuvering using steering, the optimal path must first be calculated. After

the adoption of a suitable strategy, all the data are transferred to the control

system, and control commands are transmitted to the actuators [7].

The controlling complexity of automatic systems in every scenario

strongly depends on the traffic, infrastructure, safety characteristics, and cus-

tomer needs. So far, vehicle manufacturers and R&D centers have intro-

duced some advanced driver assistance systems (ADAS) for road

monitoring and semiautomatic control of vehicles and transportation sys-

tems. These systems include the following:

1. Emergency braking

2. Keeping intervehicle safe distance

3. Automated parking

4. Obstacle collision avoidance

Furthermore, autonomous emergency braking (AEB) and lane keeping assist

(LKA) systems are currently available to some manufacturers. Besides, sev-

eral platforms have been tested in real-life urban scenarios and highways,

including the following:
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1. Google driverless car

2. Daimler autonomous car

3. PROUD platform of Parma University

Almost all vehicle manufacturers and vehicle research centers have begun

research in this area, which indicates significant progress.

This research field is 25 years old, and during this time, researchers have

introduced numerous ways of improving controllers to achieve higher sta-

bility and reliability. However, issues such as trajectory generation under

dynamic conditions, collision avoidance, and safe and comfortable driving

are still either unsolved or without highly accurate solutions. Recently,

online maneuver generation methods have been proposed for path planning

and collision avoidance.
10.2 Path planning

Path planning is the most important issue in vehicle navigation. It is

defined as finding a geometrical path from the current location of the vehi-

cle to a target location such that it avoids obstacles. This path must be nav-

igable by the vehicle and optimal in terms of at least one variable so that it

can be considered a suitable path. For different target distance situations,

the smoothest path, the shortest path, or the path along which the vehicle

can move with the highest speed can become the most important path. In

other words, the optimal path is determined concerning these character-

istics. A standard method of path planning is discretizing the space and con-

sidering the center of each unit a movement point. Every movement point

either has an obstacle that must be avoided or is free of obstacles that can be

entered. Different discretization methods lead to different motion paths.

The important point in discretizing the space is that the individual units

must be convex to allow the movement to and from any point in them

in case they can be passed. Uniform and Quadtree space discretization

are typical to square discretization methods. Triangular and trapezoidal

space discretization are two other, more accurate discretization types,

meaning every unit is either an obstacle or free, and no unit is half obstacle

and half free. All the mentioned methods lead to a graph that determines

the acceptable locations for the vehicles. The next step in path planning is

finding the path within this graph. This can be done using various

methods, for example, the breadth-first search (BFS) or the A∗ method.
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Path planning is divided into two main categories based on assumptions:

1. Global planning methods are methods in which the surrounding environ-

ment is globally known, assuming the availability of a map.

These methods include the road-map algorithm, cell decomposition, Vor-

onoi diagrams, occupancy grinds, and new potential field techniques. In

most cases, the last step in the trajectory generation involves applying a

B�ezier curve [8].
2. Local planning methods are methods in which the surroundings are known

locally and can be reconstructed based on reactive methods using sensors,

such as infrared and ultrasonic sensors, and local video cameras.

The most well-known methods in this group are Bug algorithms, which

navigate vehicles via local path planning based on a minimum set of sensors

and with reduced complexity of online implementation. Bug1 and Bug2 are

among the most common types of local path planning algorithms. Bug1 and

Bug2 are utilized in cases where path planning is based on a predetermined

rule and is most effective in fixed environments. In the Bug1 algorithm, the

vehicle takes a path straight toward the target. It swerves past the potential

obstacles from the right or left, returning to the original path and separating

from the obstacle, as shown in Fig. 10.3. The sensor current data play a
Fig. 10.3 Path planning using Bug1.



Fig. 10.4 Path planning using Bug2.
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crucial role in this algorithm. The weaknesses of this method are that the

vehicle remains for too long near the obstacles and that the path it suggests

is far from the shortest path [9].

Bug2 behaves similarly to Bug1 except that it follows a fixed-line from

start to end. In this algorithm, the vehicle moves on the line connecting the

start point and the target. If it encounters an obstacle, it swerves past it until it

reaches a point on the line joining the start point and the target, at which

point it leaves the obstacle. In this method, too, the vehicle spends a long

time moving alongside the obstacles, although this time is usually shorter

than that in the previous algorithm. Fig. 10.4 displays the Bug2

algorithm [9].

Among other Bug algorithms that use a minimal number of sensors are

TangentBug [10], DistBug [11], and VisBug [12]. The Tangent Bug algo-

rithm is an upgraded version of Bug2 and is capable of determining a shorter

path to reach the target using an environment recognition sensor with an

infinite 360-degree resolution. The DistBug algorithm has guaranteed con-

vergence if a path exists. Moreover, it needs to understand the position of the

vehicle, the position of the target, and data from the environment recogni-

tion sensors. The VisBug algorithm requires comprehensive information to



Table 10.1 Characteristics of various path planning algorithms.

No.
Path planning
algorithm

Required
memory

Required
processing

Special advantages and
disadvantages

1 Uniform

discretization

Large Average Simplicity of

implementation

2 Quadtree

discretization

Average Large More uniform path and

large computations in

case of moving obstacles

3 Triangular

discretization

Small Average Good distance from

obstacles

4 Trapezoidal

discretization

Small Average Good distance from

obstacles

5 Voronoi

algorithm

Average Large Largest distance from

obstacles

6 Visibility graph Average Average Shortest path

7 Bug1 Very

small

Small High implementation

simplicity and attachment

to obstacles

8 Bug2 Very

small

Small High implementation

simplicity and attachment

to obstacles

9 Gradient field Large Large Sticking to local points

10 Vector field

histogram

Average Large Suitable for path planning

using sonar output
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update the minimum distance to the target point while pursuing the bound-

ary and for determining the end of a loop during convergence toward the

target. In all the path planning algorithms presented, the vehicle is modeled

as a point in space without any motion constraints. Furthermore, the actual

vehicle kinematics, which are especially important for nonholonomic vehi-

cles, are ignored.

The Voronoi and the visibility graph algorithms are two other methods

of finding the optimal path in which the graph consists of various short paths

and, in effect, a sequence of paths is searched. Path planning can also be per-

formed using gradient field methods.

In summary, the general characteristics of path planning algorithms are

presented in Table 10.1.
10.3 Trajectory generation

Trajectory generation or reference time path is the addition of time data to the

path, resulting in the determination of the set point for the motion actuators

based on the path determined by the path planning algorithm. In space
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discretization methods, the trajectory is specified via the coordinates of the

connection points. Themethod of reaching these points and some parameters,

such as vehicle speed, at these points, are not considered in selecting these

points. In other words, there are no time requirements for vehicles at the con-

nection points in this method. In trajectory generation, the vehicles must

move continuously along this path, meaning that the motion characteristics

of the vehicles such as direction, velocity, and acceleration must be specified

between any two given points and on the points themselves.

Inmathematical terms, the trajectory generation problem is equivalent to

specifying a function p(t) where t is time and p(t) is the position of the vehi-

cle. Given the determined connection points, pi ¼ p(ti), where pi is the posi-

tion of a given connection point, and ti is the time when the vehicle is

expected to be at that point. This function must be determined under phys-

ical constraints (such as the motion of the vehicle) such that the vehicle can

follow these positions at times obtained from this function.

The most important variables in the trajectory are the velocity of the vehi-

cle, including the forward speed of the vehicle, the yaw rate, and the vehicle

acceleration. These explanations reveal that the trajectory generation problem

is the transformation of data at the connection point coordinates to the veloc-

ity and acceleration of the vehicle. Trajectories are divided into two major

groups: one-dimensional and multidimensional. Generally, the difference

in these two groups lies in the fact that a trajectory is one-dimensional if a scalar

function defines it, and it is multidimensional if a vector function defines it.
10.3.1 Trajectory generation methods
Numerous methods have been presented for trajectory generation in

research conducted so far. Nevertheless, these methods belong to one of

the following base groups:

1. Polynomial trajectory
a. Linear (constant velocity)

b. Parabolic (constant acceleration)

c. Trajectory with constant asymmetric acceleration

d. Cubic

e. Higher-degree polynomials
2. Trigonometric trajectory
f. Harmonic

g. Arch

h. Elliptical
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3. Exponential trajectory

4. Fourier expansion-based trajectory

Most complex trajectories can be generated via a suitable combination of

these base functions considering appropriate velocity, acceleration, and jerk

constraints. Using a sigmoid motion path based on polynomials is the most

common among these methods [13].
10.3.1.1 Cubic polynomial trajectory
In the cubic polynomial trajectory method, a cubic function is considered as

the trajectory. In other words, q(t) ¼ a0 + a1t + a2t
2 + a3t

3, where the four

constraints of the problem can be satisfied by setting the parameters a0 to a3.

Two of the constraints are satisfied by pi ¼ p(ti) at two connection points and

the two other constraints are satisfied by the current and final velocities of the

vehicles, namely _q tfð Þ and _q tsð Þ, which are obtained by differentiating the

above relationship.

The drawback of this method is that the acceleration of the vehicle at the

end of the trajectory cannot be considered a specific value. On the other

hand, the acceleration at the beginning of the trajectory has a specific value

(obtained from the previous path), and a sudden change in acceleration indi-

cates the exertion of a large force. Fig. 10.5 displays a sample trajectory com-

puted via cubic polynomials.
10.3.1.2 High-degree polynomials
High-degree polynomials are used in special applications for a more accurate

match. They utilize constraints such as boundary conditions on the velocity,

acceleration, jerk, snap, and even higher-degree derivatives along with the

conditions at the intermediate points. An nth-degree polynomial, in its ver-

tical form, is expressed as follows:

qN(τ) ¼ a0 + a1t + a2t
2 + a3t

3 +⋯ + ant
n

Assuming unit displacement, h ¼ q1-q0 ¼ 1, and duration of T ¼
t1 � t0 ¼ 1 (t0 ¼ 0 is considered for simplicity).

To calculate the parameters ai, the following equation is used:

Ma¼ b

where a ¼ [a0, a1, a2, a3,…, an]
T and the vector b, which consists of boundary
conditions on position, velocity, acceleration, jerk, and even higher-order

derivatives, is in the form

b¼ q0,V0, a0, j0,…, q1,V1, a1, j1,…½ �T :



Fig. 10.5 Cubic polynomial trajectory [13].
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The initial and final values of velocity, acceleration, jerk, snap, etc.,

(VNj,aNj,…, j ¼ 1,0) are obtained as
q
kð Þ

j

h=Tk ¼ q
kð Þ

Nj by normalizing based on

the boundary conditions (Vj, aj,…). This relationship is used everywhere

except the start and endpoints, where the values are considered to be zero

and one, respectively. The normalized boundary conditions VNj, aNj,… are

considered as V0, V1, a0, a1, …, in order to simplify the calculations.

In the end, the matrix M is easily obtained by applying the following

boundary conditions to the relationship (qN).

1. a0 ¼ 0, polynomial at the start point (qN(0) ¼ 0).

2. a1 ¼ V0, a2 ¼ a0, a3 ¼ j0, …, initial conditions on the velocity, acceler-

ation, etc.; there are nci initial conditions on the derivatives of qN(t).

3.
P

i¼0
n ai ¼ 1: polynomial at the endpoint (qN(1) ¼ 1).

4.
P

i¼1
n iai ¼ V1: end condition on velocity.

5.
P

i¼2
n i(i � 1)ai ¼ a1: end condition on acceleration.

6.
P

i¼3
n i(i � 1)(i � 2)ai ¼ j1: end condition on jerk.

7.
P

n

i¼d

i!
i�dð Þ!ai ¼ cd1: end condition on the dth derivative of qN(t) (with ncf

end conditions).

qN(τ) is a polynomial of degree nwith n + 1 ai coefficients; hence, the matrix

M has (n + 1) � (n + 1) dimensions, where n + 1 ¼ 2 + ncf + nci.
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The parameters a are computed from a ¼M�1b [13]. The following pro-

vides an example of a 9th-degree polynomial for a tractor semitrailer.
10.3.2 Derivation of η4 2 splines optimal path for a tractor
semitrailer
ηk � splines are polynomial curves dependent on the vector η with an order

of 2k + 1. One needs 2kmembers of the vector η to derive these curves. An
important feature of these curves is the interdependence between the lower-

degree and higher-degree curves, as expressed by the following mathemat-

ical relationship [14]:

ηk� paths� ηk+1� paths for all k�N (10.1)

This feature can explain the preference of higher degrees over lower
degrees. Higher-degree curves have the properties of lower-degree curves,

and the increase in the degree of a curve may have an advantage or a disad-

vantage. For example, η2 � spline can estimate well circular curves or

second-degree functions [15, 16], whereas η3 � spline, which has the prop-

erties of a lower-degree curve, can provide a better estimate only for cubic

spirals [17–19].
Given the dynamic configuration of tractor semitrailers, the problem of

creating an efficient and flexible method for automatically moving the vehi-

cle from initial conditions to the final desired configuration, which is dis-

cussed here as an open-loop control problem, is significant considering

the following two conditions: 1. The control signals must be smooth (for

example, the velocity and the steering angle and their derivatives are con-

tinuous functions). 2. The autonomous vehicle must follow a freely drawn

Cartesian path via selecting and changing parameters with specific geometric

meanings. This research uses η4 � spline, which contains the properties of

lower-degree curves, for path planning in forwarding parking maneuvers,

where a steep path planning speed is required while the articulated vehicle

is moving [20].

η4 � spline is a 9th-degree polynomial curve in which the curvature and

the first and second derivatives of curvature are determined via the interpo-

lation of Cartesian points provided as the start and endpoints of the path.

Order 4 in the parameter η stems from the concept of fourth-order geomet-

ric continuity (G4) [21].
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10.4 Smooth open-loop control of a tractor semitrailer

A tractor semitrailer with on-axle hitching (the trailer is connected to the

tractor at the center of the rear axle) has been considered, as shown in

Fig. 10.6.

In Fig. 10.6, the vehicle has been considered within a Cartesian coordi-

nate. The variables (x1,y1) are the coordinates of the middle of the trailer

axle. The angles θ0 and θ1 respectively represent the directions of the tractor
and the trailer to the x-axis. d0 denotes the distance between the front and

rear axles of the tractor, and d1 indicates the distance between the trailer axle

and the hitching location on the tractor axle. Maneuvers are performed via

the motion of the tractor with velocity υ of the rear wheels and the steering
angle δ of the front wheels. The common assumptions for articulated vehi-

cles are that the tractor and the trailer are assumed to be rigid bodies, and the
Fig. 10.6 Tractor semitrailer schematic.
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rotation of the wheels is assumed to be without slipping. Hence, the non-

holonomic model of this articulated vehicle is according to Eq. (10.2):

_x1 ¼ υcos θ0�θ1ð Þcosθ1

_y
1
¼ υcos θ0�θ1ð Þ sinθ1

_θ0 ¼ υ

d0

δ

_θ1 ¼ υ

d1

sin θ0�θ1ð Þ

8>>>>><
>>>>>:

(10.2)

Given the above relationship, the configuration of the articulated vehicle
is determined by the inputs and their derivatives, as shown in Eq. (10.3).

x1, y1, θ0, θ1, υ, _υ, δ, _δ
� �

(10.3)

On the other hand, according to the definition of geometric continuity,
a curve is geometrically continuous of order k if the k � 2 derivative of cur-

vature to length is parametrically continuous. Therefore, for the curve to be

geometrically continuous of order 4, the second-order derivative must be

parametrically continuous along the curve. Thus, the path planning problem

for an articulated vehicle with the fourth-order geometric continuity must

be specified for the start and end points up to the second derivative of

curvature (Fig. 10.7).

The relationships governing the unit slope vector, curvature, and first

and second derivatives of curvature are presented in Eqs. (10.4), (10.5),

(10.6), and (10.7), respectively.
Fig. 10.7 G4 polynomial interpolation problem.
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τ tð Þ¼ _x1 tð Þ _y1
tð Þ½ �Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

_x2

1
tð Þ+ _y2

1
tð Þp ¼ sgn υ tð Þð Þ cosθ1 tð Þ

sinθ1 tð Þ
� �

: (10.4)

κ¼ dθ1

ds
¼ dθ1

dt

1

ds

dt

¼ _θ1

1

_x2

1
+ _y2

1

� �1
2

¼ υ

d1

sin θ0�θ1ð Þ 1

υj jcos θ0�θ1ð Þ

¼ sgn υð Þ 1
d1

tan θ0�θ1ð Þ: (10.5)

dκ

ds
¼

1

d0

tanδ� 1

d1

sin θ0�θ1ð Þ
d1 cos3 θ0� θ1ð Þ (10.6)

d2κ

ds2
¼

_δ

υj jd0d1 cos2δcos4 θ0�θ1ð Þ� sgn υð Þ
1

d0

tanδ� 1

d1

sin θ0�θ1ð Þ
d2
1
cos3 θ0� θ1ð Þ

+ sgn υð Þ
3

1

d0

tanδ� 1

d1

sin θ0�θ1ð Þ
� �2

sin θ0�θ1ð Þ
d1 cos5 θ0� θ1ð Þ

(10.7)

As mentioned in the beginning, a temporary solution for the problem of
interpolating the trajectory of an articulated vehicle via smooth open-loop

control involves using the P(u) ¼ [α(u) β(u)]T, u� [0,1] curve as a 9th-

degree polynomial, where α(u) and β(u) are defined as follows:

α υð Þ¼
X9
i¼0

αiu
i, β uð Þ¼

X9
i¼0

β
i
ui (10.8)

The coefficients αi, βi, i ¼ 0, …, 9, are determined based on the above
interpolation problem. On the other hand, the relationships governing the

unit slope vector, curvature, and first and second derivatives of curvature can

be rewritten in parametric form based on α and β, as shown respectively in

Eqs. (10.9), (10.10), (10.11), and (10.12):

τ uð Þ¼ _α _β
	 
T
_α2 + _β2
� �1

2

(10.9)

k uð Þ¼ _α€β� €α _β

_α2 + _β2
� �3

2

(10.10)
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dκ uð Þ
ds

¼
_α___β� ___α _β
� �

_α2 + _β2
� ��3 _α€β� €α _β

� �
€α _α+ €β _β
� �

_α2 + _β2
� �5

2

(10.11)

d2k

ds2
uð Þ¼ _α ___β� ___α _β + €α___β� ___α€β

� �
_α2 + _β2
� �2h

�7 _α ___β� ___α _β
� �

_α€α+ _β €β
� �

_α2 + _β2
� �

�3 _α€β� €α _β
� �

€α2 + €β2 + _α ___α+ _β ___β
� �

_α2 + _β2
� �

+18 _α€β� €α _β
� �

_α€β� _α€α+ _β €β
� �2� 1

_α2 + _β2
� �9

2

(10.12)

By applying the fourth-order geometric continuity interpolation condi-
tions on the endpoints P(u), Eqs. (10.13)–(10.22) below are obtained:

P 0ð Þ¼PA (10.13)

P 1ð Þ¼PB (10.14)

_P 0ð Þ¼ η
1

cosθA

sinθA

� �
(10.15)

_P 1ð Þ¼ η
2

cosθB

sinθB

� �
(10.16)

k 0ð Þ¼ kA (10.17)

k 1ð Þ¼ kB (10.18)

dk

ds
0ð Þ¼ _kA (10.19)

dk

ds
1ð Þ¼ _kB (10.20)

d2k

ds2
0ð Þ¼ €kA (10.21)

d2k

ds2
1ð Þ¼ €kB (10.22)

Given the relationship for P(u), 20 instances of αi and βi must be deter-
mined; however, there are only 14 scalar equations in Eqs. (10.13)–(10.22),
derived from the nonlinear algebraic system. Consequently, a measure must

be taken to solve the additional 6 degrees of freedom. To solve this issue, the
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parameters η3,…, η8 for the remaining 6 degrees of freedom are determined

as follows:

€P 0ð Þ, cos θA
sinθA

� �
 �
¼ η

3
(10.23)

€P 1ð Þ, cos θB
sinθB

� �
 �
¼ η

4
(10.24)

___P 0ð Þ, cosθA

sinθA

� �
 �
¼ η

5
(10.25)

___P 1ð Þ, cos θB
sin θB

� �
 �
¼ η

6
(10.26)

___P 0ð Þ, cosθA
sinθA

� �
 �
¼ η

7
(10.27)

___P 1ð Þ, cosθB

sinθB

� �
 �
¼ η

8
(10.28)

In this way, an algebraic system consisting of 20 equations and
20 unknowns is formed, including αi, βi, i ¼ 0, …, 9, which depend on

the parameters η, such that η1, η2 � R+ and R, η3, …, η8� R. As such, all

the unknowns of the problem can be determined.

The following will discuss the calculation of the unknowns αi, βi,
i ¼ 0, …, 9 using the parameters η.

and

)Eqs: 10:13ð Þ, 10:15ð Þ α0 ¼ xA,β0
¼ yA

,

α1 ¼ η
1
cosθA,β1

¼ η
1
sinθA

8<
: (10.29)

)Eq: 10:14ð Þ
α 1ð Þ¼

X9
i¼0

αi ¼ xB, β 1ð Þ¼
X9
i¼0

βi ¼ yB

(
(10.30)

)Eq: 10:16ð Þ
_α 1ð Þ¼

X9
i¼1

iαi ¼ η
2
cosθB

,

_β 1ð Þ¼
X9
i¼1

iβ
i
¼ η

2
sinθB

8>>>><
>>>>:

(10.31)
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Using Eqs. (10.10) and (10.17) and by obtaining α1 and β1 from

Eq. (10.29), Eq. (10.32) is obtained as follows:

�2η
1
sinθAα2 + 2η

1
cosθAβ2

¼ η3

1
kA (10.32)

)Eq: 10:23ð Þ
2cosθAα2 + 2sinθAβ2

¼ η
3

f (10.33)

By simultaneously solving Eqs. (10.32) and (10.33), α2 and β2 are
obtained in the form of Eqs. (10.34) and (10.35):

α2 ¼ 1

2
η
3
cosθA�1

2
η2

1
kA sinθA (10.34)

β
2
¼ 1

2
η
3
sinθA +

1

2
η2

1
kA cosθA (10.35)

On the other hand:
)Eqs: 10:11ð Þ, 10:19ð Þ
6α1β3

�6β
1
α3ð Þη2

1
�12 α1β2

�α2β1
ð Þ α1α2 + β

1
β

2
ð Þ�

¼ η6

1
_kA: (10.36)

and
)Eq: 10:25ð Þ
6cosθAα3 + 6sinθAβ3

¼ η
5

f (10.37)

By simultaneously solving Eqs. (10.36) and (10.37), α3 and β3 are
obtained in the form of Eqs. (10.38) and (10.39):

α3 ¼� 1

2
η
1
η
3
kA +

1

6
η3

1
_kA

� �
sinθA +

1

6
η
5
sinθA (10.38)

β
3
¼ 1

2
η
1
η
3
kA +

1

6
η3

1
_kA

� �
cosθA +

1

6
η
5
sinθA (10.39)

Similarly, Eq. (10.40) is obtained from Eqs. (10.12) and (10.21), and
Eq. (10.41) is derived from Eq. (10.27):

12 2α1β4�2α4β1 + α2β3�α3β2ð Þη4

1
�84 α1β3�α3β1ð Þ α1α2 + β1β2ð Þη2

1

�12 α1β2�α2β1ð Þ 2α2

2
+ 2β2

2
+ 3α1α3 + 3β1β3

� �
η2

1
+ 144 α1β2�α2β1ð Þ α1α1 + β1β2ð Þ2

¼ η9

1
€kA

(10.40)

24cosθAα4 + 24sinθAβ4 ¼ η7 (10.41)

By substituting Eqs. (10.29), (10.34), (10.35), (10.38), and (10.39) into
Eqs. (10.40) and (10.41), the parameters α4 and β4 are obtained in the form

of Eqs. (10.42) and (10.43):



448 Vehicle dynamics and control
α4 ¼� 1

6
η
1
η
5
kA +

1

4
η2

1
η
3
_kA +

1

8
η4

1
k3

A
+

1

24
η4

1
€kA +

1

8
η2

3
kA

� �
sinθA

+
1

24
η
7
cosθA (10.42)

β
4
¼ 1

6
η
1
η
5
kA +

1

4
η2

1
η
3
_kA +

1

8
η4

1
k3

A
+

1

24
η4

1
€kA +

1

8
η2

3
kA

� �
cosθA +

1

24
η
7
sinθA

(10.43)

Eq. (10.44) below is obtained by substituting Eq. (10.31) in Eq. (10.18),
and Eq. (10.45) is derived from Eq. (10.45).

η
2
cosθB

€β 1ð Þ�η
2
sinθB€α 1ð Þ¼ η3

2
kB (10.44)

cosθB€α 1ð Þ� sinθB
€β 1ð Þ¼ η

4
(10.45)

Solving Eqs. (10.44) and (10.45) leads to Eqs. (10.46) and (10.47):
€α 1ð Þ¼ η
4
cosθB�η2

2
kB sinθB (10.46)

€β 1ð Þ¼ η
4
sinθB + η2

2
kB cosθB (10.47)

Eq. (10.48) below is obtained by substituting Eqs. (10.46), (10.47), and
(10.31) in Eq. (10.20), and Eq. (10.49) is derived from Eq. (10.26).

η3

2
cosθB

___β 1ð Þ�η3

2
sinθB ___α 1ð Þ¼ η6

2
_kB +3η4

2
kB (10.48)

cosθB ___α 1ð Þ+ sinθB
___β 1ð Þ¼ η

6
(10.49)

By using Eqs. (10.48) and (10.49), ___α 1ð Þ and ___β 1ð Þ are determined in the
forms of Eqs. (10.50) and (10.51), respectively:

___α 1ð Þ¼ η
6
cosθB� η3

2
_kB +3η

2
η
4
kB

� �
sinθB (10.50)

___β 1ð Þ¼ η
6
sinθB + η3

2
_kB +3η

2
η
4
kB

� �
cosθB (10.51)

Eq. (10.52) is obtained by substituting Eqs. (10.46), (10.47), (10.31),
(10.50), and (10.51) in Eq. (10.22), and Eq. (10.53) is derived from

Eq. (10.28).

� sinθB ___α 1ð Þ+ cosθB
___β 1ð Þ¼ η4

2
€kB +3η4

2
k3

B
+3η2

4
kB +4η

2
η
6
kB +6η2

2
η
4
_kB

(10.52)

cosθB ___α 1ð Þ+ sinθB
___β 1ð Þ¼ η

8
(10.53)



449Trajectory planning of tractor semitrailers
Similar to before, the following results from the linear equations (10.52)

and (10.53):

___α 1ð Þ¼ η
8
cosθB� 3η2

4
kB +3η4

2
k3

B
+4η

2
η
6
kB +6η2

2
η
4
_kB + η4

2
€kB

� �
sinθB (10.54)

___β 1ð Þ¼ η
8
sinθB + 3η2

4
kB +3η4

2
k3

B
+4η

2
η
6
kB +6cosθBη4

_kB + η4

2
€kB

� �
cosθB

(10.55)

Using α(1), _α 1ð Þ, €α 1ð Þ, ___α 1ð Þ, and ___α 1ð Þ, which are specified in
Eqs. (10.30), (10.31), (10.46), (10.50), and (10.54), respectively, one can

form a linear system of equations with five equations and five unknowns,

from which α5, α6, α7, α8, and α9 can be determined.

α 1ð Þ¼
X9
i¼0

αi ¼ xB !α5 + α6 +α7 +α8 +α9 ¼ xB�α0�α1�α2�α3�α4

_α 1ð Þ¼ 31ð Þ! 5α5 + 6α6 + 7α7 + 8α8 + 9α9 ¼ η2 cosθB�α1�2α2�3α3�4α4

€α 1ð Þ¼ 46ð Þ! 20α5 + 30α6 + 42α7 + 56α8 + 72α9 ¼ η2 cosθB

�η2

2
kB sinθB�2α2�6α3�12α4

α… 1ð Þ¼ 50ð Þ! 60α5 + 120α6 + 210α7 + 336α8 + 504α9 ¼ η6 cosθB

� η3

2
_kB +3η2η4kB

� �
sinθB�6α3�24α4

___α 1ð Þ¼ 54ð Þ! 12α5 + 360α6 + 840α7 + 168α8 + 3024α9 ¼ η8 cosθB

� 3η2

4
kB +3η4

2
k3
B
+4η2η6kB +6η4

2
η4
_kB

� �
sinθB�24α4:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

(10.56)

Similarly, a linear system of equations with five equations and five
unknowns is formed to determine β5, β6, β7, β8, and β9, whereby these

parameters can be written in the form of Eq. (10.57):

β 1ð Þ¼
X9
i¼0

βi ¼ yB ! β5 + β6 + β7 + β8 + β9 ¼ yB�β0�β1�β2�β3�β4

_β 1ð Þ¼ 31ð Þ! 5β5 + 6β6 + 7β7 + 8β8 + 9β9 ¼ η2 sinθB�β1�2β2�3β3�4β4

€β 1ð Þ¼ 46ð Þ! 20β5 + 30β6 + 42β7 + 56β8 + 72β9 ¼ η4 sinθB + η2

2
kB cosθB

�2β2�6β3�12β4

β… 1ð Þ¼ 51ð Þ! 60β5 + 120β6 + 210β7 + 336β8 + 504β9 ¼ η6 sinθB

+ η3

2
_kB +3η2η4kB

� �
cosθB�6β3�24β4

___β 1ð Þ¼ 55ð Þ! 12β5 + 360β6 + 840β7 + 168β8 + 3024β9 ¼ η8 sinθB

+ 3η2

4
kB +3η4

2
k3
B
+4η2η6kB +6η2

2
η4
_kB + η4

2
€kB

� �
cosθB�24β4:

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(10.57)

The values of αi and βi and the relevant code are presented in Appendix.

The following presents a sample path planned for a tractor semitrailer in

an environment without obstacles using the η4 polynomial method. The ref-

erence point in the tractor semitrailer is the middle point of the axle, and the



Fig. 10.8 Path planning based on η4 � spline for a tractor semitrailer.
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path shown in the figure below corresponds to this point. Themaneuver was

performed from the start point PA to the endpoint PB.

PA ¼ 18 3½ �T )parameters

θA ¼ 3

4
π

kA ¼ 0:25m�1

_kA ¼ 0:1882m�2

€kA ¼ free

8>>><
>>>:

9>>>=
>>>;

and
PB ¼ 0 0½ �T )parameters

θB ¼ π
kB ¼ 0m�1

_kB ¼ 0m�2

€kB ¼ free

8>><
>>:

9>>=
>>;

Fig. 10.8 displays the path planned for the tractor semitrailer based on the
4
η � spline method.
10.5 Trajectory generation for tractor semitrailers
performing a lane change

Assume a tractor semitrailer is moving along a highway when the intelligent

drowsiness detector system recognizes the sleepiness of the driver. As a
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result, the system issues warnings to alert the driver. However, the driver’s

level of sleepiness is beyond the possibility of the driver regaining conscious-

ness. At this moment, the automatic navigation springs into action and takes

control of the articulated vehicle. This system is responsible for navigating

the vehicle to a parking space along the path and stopping it when a collision

with the front vehicle is inevitable. The vehicle must change the paths, as

shown in Fig. 10.9. This is done by receiving data from sensors while the

front vehicle may change speed and direction at any moment.

Fig. 10.10 displays in a flowchart the procedure followed by the auto-

matic navigation system and the strategy considered for the tractor semi-

trailer during maneuvering.
Fig. 10.9 Navigation of the vehicle to the right-side lane in the presence of mobile
obstacles.



Fig. 10.10 Flowchart of the steps used in the research.
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In most of the previous studies, the decision-making unit has not been

designed under real dynamic conditions where the conditions of the surround-

ing vehicles change sometime after the start of the maneuver. Moreover, the

inclusion of vehicle dynamic conditions in designing the decision-making unit

has been less often considered, and trajectory planning has been performed

merely for passenger cars. Hence, this section is concerned with the design

of the decision-making unit for the lane-change maneuver of tractor semi-

trailers under real dynamic conditions using three innovations. These innova-

tions are the extension of trajectory planning to tractor semitrailers by

determining general constraints, determining the minimum time for a two-

piece vehicle to perform the maneuver under real dynamic conditions (chang-

ing conditions of the surrounding vehicles during the maneuver), and the der-

ivation of an equation for theminimum time for the lane-changemaneuver of a

tractor semitrailer based on the off-line dynamic method. Furthermore, single

and double lane-change maneuvers are examined to validate the proposed

method. The process is structured as follows:
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10.5.1 Trajectory equation
A 5th-degree polynomial is the most common and lowest-degree polyno-

mial that can satisfy the minimum requirements of a lane-change trajectory

due to being simple and satisfying the continuity of position, velocity, and

acceleration. It is assumed in this research that the longitudinal velocity of

the vehicle is constant throughout the lane-change maneuver, and, hence,

the longitudinal acceleration is ignored.

The equation for a 5th-degree polynomial can be determined by spec-

ifying six boundary conditions on the position, velocity, and acceleration of

the start and endpoints, as shown in Eq. (10.58).

y tð Þ¼ y0 + a1t+ a2t
2 + a3t

3 + a4t
4 + a5t

5 (10.58)

In Eq. (10.58), the vehicle’s lateral position and velocity are zero at the start
and end of the maneuver. Given the assumption of constant longitudinal

velocity during the lane-change maneuver, the lateral acceleration at the

beginning and end of the maneuver is zero. The above assumptions are

expressed in Eq. (10.59).

y 0ð Þ¼ 0

_y 0ð Þ¼ 0

€y 0ð Þ¼ 0

8<
:

y tmð Þ¼�H

_y tmð Þ¼ 0

€y tmð Þ¼ 0

8<
: (10.59)

Where tm denotes the maneuver duration and H represents the maximum
lateral displacement during the lane-change maneuver.

The coordinate axes X, Y, and Z point toward the direction of the road,

normal to the direction of the road and outward to the road curve, and nor-

mal to the road surface and upward, respectively. By applying the boundary

conditions (10.59) to (10.58), the final trajectory equation results in the form

of Eq. (10.60).

y tð Þ¼ �6H

tm5

� �
t5 +

15H

tm4

� �
t4 +

�10H

tm3

� �
t3 (10.60)

This equation is used as the main lane-change equation for determining
the time constraints and extracting the safe path for the tractor

semitrailer [22].



Fig. 10.11 Characteristics of a tractor semitrailer.
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10.5.2 Derivation of the kinematic characteristics of the tractor
semitrailer
Given that various points of the articulated vehicle are required in the equa-

tions henceforth, this vehicle is introduced in Fig. 10.11.

The coordinates, the longitudinal and lateral velocities, and the lateral

acceleration of the mass center of the tractor (xc, yc) are presented in

Eqs. (10.61)–(10.65), respectively, and the longitudinal velocity of the trac-
tor Vxcð Þ is assumed to be constant during the maneuver. Eq. (10.66) rep-

resents the angle between the tractor axis and the X axis of the reference

frame.

xc tð Þ¼Vxct+ x0c (10.61)

yc tð Þ¼ �6H

tm5

� �
t5 +

15H

tm4

� �
t4 +

�10H

tm3

� �
t3 + y0c (10.62)

_xc tð Þ¼Vxc (10.63)

_y
c
¼ �30H

tm5

� �
t4 +

60H

tm4

� �
t3 +

�30H

tm3

� �
t2 (10.64)

€y
c
¼ �120H

tm5

� �
t3 +

180H

tm4

� �
t2 +

�60H

tm3

� �
t (10.65)

θc ¼ arctan
_y
c

_xc

� �
(10.66)
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In the following, the coordinates of the tractor corners are presented in

Eqs. (10.67)–(10.70) in the form used in the equations. Moreover, the sur-

rounding vehicles are named as shown in Eqs. (10.67)–(10.70), as mentioned

in the following.

x1c
y1c

� �
’ �Lback

+Lside

� �

! x1c ¼�Lback cosθcð Þ�Lside sinθcð Þ+ xc

y1c ¼�Lback sinθcð Þ+Lside cosθcð Þ+ yc

� (10.67)

x2c
y2c

� �
’ Lf ront

Lside

� �

! x2c ¼Lf ront cosθcð Þ�Lside sinθcð Þ+ xc

y2c ¼Lf ront sinθcð Þ+Lside cosθcð Þ+ yc

� (10.68)

x3c
y3c

� �
’ Lf ront

�Lside

� �

! x3c ¼Lf ront cosθcð Þ+Lside sinθcð Þ+ xc

y3c ¼�Lf ront sinθcð Þ�Lside cosθcð Þ+ yc

� (10.69)

x4c
y4c

� �
’ �Lback

�Lside

� �

! x4c ¼�Lback cosθcð Þ+Lside sinθcð Þ+ xc

y4c ¼�Lback sinθcð Þ�Lside cosθcð Þ+ yc

� (10.70)

Because the edges of the tractor semitrailer are curved, the sign’ is used
instead of ¼ in Eqs. (10.67)–(10.70). According to Fig. 10.11, the joint

between the tractor and the semitrailer (xp, yp) is apart from the local coor-

dinates of the tractor, the center of which coincides with the mass center of

the tractor, by -R in the x-direction. The coordinates of the joint in the ref-

erence frame are presented in Eq. (10.71).

xp

yp

� �
’ �R

0

� �
! xp ¼�R cosθcð Þ+ xc

yp ¼�R sinθcð Þ+ yc

�
(10.71)

By substituting Eqs. (10.61), (10.62), and (10.66) into Eqs. (10.72) and
(10.73) and by using Eqs. (10.84) and (10.85), the longitudinal and lateral

velocities of the joint connecting the tractor and the semitrailer (xp, yp)

are calculated as follows, assuming constant velocity.

xp ¼Vxct+ x0�Rcosθc (10.72)

yp ¼ �6H

tm5

� �
t5 +

15H

tm4

� �
t4 +

�10H

tm3

� �
t3�R sinθc + y0 (10.73)
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g tð Þ¼ _y
c

_xc

(10.74)

cos arctan g tð Þð Þð Þ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+ g tð Þ2

q ¼ f1 g tð Þð Þ (10.75)

sin arctan g tð Þð Þð Þ¼ g tð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+ g tð Þ2

q ¼ f2 g tð Þð Þ (10.76)

_f
1
g tð Þð Þ¼ _f g tð Þð Þ � _g tð Þ¼ �g tð Þ

1+ g tð Þ2� �3
2

� _g tð Þ

¼ �g tð Þ
1+ g tð Þ2� �3

2

� €y
c
_xc

_x2

c

� €xc _yc

_x2

c

� �
¼ �g tð Þ � €y

c

_xc 1+ g tð Þ2� �3
2

(10.77)

_f
2
g tð Þð Þ¼ _f

2
g tð Þð Þ � _g tð Þ¼ +1

1+ g tð Þ2� �3
2

� _g tð Þ

¼ 1

1+ g tð Þ2� �3
2

� €y
c
_xc

_x2

c

� €xc _yc

_x2

c

� �
¼ +€y

c

_xc 1+ g tð Þ2� �3
2

(10.78)

_xp ¼Vxc +

R
_y
c

_xc

� �
€y
c

_xc 1+
_yc
_xc

� �2
 !

3
2

(10.79)

_y
p
¼ �30H

tm5

� �
t4 +

60H

tm4

� �
t3 +

30H

tm3

� �
t2�R

€y
c

_xc 1+
_y
c

_xc

� �2
 !

3
2

(10.80)

θp ¼ arctan
_y
p

_xp

� �
(10.81)

cosθp ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+

_y
p

_xp

� �2
s (10.82)

sinθp ¼
_y
c

_xc

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+

_y
c

_xc

� �2
s (10.83)
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_xp ¼Vxc +

R
_y
c

_xc

� �
€y
c

_xc 1+
_yc
_xc

� �2
 !

3
2

(10.84)

_y
p
¼ �30H

tm5

� �
t4 +

60H

tm4

� �
t3 +

30H

tm3

� �
t2�R

€y
c

_xc 1+
_y
c

_xc

� �2
 !

3
2

(10.85)

After computing the longitudinal and lateral velocities of the joint
between the tractor and the semitrailer ( _xp, _yp
), one can compute the angle

between the semitrailer axis and the X axis in the form of Eq. (10.86).

θp ¼ arctan
_y
p

_xp

� �
(10.86)

By substituting Eqs. (10.72), (10.73), and (10.81), the corner points of
the semitrailer, as shown in Fig. 10.11, can be computed by

Eqs. (10.87)–(10.90).

x1p

y1p

( )
’ �LbackT

�LsideT

( )

! x1p ¼�LbackT cosθpð Þ�LsideT sinθpð Þ+ xp

y1p ¼�LbackT sinθpð Þ+LsideT cosθpð Þ+ yp

( (10.87)

x2p

y2p

( )
’ Lf rontT

LsideT

( )

! x2p ¼Lf rontT cosθpð Þ�LsideT sinθpð Þ+ xp

y2p ¼Lf rontT sinθpð Þ+LsideT cosθpð Þ+ yp

( (10.88)

x3p
( )

L
( )
y3p
’ f rontT

�LsideT

! x3p ¼Lf rontT cosθpð Þ+LsideT sinθpð Þ+ xp

y3p ¼Lf rontT sinθpð Þ�LsideT cosθpð Þ+ yp

( (10.89)
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x4p

y4p

( )
’ �LbackT

�LsideT

( )

! x4p ¼�LbackT cosθpð Þ+LsideT sinθpð Þ+ xp

y4p ¼�LbackT sinθpð Þ�LsideT sinθpð Þ+ yp

( (10.90)

10.5.3 Determination of time constraints
To estimate the safe interval for the lane-change maneuver by the tractor

semitrailer, four main situations that can occur for the articulated vehicle

during this maneuver are considered, as explained in the following. The out-

put of each situation will be specific time t1, t2, t3, or t4. Furthermore, the

decision-making algorithm of the lane-change maneuver is derived by con-

sidering the minimum maneuver time tm.
10.5.3.1 Situation 1: The articulated vehicle and the front vehicle lie
on the same line
As shown in Fig. 10.12A, to be able to consider a general safe distance for the

tractor semitrailer so that the lane-change can be adjusted, c1 must first be

considered as the safe distance between point 2c of the tractor and point

4A of the front vehicle that lies on the same line as the tractor.

Three maneuvers are shown in Fig. 10.12a–c. In these maneuvers, the

safe distances C1, C1
0, and C1

00 are, respectively, the safe distances between
points 2c, 2p, and 1p of the tractor semitrailer and point 4A of the front vehi-

cle. Eqs. (10.91)–(10.93) represent the equations within the longitudinal and
lateral directions at the instant of coincidence between the mentioned points

from the tractor semitrailer and the front vehicle.

y4A� y2C ¼C1

x4A ¼ x2c

�
(10.91)

y4A� y2p ¼C0
1

x4A ¼ x2p

�
(10.92)

y4A�y1p ¼C00
1

x4A ¼ x1p

�
(10.93)

Numerous simulations were performed for the first situation using var-
ious velocities and initial distances, with the results indicating that C1 must

be considered as the general safe distance. The following presents the sim-

ulation results for lane-change maneuvers in situation 1 with a tractor



Fig. 10.12 Situation 1: The tractor semitrailer and the front vehicle lie on the same line.
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semitrailer velocity of 100 km/h and an initial distance of 35 m between the

tractor and the front vehicle, which moves at a velocity of 60 km/h. The

maneuver duration and the alignment time between points 2c, 2p, and

1p and the point 4A for each maneuver duration have been computed

and are presented in Table 10.2 for each of the safe distances C1, C1
0, and



Table 10.2 Longitudinal coincidence time of the respective point pair based on
maneuver time.

Constraints with
the conditions
VcarC = 100km/h
VcarA = 60km/h
Distance = 35m

Maneuver
duration
(Tm)

Time of 2c
coinciding
with 4A

Time of 2p
coinciding
with 4A

Time of 1p
coinciding
with 4A Unit

Based on the

constraint C1

4.0814 2.8488 3.1014 3.8245 s

Based on the

constraint C1
0

4.2942 2.8485 3.1009 3.8239 s

Based on the

constraint C1
00

4.9459 2.8483 3.1003 3.8220 s
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C1
00 , according to Fig. 10.12. For instance, when the constraint C1, the safe

distance between the points 2c and 4A is considered as the general con-

straint, the maneuver time is obtained to be 4.0814 s, and the times for

the points 2c, 2p, and 1p to reach the point 4A are obtained to be

2.8488 s, 3.1014 s, and 3.8245 s.

Table 10.3 displays the lateral distance between the points 2c, 2p, and 1p

of the tractor semitrailer and point 4A of the front vehicle for the mentioned

example when each of the points from the tractor semitrailer reaches point

4A along the longitudinal direction. As shown in the figure, only when the

maneuver duration is considered based on the constraint C1 are the lateral

distances between points 2c, 2p, and 1p of the tractor semitrailer and point
Table 10.3 The lateral distance between points 2c, 2p, and 1p and point 4A at
longitudinal coincidence times for situation 1.

Constraints
Point
2c

Point
2p

Point
1p Unit

Lateral distance from point 4A based on

the constraint C1

1.000 1.1624 1.4983 m

Lateral distance from point 4A based on

the constraint C1
0

0.8207 1.000 1.4106 m

Lateral distance from point 4A based on

the constraint C1
00

0.2799 0.4774 1.000 m



Fig. 10.13 The trajectory of the lane-change maneuver for points 2c, 2p, and 1p
considering point 2c and constraint c1.
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4A of the front vehicle equal to larger than the safe lateral distance

(C1 ¼ 1 m). Given that the results of all simulations for the first situation

are similar, it can be concluded that point 2c of the tractor semitrailer and

the constraint C1 should be considered as the point of constraint application

and the general constraint, respectively, and as the basis for path planning

in situation 1.

The trajectory during the lane-change maneuver for points 2c, 2p, and

1p has been drawn in Fig. 10.13, considering point 2c of the tractor semi-

trailer as the constraint application point and constraint C1 as the general

constraint. The oblique line intersecting all three curves shows the locations

of points 2c, 2p, and 1p at the instant they reach point 4A. It is clear that

points 2p and 1p are at longer lateral distances than the safe distance C1 at

the critical moment of longitudinal coincidence with point 4A.
10.5.3.2 Situation 2: A vehicle is present on the target lane in front
of the articulated vehicle
In this situation, it is assumed that the velocity of the front vehicle becomes

zero due to a sudden halt [23]. Eq. (10.94) can be used to determine the safe

distanceC2 as shown in Fig. 10.14d, and themaneuver duration, known as t2
in this situation, can be determined accordingly.



Fig. 10.14 Tractor semitrailer and the other vehicles in the second, third, and fourth
situations.
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XB�XCð Þ¼ s0 + vcxtd +
vcx

2

2acb
+Lback B +Lf rontc

yB ¼ yc

c2 ¼ s0 + vcxtd +
vcx

2

2acb

8>>><
>>>:

(10.94)

Where s0 is the safe stopping distance, vcx is the longitudinal velocity of the
tractor semitrailer at the end of the maneuver, acb is the maximum braking

deceleration of the tractor semitrailer, and td is the reaction time of the

driver, which is between 0.67 s and 1.11 s [24].
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Accordingly, all trajectories in which the longitudinal position of the rear

end of the front vehicle is further than c2 from the front end of the tractor

semitrailer can be accepted as safe trajectories.

10.5.3.3 Situation 3: A side vehicle is on the target lane
Similar to the previous situation, a general constraint must first be defined for

the tractor semitrailer performing a lane-change maneuver.

For this purpose, point 3c of the tractor and 3p and 4p of the trailer are

considered with the lateral distance constraints C3, C3
0, and C3

00 relative to
point 2D of the side vehicle present on the target lane, as shown in

Fig. 10.14a, B, and c. The relationships are written down based on these

constraints, similar to the first situation. The relevant equations are summa-

rized in Eqs. (10.95)–(10.97).

y3C �y2D ¼C3

x3c ¼ x2D

�
(10.95)

y3p� y2D ¼C0
3

x3p ¼ x2D

�
(10.96)

y4p�y2D ¼C00
3

x4p ¼ x2D

�
(10.97)

Similar to the first situation, numerous simulations were performed for
the third situation using various velocities and initial distances with the

results indicating that C3
00 must be considered as the general safe distance.

The following presents the simulation results for a lane-change maneuver

in situation 1 with a tractor semitrailer velocity of 100 km/h and an initial

distance of 30 m between the tractor and the side vehicle, which moves at a

velocity of 35 km/h and is on the target lane, as shown in Tables 10.4 and

10.5 and Fig. 10.15. The maneuver duration and the critical longitudinal

coincidence time when each of the points 3c, 3p, and 4p reach point 2D

along the longitudinal direction are calculated and displayed in

Table 10.4 for each of the safe distances C3, C3
0, and C3

00 according to

Fig. 10.14.

The lateral distance upon longitudinal coincidence is calculated similar to

situation 1 and displayed in Table 10.5. Only when the maneuver duration is

considered according to the constraint C3
00 and point 4p do the lateral dis-

tances for points 3c and 3p exceed the safe lateral distance (C3
00 ¼ 1 m).

Hence, it can be concluded that point 4p and the constraint C3
00 should

be the basis for path planning in situation 3.



Table 10.5

Constraints Point 3c Point 3p Point 4p Unit

Lateral distance from point 2D

based on the constraint C3

1.000 0.9565 0.8385 m

Lateral distance from point 2D

based on the constraint C3
0

1.0406 1.000 0.8904 m

Lateral distance from point 2D

based on the constraint C3
00

1.1262 1.0917 1.000 m

Fig. 10.15 The trajectory of the lane-change maneuver for points 2c, 3p, and 4p
considering point 4P and constraint C300.

Table 10.4

Constraints with
the conditions:
VcarC = 100km/h
VcarD = 35km/h
Distance = 30m

Maneuver
duration
(Tm)

Time of 3c
coinciding
with 2D

Time of 3p
coinciding
with 2D

Time of 4p
coinciding
with 2D Unit

Based on the

constraint C3

5.9841 1.6632 1.8184 2.2616 s

Based on the

constraint C3
0

6.1723 1.6631 1.8182 2.2615 s

Based on the

constraint C3
00

6.6412 1.6629 1.8180 2.2613 s
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The trajectory during the lane-change maneuver for points 3c, 3p,

and 4p has been drawn in Fig. 10.15, considering point 4P of the tractor

semitrailer as the constraint application point and constraint C3
00 as the

general constraint. The oblique line intersecting all three curves shows

the locations of points 3c, 3p, and 4p at the instant they reach point

2D. It is clear that points 3p and 3c are at longer lateral distances than

the safe distance C3
00 at the critical moment of longitudinal coincidence

with point 2D.
10.5.3.4 Situation 4: Lane change of the articulated vehicle to the target
lane and safe distance from the rear vehicle
This situation is displayed in Fig. 10.14d. A safe distance C4 ¼ C2 similar to

the second situation is defined, and the maneuver duration (t4) is obtained

using Eq. (10.98). It is clear that all the trajectories in which the longitudinal

distance between the rear end of the trailer and the front end of the rear vehi-

cle is larger than C4 can be accepted as safe trajectories.

XC �XDð Þ¼C4 +Lf rontD +LbackC +Ltrailer (10.98)

10.5.3.5 Situation 5: The most critical lane-change maneuver
One of the most important points that be considered in designing lane-

change trajectories is the navigability of the trajectory. This means that

the dynamic constraints governing the tractor semitrailer must be satisfied

in addition to the kinematic constraints. To guarantee the stability of the

tractor semitrailer during a lane-change maneuver, the lateral acceleration

created must be attainable given the friction between the tire and the road.

To this end, the duration for the most severe lane change maneuver is cal-

culated and considered as the minimum time for any lane-change maneuver.

Accordingly, the path must be planned in such a way that its navigation

duration does not exceed this time.

The shortest possible lane change time (tm)min depends on various factors,

such as the velocity and acceleration of the vehicle, the tire material and

quality, the road conditions, and some kinematic properties of the vehicle,

such as its weight and the distance of its front and rear axles from its center of

mass [25]. In the present work, the minimum lane change duration as a func-

tion of longitudinal velocity, weight, and friction has been studied, and a

surface consisting of these three parameters has been formulated.



Fig. 10.16 Bicycle dynamic model of the tractor semitrailer.
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10.5.4 Test method and minimum time acceptance criterion
To obtain the minimum lane change time given the dynamic constraints, a

4-DOF dynamic model including the longitudinal, lateral, and yaw motion

of the tractor semitrailer and the angle between the tractor and the semi-

trailer is used according to the bicycle model shown in Fig. 10.16.

Eqs. (10.99) and (10.102) respectively represent the dynamic equations

governing the longitudinal motion of the tractor and the trailer,

Eqs. (10.100) and (10.103) represent the dynamic equations governing

the lateral motion of the tractor and the trailer, and Eqs. (10.101) and

(10.104) respectively represent the dynamic equation governing the rota-

tional motion of the tractor and the trailer.

mc _uc � vc _ψ c
ð Þ¼Fxfc +Fxrc�Ffx (10.99)

mc _vc + uc _ψ c
ð Þ¼ Fyfc +Fyrc�Ffy (10.100)
Izzc
€ψ

c
¼Ff yR+FyfcLf c�FyrcLrc (10.101)
mp _uc � vc _ψ c
ð Þ¼Fxp +Ffx (10.102)
m _v + u _ψ � R+L
� �

€ψ �L €θ
� �¼F +F (10.103)
p c c c f p c f p p yrp f y

Izzp €ψ + €θp

� �¼FfyLf p�FyrpLrp (10.104)

c
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10.5.5 Validation of the dynamic model
TruckSim software is used to validate the proposed dynamic model. To this

end, the physical characteristics of the developed model are considered to be

the same as those of the test vehicle (Table 10.6). The steering angle of the

double lane change is shown in Fig. 10.17, and the validation results of dou-

ble lane change maneuvers are displayed in Figs. 10.18 and 10.19.
Table 10.6 Tractor semitrailer vehicle parameters used in computer simulations.

Tractor semitrailer parameters Value Unit

The height of the gravity center of the tractor

(semitrailer) sprung mass from the roll axis

0.438 (1.8) m

The distance of the mass center of the tractor

(semitrailer) from the ground

1.05 (1.9)

The height of the fifth wheel from the ground 1.22

The distance between the tractor mass center and the

front axle of the tractor (the rear axle of the tractor)

1.115m

(2.583)

The distance between the semitrailer mass center and

the fifth wheel

5.653,

2.047

The distance between the tractor mass center and the

fifth wheel

1.959

The distance between the central axle of the semitrailer

and it’s front (rear) axle

1.31

The distance between the fifth wheel and the semitrailer

end

9m

The wheel radius 0.4

The tractor (semitrailer) width 2.04 (2)

The yaw moment of inertia for the tractor (semitrailer)

unit about the perpendicular axle passing through the

gravity center of the unit

20,679

(238,898)

kgm2

The roll moment of inertia the tractor (semitrailer)

around the passing roll axle

3335

(120,024)

The cross moment of inertia the sprung mass of the

tractor (semitrailer)

602 (5756)

The wheel moment of inertia 11.63

The torsional stiffness of the front axle (the rear axle)

suspension system of the tractor unit

380 kNm/

rad

The torsional stiffness of the suspension system of the

semitrailer

800

Coupling torsional stiffness between the tractor unit and

the semitrailer

30,000

The whole mass (the sprung mass) of the tractor 6525

(4819)

kg

The whole mass (the sprung mass) of the semitrailer 33,221

(30,821)



Fig. 10.17 The steering angle of the tractor semitrailer during a double lane-change
maneuver.

Fig. 10.18 Yaw velocity of the dynamic model and the TruckSim model of the tractor
semitrailer during a double lane-change maneuver.

Fig. 10.19 The tractor semitrailer joint angle of the dynamic model and the TruckSim
model during a double lane-change maneuver.
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Fig. 10.18 shows the angular velocities of the tractor and semitrailer,

respectively. As seen in the figures, the simulation results and experimental

results in the TruckSim software are acceptable. Fig. 10.19 displays the joint

angle during the double lane change maneuver. It can be seen that the dis-

crepancy between the dynamics model and the TruckSim experimental

results is negligible.

In the simulations, the tractor semitrailer is moving at a constant velocity

along the highway. At a specific point along the path, an input, as shown in

Fig. 10.20A, is applied to the steering wheel of the vehicle.

In the simulations, the 4-DOF tractor semitrailer is moving at a constant

velocity along the highway. At a specific point along the path, an input, as

shown in Fig. 10.20A, is applied to the steering wheel of the vehicle. Based

on the lateral position of the tractor semitrailer, the maximum steering angle,

denoted by θ in the figure, is determined as equivalent to lateral motion as

much as the width of a single lane, that is, 3.75 m. Subsequently, the maneu-

ver duration tm is reduced in 0.05 s increments up to the instability threshold

of the vehicle. The obtained time represents the minimum possible time for

a lane change, given the surroundings and the vehicle conditions. This time
Fig. 10.20 Vehicle stability condition according to the electronic stability control (ESC)
standard [26].
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is recorded as (tm)min. This scenario has been repeated for velocities from

60 km/h up to 120 km/h with 20 km/h increments. For every specific

velocity, the friction coefficient has been considered in the range of

0.1–1 between the tire and the road, varying in 0.1 increments. All the above

tests have been repeated for unloaded and loaded states of the tractor semi-

trailer, with a total of 100 simulations. The stability of the vehicle has been

examined according to the ESC standard [26, 27]. According to this stan-

dard, a given ESC system has an acceptable performance if by changing

the steering wheels, as shown in Fig. 10.20A, the yaw rate does not exceed

35% and 25% of the maximum yaw rate, respectively 1 s and 1.75 s, after the

end of the maneuver (Fig. 10.20B). In this figure, rpeak represents the max-

imum yaw rate during the maneuver.

Fig. 10.21 displays the results obtained for variations in the yaw rate at a

constant velocity of 80 km/h separately for the tractor and the trailer.

Because the variations of the yaw rate are much larger in the tractor than

in the semitrailer, the tractor has been considered as the measurement cri-

terion, according to Fig. 10.21A.

Fig. 10.22 displays the combined three-dimensional surface of the min-

imummaneuver duration, considering weight, vehicle velocity, and friction

between the tire and the road. The surface shown in Fig. 10.22 divides the
Fig. 10.21 Variations in the yaw rate in the tractor and the semitrailer for a specific
steering angle.



Fig. 10.22 The modified three-dimensional surface of the maneuver duration,
considering weight, vehicle velocity, and friction between the tire and the road [28].
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space into the points above the surface, representing the times appropriate

for minimummaneuver duration, and those below the surface, representing

the inappropriate times in terms of vehicle stability according to the men-

tioned criterion. A safety factor is considered to improve reliability. The

lower surface in Fig. 10.22 is without a safety factor, and the upper surface

has had a safety factor applied to it. This factor has been selected in such a

way that the final surface has larger values at higher velocities and lower fric-

tion factors, where the instability of the tractor semitrailer is more probable.

As such, the minimum time required for the tractor semitrailer to perform

the lane change maneuver is obtained in an off-line manner considering the

vehicle stability conditions. This time can be used for online simulations,

which will result in a shorter computation time [28].

A reasonable estimate of this surface in the form of Eq. (10.105) has been

made in MATLAB software. In this equation, the minimum time for the

tractor semitrailer to perform the lane change maneuver has been expressed

as a function of the road friction coefficient and the vehicle velocity.

Tm μ,Vxð Þ¼ 31:42+ 12:53μ+0:35μVxð Þ
2:53+ 42:66μð Þ (10.105)
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10.6 Decision-making strategy for the lane change
maneuver of the tractor semitrailer

In order to evaluate the decision-making algorithm, the times t1 to t4 and tm
are first calculated according to the conditions considered in the example of

Fig. 10.23 and based on the values specified in Table 10.7.

By comparing the obtained times, the created state is considered equiv-

alent to the 14th state in Table 10.8, that is, t2 > t1 > t3 > tm > t4 [28].

As shown in Fig. 10.23, two lane-change maneuver trajectories based on

t1 and t3 are drawn. The curves drawn between these two curves are the

acceptable curves based on the decision-making strategy; however,

Fig. 10.24 is used to obtain a more accurate trajectory in terms of comfort

and safety.

As shown in Fig. 10.24C, the lateral acceleration decreases toward the

trajectory obtained from t1 (longest time) based on the determined trajecto-

ries, indicating better comfort in case this trajectory is selected. The final

choice of the inappropriate path can be made based on various criteria, such

as minimizing the maneuver time or providing maximum comfort, which is

beyond the scope of this research.

An essential point relevant to the decision-making unit is its implemen-

tation for the tractor semitrailer vehicle and data collection and processing.
Fig. 10.23 Example of traffic conditions created based on state 14 of Table 10.8.

Table 10.7 Simulation parameters of the tractor semitrailer.

Parameter Value Parameter Value

C3 1 (m) WA 1.65 (m)

WC 2.2 (m) abD 9.81 μ (m/s2)

abC 9.81 μ (m/s2) WD 1.65 (m)

td 0.7 (s) C1 1 (m)

R 1.959 (m) Lfront 1.6 (m)

LbackT 7.5 (m) LfrontT 1.115 (m)



Table 10.8 Different possible maneuver states for the tractor
semitrailer and the proposed time [28].

No. State Acceptable time

1 t1 > t2 > t4 > t3 > tm [t4 t2]

2 t1 > t2 > t4 > tm > t3 [t4 t2]

3 t1 > t2 ¼ t4 > tm > t3 t4
4 t1 > t2 > t3 > t4 > tm [t3 t2]

5 t1 > t2 > t3 > tm > t4 [t3 t2]

6 t1 > t2 ¼ t3 > tm > t4 t3
7 t1 > t2 > tm > t3 > t4 [tm t2]

8 t1 > t2 > tm > t4 > t3 [tm t2]

9 t1 > t2 ¼ tm > t4 > t3 tm
10 t2 > t1 > t4 > t3 > tm [t4 t1]

11 t2 > t1 > t4 > tm > t3 [t4 t1]

12 t2 > t1 ¼ t4 > tm > t3 t1
13 t2 > t1 > t3 > t4 > tm [t3 t1]

14 t2 > t1 > t3 > tm > t4 [t3 t1]

15 t2 > t1 ¼ t3 > tm > t4 t3
16 t2 > t1 > tm > t3 > t4 [tm t1]

17 t2 > t1 > tm > t4 > t3 [tm t1]

18 t2 > t1 ¼ tm > t4 > t3 tm

Fig. 10.24 Moving path, velocity, and lateral acceleration based on the acceptable
time period.
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Accordingly, three main parts are required for application and extracting

the needed data. The first part is the sensors for the longitudinal and lateral

acceleration, rotation, and position of the vehicle, which determine the

state of the tractor semitrailer. Another part is the sensors used to determine

the surrounding conditions and environmental data, including radars,

ultrasonic sensors, and cameras. The final part is the actuators, and the use



474 Vehicle dynamics and control
of steer-by-wire is recommended in this regard. Instead of mechanically

connecting the steering wheel to the vehicle wheels, this system uses

steering angle and torque sensors to apply the required angle to the vehicle

wheels.
10.7 Conclusion

The decision about whether to change lanes is made by comparing the times

t1, t2, t3, and t4 and by considering (tm)min ¼ t5. A total of 120 possible states

without considering equal times can be predicted based on the above con-

ditions. The simulation results indicate that the time t1, which is the time of

collision of the tractor semitrailer with vehicle A (the front vehicle on the

initial line), is the maximum time in this state; therefore, times shorter than

this time are accepted as safe.Moreover, when vehicle B is on the target lane,

time t2 is the maximum acceptable time, and longer times are considered

unsafe. When the tractor semitrailer is passing vehicle D (the side vehicle)

through changing lanes from the initial lane to the target lane, any time smal-

ler than t3 disturbs safe conditions. Similarly, t4 is the minimum safe time

when the rear end of the semitrailer must be at a safe distance from the front

end of the rear vehicle on the target lane at the end of the maneuver.

Given the simulation results, the number of these states can be consid-

erably reduced. Therefore, once assuming the maneuver’s time, between

(tm)min and t1 and again between (tm)min and t2, many nonphysical states

are identified and thus eliminated. After eliminating the impractical states,

the acceptable time interval for different possible states of the lane-change

maneuver while avoiding obstacles are presented in Table 10.8 [28].

It is important to note that the control system is prevented from perform-

ing the lane change maneuver only when the time comparison is not accord-

ing to any of the states in Table 10.8. In this case, the vehicle is maintained in

the current lane until the conditions for lane change are satisfied. Obviously,

if any of the other vehicles are not on the path, the decision-making strategy

will not change, and only the time relating to that particular vehicle is not

taken into account in the computations.

In this example, the minimum time for a two-piece articulated vehicle to

perform a lane change maneuver under real dynamic conditions (with chang-

ing surrounding conditions) was calculated by extending the path planning of

the passenger car to tractor semitrailers. Furthermore, the equation for the

minimum time for a lane change was derived using an off-line dynamic

method for a tractor semitrailer. Based on the above, a decision-making unit

for lane change maneuvers under real dynamic conditions was designed for

tractor semitrailers using a comprehensive decision-making algorithm.
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overview and evaluation trajectories,

137–139, 138t
simulation results
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steering angle, lane-changing maneuver,
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high computational cost, 134

kinematic model, 134

lateral control, 136–137
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Lyapunov function, 134
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system
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driver assistance systems, 117–118
dynamic model
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tire dynamics, 123–125
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layout, 118
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Integrated vehicle dynamics control

(IVDC). See also Control systems
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double lane-change maneuver
lateral acceleration, 110–113, 111f
lateral-load transfer ratio, 112f, 113
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roll angle, 112f, 113

steering angle input, 109, 110f

yaw rate, 110–113, 110f
dynamic model

full vehicle model with 14 degrees of
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MR damper modeling, 90–92
random road input modeling, 88–90
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tire modeling, 86–88

front-right wheel, 113, 114f

hierarchical control methods, 78–79
lateral and yaw stabilities, 106

operational task, 106–107, 107t
parameters, 2

parts, 81

reasons, 2

simulation

body vertical velocity, 11–13, 15f
14-degrees of freedom (DOFs) vehicle

model, 108, 109t

handling and stability analyses, 109–113
handling control of vehicle, 11, 12f

lateral acceleration, 11, 13f, 19–20, 21f
lateral slip angle, 21, 22f

lateral velocity, 11, 13f, 21, 22f
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longitudinal velocity, 17–18, 21f
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roll rate, 11–13, 16f
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suspension system and vehicle
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Linear method, 218
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Neuro-fuzzy controller, 413–415
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Neutral steering, 8
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Random road input modeling, 88–90
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Recursive least squares (RLS), 3–4
Reference time path, 437–438
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Robust control system, adaptive

hybrid diagram, 308–309, 308f
parameters, 290, 290t

performance evaluation
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fishhook maneuver, 309–314, 310f
sensors, 308–309, 309t

Roll instability, 214
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Rollover stability, 265, 268–269, 287
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Siding mode controller (SMC), 98
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Simplified dynamics model, 333–336
Simplified vehicle model, 290, 291f

Simulation vs. performance, 352–357
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Single lane change analysis
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Steady-state gains, 356–357, 357f
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oversteering, 7–8
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lateral velocity, 70, 71f, 72, 73f

longitudinal velocity, 70, 71f, 72, 73f

path, 72, 74f

roll angle, 72, 73f

steering angle, 70, 70f

yaw rate, 70, 71–72f, 72
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String stability
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transfer functions, 183

Suspension system control, 11–18
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TISO. See Two-input single-output (TISO)
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collision avoidance, 431–434
decision-making strategy, 472–474
double lane-change maneuver, 468f
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introduction, 431

motion planning, 430
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path planning, 434–437, 435–436f, 437t
schematic, 442, 442f

simulation parameters, 467t

smooth open-loop control, 442–450
trajectory generation, 437–441, 450–471
validation, dynamic model, 467–471
yaw velocity, 468f

Traffic congestion, 153, 154f

Traffic flow stability, 154

Trailer swing, 264–265
Training dataset, 396–399
Trajectory equation, 453

Trajectory generation

bicycle dynamic model, 466, 466f

critical (coincidence) time, 463, 464t

critical lane-change maneuver, 465

cubic polynomial trajectory, 439, 440f

high-degree polynomials, 439–441
kinematic characteristics, 454–458
lane change, 450–471, 464f
lateral distance, 463, 464t

methods, 438–441
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time constraints
front vehicle lie on same line, 458–461,
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trajectory equation, 453

Trajectory planning

collision avoidance, 126–132
feasibility, 126–127, 132–134
limitations, 126–127
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Transient off-tracking, 264–265
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Unscented Kalman filter, 92–96
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Variable spacing policy
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Vehicle active safety systems, 78

Vehicle bicycle model, 4–5, 5f
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